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I have been invited by the mathematicians here at Toronto to give three
talks describing my joint work with the late Prof. Yuval NeOeman in elementary
particle physics. This work uses some mathematical ideas such as super Lie
algebras and their representations, and the Quillen theory of superconnections.
But the work is in physics, and this puts me in a quandary as to the amount of
physics background that | can assume.

In order not to chase away any physicists in the audience, | will start by
listing the physics problems that our approach tries to partially address. This
will involve some words that may not be familiar to mathematicians, to whom |
apologize. | hope to elucidate the meaning of most of these words in the course
of the lectures. All of the results in these lectures are contained in the review



article | wrote with Prof. NeGeman, and which appeared in Physics Report$06
2005, 303 -377.

I include here some expository material (mainly for mathematicians) which
| did not have time to include in the lectures; for example a review of classical
electromagnetism and material on the Dirac operator.

| thank Yael Karshon for helpful comments on this text and the associated
slides.

1 The OStandard ModelO and some of its ills.

The OStandard ModelO of the physics of particles and Pelds (assumed to include
all known fundamental interactions except for gravity) is enormously success-
ful, with its predictions validated by all experimental tests. In particular, the
electroweak interactions seem to be correctly described by theu(2)" u(1) spon-
taneously broken local gauge symmetry. Although the full implementation of
this (Weinberg-Salam) theory requires quantum beld theory, much of its basic
structure can be phrased in terms of classical beld theory, see for example, Kane
Modern Elementary Particle Physics , or, for the more mathematically inclined
reader, Derdzinski Geometry of the Standard Model of Elementary Particles.
Note that a comprehensive review intended for particle (or high energy) physi-
cists appeared in E.S. Abers and B.W. Lee, OGauge TheoriesPhysics Reports,
9C no. 1 1973. So this theory has been successfully around for a long time.

The very success of this theory prompted a number of questions relating to
its structure, hypotheses and input. The unresolved issues include

¥ The large number of free parameters which must be experimentally deter-
mined to serve as input into the theory such as the various gauge coupling
constants (including the Weinberg angle), the parameters of Higgs poten-
tial, the coupling constants of the matter pelds, the eigenvalues of the
weak isospin and weak hypercharge for the chiral leptons and fermions
etc.

¥ As a result, the theory is unable to predict the value of the mass of the
Higgs particle. This meson has therefore been searched for all over the
accelerator-available spectrum, from a few GeV to the 115 GeV reached
at Cern in October 2000, when 9 OeventsO were reported at the limit
of the acceleratorOs energy range. (These OeventsO constituted 2.6 stan-
dard deviations above background level, whereas 5 standard deviations are
considered necessary for an accepted result that could be interpreted as
evidence for the Higgs particle.) All this was before the planned closure of
the machine. However when the accelerator was granted another month of
operation, no further evidence was found. Several machines are expected
to renew the search in the next 1- 3 years, reaching into the 100-500 GeV
range.

¥ The lack of correlation between the quantum numbers of left and right
chiral leptons and fermions.



¥ The ad hoc introduction of Higgs Pelds to implement spontaneous sym-
metry breaking.

¥ The fact that these Higgs Pelds constitute a weak isospin doublet.

¥ No explanation of the origin of the Higgs potential needed to achieve
Goldstone-Higgs spontaneous symmetry breaking.

¥ No explanation of the absence of right handed neutrinos. In fact, since we
now know that the neutrino is massive, we know that right handed neu-
trinos do exist. So we can reformulate the question as follows: Why donOt
the right handed neutrinos participate in the Weinberg-Salam theory?

| wish to show in these lectures how using superconnections allows an answer
to some of these dilculties.

2 Problems of translation between mathematics
and physics.

There are several communications di!culties between mathematicians and physi-
cists, some more serious than others. | want to get a few of these out into the
open before one group or the other disappears:

2.1 Is there an i in the structure constants of a Lie alge-
bra?

The brst barrier between the mathematics literature and most of the physics
literature is the ubiquitous factor of i: The mathematical debnition of a Lie
algebra is that it is a vector spacek with a bilinear map

k" k# k

which is anti-symmetric and satispes JacobiOs identity.

So the set of self-adjoint matrices under commutator bracket isnot a Lie
algebra. Indeed the commutator of two self adjoint matrices is skew adjoint. So
the Lie algebra ofu(n) is not the space of self-adjoint matrices but rather the
space of skew adjoint matrices. Indeed, iA is a skew adjoint matrix then exptA
is a one parameter group of unitary matrices. The physicists prefer to write
expitH whereH is self adjoint. This is of course due to the fact that self adjoint
operators are the observables of quantum mechanics, and NoetherOs theorem
suggests that elements of the Lie algebra should correspond to observables. But
the price to pay for this is to put an i in front of all brackets.

For example, the three dimensional real vector space consisting of self adjoint
two by two matrices of trace zero has, as a basis$;, i = 1,2,3 the OPauli
matricesO, where, to be absolutely sure of the factors 1/2 etc.,

"O 1# "0 $'# "l O#
- —_— - —_— I - —_—
= 1 0° = 0’ $ = 0 $1



The physicists like to think of these as OgeneratorsO &U(2), i.e. as ele-
ments of the Lie algebrasu(2). Of course, we mathematicians would say that
multiplying each of these three matrices byi gives a basis ofsu(2). This dis-
tinction is relatively harmless, but is a nuisance for a mathematician reading a
physics book or paper.

2.2 Ad invariant metrics on u(2).

If we use the scalar product
(A,B)=2tr AB

then the elements%$i form an orthonormal basis of our three dimensional space
of self-adjoint matrices of trace zero. Since the algebrau(2) is simple, the
most general Ad invariant scalar product on our three dimensional space of self-
adjoint matrices of trace zero must be a positive multiple of the above scalar
product.

We will want to consider the four dimensional space of all two by two self
adjoint matrices. (After multiplication by i this would yield the Lie algebra of
U(2).) So we must add the two by two identity matrix | to get a basis of this
four dimensional real space. The algebrai(2) % su(2) & u(1) is not simple, but
decomposes into the sum of two ideals consisting alu(2) and all (real) multiples
of il . These ideals must be orthogonal under any Ad invariant metric. So there
is a two parameter family of Ad invariant metrics on u(2).

2.3 Ad invariant metrics, coupling constants, and the Wein-
berg angle.

Indeed, the most general Ad invariant metric on our four dimensional space of
all self-adjoint two by two matrices can be written as

2 1 1 1
g—%tr(A$ é(tr A)l)B $ E(tr B)I)+ g—%trAtr B. (1)

Relative to this scalar product the elements
By By e O

form an orthonormal basis.

Notice that for traceless matrices the second term in (1) vanishes, and the
prst term reduces to a multiple of 2trAB ; similarly, for multiples of 1, the brst
term vanishes.

For mathematicians, the question is Owhy this strange notation, with the
g and g, occurring in the denominator?Q. The answer is that, in the physics
literature, these constants are not regarded as parametrizing metrics om(2),
but rather as Ouniversal coupling constantsO. | will spend a chunk of todayOs



lecture explaining why choosing a metric on a Lie algebra is important, and
what is its physical signibcance.
In any event, however you want to interpret these parameters, theWeinberg
angle %y is debned by
9
%
It plays an important role in the theory.

=tan 2 %y .

2.4 What are classical belds?

A third di"erence between the mathematical literature and the physics litera-
ture is that in the physics literature all (classical) pelds are regarded as scalar
valued functions (or vector belds) orn-tuplets of scalar valued functions (or
vector Pelds) . One must then discuss the Obeld transformationsO under which,
for example, the Lagrangian is invariant. The mathematical literature prefers

a Obasis freeO formulation where many of the invariance properties of the La-
grangian are obvious - they are built into the formulation. The price to pay

is that the Pelds are no longer scalar functions on-tuplets of scalar functions
but vector valued functions, or, more generally, sections of a vector bundle, or
di"erential forms with values in a vector bundle.

This means that in the physics literature a basis of the vector space (or a
basis of sections of the vector bundle) is chosen. Thus, for example, if we choose
a basisvy, ..., v, of a Lie algebrak then the Lie bracket can be given in terms
of the Cartan structure constants cﬁ © Where

[V, Vil = Clve.
0

As explained above, in the physics literature there will be an additional factor
of i in front of the structure constants as understood by the mathematicians.
For example, if we take the orthonormal basis of the space of traceless two by
two self adjoint matrices consisting of the prst three elements of (2), we bnd by
direct computation that
% &
9, 9. .. _. 0 _
S 5% =I5 H=095% 9= 0,

with a similar formula for the brackets of the remaining two elements. So relative
to this basis, the structure constants are

Cire = 19" jre-

Up to an overall sign arising from slightly di"erent conventions this is the state-
ment about the structure constants of SU(2) ; found in S. Weinberg, The Quan-
tum Theory of Fields, Cambridge U. Press (1996), vol. 2. page 307 just after
equation (21.3.11) giving the expression of the Lagrangian of the Yang-Mills
peld. So whereas for mathematicians the parametey describes the scalar prod-
uct on su(2), for physicists, who write out the pelds in terms of an orthonormal



basis, theg appears in the structure constants and is interpreted as a Ocoupling
constantO, measuring the Ostrength of the interaction between the pbeldsO.

3 The permittivity of space-time is a metric on

u(l).
In order to bolster my contention that the metric on a Lie algebra has important
physical signiPcance, | want to review MaxwellOs classical theory of electromag-

netism, with special attention to units.
I will begin with two non-relativistic regimes:

3.1 Electrostatics.

The objects are:

3.1.1 The electric field.

This is a linear di"erential form, E, called the electric field strength. A point
charge e experiences the forceeE. The integral of E along any path gives the
voltage drop along that path. The units of E are

voltage _ energy
length ~ chargedlength’

Remember that force has the units energy/length and voltage has units en-
ergy/charge.
The fundamental law satisbed byE is

dE =0.

In simply connected regions this implies the existence of a functiom called the
potential such that
E = $du.

3.1.2 The dielectric displacement.

This is a two form D on R3. Its physical signiPcance is as follows. To determine
the value of D on a (small) oriented plane element, insert two small metal plates
of the shape of this plane element, touch them together and then separate them.
Charges* Q are acquired on the plates. The orientation of the plane together
with the orientation of R? determines which of these two separated plates is the
OtopO plate and the value ob is (the limit of)

charge on the top plate

4!
area of the plates

So the units of D are
charge

area

8



Notice that this dePnition makes no mention of the electric peld.
The fundamental law satisbed byD is Gauss’s law which asserts that for
any region U ' '
D =4! &dx! dy! dz
oU U
where & is the electric charge density.
StokesO theorem gives the inPnitesimal version of GaussOs law as

dD =4!&dx ! dy! dz.

If E is an electric beld strength andD is a dielectric displacement thenE ! D
is a three form which we may integrate overR? if it is of compact support or if
it vanishes sulciently rapidly at inPnity. Then we can form

'D,E(:= E!D
RS

which we can consider as a sort of pairing between the space of electric belds
and the space of dielectric displacements. The value of this pairing has units

, force écharge

volume & = force dlength = energy.
charge area g 9y

3.1.3 The dielectric operator and the dielectric coefficient.

This is a map C from the space of electric belds to the space of dielectric
displacements. Later on we shall be more specibc as to the form 6f in terms
of the three dimensional' operator. Atthe moment we can do with the following
mild assumptions:

¥ C is linear.
¥ C is local in the sense that it E vanishes on an open set so doesC(E).

¥ C is symmetric in the sense that
'C(E). B(="C(B), E(
when both sides are debned. When both sides are debned, we set
(E, ®) = "C(E), B(.
We can then debne the energy of an electric beld as

1
5(E.E).



3.1.4 The dielectric coefficient.

A more specibc choice of the dielectric operator is to take
C(E)=""E

where ' is the three dimensional star operator mapping one forms into two
forms and" is a function. Even more specibcally, in many cases (such as for the
vacuum) " is a constant - called the dielectric constant. We will postpone
the issue of units for the moment, assume that' is indeed constant, and then
choose our units of length so that it is absorbed into the star operator. Then
the equations of electrostatics becomes

E = $du

D = 'E

dD = 4!&dx ! dy! dz
S0

2 2 2
Cu, Cu, (Cu
(x2 (y* (z?
If &= 0 in some region, then in that region the last equation becomes LaplaceOs
equation which we can write in coordinate free notation as

$41&.

d'du =0.
3.1.5 Rotationally invariant solutions of Laplace’s equation.
In polar coordinates we have
'dr = r2sin%d% d).

So iff = f(r) is debPned forr > 0 we have

d = f'(rndr
' = (r2f!(r)gsin%d%d)
d'd = ‘r2'(r) ' dr! sin%d% d)
)
d'd =0 ) (r2f!(r))’:o
) r%'(r) = $c(a constant)
) c
f(r)y = F+A

where c and A are constants.
The inverse square law of high-school physics drops out.

10



Exactly the same computation yields the Yukawa potential as the static
fundamental solution of the Klein-Gordon equation: Indeed

) e mr ¥ mr +1
d =$e " ——dr
r r
SO "o
e mnr N . .
'd - = $e ™" (mr +1)sin %d% d)
and hence "L #
d'd er = m2re’ " sin%dr d% d)
=m? & r2sin%dr dod d).

Thus if we think of a solution of the Klein-Gordon equation or of the Proca
equation as a OtransmitterO of a OforceO, then the value rof determines the
range of this force.

3.2 Magnetoquasistatics.
3.2.1 Objects: The magnetic induction and the magnetic excitation.

The magnetic induction is a two form B on R?, which exerts a force on a current
according to the following rule: if a chargee moves past the pointP with velocity
v then the force exerted on that charge is the covector

ei(v)B p.

At each point of space the formB if £ O will determine a direction in space:
the line determined by the equation

i(w)B =0.

Iron Plings free to rotate but not to move will align themselves in these direc-
tions, producing the Omagnetic lines of forceO favored by Faraday. These are
precisely the directions in which a current will feel no force.

The second item is a one formH known as the magnetic excitation. The
second of AmpereOs laws says that§ is any surface bounded by a curvet, and
if J is the two form representing the current Row, then

H=41 J.
0% S

11



3.2.2 The laws. 1: Faraday’s law of induction.

This says that if S is a surface bounded by a curve# then

d _
$ 5 B= 7E. 3)

By Stokes the di"erential version of this law is

(B
= $dE. 4
Q $d 4)
If S is a closed surface bounding a region (so with no boundary curves) then
FaradayOs law implies that '

d

dt s

In fact, a stronger law holds (Hertz), not only does the derivative of the integral
of B over a closed surface vanish, but the integral itself does:

3.2.3 The laws. 2: There are no magnetic poles.

This says that '

B =0 for any closed surface S.
S

By Stokes, the di"erential version of this law is

dB =0.

3.2.4 The laws. 3: Ampere’s law.

Recall that this says that if S is any surface bounded by a curvet, and if J is
the two form representing the current 3ow, then

H=4! J.
o S

By StokesO theorem, the di"erential version of this law is

dH =41J.

3.2.5 The force on a moving charge.

The force exerted by a magnetic beldB on a moving chargel = ev is

i(I)B.

12



3.2.6 The permeability.

There is a relation betweenH and B given by
B=u'H

where ' is the three dimensional star operator andp is known as the perme-
ability.
I

3.2.7 The units of _B.

S

By FaradaysO law of induction, the time derivative of this integral over a surface
bounded by a curve is equal to the negative of the integral ofe around that

curve which has units of voltage which is energy/charge. So
I

units of (B _ energy

time charge’

In Onatural unitsO, whereh = 1, energy has units of inverse time. This implies
that the integral of B over a surface has units of inverse charge.

3.3 The Maxwell equations.

The laws of quasi-magnetostatics take on a very suggestive form when written
in four dimensions rather than three, and when an important modibcation to
AmpereOs law is made. This modibcation was introduced by Maxwell.

3.3.1 The equation dF =0.

We can combine the laws

dB = 0 (Hertz)

% = $dE (FaradayOs law of induction)
into the single law
dF =0 ®)
if we set
F=B+E! dt.

In (5) the operator d means the four dimensional (space-timejl. The coelcient
of dx! dy! dzin (5) says that

UspaceB =0 (Hertz)

while the coelcient of dt in (5) gives FaradayOs law of induction.
The equation dF = 0 implies that locally we can bPnd a one formA (called
the four potential) such that
dA = F. (6)

13



3.3.2 The equation dG =41j .

In electrostatics we assumed that] = 0 and that the charge density & did not
depend ont. In quasi-magnetostatics we ignored& For the full equations of
electromagnetism one assumes that there is a charge density and a current, and
so consider the three form

j = &dx! dy! dz$ J! dt
on space time. OConservation of chargeO then demands that
d =0.
Locally this says that there is two form G such that
dG = 41j. @)
(The 4! is conventional.) If we write
G=D$H! dt ®)
then the dt component of (7) is

et = (- +410

So we recover AmpereOs law with the modibcation that the Odisplacement cur-

rentO
(CF

(t
is added to the right hand side of AmpareQOs original law. The Ospace componentO
of (7) is
OspaceD =41&dx ! dy! dz

as in electrostatics.

3.4 Units.

Let us work in natural units where & = 1 so that energy has units of inverse
time.

3.4.1 The units of the integral of F over a surface.

We have already observed that the integral ofB over a surface has units of
inverse charge. The integral ofE over a curve has units of (energy)/(charge),
so the integral of E ! dt over a surface in space time has units of

(energy)" (time) _ 1
(charge) ~ (charge)’

In short, the integral of F over a surface in space time has units of inverse
charge.

14



3.4.2 The units of the integral of G over a surface.

From its debnition, or from GaussOs lawlD = 4!&dx ! dy! dz we see that the
units of the integral of D over a surface are charge. AmpereOs law

(D
= — +4!
dspaceH G 417

together with StokesO theorem says that the integral oH over a curve has
the same units as the Bux of current through a surface and this has units
(charge)/(time). So the integral of H ! dt over a surface in space time also
has the units of (charge). In short, the integral of G over a surface in space time
has units of charge.

3.4.3 The integral of F! G over a four dimensional region is a scalar.

This follows from the preceding two results. In particular, this means that G
is in a sense OdualO t&, the duality being given by exterior multiplication
followed by integration. Of course we can not expect that the integral over
all of space time will converge. We will examine thisOdualityO in more detail
further on.

Notice that until now we have not used the metric structure of space time.

3.4.4 The units of the permittivity.

The units D are (charge)/(area). The units of E are (energy)/(charge)" (length).
If there is a point-wise matrix which expresses the coelcients ofD in terms of
those of E its entries will have units

charge, (charge)" (length) _ (charge)2
area energy "~ (energy)" (length)’

Indeed, the permittivity of free space is a scalar' given by

. 1, Farad
"o =8.854187.." 10 '2
meter
where the Farad is a unit of capacitance:
I
1 Farad := 1M
volt
Since oul
lvolt=1 _joute
coulomb

has units of (energy)/(charge) we see that"y has units of

(charge)’
(energy)" (length)

15



3.4.5 The units of the permeability.

According to AmpereOs law the units ofH are (charge)/(length)” (time).
According to FaradayOs law the units oB are (energy)' (time)/ (charge) " (lengthZ2.
If there is a point-wise matrix which expresses the coe!cients ofB in terms of
those ofH its entries will have units
energy" (time) 2
(charge)’" (length)

Indeed, the permeability of free space is a scalgn, given by
joule

=12.566370" 10 ” .
Ho Zn (meter)

(amp)

Since one amp = one (coulomb)/(second) we see thafl, does have the above
stated units.

3.4.6 "p" Ho=1/c2.

This was of course another of the great discoveries of Maxwell and veribed by
Hertz. We can see that the product of the units of the permittivity with those
of the permeabilty yield units of 1/(velocity) 2, and doing the multiplication for
the values of free space give the velocity of light, implying that light consists of
electromagnetic propagation.

As a consequence, we can choose units in which= 1 and lengths and times
are measured in the same units. Special relativity with its Minkowski metric
dt>$ dx?>$ dy? $ dz? is then an immediate consequence.

3.4.7 The permittivity and the permeability in natural units.

If we choose natural units so thats = 1 and ¢ = 1 then length has the same
units as time and so energy has units of inverse length and the expression
in the denominator for the units of the permeability is just a scalar. So the
permittiviity has units of (charge) 2.

Similarly, the units of the permeability become (charge) 2.

3.4.8 The fine structure constant.

The expression

N (charge of the electrony
a
is a pure number in terms of our natural units wherei =1 and c=1 and is

equal to
1

137.0359.."
In terms of conventional units we would write

e?

A" ke

*
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4 Gauge theories.

Hermann Weyl had suggested that the true objects of general relativity should
not be (semi-)Riemann metrics, but rather the associated Levi-Civita connec-
tion. And if we generalize this connection to be a conformal connection (i.e.
if we enlarge the group fromO(1,3) to RT™ " O(1, 3)) then we can incorporate
electromagnetism.(See his classi®aum Zeit Materie, Springer, Berlin (1918)).
The word OgaugeO derives from WeylOs theory in which the length is changed
by a conformal transformation.

Einstein rejected WeylOs proposal of considering a conformal connection as
the underlying physical beld, although Einstein himself considered the possibil-
ity that Riemannian geometry be replaced by conformal geometry as a basis
for unibed theories - see his article inPreuss Akad. 261 (1921) as well as the
following notes on the Ounibed Peld theoryQoc. cit. (1925) p. 414, (1928) p.
3, (1929) p. 3.

After the advent of quantum mechanics, Fritz London, in a short note in early
1927(F. London, ODie Theorie von Weyl und die QuantenmechanikQYatur-
wiss. 15 187. and soon after in a longer paper, OQuantenmechanische Deutung
der Theorie von Weyl,OZeit. fir Physik 42, 375-389 (1927), proposed a quan-
tum mechanical interpretation of WeylOs attempt to unify electromagnetism and
gravitation. The essential idea is to replace WeylOR™ by U(1) acting as phase
transformations of the quantum mechanical state vector. The groupU(1) does
not act on the tangent space of space time. It is OinternalQ. The London theory
for U(1) was generalized toSU(2) by Yang and Mills in 1954, C.N. Yang and R.
Mills, OConservation of isotopic spin and isospin gauge invariance,Bhys. Rev.
96 191-195 (1954).

The OPbeldO in a Yang-Mills theory on space time is a connection on a prin-
cipal bundle P.

Giving a connection on a principal bundle is the same as giving (consistently)
the notion of covariant derivative on any associated bundle. The covariant
derivative language is more popular in the standard physics texts. | will give
a self contained review of the notions of connection and curvature in the more
general setting of superconnections and supercurvature later on.

If Gis the structure group of the bundle P and gy is the Lie algebra ofG,
the curvature of such a connection is a 2-form on space-time with values in the
vector bundle go(P) associated to the adjoint representation ofG. If F is such
a curvature form, and if ' denotes the Hodge star operator of space time, then
'F is another 2-form with values in go(P), so

FIF

is a 4-form with values in go(P) + go(P). In order to get a numerical valued
4-form which we can consider as a Lagrangian density, we need an Ad invariant
scalar product on gp.

For example, we have seen that the electromagnetic bell is a two form
whose integral over any surface has units of inverse charge. $d 'F is a 4-form
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with units of 1/(charge) 2. In order to get the correct Lagrangian density, we
must multiply by "¢, the permittivity of empty space which (in natural units)
has units of (charge}, so that

%"OF I 'F
is the Lagrangian density for the electromagnetic beld in empty space. If we
want to consider F (strictly speaking iF ) as the curvature of a connection on a
U(1) bundle, we see that we must considef’, as determining a metric onu(1)
(di"erent from the OnaturalO one regardingu(l) as iR), and this metric has
deep physical signibcance.

In the Standard Model of the electroweak theory, the group under consid-
eration is U(2) or SU(2) " U(1) with Lie algebra gy = u(2). As we have seen,
there is a two parameter family of invariant metrics on u(2) given by (1).

We repeat that we are regardingg; and g, as parameters describing possible
Ad invariant scalar products on the Lie algebrau(2). As such they have physical
signibcance similar to that of the permittivity of free space in electromagnetic
theory and are necessary to be able to formulate a Yang-Mills functional. In a
general relativistic theory one would expect them to have a space time depen-
dence just as the metric of space time does. The interpretation of; and g, as
Ouniversal coupling constantsO then derives from the interpretation as debning
a metric.

5 The Higgs mechanism.

5.1 The Higgs mechanism in a nutshell.

The Higgs mechanism in the Standard Model of electroweak interactions is a
device for breaking theu(2) = su(2) & u(1) symmetry of a U(2) gauge theory in
such a way that the three of the four components of a connection form (originally
massless in a pure Yang-Mills theory) become di"erential forms with values in
a vector bundle associated toU(1) and which enter into a Lagrangian whose
quadratic terms correspond to particles with positive mass. In mathematical
terms this corresponds to a reduction of a principalU(2) bundle to a U(1)
bundle.

The ingredients that go into this mechanism and into the computation of
the acquired masses are the following:

¥ An Ad invariant positive debnite metric on u(2). This is needed for the
original (unbroken) Yang-Mills theory. We have argued that the Ouniversal
coupling constantsO that enter into the general formulation of this theory
are in fact parameters which describe the possible Ad invariant metrics on
u(2). In general there is a two parameter family of such metrics. They are
related by a certain angle%, known as the Weinberg angle. Our internal
supersymmetry proposal will determine this angle as 30 or sin® %y =
0.25, which is not too far from the measured value of ®312+ 0.003.
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¥ A two dimensional Hermitian vector bundle associated to the principal
U(2) bundle. Inthe general presentation of the Standard Model this vector
bundle is an extraneous ingredient put in Oby handO. In our theory this
vector bundle isg;, the odd component of a Lie super algebra bundle. The
sections of this bundle are regarded as the exterior degree zero components
of a superconnection. More details on this later.

¥ A degree-four polynomial on this vector bundle. In the general presenta-
tion this must also be provided by hand. In our theory, the quartic term
of this polynomial is the super-Yang-Mills functional.

¥ The vector bundle g, is associated to the originalU(2) bundle, so U(2)
invariance determines the Hermitian metric up to a scalar factor. We pro-
posed to bx this scalar by relating it to the choice of scale entering into
the metric on su(2). This is done by using the concept of a Hermitian
Lie algebra, see S. Sternberg, J. Wolf, OHermitian Lie algebras and meta-
plectic representationsO,Trans. Amer. Math. Soc. 231 1 (1978) which
relates certain Lie superalgebras to ordinary Lie algebras. Once the met-
ric has been bxed, we can write the most general (invariant) degree four
polynomial as

aa *$nba %

The next three steps are part of the standard Higgs mechanism, cf. for example
A. Derdzinski, Geometry of the standard model Section 11. We summarize them
here for the readerOs convenience. Additional details will be given below.

¥ If a and b are both positive, then the quadratic polynomial

az’'$ bz
achieves its minimum at b
Zg= —
07 2a
and hence any section+ of our vector bundle lying on the three-sphere
bundle
+,.2= 129

is a global minimum. Any such section is called avacuum state. The
reduction of the principal U(2) bundle is achieved by bxing one such vac-
uum. For example, if the bundle is trivial and is given a trivialization
which identibes it with the trivial C? bundle then we may chooset of the

form "o#
_ 0
+ =+ ,v>0
v
SO0 *
- b
y 70y — 2a
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¥ The mass of theW particle is then given as

m(W) = i 9)
181, u(2)
where " #
01
b= 1 0

See the discussion in Section 5.2 below. In terms of the parametey,
entering into the debnition of the metric on su(2) (see (1)) this becomes

*

1 1 b
m(W) = EQZ;"‘O; = 592 23’ (10)
¥ The mass of the Higgs beld (see Section 5.3 below) is given by
m(Higgs) =2 b. (11)

This gives the value of the Higgs mass in terms of parameters entering
into the Higgs model. Notice that only the coel!cient of the quadratic
term (b) enters into this formula, but if we know the coelcient a of the
quartic term, then we can getb from ,+,, = b/2a.

As indicated above, we will derive the value ofa from the supercurvature
and the metric on the superalgebra coming from a corresponding Lie alge-
bra, see equation (15) below. Thus we are able to predict the Higgs mass
from the observed experimental value of thew mass using (10) and (11)
and the value ofa. We will Pnd that m(Higgs)=2m(W).

To reiterate - we make no predictions aboutb. We do make a prediction ofa
coming from the interpretation of the quartic term in the Higgs Peld as arising
from a super-Yang-Mills Lagrangian (to be explained below). No matter what
b is, the knowledge ofa determines the ratio of the mass of the Higgs to the
mass of theW..

5.1.1 The Weinberg angle, again.

We return to equation (1) which gives the most general ad-invariant scalar
product on u(2). The Weinberg angle is then debned by

9 _ tan 2 %
2 -
9%
Thus, for example, any choice ofg; and g, which leads to a value of
2

9-1/3

%
will yield a Weinberg angle of 30 degrees.
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5.1.2 Scalar products from representations.

Any faithful unitary representation r of u(2) will yield a positive depnite scalar
product by letting the scalar product of A and B be

$trr(A)r(B).

Under our identibcation of u(2) with self adjoint rather than skew adjoint ma-
trices, which involves multiplication by i, we can forget about the minus sign.
But we do want to allow for an overall scale factor and so consider the metric

A # g%tr (r(A)z) (12)

as being associated to the representatiom. Of course the Weinberg angle will
be independent of the factorg.

So any theory which singles out a preferred faithful representation ofu(2)
will give a prediction of the Weinberg angle. Our proposal is to regardu(2) as
the even part of the superalgebrasu(2/1) / sl(2/1). See Section 8.1 for the
debnition of the Lie superalgebrassi(m/n). Each of these Lie superalgebras
has a fundamental (debning) representation as described in Section 8.1. In
particular, this picks out a preferred faithful representation of u(2) and hence
gives a prediction of the Weinberg angle. We do the computation in the next
section.

5.1.3 The Weinberg angle of the fundamental representation of sl(2/ 1).

In this representation the two by two matrix A is represented by the three by
three matrix " #

A O
r(A)= 0 trA

If we take A 0 su(2) so tr A =0 in (12) we get tr(r(A)3) = tr( A2) from which
we see that theg, entering into formula (1) for the metric on u(2) is given by
g5 = ¢°. If we take A = | in (12) we get

1 00
r()=-0 1 0
0 0 2
so tr(r(1)%) = 6. So
2, 4 gl 1
—a=—5 S0 ==
g? ofi % 3

yielding a Weinberg angle of 30 degrees.

5.2 Other quadratic forms.

Given a positive debnite real scalar product § § on a real vector space, any other
quadratic form is given by x .# (Sx,x) where S is a self-adjoint operator. We
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can then diagonalizeS. If the second quadratic form is positive semi-debnite,
then these eigenvalues are non-negative, an8 has a unique square rootSz
with non-negative eigenvalues. For reasons of di"erential geometry - essentially
the reduction of a U(2) bundle to a U(1) bundle via the choice of section of an
associated bundle - these eigenvalues are identibed with the masses of certain
spin 1 particles in the example | will now work out. | will do the elementary
linear algebra now, so we can see what is needed for mass predictions, and
discuss the geometry later.

For example, consider the standard action ofu(2) on C? and debne the
OsecondO quadratic form on(2) to be

U(A) =, Atg, g = (A+g, At+g)ce

where +, is a bxed element ofC?, and where @§c: is someU(2) invariant
scalar product on C? (and so is some positive multiple of the standard scalar
product). The corresponding bilinear form on u(2) is

"A,B(=Re(A+y,B+g)cz.

In fact, let us take "oy

as above. Then
" # "$_# " o# "0#
Y, iv
$i+0 = 0 $+0 = o S+ = Sy and I+, =

Then relative to any scalar product (44 on u(2) we have
(SH,X)="$,X(=0 for X = %,%,I.

If (43 is any of the invariant metrics (1), then ($;,X)=0for X = $,,%;,1. This
shows that §; is an eigenvector ofS with eigenvalue , +g, 2/, $;, i@). Similarly
for $,. Sections of the line bundles corresponding to these eigenvectors are
identiPed with the W particles. This accounts for the mass of thew as given
in equation (9) above.
We have % + |)+o = 0 so $ + | is an eigenvector ofS with eigenvalue
0. Expressed in terms of the orthonormal basis (2) and normalized so to have
length one gives
1t O ey, ot
@G+ @ 22 2
The corresponding mass zero beld is then identibed with the electromagnetic
peld.
Taking the orthogonal complement of the three eigenvectors found so far
(corresponding to the WOs and the electromagnetic beld) gives the beld of the
Z particle.
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All of the material in this section is part of the standard repertoire of the
Higgs mechanism and is not particular to the model we propose. For instance,
equation (9) is the formula in equation (11.30) A. Derdzinski, Geometry of the
standard model for the mass of the W up to di"erences in notation and the fact
that we are computing in natural units.

But it might be instructive to see how all this is written out in the physics lit-
erature, where ObeldsO are always scalar valued. In terms of the ba&is$,, $;, |
we have veribed that our quadratic form is given by

X 1S+ Xo$ + Xa$ + Y1) = VE(XT+ XZ+(Y $ X3)?).

Let us express this in terms of the coordinates in the orthonormal basis written
above (and taking the standard Hermitian form on C?). We have

2Xi 0%
Xi$1 = L&
O2 2
so the coelcient W; of X;$; in terms of the normalized basis element is
W, = 2X;
O2
and hence g
X, = gwi,i =1,2,3

and similarly Y = 2£-B where B is coelcient relative to the last normalized
element. So

(

1 )
Q(W1, W5, W5, B) = 21\/2 B(WZ+ W2)+(guWs$ g.B)? .

The rotation " #
R@w = 1 92 $gl
g+gs 9 R
in the W3, B plane brings the quadratic form to diagonal form. This is the

reason for angle terminology. TheW;, W5 and Z are considered as transmitters
of the weak interaction, while the massless beld is identibed with the photon.

5.2.1 Experimental determination of the coupling constant g.

The coupling constant g, enters into the debnition of the metric on u(2) as we
have seen, and is observed via the OstrengthO of the electro-weak interaction.
We have

-_ &
% = sin%y
So if sin%y = } we haveg, = 2e. If
€. 1
4 137

then g, = 0.6.
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5.3 The Higgs mass.

It is assumed that the Higgs Peld is a section of a Hermitian vector bundle with
potential V which has the form

V(#)=f(++0)

where
f:[0,1)# R

is a smooth function with a minimum at z,. A particular section is +; chosen
with "+q,+o( = zq. (If, as we shall assume, the Hermitian vector bundle is a
two dimensional bundle associated to a principalU(2) or SU(2) " U(1) bundle
this has the e"ect of reducing the principal bundle to a U(1) bundle.)

The most general section of our vector bundle is then written ast, + , and
we consider the quadratic term in the expansion off (+o + ,) as a function of
, . It will be given by

%Hess( )(+0)(,) =2F"( +0,+0()(Re'+,, ()°.

For , tangent to the orbit of the action of U(2) this vanishes. But for, 0 R+, we
have'+q,, (= %, +q,, ,, So for such, (known as the Higgs Peld) the quadratic
term is

2z, " (20),, , 2.

We want to consider this as a mass term, which means that we want to write
this quadratic expression asim?,, , 2.
If
f(z)= az®$ bz

with a and b positive constants, then the minimum of f is achieved at

b
Zy = ?a
and
f'(z) =2a.
So

ZZOf ”(ZQ) =2b.

So we wish to write &b, , , 2 as im?,, , 2 wherem is the mass of the Higgs. This
gives -
m(Higgs) =2 b

as in equation (11) above.

Once again, all of the material in this section is part of the standard reper-
toire of the Higgs mechanism and is not particular to the model we propose.
Equation (11) is the formula in equation (11.30) of Derdzinski, Geometry of
the standard model for the Higgs mass up to the fact that we are computing in
natural units.

We will now revert to standard notation and write the Higgs Pbeld as +.
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6 Using superconnections.

We assume that the Higgs Peld+ is the degree zero piece of a superconnection
for su(2/ 1), and use this - together with an idea coming from the theory of
Hermitian Lie algebras - to predict a value ofa, namely

1
a= §g§.

I will present a detailed exposition of the theory of superconnections later.
But | want to get to the punch line in a hurry. So I will now show how the
super-Yang-Mills Lagrangian for su(2/1) makes a prediction of the factor a
occurring in the f in the preceding section. In general, the Lagrangian of a
super-Yang-Mills-Higgs theory will be of the form

W 2IF]+ ...

where F is the supercurvature and where .... involves the fermions, plus a
quadratic term in the Higgs whose origin we leave open. The supercurvature is
guadratic in the degree zero part of the superconnection, and hence the above
Lagrangian, being quadratic in F, will be quartic in the degree zero part of the
superconnection. So if we identify the Higgs Peld with this degree zero part, we
get a quartic polynomial in the Higgs which derives from the underlying theory
with no additional ad hoc assumptions. Here are the details of the computation:

If the Higgs Peld + is the degree zero piece of a superconnection feu(2/ 1),
then the supercurvature F will include a term %[+, +] which is a section ofu(2)
regarded as the even part oku(2/1). If

0 0 x
+=-0 0 y/
X y 0
then ,
1 [X]?  xy 0
Shtl= -3y P o /.

0 0 [x]P+lyP?

To compute , F, 2, we need a metric onu(2). In the computation of the
Weinberg angle, we took the metric to be proportional to the metric induced
by the fundamental representation ofsl(2/1). So we must use the metric

2n #,3
2 A O
tr

I 0 trA

A #

so as to get the metric (1) on theu(2) component. Applied to the %[+, +] given
above we get

4
—(IXI* + lyI*)>.
9
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Taking % of the above expression (as one half of the square length appears in
the Lagrangian) gives the quartic term as

2
?(IXI2 + Iy1%)?. (13)
2

6.1 The metric on the Higgs.

We need to express (13) ag, +, 4. To do this we must say what, +, 2 is. We now
use the paper S. Sternberg, J. Wolf, OHermitian Lie algebras and metaplectic
representationsO,Trans. Amer. Math. Soc. 231 1 (1978) and propose that we
think of su(2/ 1) as the real part of the object whose imaginary part issu(3).

If I have time, | will explain this later.

On su(3) the only invariant metrics are scalar multiples of the Killing form,
and since we want the metric to reduce to the above metric orsu(2) we must
choose, +, 2 as

2 4
+# Str+t= (X2 + yP). (14)
9 92
Comparing the two expressions (13) and (14) gives
1
a= égg. (15)
Substituting this into (10) gives
m(W)= b. (16)
Comparing with (11) gives
m(Higgs) _
W) 2. a7)

This was the prediction in [N86]. For later versions of this prediction see [R98]
and references cited there.

7 Superconnections.

In this section we give a self contained introduction to the theory of supercon-
nections for the convenience of the reader. In the main, we follow the exposition
given in [BGV91] with some changes in notation. For an alternative treatment
see [MaSa2000].

7.1 Superspaces and superalgebras.

A superspace E is just a vector space with aZ, grading:

E=Et&E".
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A superalgebra A is an algebra whose underlying vector space is a superspace
and such that

ATaAT/ AT, AT AT/ AT, ATAA /T AT, AT AT AT
The commutator of two homogeneous elements oA is debPned as
[a, b := ab$ ($1)*#Pba,

We use the notation|a] =0if a0 AT and|a]=1if a0 A" and we do addition
and multiplication mod 2.

A superalgebra iscommutative if the commutator of any two elements van-
ishes. For example, the exterior algebrd (V) of a vector space is a commutative
superalgebra where

(V)T =10%Vv)&! 2(V)&! 4(V)&aaa

and
(V) =1YE)&!3(V)&4a4a

7.2 The tensor product of two superalgebras.

If A and B are superspaces we maka + B into a superspace by
la+ b = |a| + [b].
If A and B are superalgebras we maké\ + B into a superalgebra by
(a+ b 4@ + b) = ($ 1)/ laa + bb.

For example, the Cli"ord algebra of any vector space with a scalar product is
a superalgebra, whereC(V)™ consists of those elements which can be written
as a sum of products of an even number of elements & and C(V)" consists
of those elements which can be written as a sum of products of an odd number
of elements of V. If V and W are two spaces with scalar products then the
Cli"ord algebra of their orthogonal direct sum is the tensor product of their
Cli"ord algebras:

C(V& W)= C(V)+ C(W).

We will use the convention of the algebraists rather than that of the geometers
in the dePnition of the Cli"ord algebra, W. Greub, Multilinear algebra Springer,
Berlin (1978) . So ifV is a vector space with a (not necessarily positive depbnite)
scalar product then C(V) is the universal algebra relative to the relations

uv + vu =2(u,v)l.

Chevalley, in is classic book does not have the factor 2 on the right hand side,
because he considers belds of arbitrary characteristic, including characteristic
rwo

(In N. Berline, E. Getzler, M. Vergne: Heat Kernels and Dirac Operators,
Springer, Berlin 1991 the opposite convention (with a minus sign on the right
hand side) is used.)
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7.3 Lie superalgebras.

If A is an associative superalgebra the commutator of two homogeneous elements
of A was debned as ]
[a,b = ab$ ($ 1)l pa,

This commutator satispes the axioms for alLie superalgebra which are
¥ [a, b+ ($ 1)*Pl[b, g = 0, and
¥ [a,[b,d] = [[a b, c] + ($ 1)l“¥l[b,[a, c]].

It was proved in L. Corwin, Y. NeOeman, S. Sternberg, OGraded Lie algebras
in mathematics and physicsO,Rev. Mod. Phy. 47 573 (1975) that every Lie
superaglebra has a universal (associative) enveloping algebra and that the ana-
logue of the Poincare-Birkho"-Witt theorem holds.

If A is a commutative superalgebra andL is a Lie superalgebra thenA + L
is again a Lie superalgebra under the usual debnition:

[a+ X,b+ Y]:= ($1)X@ab+ [X,Y].

7.4 The endomorphism algebra of a superspace.

Let E = ET & E" be a superspace. We make the algebra of all endomorphisms
(= linear transformations) of E into a superalgebra by letting End(E )™ consist
of those linear transformations which carryE* into E* and E" into E* while
End(E)" interchanges the two components. Thus a typical element of Endg )™

looks like " 0#
N .
o p ' AOENd(E®), DOEndE")
while a typical element of End(E)" looks like
" #
0 B = + e+ "
c o0 B:E # E™, C:E™# E .

An action (or a representation) of an associative algebraA on a superspace
E is a (gradation preserving) homomorphism ofA into End(E). We then also
say that E is an A module.

Similarly, a representation of a Lie superalgebral on a superspaceE is a
homomorphism of L into the commutator Lie superalgebra of End(E). This is
the same as an action of the universal enveloping algebrdl(L) on E. We say
that E is anL module.

7.5 Superbundles.

Let E # M be a bundle of superspaces over a manifolt . We call such an
object a superbundle. SOE = E* & E" whereET # M andE # M are
vector bundles overM . We will call a section of Et an even section ofE and a
section of E' an odd section ofE.
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If E and F are superbundles, thenE + F is a superbundle. In particular,
I (T#¥M) is a superbundle where

L(T*M)™T

LT M) &! 2(T* M) &! 4(T#M) & 444

L(TPM) = 1 (TPM) &! 3(TPM) &! >(TFM) & 444

A section of ! (T#*M) + E is called an E-valued differential form and the
space of allE-valued di"erential forms will be denoted by A(M, E). Locally any
element of A(M, E) is a sum of terms of the form* + s where* is a di"erential
form on M and s is a sectionE.

7.6 The endomorphism bundle of a superbundle.

If E# M is a superbundle, then we can consider the superbundle EnHj
where, at eachm 0 M we have EndE),, := End(E,). We have an action of
any section of End(E) on any section of E. By tensor product, any element of
A(M, End(E)) acts on any element of A(M, E). In particular any element of
A(M), i.e. any di"erential form acts on A(M, E) and (super)commutes with all
elements of A(M, End(E)).

7.7 The centralizer of multiplication by dilerential forms.

Any element of A(M), i.e. any di"erential form, acts on A(M, E) and (su-
per)commutes with all elements ofA (M, End(E)).

There is an important converse to this last assertion. A di"erential operator
on A(M, E) is by debnition an operator which in local coordinates looks like

$
a,(”

~

where a, is a section of EndA(M, E) and (7 = ({* 44@}" is a partial di"eren-
tiation operator in terms of the local coordinates. LeibnitzOs rule implies that if
such an operator commutes with all multiplications by functions then it canOt
really involve any di"erentiations. If furthermore it commutes with the action
of all elements of A(M) it must be given by the action of some element of
A (M, End(E)). In short: a di"erential operator on A(M, E) commutes with the
action of A(M) if and only if it is given by an element of A(M, End(E)).

7.8 Bundles of Lie superalgebras.

If gis a bundle of Lie superalgebras oveM then A(M, g) is a Lie superalgebra
with bracket determined Pberwise (as we have seen) by

[*+ X, - + Y]=($DXEP 1 )+ X, V]

If E is a superbundle on whichg acts, meaning that we have a bberwise Lie
superalgebra homomorphismé& of g into the Lie superalgebra bundle EndE)
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(under Pberwise bracket), then we have an action oA (M, g) on A(M, E) deter-
mined by )

8+ X)(- + V)= (S 1)+ (&(X)v).
7.9 Superconnections.

A superconnection on a superbundleE is an odd brst order di"erential oper-
ator
ATA*(M,E)#A (M, E)

which satisbes
A1 %= d* ! %+ ($D)el*1 A%, 2* 0A(M), %0 A (M, E).

We can write this as
[A, e(*)] = e(d*) (18)

where e(- ) denotes the operation of exterior multiplication by - 0 A (M).
Let #( E) denote the space of smooth sections d& which we can regard as a
subspace ofA (M, E). Then

A#E)#A (M, E)
and A is completely determined by this map since
A(* +5)= d* + s+($1)* + As

for all di"erential forms * and sectionss of E.
Conversely, suppose thatA : #(E*) # A * (M, E) is a brst order di"erential
operator which satisbes

A(fs)=d + s+ f + As

for all functions f and sectionss of E. Then we can extendA to A(M, E) by
setting
A +s)=d*+s+($1)+s

without fear of running into a contradiction.

7.10 Extending superconnections to the bundle of endo-
morphisms.

If #0 A (M, End(E)) debne
A# = [A#H].

We claim that [A, #] belongs to A(M, End(E)). To prove this, we must check
that [ A, #] commutes with all e(*), * 0OA(M). For any * 0 A (M) we have

A3#3e(*)=($1)EMA3e(*) 3#
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= ($ 1) g(d*) 3# + ($ 1)l g(x) 3 A 3#

while
#3A3e(*)= #3e(d*)+($1)#3e(*)3A

=($ 1)|’Y|+|’Y|é|a|e(d*) 3#+($ 1)|al+lalélv|e(*) 3H#3A

SO
[A,#]3e(*)= A3#3e(*)$ ($1)1#3A3e*)

=($ 1)|a|+lalélvle(*) 3[A, #]
Since|[A, #]] = |#| + 1 this shows that [[A, #], e(* )] = 0 as desired.

7.11 Supercurvature.

Consider the even operatorA2. We have, D. Quillen, OSuperconnections and
the Chern characterO,Topology 24 89 (1985),

[A% e(*)] = A3[A,e(*)]+($1)I[A,e(*)] 3A =

A3e(d*)$ ($1)e(d*)3A =[A,e(d*)] = edd(*))=0.
SoA? 0 A (M, End(E)). We set

F:= A?

and call it the curvature of the superconnectionA.
The Bianchi identity says that

AF =0.
Indeed AF is debned as4, F] and sinceF := A? is even we have
[A,A%]= A3A%$ A23A=0

by the associative law.

7.12 The tensor product of two superconnections.

If E and F are superbundles recall thatE + F is the superbundle with grading

Et+F T&E" +F ",
Ef+F &E +F T,

(E+F)*
(E+F)

If A is a superconnection orE and B is a superconnection orF then A+ 1+ 1+ B
is a superconnection orE + F. Thus

(A+ 1+ 1+ B)(a+ b):= Aa+ b+($1)a+ Bb.

A bit of computation shows that this dePnition is consistent and debnes a su-
perconnection onE +F .
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7.13 The exterior components of a superconnection.

If A is a superconnection on on a superbundlee we may break A into its
homogeneous componentd; which map #(M, E) into Ai(M, E), the space of
i-forms with values in E:

A= A[o] + A[l] + A[g] + daa

Let s be a section ofE and f a function. By the above decomposition and the
debning property of a superconnection we have

&
Afs)=  Ap(fs)

=0
and
$
Affs)=d + s+ f Apys

wheren is the dimension ofM . We see that
Al(fS) =d +s+ fA[l]S

which is the debning property of an ordinary connection. Furthermore, since
Ay has total odd degree, we see that as an ordinary connection

Ap #EN # #(T'M +ET) and Ay t#(E ) # #T'M +E").

It also follows from the above comparison of the two expressions fai(fs) that
the remaining A(;;, i * 1 are given by the action of an element ofA? (M, End(E)).

For example A is given by an element of #(M, End" (E)).

7.14 A local computation.

To see what the supercurvature computation looks like in terms of a local de-
scription, let us assume that our bundleE is trivial, ie. E= M " E whereE
is a superspace. Let us also assume that has only componentsA g and Ajy;.
This will be the case in the physical model that we will propose.

We may thus write Ay = L 0 C% (M, End (E)) so

" . H

_ 0 L C N
L= |+ o . L 0C*(M HomE" E"),

Lt 0 C¥»(M, Hom(E*,E")).

We may also write

Apy=d+A, AO0A'(M, End(E)").
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Let 4 denote the covariant di"erential corresponding to the ordinary connection
A[l] Then
F:= (A)2 = A[20] + [A[l]!A[O]] + A[Ql] = A[zo] + 4 A[O] + F

where F is the curvature of Aj;;. In terms of the matrix decomposition above

we have " .
. L LT+F* 4L
- 41LF LtL" + F°

where F* is the restriction of F to E*. Notice that F is quadratic in L, and
so any quadratic function of F will involve a quartic function of L. This will be
our proposal for the quartic term entering into the Higgs mechanism.

7.15 Superconnections and principal bundles.

Let g= g9 & g; be a Lie superalgebra ands be a Lie group whose Lie algebra
is gg. Suppose that we have a representation o6 as (even) automorphisms of
g whose restriction to g, is the adjoint representation of G on its Lie algebra.
We will denote the representation of G on all of g by Ad.
Let P = Pg # M be a principal bundle with structure group G. Recall that
this means the following:

¥ We are given an action of G on P. To tie in with standard notation we
will denote this action by

(p,a) #pal, pOP, a0G
soa 0 G acts onP by a di"eomorphism that we will denote by r,:
ra:P# P,  rqp)= pa L.
If . 0 go, then exp($t.) is a one parameter subgroup ofG, and hence

Fexp(” t€)

is a one parameter group of di"eomorphisms ofP, and for eachp 0 P,
the curve

rexp(" tf)p = p(expt. )

is a smooth curve starting att at t = 0. The tangent vector to this curve
at t = 0 is a tangent vector to P at p. In this way we get a linear map

d
U, : 0o # TPy, up(.)= ap(expt. )it=0- (29)

¥ The action of G on P is free.

¥ The spaceP/G is a di"erentiable manifold M and the projection! : P #
M is a smooth bbration.
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¥ The bbration ! is locally trivial consistent with the G action in the sense
that every m 0 M has a neighborhoodU such that there exists a di"eo-

morphism
+y: 1T # U G
such that
! 1 3+ =1
where
I, U"F# U

is projection onto the brst factor and if +(p) = ( m, b) then
+(rep) =(m,ba 1).
Suppose that! : P # M is a principal Pber bundle with structure group
G. Since! is a submersion, we have the sub-bundle Vert of the tangent bundle
TP where Vert,,p 0 P consists of those tangent vectors which satisfgl! ,v = 0.
From its construction, the subspace Veri,/ TP, is spanned by the tangents to
the curvesp(expt.), . 0 go. In other words, u,, is a surjective map fromg, to

Vert,. Since the action ofG on P is free, we know thatu, is injective. Putting
these two facts together we conclude that

If ! :P # M is a principal Pber bundle with structure group G then u, is
an isomorphism ofg, with Vert , for every p0 P.

An (ordinary) connection on a principal bundle is a choice of a OhorizontalO
subbundle Hor complementary to the vertical bundle which is invariant under
the action of G. At any p we can dePne the projection

V, TP, # Vert,

along Hor,, i.e. V,, is the identity on Vert , and sends all elements of Hgy to
0. Giving Hor, is the same as givingV, and condition of invariance under G
translates into

d(rs)p 3V, =V, 3d(r;), 2b0G, pOP.
This then debnes a one form on P with values in gy:
= u,' 3V,
Invariance of the connection underG translates into
ril =Ad, /.

Let . p be the vector beld onP which is the inbnitesimal generator ofr ey ¢¢.
The the inPnitesimal version of the preceding equation is

De,/ =[../1].
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In view of the dePnition of u, as identifying . with the tangent vector to the
curve t .# p(expt.) = rexpr P at t =0, we see that

i.p) =$..

We now generalize this to superconnections: We debne superconnection
form A to be an odd element ofA (P, g) which satisbes

riA Ad,A 2b0 G (20)

The meaning of (21) is the following:
A= A[0]+ A[1]+ aad A[n], n =dim M

where A(; is ani-form with values in g, if i is odd and with values ing; it i is
even. ThenA(; is a connection form and all the other components satisfy

i(.p)A[i] =0.

This condition together with (20) imply that these other components can be
identibed with odd i-forms on M with values in g(P), the vector bundle over
M associated to the representation Ad ofG on g.

More generally, if the superspaceE is a G module and also ag module in a
consistent way, then we can form the associated bundle

E(M) = E(P)

which is a module for the associated bundle of superalgebragP). A k-form
on M with values in E is the same thing as ak-form 0 on P with values in E
which satisbes

1.i(.p)0=0 2.0 gy and
2. r#0 = &a)0 where & denotes the action ofG on E.

The bilinear map
g" E# E

given by the action of g determines an exterior multiplication
$(P,9)" $(P,E)# $(P,E)
which we will denote by 5. We then obtain a superconnection onE given by

A0 = dOo+ A50. (22)
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7.16 The Higgs Peld and superconnections.

In the model that we proposed in [NS90] ,[NS91], we are given a bundle of Lie
superalgebrasg = g(P) = gy & g; as above. If we assume that the superconnec-
tion form A has only exterior terms of degree zero and one, thehy is given
by the action of a section ofg;. We take the sections ofg; = g;(P) to be the
Higgs Pelds. As described above, the supercurvature is then quadratic in the
Higgs Peld, and hence a super-Yang-Mills functional which will be be quartic in
the Higgs Pbeld.

7.17 Cli'ord Bundles and Clilord superconnections.

Suppose thatM is a semi-Riemannian manifold so that we can form the bundle
of Cli"ord algebras C(TM). Suppose thatF is a bundle of Cli"ord modules.
We denote the action of a sectiona of C(TM) on a section of F by c(a). We
extend this notation to denote the action of a Cli"ord bundle valued di"erential
form, i.e. an element of A(M,C(TM)) on A(M, F) by

o + a)(- +5) = (S 1 -) + c(a)s

on homogeneous elements.
A superconnectionB on F is called aClifford superconnection [BGV91]
if for all sections a of C(T(M)) we have

[B,c(a)] = c(4 &)

where 4 is the covariant di"erential on C(T(M)) coming from the Levi-Civita
connection onM .
Suppose thatB and B' are Cli"ord superconnections onF . Then

B$ B',e(*)]=0 2* 0A(M)
soB$ B'0A" (M, End(F). Also
[B$ B, c(a)]=0

implying that
B$ B'0OA" (M, Endc () (F)).

Conversely, if $ 0 A" (M, Endca(F)) and B' is a Cli"ord superconnection
then B = B'+ $ is a Cli"ord superconnection. Thus the collection of all Cli"ord
superconnections is an alne space modeled on the linear space” (M, Endc(ar)(F)).

If E is a superbundle andF is a bundle of Cli"ord modules then we can make
E + F into a Cli"ord module by letting a section a of C(TM) act as 1+ ¢(a)
where ¢(a) denote the action ofa on F. If A is a superconnection ork then

[A+1,1+c(a]=0
for all sectionsa of C(TM) and so
[A+1+1+B,1+c(@)]= 1+ c(4a).

In other words, the tensor product of a superconnection with a Cli"ord super-
connection is a Cli"ord superconnection.
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7.18 The Dirac operator of a Cli'ord superconnection.

Let E be a Cli"ord module over the semi-Riemannian manifoldM and let A be
a Cli"ord superconnection on E. We can associate to this data a certain pbrst
order di"erential operator on sections of M

D= Da: #(M, E) # #(M, E)

which generalizes the classical Dirac operator in the presence of an electromag-
netic beld. In order to dePne it we need to record a relation between the Cli"ord
algebra and the exterior algebra.

7.18.1 The exterior algebra as a Clifford module.

Let V be a vector space with a non-degenerate scalar producg@ which then
debnes an isomorphism o¥ with its dual space V#: v # (v, 8.

If v OV wewilleti(v):!(V)#! (V) denote interior product by the
elementv? 0 V# corresponding toV. Explicitly, i(v) is the (odd) derivation on
I (V) determined by

i(v1=0, i(Vw=(v,w), wOV.

We let e(v) : ! (V) # ! (V) denote exterior multiplication by v. If we put
the standard scalar product on! (V) induced by the scalar product onV, it is
easy to check thati(v) is the transpose ofe(v). Since e(v)? = 0 it follows that
i(v)2 =0 (as can also be checked directly from the debnition) and that

(i(v) + e(v))? = i(v)e(v) + eV)i(v) = (v,v)id.

Sov .# i(v)+ e(v) is a Cli"ord map and so makes! (V) into a C(V) module.
Consider the linear map

0: C(V\)#! (V), x.#x1

where 10 ! °(V) under the identibcation of ! °(V) with the ground beld. The
element x1 on the extreme right means the image of 1 under the action of
x 0 C(V). For elementsvy,...,v, 0 V this map sends

vi H#H o
ViVo # vyl vo+ (v, Vo)l
Vivavz  # o vih vl vz 4 (v, V2)Vvs $ (Vi V3)Ve + (V2, V3) V)
# ovi! Vol vl vy+(vo,v3)vi! vu$ (Vo,Vy)vi! v
+(V3,Va)Vi ! Vo + (v, Vo)vs ! v $ (v, V3)vi ! vy
+( V1, Va)Va ! Vg + (V1 Ve)(Va,V3) $ (V1,V3)(V2, V4)

V1VaV3Vy

+( V1, V2)(V3, Va)
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If the vOs form an OorthonormalO basis fthen the products
v, 44%,, i1<i.4d4d4iy k=0,1,...,n (23)
form a basis of C(V) while the
v, 14ddalv;,, i1<i.44d4i, k=0,1,...,n (24)
form a basis of! (V), and in fact
viaaw, # vilaaalv, if (v;,v;)=0 2i x| (25)

In particular, the map O given above is an isomorphism of vector spaces.
We will let
q: (V)# CV) (26)

denote the inverse of0: )
q:=0 1 (27)

On a semi-Riemannian manifold we have an identibcatiord of #(M, ! (T#M))
with #( M, ! T(M)) given by the metric. We can then apply the map ¢ at each
point so as to get a map (which we will also denote byy):

q:#(M,! (TM)) # #(M,C(M)).

7.18.2 The Dirac operator.

Let A be a Cli"ord superconnection on the Cli"ord module E. We have the
following sequence of maps:

A#M,E) # A (M E)=#M,! (T"M)+E)
1+id:#(M, ! (T*M)+E) # #M,! (TM)+E)

q+id:#(M,! (TM)+E) # #(M,C(M)+E)
c:#(M,C(M)+E) # #M,E)

where the last mapc is given by the action of C(M) on E.
The composite of all these operators is the Dirac operator

Da : #(M, E) # #(M, E) (28)

associated to the superconnectiom.

7.18.3 A local description of the Dirac operator.

Let x!,...,x™ be a local coordinate system withdx?, ..., dx" the correspond-
ing di"erential forms and (4,...,(, the corresponding vector belds so that the
exterior di"erential d is given by
N .
d= dx* + (.
i=1
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Let e,...,e, be an OorthonormalO frame Peld over this coordinate neighbor-

hood and %, ...,% the dual coframe Peld. The most general superconnection
on E can then be written as
. $
A= dx‘+ (; + %+ A;
i=1 1&{ 1,...,n}
where
% := % laaal%, where | = {iy,...,i;} ii1<i»<adéij; (29)

and A; is a section of EndE). Applying 1+ id gives

, $
Adx?) + (; + el +A;. (30)
1

1=

Applying g + id gives

. $
q(i(dx*) + (; + q(e’) + A;
i=1 I&{ 1,...,n}

and the applying the Cli"ord action gives

.

. $
Da= c(q(ldx))(; + c(a(e)) 3A;.
i=1 I&{ 1...,n}

7.19 Cli'ord bundles and spinors.

So far, we have not made any assumptions about the dimension &l or about
the signature of the semi-Riemann metric onM . On a complex vector space,
all non-degenerate quadratic forms are equivalent. The Cli"ord algebra of an
even dimensional complex vector space with non-degenerate quadratic form is
isomorphic to End(S) where S= S, & S+ is known as the space of spinors. In
the case of a real vector space with a negative debnite scalar product, which
we then complexify, there is a positive debnite Hermitian form onS invariant
under the group Spin(V) which is the double cover inC(V) of the group SO(V).
The spacesS, and S- are orthogonal under the Hermitian form and give the
(irreducible) half spin representations of Spin(V). These are well known facts
and can be found in standard texts such as [G78] or [BGV91].

The case of physical interest is where we are dealing with a four dimensional
space with Lorentzian metric. The following is a summary of the well known
facts. As it is hard to bPnd a cogent presentation of these facts in the standard
texts, we will give a more detailed presentation in the next section.

The (real) Cli"ord algebra C(3,1) (spacelike positive, timelike negative) is
isomorphic as an algebra to EndR*). WedderburnOs theorem then implies that
this four dimensional real C(3,1) module, known as the space of Majorana
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spinors, is unique up to canonical isomorphism, and that anyC(3, 1) module is
isomorphic to the tensor product of this module with a trivial module.
The element

# = epe €263
(where ey, €1, €2, €3 is an oriented orthonormal basis) satisbes

#2=3%$1

and
#a= a#t, a0 Cy(3,1), #b= $b#, b0 Cy(3,1).

Thus # debnes a complex structureJ on R* and the even elements o (3, 1) act
as linear transformations (commute with J) while the odd elements ofC(3, 1) act
as antilinear transformations (anti-commute with J). This complex structure
allows us identify the spaceR* of Majorana spinors with C2.

The group SI(2,C) is simply connected and is the double cover of the con-
nected component of the Lorentz groupO(3, 1). It preserves a complex symplec-
tic form (a non-degenerate anti-symmetric bilinear form) which is determined
up to multiplication by a non-zero complex number. Let H be the two com-
ponent group in C(3,1) which (double) covers the two component subgroup of
0O(3, 1) consisting of those Lorentz transformations which preserve the forward
light cone. (So H includes elements which project onto Oparity transforma-
tionsO.) Then there is a real symplectic forms on R* invariant under H which
is determined up to a non-zero real scalar multiple and a bilinear mag from
R* to Minkowski which is equivariant under the action of H.

The space of Dirac spinors is the complexibcation of the space of Majorana
spinors. It decomposes into the direct sum of thet i eigenvalues ofJ and these
are the right and left handed spinors. This is theZ, structure we will be using
throughout this paper. If we extend s to be a sesquilinear form on the space
of Dirac spinors, thenis is a non-degenerate Hermitian form of signature (22)
and is uniquely determined up to real scalar multiple as being invariant under
H. The space of right or left handed spinors is isotropic under this Hermitian
form.

7.20 Facts about Dirac spinors.

The facts collected in this section are well known to physicists. For the conve-
nience of the mathematical reader we collect them here.

7.20.1 The element # in general.

Let V be a real vector space with a non-degenerate quadratic form of signature
(p, g and let C be the corresponding Cli"ord algebra. Let

Viyeo oy Vps Vptty ooy Vptg
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be an OorthonormalO basis so that

1 16i6p
(Vi, Vi) =
$1 p+16i6 p+aq.
Let
#:=viav, daag,,.
Notice that # is determined up to sign (Pxed by choosing an orientation o)
and satisbes
#2 ($1)z7"" Vta1, n=p+g=dim V
#v o= ($1)™ 'v#, vOV.

If p= g+2then n=2(q+1) and
NS 1)+ a=(q+ D2a+ 1)+ g=2¢° +4q+1

is odd hence

# = $1¢ (31)
#v = $V# (32)

These equations will also hold ifp= q+ r wherer 7 2 mod 4.

7.20.2 Majorana spinors for C(q+2,2).
By Bott periodicity (see for example [G78]) we have

C(p,g9 + C(2,00 = C(q+2,p)
C(q,0 = End(R*)
C(2,0) = End(R? hence

c(g+2,9 % End®R*").

Then (31) says that# 0 End(Rz‘”1 ) debnes a complex structure orR2"" and
(32) implies that all the odd elements of C = C(q+ 2,q) act as antilinear
transformations and all the even elements act as linear elements on the space
of Majorana spinors: S = C** %R2"" .

7.20.3 Majorana spinors in four dimensions.

We know that Spin(3, 1) is isomorphic to sl(2, C). In fact, we will shortly give
a an explicit realization of this fact. So there is an invariant anti-symmetric
complex bilinear form on S which is invariant under Spin(3,1). (Such an ob-
ject is called a complex symplectic form.) In fact, there is a whole family of
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them determined up to multiplication by a complex number. If we enlarge the
group Spin(3,1) to include conjugation by time-like vectors we will Pnd that

we obtain a group G which double covers the subgroup oO(3, 1) which has two
components consisting of the connected componer80(3, 1) and also the parity
transformations. We will bnd that there is a real symplectic form s on S which

is invariant under G. This will determine s up to multiplication by a non-zero

real number. We will also bnd that s determines a quadratic mapj from S to

vectors, and we will use this to associate a OcurrentO to each pair of spinors.

Let e, be a OunitO time like vector so thae? = $ 1¢. Henceg, is invertible
in the Cli"ord algebra C = C(3,1) and

&' = $e.
Consider the operation of conjugation bye, in the Cli"ord algebra:
a.# eae, ' = $eae.

Acting on e, we get (
e #9% e = e.

Acting on a vector v perpendicular to ey we get
V. #S evey =+ €v=$v.

Thus conjugation by e, carries the subspaceR?! into itself and acts there as
the Oparity transformationOP:

Pey=¢e, Pv=3$v ifv8 g.

For a general discussion of the OPin groupO using twisted conjugation rather
than conjugation see [G78].

7.20.4 A model for the Majorana spinors.

We identify the spaceV = R3 with the space of two by two (complex) self
adjoint matrices: if P and Q are self adjoint two by two matrices we debne

IPIP =detP, (P,Q)= St PQ" (33

where Q* denotes the OadjointO according to CramerOs rule
) b wo d $b #
_ a

a- c d # $c a

so
QQ*=det Q1.

We have
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" o
t$x y+iz

det y$iz t+x

=t?$ x?$y*$ 22 (34)
so the space of self-adjoint two by two matrices is a model oR'3.
Let A be a two by two complex matrix. If P is self-adjoint then so iSAP A
and the map
P # APA

is a real linear map of the space of two by two self adjoint matrices into itself.
If det A = 1 then
det(APA ) =det P.

This shows that we have a homomorphism fromSI(2,C) # SO(1, 3). It is not
hard to show that this homomorphism is two to one and surjective and hence
gives an identibcation ofSpin(1, 3) = Spin(3, 1) with SI(2, C). We will take the
space of spinors to beC? regarded as a real four dimensional space. Debne the
anti-linear operator

" # v #
I'CQ# 02 (- X # $y
Then
|2:$|
and

"u,u (=0, 2u0C?

where' , ( denotes the standard Hermitian form on C2. A direct veribcation
shows that

‘A =AY (35)
for any two by two-complex matrix, A.
Indeed, if A = a b then
c d
B " # " _# S S #" #
A X _. ax+by _ $w$dy ,,. x _ d $T $y
y =~ ox+dy & ax+by y  $b a X

In particular, for self adjoint matrices, P, we have

P = pa (36)
If we take " #
p=g= =+ 9
T 01

then P2 = P. On the other hand, if P is orthogona}l to gy, so that tr P :’0,
then P = $P?. Thus conjugation by ' induces the Oparity transformationO on
Minkowski space.
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Any A 0 SI(2,C) satisbes
A= A"!

and therefore for A 0 SI(2, C) we have
Au(P)A"! = AP'A !

= APA '
= u(APA ).
The transformation
P # APA
gives the action of A 0 SI(2,C) on P 0 R"3, Thus the equation
Au(P)A" ' = p(APA ) (37)

asserts that the mapp : R13 # Endg(C?) is an SI(2,C) morphism. Observe
also that in this representation the element# .# + i, wherei denotes the usual
multiplication by the complex number i on C?, because# commutes with with
all even elements ofC(3, 1) and its square is$ 1. The choice of sign refl3ects
the indeterminacy in the choice of# depending on the choice of orientation in
Minkowski space. In order to avoid later confusion when we complexify the
spaceC? and hence have still another notion of multiplication by i, we shall
denote the element# in our case by the neutral symbolJ.

7.20.5 Bilinear covariants for Majorana spinors.
DePne the real quadratic map
j:S=C2#RY, jlu:=u+u. (38)

We have

j(Au) = Aj(wWA  2A 04gl(2,C), (39)
implying the equivariance of the mapj for the group SI(2,C). Also (u,v) =
('v,'u ) 2u,v 0 C? hence

jCu)v = (v,'u)'u

= "{(u,v)u}

= "{(v,"'u )u}

= "{($'v,u)u}

= "{(C " 'v,uu} so
jtu) = "jurt.

This equation, together with (39) has the following meaning: Let G denote
the subgroup of the group of all invertible real linear transformations of C2
generated bySI(2,C) and ' . Since

‘A Tl=A"1 2A0SI(20), (40)
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we see thatG consists of elements of the formB or B, B 0 Sl(2,C). So
the group G consists of two of the four components of the groupPin(3,1),
the double cover ofO(3,1) in the Cli"ord algebra. Indeed G consists of those
elements ofPin (3, 1) which (in their action on R>!') preserve the direction of
time.

jCu)="juy ! (41)
thus asserts that j is a morphism for the OparityO action ofG on Minkowski
space. (This is usually expressed by saying thaj debnes a Ovector currentO
as opposed to an Oaxial currentO.) Notice that the time component gfu) is
always non-negative. Indeed

tr j(u) = [lull. (42)

This result was important to Dirac in that it allowed the interpretation of the
time component of j(u) as a probability density, when j(u) is interpreted as a
current.

The map j, being quadratic, dePnes, by polarization, a real symmetric bilin-
ear map from C? to Minkowski space:

j(u,v) = %(u+ vV +Vv+u).
We can also consider the antisymmetric form
b:C%" C*# R Dbu,v):= %J(u+v $v+u). (43)
(Remember that the J in this equation is simply multiplication by i or by $i

depending on the orientation. So the matrix on the right is indeed self adjoint.)
OPolarizingO the argument that we gave above shows that

(u)+(v) ="[u+v] "t
But
J=%$'7J
so
b('u,'v )= $'b(u,v)"' L. (44)

One says that @(u, v) is an axial currentO. NowC? carries aC valued symplectic

form invariant under Sl(2, C) (in fact a one complex dimensional space of them).
We can use the symplectic form to identify C2 with its dual and so debne a
bilinear map

c:C%" C?# gl(2,C), c(u,v)w:=/ (v,w)u
where/ is (a choice of ) symplectic form. One choice of the symplectic form is

[ (v,w):=(w,'V).
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Explicitly
(W,'v) = viwe $ Vow;.

For this choice we have
c(u,v)=u+ ('v) . (45)

So
c(u,v)w = (w,'v)u.

Now (w,'v)=(v," 'w)= ("" lw,v) so we see that this choice ot satisbes
c('u,'v )= 'c(u,v)' L. (46)

Under the conjugation action of SI(2, C) the spacegl(2, C) decomposes as

gl(2,C) = sl(2,C) & C.
Under the action of conjugation by ' we have the further decomposition
C=R&IR
which is the £ 1 eigenvector decomposition. We can thus write
c=a&s&iq

where a is the sl(2, C) component, wheres is a OscalarO (transforms according
to the trivial representation of G) and where ¢ is a OpseudoscalarO (transforms
according the representation which assigns +1 to the identity component and
$ 1 to the other component of G). Both s and q are real valued symplectic forms
onS = C2

Notice that for any P 0 R"3, p(P) is in the symplectic algebra of the
symplectic form s (as are the elements o&l(2, C)). Indeed,

S(U(P)u, v) % Retr ¢(P 'u,v)

%Re (P'u,'v ) while
Re (u,'P'v )

s(u, u(P)v)
= %Re (u,"'P'v )
= $%Re (u,P'v)
= $}Re (P'u,'v)
2
since"” = $1 andP is self adjoint. Hence
s(u(P)u,v) + s(u, u(P)v) =0.
Therefore u(P) determines a quadratic form

u.# s(u(P)u,u)
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on S = C? since
S(U(P)u,v) = $s(u, u(P)v) = s(u(P)v,u).

We claim that
s(u(P)u,u) = P &(u). (47)

Indeed, by the debPnition of the scalar product, by (36), by (41), and by the
debnition (38) of j we have,

P &j(u) %tr Pj(u)®

= %trP'j(u)'"l

= %tr Pj(u)

— 1 1 1]
= é(P u,'u )
= s(u(P)u,u)

sinceP is self adjoint implying that ( P'u,'u ) is real and by depnition, s(u(P)u, u) =
iRe (P'u,'u ).

We shall see later on that the representation ofG on S is absolutely irre-
ducible, that is, remains irreducible even after complexibcation. But this implies
that (up to non-zero real scalars) there can exist at most oneG invariant real
symplectic form. Since we have expressefin terms of s, we see thats, and
hencej are determined (up to scalar factors) by the representation ofG on S.

7.20.6 The Dirac equation for Majorana spinors.

We now explain how the general notion of the Dirac operator associated to a
Cli"ord connection specializes to yield the Dirac operator on Majorana spinors
when we take the trivial connection.

Let S # M be the trivial vector bundle over Minkowski space, M whose
Pber isS. Let + be a section ofS, so we can think of + as a function from
M # S. Then d+ is a section of T* + S where T# is the cotangent bundle of
M. Using the Minkowski metric, we can identify T# with T % R'3 and then
apply

u:T+S# S.
So
H(d+)
is a section ofS. The physicists write p(()+ for p(d+) since, if
" #
+=
*2
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is regarded as aC? valued function, then

" oo# " #
W= s Gl
The (Majorana version of the) Dirac equation is
H(d+) = m+. (48)

If + is a solution of this equation, the corresponding vector beldj (+) is called
the current associated to+. We claim that

div j(+)=0. (49)
Indeed
divj(+) = (&a(+)
= SE(O )

= St () ()

= $%tr w(O++ +

= $%m('+,+ )
0.

Equation (49) expresses the Oconservation of the currentO.
Notice that if we seek plane wave solutions to the Dirac equation

+(x) =cos(P & + *)u u0 C?

then (48) implies that
IP][>= m?

if ux0.

We may think of d mapping sections ofS to sections of T# + S as dePning
a RBat connection onS. We may modify this connection by consideringS as a
U(1) bundle which has its own connection adding a one form and so consider
the equation

n(d+ + eA+ +) = m+,

This is the Dirac equation in the presence of an external electromagnetic beld
with four potential A.

7.20.7 Complexifying a vector space with a complex structure.

The space of Dirac spinors is the complexibcation of the space of Majorana
spinors. This will involve us several times in the painful process of complex-
ifying a real vector space with a complex structure, so we review the general
construction.
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Let V be a real vector space with a complex structure. That is, we are given
an operator J on V such that J2 = $1. Any operator, A, on V extends as the
operator A + id on V€ = V + C. When there is no danger of confusion we shall
continue to denote this extended operator byA. Thus the (extended) operator
J has eigenvaluesti on VC. In other words V¢ decomposes as

Ve=VvE& Ve
where
Ve={u$iJu, uoV}

consists of all the +i eigenvectors ofJ and
V.C :{u+iJu, u0V}

consists of all the$ i eigenvectors ofJ.

Suppose that the operatorAis J linear, meaning that AJ = JA. Suppose
that we choose aJ basis of V. This means that we choose vector®y,..., e, SO
that the vectors

e,...,e,de, ..., Je,

form a basis of V . Relative to such a basis the assertion thatA is J linear
amounts to saying that A has the block matrix decompaosition

) $b#
_a
A= b a -
Now e, $ iJe,...,e, $ iJe, is a basis ofo while e; + iJeq,...,e,+iJe, is a

basis of V.C. It then follows immediately that in terms of the combined basis of

V¢ we have
Catib o 7 " a sp’
A+id= %! fa= @

0 as ib b is J linear.

Now suppose thatA is anti-J linear, meaning that AJ = $ JA. This amounts
to saying that A has the block decomposition

) a b #
A= b $a
and it follows that
) 0 a+ib#. "a b#. -
A= as ib 0 if A= b $a is J anti-linear.

For example, let us consider the case wher¥ = g is a Lie algebra in which
the Lie bracket is J linear. This Lie bracket extends by complexibcation to
g+ C = g% and the two subspaceg$ and g are subalgebras each isomorphic
to g under the isomorphisms

.#-%($UJ,.#l%Q+U¢
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Suppose that the Lie algebrag has a representation on the vector spac&
which carries a complex structure,Jg, and that the complex structure on g is
consistent with the complex structure on S in the sense that

(Jsu)=(Jg.)u.

where J4 denotes the complex structure ong. We can drop the two subscripts
and write this as
Ju=Jou

Then
(($iJ)u+iJu)y= u+iJu$iJus$i?J®u=0.

In other words ¢$ acts trivially on S¢ and similarly g¢ acts trivially on S§.
Also the action of g§ on S$ is isomorphic to the action of g on S and similarly
for the other component.

In the case of interest to us we see that

sl(2,C) + C = sl(2,C) & sl(2,C)

and that the space of Dirac spinors, the complexibcation of the space of Majo-
rana spinors, decomposes as

S+ C= sﬁ&sP:(%,O)&(Oé),

Where% denotes the standard two dimensional representation o$l(2,C) and O
denotes the trivial representation.
Any J$ antilinear map of S (where J is now #) extends to a complex linear
map of
D:=S+C

which switches the two components. In particular this applies to the operator
'. So we see that the groupG acts irreducibly on D as claimed above.

Let us now consider the action of the real Lie algebrasl(2, C) on Minkowski
space, identibed, as usual, with the space of self adjoint two by two matrices.
The action is given by

P# . P+P..

Since every complex square matrix can be written a$ + iQ where P and
Q are self adjoint, we see that the complexibcation of Minkowski space is just
gl(2, C), the space of all complex two by two matrices. Furthermore, recalling
that the complex structure on sl(2, C) is exactly multiplication by the scalar
matrix, il , we see that
(JHP=iP = .(iP)

as two by two matrices and hence

(. +iJ)P=0.
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Similarly
P(. $iJ. )=0.

Thus M € is irreducible under sl(2, C) + C and is the representation ¢, 3), the
tensor product of the basic representation of each factor. Recall thaD = S+ C
is the complexibcation of the space of Majorana spinors. We extend(P) by
complex linearity to D and debne

#(P) = iu(P)

wherei is now the good old fashioned complex number and so commutes with
H(P). Hence
#(P)% = |IP|I1.

These are the debning relations for the Dirac OmatricesO. But notice that the
Cli"ord algebra C(1,3) is isomorphic to the algebraH (2) of all two by two
matrices over the quaternions. Hence its minimal module must have dimension
eight over the real numbers. Thus the Dirac matrices have no realization as
four by four real matrices. This is in contrast to the algebra C(3, 1) which we
studied above in conjunction with the Majorana spinors. The Dirac equation is
as before, namely
$i#(()+ = u(()+ = m+.

But now + is a D valued function and D is a complex vector space so we can
seek plane wave solutions of the form
+(x) = u(P)e'’"¥.
Then we must have
#(P)u(P) = mu(P)
which implies
IP|* = m?

as before.

Thus if + is a general solution of the Dirac equation, its Fourier transform
must be supported on the two sheeted hyperboloid|P||> = m2. It is a fact
that the space of + concentrated on the forward (or backward) sheet provides
an irreducible unitary representation of the Poincare group.

7.20.8 Sesquilinear covariants for Dirac spinors.

For each of the bilinear covariants debned on the space of Majorana spinos
we have a choice: we can extend it as a bilinear or as a sesquilinear form on
D + D. For example, let us extendj so as to be sesquilinear. Then

jlu+iv) = (u+iv)+(u $iv)
= u+u +v+v +ilvtu $u+v],
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where u and v are elements ofS. The original group G acts as real linear
transformations on D = S and hence the relations

J(Aw) = AjwA ,  j(w) = j(w)*

continue to hold for w 0 D and A 0 SI(2,C). Also p(() is a real operator, so
if + is a complex (i.e. D valued) solution of the Dirac equation we continue to
have

div j(+)=0.
Notice that
trju+iv) = Jul)®+ |IV]I* +2ilm (u,v)
9 lull*+ IvII*$ 2lulll|vll
9 0.

Similarly the real symplectic form s extends to D as a C valued anti Her-
mitian form:

s(v,u) = $s(u,v).

So we can debne & invariant Hermitian form by
"u,v(:=is(u,v). (50)

Since the complexibcation of any (real two dimensional) Lagrangian subspace
of S will be a null space for' , ( we see that' , ( has signature (2 2). In fact
we have the decomposition

D=D, &D.

into two complex inequivalent irreducible representations ofsl(2, C) according
to the =i eigenvectors ofJ. The restriction of ' , ( to each component must be
trivial since C? admits no sl(2, C) invariant Hermitian form. We can see this
directly since

s(Ju,v) = s(u, Jv)

and
J2=$I
imply that
s(u+ iJu,v+iJv) = s(u,v)+ s(Ju,Jv)+ i[s(Ju,v) $ s(u, Jv)]
= 0.
Notice that
"#P)u,v( = $s(?(P)u,v)
= s(u,?(P)v)
= 'u,#(P)v(.
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In other words the operators #(P) are self adjointrelative to the Hermitian
form ' , (. It follows from equation (47) that

P aj(w) = "#(P)w, w(. (51)

The Hermitian form ' , ( determines an antilinear mapD # D*. The image
of a spinor w is called the spinor adjoint to w and is denoted in the physics
literature by putting a bar over w. Thus

W(z) = "z,w(.

8 Special representations of sl(m/n).

8.1 The debnition of the Lie superalgebras sl(m/n).

We begin by recalling the debnition of these superalgebras. For general facts
about Lie superalgebras we refer to the book [Sch79] or the articles [CNS75] or
[Kac77].
Let
V=VWVW&V

be a supervector space with
dmVo=m, and dimV;=n.

The Lie superalgebrasl(Vy/V ) is the (commutator) Lie superalgebra of the
superalgebra of all endomorphisms with supertrace zero. A typical such endo-
morphism has the form

" #

B _
D tr A=tr D.

o>

Here

AO Hom(VO,Vo), B O Hom(Vl,Vo), co Hom(VO,Vl),
DO Hom(Vl,Vl).

Recall that those endomorphisms which preserve the grading (those witlB =
C =0) are OevenO, i.e. belong tel(Vy/V 1), and those that reverse the grading
(those with A = D =0) are OoddO, i.e. belong tel(Vo/V1):. We are assuming
that the vector spacesV, and V; are bnite dimensional. The structure of the
Lie algebra clearly depends only on the dimensions of these spaces and hence
the notation sl(m/n).

Since our spaces are bnite dimensional, we may identify Hord(, V) with
Vo + V{*. Under this identibcation, if v 0 V, and . 0 V{ then v+ . is identiPed
with the rank one linear transformation given by

(Vv+ Jw=".,w(v
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where'.,w ( denotes the value of the linear function. on the vector w. These
rank one linear transformations span Homy/;, V). Similar identibcations will

be made for each of the other three spaces corresponding to the entries of our
block matrix. For example, we compute the (super)commutator

4" # " #5 " #
0 v+. 0 0 _ ' x(v+up 0
0 0 ' x+p 0O 0 "WLV(X + .

Notice that the trace of the upper left block and the lower right block are both
equalto’.,x (&'w, v(. This proves that sl(Vy, V1) is indeed a Lie super subalgebra
of the Lie superalgebra of Endy{).

To save space we will write the above bracket relations (and similar ones) as
follows: We write

sI(Vo/V1)o = (Vo + V) & (V1 + V)
and
SI(Vo/V 1)1 = (Vo + V) & (Vi + V().

Then we would write the preceding bracket relation as

[v+ ., x +p]l=",x(v+ o & "HPv(x+ ..

8.2 The representation of sl(Vo/V1) on the super exterior
algebra of V.

6
By debnition, the super exterior algebra (V) of a superspaceV is
7
(V)= 1(Vo) + S(\1)

where S(V;) denotes the symmetric algebra ofV; so

g
S(Vy) = S*(V1)
k=0

and S*(V;) consists of homogeneous polynomials of degrdeon V;*. The multi-
plication in S(V,) is the ordinary multiplication of polynomials so the elements
of S¥(V,) are all declared to have even grading even ik is odd.

The Lie superalgebrasl(Vy, V1) has a natural representation on (V). Per-
haps the best way to realize this representation is by imbeddingl(Vy, V1) in the
orthosymplectic algebra as the centralizer of a one dimensional subalgebra. This
OHowe pairO point of view is explained by Howe in his original paper [H77]. In
[NS82] we used this description in conjunction with the method of dimensional
reduction. But here is a direct description:

Each x 0 V; debnes a multiplication operator onS(V):

m, : SF(Vi) # SFTH(vy)
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given by
(m.f)(, )= "x(f(), 2, 0V, (52)

Each. 0 V{ debnes a derivationD¢ of S(V;) so
De(fg) = (Def)g+ D cg
determined by
Del=0 and Dex=',x( 2x0V,=SYW). (53)
The standard Fock commutation relations hold, i.e.
Demg$ m,D, =", x(id. (54)

Similarly, each v 0 V, determines the operator of exterior multiplication by
v which we currently denote by e, and eachp 0 V{ debnes the operator on
I' (Vo) of interior multiplication by p which we will denote by i,. Soi, is the
(odd) derivation of ! (Vp):

TRV # M (V)
determined by
i To)= i) o+ (S i, 2)
on homogeneous elements,
iv="mv( 2vO0 Vo=V,

and
i,1=0.

We have the supercommutation relations

(€, €,] = O,
i.i] = 0,
[ ip] = "Hv(id.

In short, m and D are Bose-Einstein creation and annihilation operators while
e and i are Fermi-Dirac creation and annihilation operators.

If x0V;and. 0V thenm, 3 D¢ is again a derivation of S(V;) since a
derivation followed by a multiplication is again a derivation. In fact, it is the
derivation determined by the map

y #'.,y(x

on V; and this is just the linear transformation x + .. Similarly, e, 3i, is the
derivation of ! (V) determined by the linear transformation v + p on V.
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éf v0 Vpand. 0V thene,3D¢ :=(e,+ 1)3(1+ D¢) is an odd derivation
of (V):
(e, 3D)(0+ f)=v! O+ D,f

so that
e, 3D ((0+f)/ +9) = e 3D(0!/ +fg)
= v 0!/ + Dg(fg)
= v! 0!/ + ((Def)g+ fD ¢
= v! 0!/ + (Def)g+($D)9l01 v/ +fDcg
= (e, 3D(0+ 1))/ +9)
+($1)7 110+ f)e,3De(/ + g).
By debnition

e,3D¢ 1 P(Vp) + SF(Vi) #1 PTI(Vp) + SM 1(Wy). (55)
6
Similarly we have the odd derivation m, 3i, on (V) and
m, 3i, 0 1P(Vo) + SF(Vi) #1 7 1(Vp) + SFF(vy). (56)

Also we have the even derivationsm, 3D, and e, 3i, which preserve all
bidegrees. We have

[ev1 3D51,ev2 3D§2] =€y 3D§1 3ev2 ?)D;;“2 + ey, 3D52 381,1 3D§1
= (eUle'UZ + evze’vl) + D§1D€2 since D€2D€1 = D€1D§2
=0

and similarly
[mrl 3i#1!mrz 3i#2] = O

while
[e,3D¢,i,3m,] = €,3i,+D¢g3m,+i,3e,+ m,;3D;,

= '.,x(e3i,+1+e,3i,+m;D¢:$ e, 3i,+m;3D¢+ "Wv(1+ m,D,
= ux(e3i,+ 1+ 'wv(l+ m,De.

6
This shows that sl(V,/V ) acts as derivations of (V) where

v+ u # e 3iy (57)
x+. # m,3D; (58)
v+. # e,3D¢ (59)
X+ u # m;3i,. (60)

Notice that for each integer k the Pnite dimensional subspace 0? (V) given by

FO(Vp) + SF(Vh) & H(Vp) + S Y(Vy) & d4a&a & (Vo) + S¥ (V)
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is invariant. In the above expression (and in contrast to our notation in the next
section) the spaceS‘(V,) is taken to be 0 if 1 < 0. It is clear that each such
subspace is irreducible undesl(Vy, V1). We have thus associated an irreducible
representation of sl(Vy, V1) to each non-negative integerk.

If we replace the spaces of homogenous polynomiaB®(V;) by the spaces
F® of all smooth functions homogenous of degreb and debned on some bxed
open cone inVj{* with vertex at the origin (vertex not included), then we still
have the multiplication operator m,, : F* # F®*+! given by (52), the derivation
operator D¢ : F® # FY 1 given by (53) and the commutation relations (54)
continue to hold. If dim V; > 1 and the cone is non-empty these spaces are
inPnite dimensional. But if V; is one dimensional something special happens.

8.3  Special representations of  sl(m/ 1).

We suppose thatV;, = C. We now let S® = Sb(V,) denote the one dimensional
space with basis elementp,. Now b can be any complex number. Forx 0 V;
debne

m, :St# StH!
by

MaPy = XPpt1. (61)
For . 0 V{* depne

De:S"# s”!
by

Depy = b.py 1. (62)

The commutation relation (54) continues to hold (where '.,x ( is simply the
product .x ). So the ingredients that we needed to construct the representations
of sl(m/n ) in the preceding section are all present. In this way, [NS80], we have
associated a Pnite dimensional representation afl(m/ 1) on

LO(Vp) + S &1 H(Vp) + S L &adaa&m(Vy) S¥ ™ (63)

for each complex numberb and these representations are irreducible unlesb
is a non-negative integer with 0< b < m. Since all the spacesS® are one
dimensional, all of these representation are on a space of dimensiori*2 the
same dimension as that of the exterior algebra.

Each of the summands in (63) is invariant and irreducible undersl(m/ 1),. It
will be useful for future computations to record the action of a diagonal matrix
on each of these components: The action of the diagonal matrix

"u; 0 444 o
0 u, a44a o
: : P, U=u+u+addu,

© aaa 0
- 0 0 &aau, |0/
0 0 aaa 0 |U
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is as follows:
On the one dimensional space °(V,) + St it is multiplication by

bU.
If vi,...v,, is the basis in terms of which the above matrix is diagonal, the
action on ! (V) + S ! is diagonal with basisvi + py 1,...,Vm + Py 1 With
eigenvalues

up+(b$ 1NU,...,u,, +(b$ 1)U,

and in general, the action on! 9(V,) + S* ¢ is diagonal with basis
(vi, 'adalv; )+ py g i1 < dadiy, (64)
and corresponding eigenvalues
u; + adé u; +(b$ gU. (65)

In tabulating computations we will usually use some shorthand for the eigen-
vectors (64). For example we do not need to include thet p, , since this is
determined by the representation. We will also shorten the notation for the
wedge product and simply write

Iil2... 14

for the eigenvector (64).

9 sl(2/1) and the electroweak isospins and hy-
percharges.

In [NS80] we showed how to derive the various values of the weak isospin and
hypercharge by choosing the appropriate elements al(2/ 1) and then choosing
various parameters forbin (63). In particular, we predicted the existence of the
right handed neutrino which occurs with weak isospin and hypercharge zero,
and does not participate to brst order in the weak interaction. With the recent
discovery that the neutrino has positive mass [Fu98] this expectation has been
justibed.

The choice of the weak isospin and hyperchange elements sif(2/ 1) are (up
to the pervasive factor ofi):

0
$1
0

0
1/0/ . (66)
0

3= /,Y:

O ONI=
oo o
oo -
N O O

We will tabulate below the weak isospin and hypercharge values correspond-
ing to the leptons (b= 0) and the quarks (b= %) and their anti-particles (b=1
corresponding to the anti-leptons andb = % corresponding to the anti-quarks).
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In the full geometrical theory, we would take the tensor product of the superbun-
dle associated to these representationsu(2/ 1) with the bundle of Dirac spinors
which has the Z, gradation according to chirality. From the tables below it will
follow that all the particles have the same total degree (in the tensor product)
which is opposite to the total degrees of the anti-particles.

9.1 b=0 - the leptons.

We get the~ lepton assignments by choosing the parameteb = 0 in (63). For
the readerOs convenience we have also tabulated the electric charge

1
=I5+ 2Y.
Q=15+ 5
leptons (b=0) | ! °%(Vp) | ! Y(Vo) |! 2(Vo)
basis elements : 1 2 12
I3 0 ; $3 0 (67)
Y 0 $1 $1 $2
Q 0 0 $1 $1
particle 2r 21 er er

Notice that the gradation of the superspace on which the representation takes
place corresponds to chirality - the pbrst and third columns which correspond to
(Vo) = ! O(Vp)+ SY&! 2(Vy)+ S 2 corresponds to right handed particles while

" (Vo) = ! Y(Vp) + S™ ! corresponds to left handed particles. Notice also that
the entire even subalgebras!(2/ 1), acts trivially on ! °(V,) + S° corresponding

to the right handed neutrino.

9.2 b= £ - the quarks.

The choiceb= % gives the electroweak isospin and hypercharge assignments for
quarks:

quarks (b= 2) | ! °(Vo) | ! (Vo) | ! (Vo)
basis elements : 1 2 12
s 0 |4 83[ 0

(68)
Y 3 13 3| %3
Q A ERTIIEY
particle Ugr u; dg dr

Once again observe the relation between the gradation and chirality
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9.3 b=1 - the anti-leptons.

The choiceb= 1 gives the anti-lepton assignment:

anti-leptons (b=10) | ! (V) (Vo) 1 2(Vo)
basis elements : 1 2 12
3 0 : $3 0 (69)
Y 2 1 1 0
Q 1 1 0 0
particle Er)r | (€D)r (2L)r | (2R)L

Again there is a correspondence between gradation and chirality (the opposite
from that of the leptons). Notice again that the entire even subalgebra acts
trivially on ! 2.

9.4 b= 3 - the anti-quarks.

Finally the choice b= 3 gives the anti-quark assignment:

anti-quarks (b= 1) | ! (V) (Vo) 1 2(\Vp)
basis elements : 1 2 12
B o | 1si | o
(70)
Y 2| sy s} | s3
Q 5 | 3 $35 | $3
particle (dr)r | (d)r (UD)r | (UR)L
10 Using sl(m/1) for m=3,5, and 5+ n.
10.1 m =3 - unifying quarks and leptons.
We showed in [NS80] that if we take
’ L 0 0|0
0 X 0]0:
0 0 0f¢%

then we get the correct isospins and hypercharges if we combine the anti-leptons
and quarks into the single eight dimensional representation o$l(3/ 1) with b= 2
and if we combine the leptons and anti-quarks in the single eight dimensional
representation with b= % We refer to [NS80] for details.
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10.2 m =5 - including color.
We showed in [NS80] that if we choose

(72)

cococooco9o
cooco9o
oOocooo©9©o
Oocoocooo
Oocoocooo
o o¥~0 oo
o¥"© o oo
roOoooo

0
0
1

3

0
0
0

o

[
© O O O Owi
O o oovo

then the single 32 dimensional representation given by
b=2

gives the correct isospin and hypercharge assignments to the right and left
handed up and down quarks in three colors and the right and left handed elec-
trons and neutrino (so 16 in all) and their antiparticles (yielding 32). Again the
chirality and the gradation match up: All the elements of ! * have eigenvalues
corresponding to left handed particles and all the elements of * have eigenval-
ues corresponding to right handed particles We refer to the Appendix in [NS80]
for the list of all 32 eigenvalues.

There is something special about the valudy = % (for example the value
b= 2 in our current case of m = 5. Indeed, as pointed out in the note added
in proof in [NS80], the space! ™(V,) + S" ! is acted on trivially by the even
part of sl(m/ 1), i.e. has a canonical trivialization. This means that the natural
multiplication

( ) )

!k+sb"k +(!7n"k+sb"m+k #1 m+82b"m

can be thought of as invariant bilinear form on the space of the representation
corresponding tob = mTl Notice that the particles and the anti-particles of
any given species occur in the components” and ! ® *in the representation. If
m is odd then eitherk or m$ k is even, so the above bilinear form is symmetric.
In this set up all the particles and anti-particles have the same total tensor
degree. What the meaning of the opposite total degree is in this formulation

(whether OghostsO or some other meaning) was left open to speculation.

10.3 m =5+ n - accomodating 2" generations.

It was shown in [NS80] that generational symmetry can be achieved if we enlarge
the superalgebrasl(5/1) to sI(5+ n/1). This would be a theory with 2™ or
2"*1 generations . At the time, this seemed inappropriate since the number of
generations was observed to be at least three, and was thought to be less than
four based on arguments from the Z width. In [NS91] it was argued that if the
neutrinos had positive mass, especially if the neutrinos in the higher generations
were heavy, then a fourth generation is not excluded.
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The idea is that the weak isospinsu(2) and the color su(3) are regarded as
commuting subalgebras of the even part osl(m/ 1) wherem =5+ n while the
generational behavior is produced by arsl(n/ 1) sub Lie superalgebra.

The 13 assignment forsl(5 + n/ 1) is the diagonal matrix

diag(%,$ %,0, ...,0[0) (n+4) zeros in all

while the hypercharge assignment is

" " # " # ;
$n  $n 4 4% 2n y 4

4+n’4+n’ 4+n  times 3(4+N) ;times’4+N

#
. (73)

Y =diag

and the preferred representation is given byp= 5+2-1,
We will discuss the model with four generations in the next two sections.

11 slI(7/1) - unifying color and four generations.

In this section we show how the valueb = 3 can accommodate four generations
of particles with the correct isospin and hypercharge values provided that we
reverse the chirality assignments in two out of the four generations. Our fun-
damental superbundle will be the tensor product of the spin bundle with the
bundle associated to this 128 dimensional representation. So this means that
all particles will correspond to the same total degree as indicated above. The
tables here follow the tables (42)-(45) in [NS91]. We need a name (or at least a
letter) for the particles in the fourth generation, and we have tentatively chosen
0 for the analogue of the electron andx and y for the analogue of theu and d
quark. Also, we have made the choice that ° + S3 has left handed chirality.
This then determines that all the spaces with! * + S3" * are

left handed whenk is even and are right handed wherk is odd. In [NS80]
the choice ofm = 7 was made in order to accommodate the possibility of ghost
Pelds. An assignment of particles without ghosts and which bts better with the
theory of Cli"ord superconnections will be presented in the next section.

As usual, the elementl ; is given by

0
$

oo o o o o owi-
oloococoo,.

oloocoocoocooo
oloocoococooo
olococococo©o
oloocoocoocooo
ojlococococo9o
oloocoocococoo
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In accordance with (73) the hypercharge is given by

$¢ 0 0 0 0 0 O[O0
0O $3 0 0 0 0 0/0:
ooggoooog
0O 0O 0 2 00 0|0
O 0 0000O0GO0O0;" (74)
0O 0O 0 0 0 O 0O0:
- 0 0 0 O0O0O0OTG OO/
0O 0O 0 0 0 0 02

Then the eigenvalues on *(V,) + SY" * (and particle assignments) are given as
follows:

19+ 83|
Y 2
I3 0

particle | (€g)r

11+82] 1 2 3 4 5 6 7
Y 1 1 2 2 11
I3 3 $3 0 0 0 0 O©
particle | (er)r (2.2)r (Fz)r ($£)r Ur Ur Ugr

Notice the opposite chirality assignments (as compared to the electron) to theu
and $. This is somewhat arbitrary at the moment. We could make this opposite
assignment to the third and fourth generation as opposed to the second and
third.

In the next tables we will conjoin the color entries, so write 5.5 ¢ 7 instead of
having three columnsf o5, f o6, f 27.

12+ 8! 12 13 14 1567 23 24 255,67 34 3;56,7 4i5,6,7 56,57,67
Y 0 1 1 3 1 1 : 2 3 3 2
3 0 i 3 3 $3 $5  $3 0 0 0 0
particle | (Zg)r (FMR): ($r)r ur (ZwrR): (ZR)r dr  (OrR)L cp t,  (dr)s
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All 35 particle assignments in the next table of eigenvalues fot 2 + S° are
right handed. To save space we no longer indicate this in the table.

13+ 80 123 124 12;5,6,7 134 13:5,6,7 14;5,6,7 1:;56,67,67 234  23:5.6,7 24:5,6,7 2;56,57,67
2 1 1 1 1 1 1
1 1 1 1 1 1 1
s Y 0 3 2 2 z %3 %3 %3 $3
part. 2L 20R YR 07 Cr tr Yo 2(,—L SR bR X1,
13+ S0 | 54567 3565767 4.5657.67 567
4 2 2
Y 3 3 3 0
I3 0 0 0 0
particle | xgr 572 br, 2L
The particles in the remaining four components of our 128 dimensional rep-
resentation will be the anti-particles of the ones we have already seen, and paired
with them under the bilinear form. So the 35 dimensional component! 4+ S" !
gives following table of left handed particles:
14+ 51 1234 123;5,6,7 124:5,6,7 12;56,57,67 134;5,6,7 13:56,57,67 14;56,57,67 1567
2 2 4 1 1 1
Y 0 $3 $3 $3 3 $3 $3 $1
1 1 1 1
I3 0 0 0 0 5 5 5 5
partide 2,uL bL SL XRrR XL E Sk 2rrL
14+ 51 ‘ 234:5,6,7 23;56.57,57 24;56,57,67 2567 34;56,57,67 3567 4567
1 1 1 2
Y 5, $ 3 $ 3 $ } 5 0 0
| 3 $ 2 $ 2 $ 2 $ b 0 0 0
particle YL tr Cr Or YR 2R 21

The 21 dimensional component! ° + S 2 gives the following table of right

handed particles:
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5 "2
1°+ S ‘1234;5,6,7 123:56,57,67 124;56,57,67 12567 134:56,57,67 13567 14567

Y $2 £ 2 $2 $3 $1  $1
ls 0 0 0 0 3 i i
particle dr tr (7 Or dr 2;r 2R

5. Q"2
5+ S" 2 | 934156,57,67 23567 24567 34567

5
Y $% $1 $1 0
I 3 $ 2 $ % $ % 0
particle ur S MR 2R

The 7 dimensional component! 6 + S" 2 gives the following table of left
handed particles:

1 6 4+ S 3
. 1234;56,57,67 123567 124567 134567 234567

Y $3 $2  $2  $1 s1
I3 0 0 0 i $3
particle Ur $r V93 21 er

Finally there is the one dimensional! 7+ S" 4 giving the right handed particle

T4 Q"4
17+ S | 1034567

Y $2
I3 0
particle er

12 sl(6/1).

If ghosts are not required, we usesl(6/ 1) to accommodate four generations:
For sl(6/ 1) we haveb= 2

u:dmmé$;QQQQQ

and 1.14 2 2 2 ! 4
Y = dlag($ §,$ gi gy TS’ TS’ E: 5)

We will assign both left and right handed spinors to each subrepresentation
so that we get four families of particles with both even and odd total gradings:
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10+ S3 ‘ :
Y 2
I3
particle (L) | er
particle (R) | $¢

o

11+s? |1 2 3 4586
Y 1 1 2 1
I3 ;3 $3 0 0
particle (R) | & 2.z HL Ug
particle (L) |$z 2z O0r cr

12+ Sz ‘12 13 1;456 23 2;456 3;456 454656
T ! P

Y 0 1 3 1 3 3 3
D T T S R R R
particle (L) | 22z Hgr ur, 2R dr, tr, dr
particle (R) | Zz 0¢ Cr 2L SR XR SL
13+ 8" 3 ‘ 123 124,56 134,56  14546,56 23:4,5,6 2:45.46,56  3,4546,56 456
2 T T T
Iy o o I o1 sl 0 0
particle (R) | 2,r  Yr tr yo br Xz by, 2.0
particle (L) | 2,z br Xr br 177 tr Yr 2R

4 "3
1"+8 > ‘ 123;4,5,6  12;45,46,56  13;45,46,56 1456  23:45,46,56 2456 3456
T

Y $2 $3 $5 81 $3 81 0
I3 0 0 3 3 $; $53 O
particle (L) SL XRr Sk 2,1 Cr 0r 2.1
particle (R) dr tr dy 2R ur Hr 2R
15+8" 3 ‘ 123;45,46,56 12456 13456 23456
Y $1 $2 $1 $1
I3 0 0 i %3
particle (R) (93 Or 2. $r
particle (L) Ugr ML 2. €

16+ 8" 7 | 123456
Y $2
I3 0
particle (L) $r
particle (R) er
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Notice that the relation between these assignments and those of the preced-
ing section are

10 — 1 0

1 — 0 1
1l o= p10& L
2 _ 1 2
12 = 1l 2

etc.

13 Hermitian Lie algebras.

In this section we explain the notion of a Hermitian Lie algebra which was
introduced in [SW78] and which we used above to determine the metric on the
Higgs Peld.

13.1 The Lie superalgebra su(2/1) and the Lie algebra
su(3).

We illustrate the notion by the relevant example. It is the special case of section
2A of [SW78] corresponding to the cas& =0,1=2,a =0, b= 1 of that section.
For

0 0 z 0 0wy
z=- 0 0 z/, w=- 0 0wy
$z, $zo O $w; $w, O
we let
H(z,w) = izw,
and this equals
' $ Z1Wq $ Z1Wo 0 ' " $ 7+ W 0 #
i'$ZQW1 $ZQW2 0 I =i 0 $Z w
0 0 $WiZ:$ wezo W

The right hand side is an element ofgl(2, C) & gl(1, C).
If we are given a hermitian form on C" we debne the complex conjugation
on gl(n, C) to be
L # =S

where. denotes the adjoint of. relative to the hermitian form. Then the Oreal

subspaceO, i.e. the set of matricies Pxed by this complex conjugation ugn).
On gl(2,C) & gl(1, C) we put the standard complex structure ongl(2, C) but

the conjugate complex structure ongl(1, C). This means that we can write

H(z,w)= $iz+w &i'z, w(l
Then
H(z,w)* = $iw+z &i'w,z(1=H(w,2z).
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SoH (z,w) is a hermitian form with values in the complexibcation of u(2) & u(1)
and satisbes
H(w,z) = H(z,w)". (75)

Since commutator is a derivation of multiplication (of matrices) we have M, zw] =
M, z]w + z[M,w] so if we dePne the action of 0 u(2) & u(1) on the space of
zOs to be commutator we have

[,H(zwW]=H(z,w)+ H(z.w), .0gy, z,wOV (76)

where
do = U(2) & u(1)
and where
V % C?

denotes the set of all matrices of the form

0 0 z
-0 0 zl .
$z;, $z; O
Explicitly,
4" # " #5 " #
A 0 0o z _ 0 Az $ Bz
0 B’ $z 0 =~ $(Az$B2) 0

We can write this more simply as an action onC?:

. o# T—
_ _
0o B 27 Az$ Bz, z-= 2

So
Hu,v)w=$i'w,v(u+i'v,u(w.

Therefore if we take the cyclic sum we get zero:
H(u,v)w+ H(v,w)u+ H(w,u)v=0. 77)
Now

2ImH (z W) = TH(ZW) S Hz W= THE W+ Hw,2) ]

$z+w +wW+ 2z 0 #
0 $ z,w(+'w,z(
<, , .>
0 0 z 0 0 w
==- 0 0 z/ ,- 0 0 wy ?
$7z;, $z, O $w;, $w, O
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Thus if we debnegp := u(2) & u(l) and g; = V = C2 then 2ImH makesg, & g:
into the Lie algebra u(3).
On the other hand,

2ReH (z,w) = H(z,w)+ H(w,2)* = H(z,w)+ H(w,z) = i(zw + wz)

isi times the anti-commutator of z and w. Sincez and w are skew-adjoint their
anti-commutator is self-adjoint, so multiplying by i gives a skew-adjoint matrix.
So ReH makesgy & g; into the super Lie algebrau(2/1).

13.2 The general debnition.

So the general debnition of aHermitian Lie algebra is as follows: We start
with a real Lie algebra gy which is represented on a complex vector space; .
We let gy = go + C which is a complex Lie algebra with a preferred complex
conjugation w .# w* so that g, consists of the real subspace, i.e. those which
are bxed under this complex conjugation. We assume that there is sesquilinear
map

H:gi" g1 # gy

which satisbes (75), (76), and (77). For the convenience of the reader we collect
these conditions here:

¥ (75): H is Hermitian - H(w, z) = H(z,w)*.

¥ (76): H is equivariant - [.,H (z,w)] = H(.z,w) + H(z..w), . 0
9, 2z,w0 g, and

¥ (77). Complex Jacobi -H (u,v)w+ H(v,w)u+ H(w,u)v =0.

When this happens we makeg, & g; into an ordinary Lie algebra using the
imaginary part of H as the Lie bracket of two elements ofg;, and we make
Oo & g; into a Lie superalgebra using the real part ofH as the superbracket of
two elements ofg;.

It is this relation between Lie algebras and Lie superalgebras that we use to
bx the metric on the Higgs Peld regarded as sections of a bundle associated to

Oi-

13.3 The unitary algebras.

Let m = k+ 1be integers and letV, be an m-dimensional complex vector space
endowed with a (pseudo) Hermitian form of signature (,K). For example we
might take

VO = (Ck7€
be complexm space with the Hermitian form
$ N $n
'zw(=$% j=1%%zw,+ Z;W;.
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Let c= a+ bbe integers andV; a c-dimensional vector space with a (pseudo)
Hermitian form of signature (b, @. Put the direct sum Hermitianon V = V,&V;.
Then

g=u(Vv),

the unitary algebra of V is an ordinary Lie algebra. Then we have the vector
space decomposition
g=0o& g

where g, is the subalgebra
9o = U(Vo) & u(Vy)

and g; can be identiped with the complex vector space How(Vy,Vp). (see
[SW78] section 2). Then there is a structure of a Hermitian Lie algebra on
0o & g1 whose imaginary part givesu(V, & Vi).

The real part gives a class of Lie superalgebras which are called Hermitian
superalgebras in [SS85]. They can be viewed as a real form of the complex
Lie superalgebragl(Vy/V ). If write the most general element of gl(Vo/V 1) =
End(V), whereV = Vy & V; in the block form as

" #
A O
0 D

then the condition to belong to our Hermitian superalgebra is that
AOu(Vg) and D 0 u(Vy).

If we write the most general element of End{); as

n #
0 B

cC o
then the condition to belong to our superalgebra is
ICVO,Vl(l: i'VO,BV1(0 2VO0V0, V10V1.

See [SS85] page 4.

13.4 su(2,2/1) and the superconformal superalgebra of Wess
and Zumino.

The supersymmetry studied in this paper is purely internal and related to the
chirality gradation as we have seen. So it is not of the OsuperspaceO variety.
Nevertheless we should point out that the superalgebrasu(2,2/1) is nothing
other than the superalgebra of Wess and Zumino [CNS75] and [GGRS83] where
the odd part of the superalgebra is regarded as the Osquare rootO of the con-
formal algebra of Rat space time. We follow the presentation in [SW75] and
[SS85].
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Let Vy = €22 be four dimenisonal complex space equipped with a Hermitian
form of signature (2,2). To bx the Ideas let us assume that the form is given by

" #
. 0 1

| o Z7 aWs+ Wi+ Wi+ 2,Wy

where | is the two by two identity matrix.
The condition that a four by four matrix A belongs to u(V,) is that
" # " #
ol _ 0 I
A =% I 0

I 0 A .

If we break A up into blocks of two by two matrices we see that the condition

is that A be of the form "
X P

Q $X
where X is an arbitrary complex two by two matrix and where P = $P and

Q=%0Q.

The bfteen dimensional algebrasu(2, 2) is known to be isomorphic to the
conformal algebrao(2,4). Under the above description of the matrix A, the
condition to belong to su(2, 2) is that Imtr X = 0. We can regard matrices of

the form " #
0P

0 0"~

as consisting of translations, and we may denote the set of all such matrices as
g%. We can regard the matrices of the form

"0 O#
Qor Q:$Q

P=$P

as consisting of those conformal vector Pelds whose expression is purely quadratic
at a specibed choice of origin and denote the set of such elements @s?>. The
set of elements ofsu(2, 2/ 1) of the form

X 0 0
- 0 $X 0 /
0 0 \Zilmtrx

will be denoted by ¢°. If we impose the additional condition that tr A = 0
which is the same as Im trX = 0 we get an element ofsu(2, 2) which acts as
a linear conformal vector beld on space time, i.e. as an inbnitesimal Lorentz
tranformation plus a scale transformation. The purely imaginary scalar matrices
act trivially on space time but non-trivially on the odd part of the superalgebra
which can be identiped with the space of Dirac spinors.

The full algebra su(2, 2/ 1) consists of matrices of the form

X P u
- Q $X v I, P=%$P,Q=%$Q, u0C? vO0C2 (78)
iv iu \ 2ilmtr J
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If X 0 sl(2,C) then

. L>

"X 0 |o 0 0 |u 0 0 Xu

= 0 $xX |0/ - 0 o |v/I/?=- 0 0 |[$X v/ .
0 0 \O v iu \O $iv X iu X 0

We see thatu transforms asu .# Xu and v transforms asv .#$ X v.
So we have aZ gradation more rebPned than theZ, gradation:

%=9 &g &g’

and )
g=9g &g
is identibed with the right and left handed spinors. We refer to [SS85] for details.

14 Renormalization of the supergroup couplings
and the Higgs mass.

For couplings given solely by the internal supergroup, i.e. by the quotient
su(2/ 1)/ [su(2) + u(1)], there is no known non-renormalization theorem. These
couplings are%y and a, the coelcient of the quartic. In the sequel, we show
that unitarity is preserved by appropriate BRST equations, so that we can apply
the renormalization group (RG)equations to estimate the corrections. We follow
a linearized treatment as an approximation [HLN96] .

In one case B the anglé4y B we have the group value €in%;)? = 0.25
and may compare it to the experimentally observed value 229+ 0.005 The
supergroup prediction bts, but only very roughly. One therefore evaluates the
energy levelg? = E, at which the bt becomes precise, Pnding ; % 5TeV. This
may possibly be the level at which a larger symmetry structure breaks down,
with SU(2/1) as the residual internal supersymmetry.

One can now invert the procedure, to estimate the renormalization e"ects
for the Higgs potential quartic coelcient a. The supergroup value is assumed
to hold at the energy E, = 5TeV and one then evaluates the correction for
a at E % 100GeV. This corrected value can then be used to reevaluate the
predicted Higgs mass, i.e. obtain the value of that mass after the inclusion of
renormalization e"ects.

The coelcients of the renormalization group equation depend only on the
Peld contents of the theory, which is the same as in SU(2)U(1). One can
therefore apply the Standard Model calculation. For the gauge couplings, the
renormalization group equations are given by [HLN96];

1 1 M )
A T ER R Ve (79)
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where
1 5 1

t; = W(ﬂs §Ng$ g),
1 1 11
t, = W($Ng$ §+ ?),
1 4
t3 = W($ §Ng+11),

N, is the number of generations, andg;, g, g; denote the gauge couplings of
U(1), SU(2), SU(3), respectively.

For the (top-quark) Yukawa-Higgs coupling g; and the quartic Higgs coupling
a, RGE are given by [SZ86];

@ A
dg: 1 9 54,17 5 9, 2
FVERERCE L $ (ngl + 2% +803)9: (80)
da _ 1 B 2 2 4 2 2
oM C 1gov 24a’+12ag’$ 6g; $ 3(g7 +393)a
3C
+g @i+ a)+2g (81)

These equations were solved numerically, setting the su(2/1) value of a as
initial condition holding at E, = 5TeV and taking M; = 174GeV in The low
energy rangeg % 100 to 200GeV). Assumipg three generationsN = 3), with
*o' =128.80+ .05 *,'=29.5% 6 *;'=8.332, where*; = 7 and

1 1, 1 ’
v -z v
99 91 92
In section 1.4 we discussed the mass of the Higgs beld, as related to that of

the W bosons gauging SU(2),

(M (9%))° = S—";‘(MW)Q = 4(Mw)? M (%) =2My 82)

In solving the equations, the relation g;(M) = (1—,2Mt = ;—%Mt was used,
wherev =< 0|%’|0 >= 246GeV. The outcome was a reduction of the predicted
Higgs meson mass down to 138 6GeV. Note that while there is at least one
other theory predicting the Higgs mass - ordinary supersymmetry - su(2/1)
is the only one that does not require the existence of a large number of new

particles.

References

[AL73] E.S. Abers and B.W. Lee, OGauge Theories@hysics Reports, 9C no.
11973

[B66]  A.Berezin, The Method of Second Quantization, Academic Press, New
York 1966

73



[Be75]

Belavin, A. Polyakov, A. Schwart; and Y. Tyupkin, OPseudo-particle
solutions of Yang-Mills equationsO,Phys. Lett. 59B 85 (1975).

[BGV91] N. Berline, E. Getzler, M. Vergne: Heat Kernels and Dirac Operators,

Springer, Berlin 1991

[BRS75] C. Becchi, A. Rouet and R. Stora, ORenormalization of the Abelian

[BT82]

[BT83]

[C94]

[Coq]

[CL90]

Higgs-modelO,Comm. Math. Phys. 42 127 (1975)

L. Beaulieu and J. Thierry-Mieg, OThe Principle of BRS Symmetry:
An alternative approach to Yang-Mills theoriesO, Nucl. Phys. B197
477 (1982)

L. Beaulieu and J. Thierry-Mieg, OCovariant Quantization of Non-
Abelian Antisymmetric Tensor Gauge TheoriesO,Nucl. Phys. B228
259 (1983)

A. Connes, Non-commutative geometry, Academic Press, New York
1994

R. Coquereaux, OHiggs Pelds and Superconnectiong@;ture Notes in
Physics 375

A. Connes and J. Lott, OParticle models and noncommutative geome-
tryO, Nucl. Phy. 18B (Proc. Suppl.) 29 (1990)

[CNS75] L. Corwin, Y. NeOeman, S. Sternberg, OGraded Lie algebras in math-

[CF75]

[D92]
[DW67]

[DiKi02]

[DJ79]

[DJ80]

[Ein21]

ematics and physicsORev. Mod. Phy. 47 573 (1975)

G. Curci and R. Ferrari, OA Canonical and Lorentz-Covariant Quan-
tization of Yang-Mills TheoriesO Nuovo Cimento A 30 155-168 (1975)

A. Derdzinski, Geometry of the standard model, Springer, Berlin 1992

B.S. DeWitt’, OQuantum Theory of Gravity. Il. The Manifestly Covari-
ant TheoryO, Phys. Rev. 162 1195 (1967)

S. Dimopoulos and D.E. Kaplan, OThe Weak Mixing angle fromSU(3)
symmetry at a TEVO, (2002) hep-ph/0201148

S. Dimopoulos, D.E. Kaplan and N. Weiner, OElectroweak Unibcation
into a Pve dimensionalSU(3) at a TEVO, (2002) hep-ph/0202136

P.H. Dondi and P.D. Jarvis, OA supersymmetric Weinberg-Salam
modelO,Physics Letters 84B Erratum 87B 403 (1979)

P. Dondi and P.D. Jarvis, OAssignments in Strong, Electroweak uni-
Ped models with an internal and space-time symmetryO (1980s. fiir
Physik C4 201.

A. Einstein, OOn a reasonable extension of the basis of general relativ-
ityO Preuss Akad. 261 (1921)

74



[F78] D.B. Fairlie, OTwo consistent calculations of the Weinberg angleQJ.
Phys G. 5 L55-L58 (1978)

[F79] D.B. Fairlie, OHiggs Fields and the Determination of the Weinberg
AngleO, Phys. Lett. B82 97 (1979)

[FM80] P. Forgacs and N. Manton, OSpace-time symmetries in Gauge Theo-
riesO,Comm. Math. Phys. 72 15 (1980)

[FP67] L.D.Faddeev and V.N. Popov, OFeynman Diagrams for the Yang-Mills
FieldO, Phys. Lett. B25 29 (1967)

[Fu98] Y. Fukuda et al., OConstraints on neutrino oscillation parameters
from the measurement of day-night solar neutrino Ruxes at Super-
KamionkandeO, Phys. Rev. Lett. 82 1810 (1999)

[GGRS83] Gates, Grisaru, Rocek and SiegelSuperspace; Frontiers in Physics
Lecture Notes Series58 Benjamin Cummings 1983

[G78] W. Greub, Multilinear algebra Springer, Berlin (1978)

[GN63] H. Goldberg and Y. NeOeman, OBaryon Charge and R-Inversion in the
Octet ModelO, Nuovo Cimento 27 1-5 (1963). Also pub. as Israel AEC
Report 1A-725 (February 1962)

[GL71] T.A. Golfand and E.P. Likhtman, OExtension of the algebras of
Poincare group generators P-invarianceQ/.E.T.P. Lett. 13 322-326
(2971)

[Hi64] P.W. Higgs, OBroken Symmetries, Massless Particles and Gauge
FieldsO, Phys. Lett. 12 132 (1964)

[HMMN95] F.W. Hehl, J. Dermott McCrea, E.W. Mielke and Y. NeOeman,
OMetric-Alne Gauge Theory of Gravity: Field Equations, Noether
Identities, World Spinors, and Breaking of Dilation InvarianceO, in
Physics Reports (Elsevier) 258 1-171 (1995)

[H77] R. Howe, ORemarks on classical invariant theoryO, preprint 1977

[HLN96] D.S. Hwang, C.Y. Lee and Y. NeOeman, OBRST Quantizatin of
SU(2/1) Electroweak Theory in the Superconnection Approach and the
Higgs Meson MassQntern. Jour. Mod. Phys. A11 3509-3522 (1996)

[1096] B. lochum and T. Schucker, OYang-Mills-Higgs versus Connes LottO,
Comm. Math. Phys. 178 1-26 (1996)

[Kac77] V. Kac, OLie superalgebras®dvances in mathematics, 26 8 (1977)

[Kane93] G. Kane, Modern elementary particle physics, Perseus Publishing,
Cambridge, Mass. 1993

75



[KS93]

[KS96]

[Li73]

[LN9O]

[Lo27a]

[Lo27b]

[Loh78]

[Maio1]

D. Kastler and T. Schucker, OA detaileq account of Alain Connes®
version of the Standard Model | and 11O, Rev. Math. Phys. 5 477
(1993)

D. Kastler and T. Schucker, OA detailed account of Alain Connes®
version of the Standard Model 11l and IVO, Rev. Math. Phys. 8 103,
205-228 (1996)

H.J. Lipkin, OQuarks for PedestriansO, Phys. Reports 8C 175-263
(1973)

C.-Y. Lee and Y. NeOeman, ORenormalization of Gauge-Alne Grav-
ityO, Physics Letters B242 59-63 (1990)

F. London, ODie Theorie von Weyl und die Quantenmechanikatur-
wiss. 15 187,

F. London, OQuantenmechanische Deutung der Theorie von Weyl,O
Zeit. fiir Physik 42, 375-389 (1927)

M.A. Lohe, OMagnetic Monopoles and Backlund TransformationsO,
Nucl. Phys. B 142 36 (1978).

L. Maiani, in Proceedings of the NATO Advanced Study Institute on Z°
Physics, Cargese 1990, ed. M. Lewyet al. (Plenum Press, New York,
1991).

[MaSa2000] L. Mangiarotti and G. Sardanashvily, Connections in Classical and

(MQs8e]

[N61]

[N64]

[N79a]

[N79b]

[N8O]

Quantum Filed Theory, World Scientibc, Singapore (2000)

V. Mathai, D. Quillen, OSuperconnections, Thom Classes, and Equiv-
ariant Di"erential FormsO, Topology 25, 85 (1986)

Y. NeOeman, ODerivation of Strong Interactions from a Gauge Invari-
anceO,Nucl. Phys. 26 (1961) p. 222-229. Reprinted inThe Eightfold
Way, p. 58 (in coll. with M. Gell-Mann) OFrontiers in PhysicsO series,
W. A. Benjamin, New York, 1964

Y. NeOeman,“Algebraic Theory of Particle Physics”, Frontiers in
Physics Series, W. A. Benjamin, New York, 1964, 334 pp.

Y. NeOeman, OGhost Fields, BRS and Extended Supergravity as Appli-
cations of Gauge GeometryO, Proc. XIX Intern. Conf. on High Energy
Physics (Tokyo 1978) Phys. Soc. Japan, 552 (1979)

Y. NeOeman, erreducible Gauge Theory of a Consolidated Salam-
Weinberg ModelO,Phys. Lett. B81, 190 (1979)

Y. NeOeman, OGauge Theory Ghosts and Unitarity - Progress in the
Geometrical TreatmentO, in Group Theoretical Methods in Physics,
Proc. Cocoyoc (Mexico 1980), Springer Verlag Lecture Notes in
Physics 15 594 (1980)

76



[N86]

[N95]

[N98]

[NO4]

[NRT78]

[INS80]

[INS82]

[NS88]

[NS90]

[NS91]

[NT80a]

[NT80b]

[Po76]

Y. Nef)eman,’c\)lnternal supergroup prediction for the Goldstone-Higgs
particle massO,Physics Letters B 181, 308 (1986)

Y. NeOeman, Olnternal Supersymmetry, Superconnections and NCGO,
in Group Theory and its Applications, Proc. XXXth ELAF (Latin-
American School of Physics, Mexico 1995) AIP Press no365 311
(1996)

Y. NeGeman, OA Superconnection for Riemannian Gravity as Sponta-
neously Broken SL(4,R) Gauge TheoryOPhysics Letters B427 (1998)
19-25.

Y. NeOeman, OMathematics, Physics and Ping PongO, Award speech for
the proceedings of the Marcel Grossman 10th, held in Rio de Janeiro,
Brazil. 15 July 2003.

Y. NeOeman, T. Regge and J. Thierry-Mieg, OModels of Extended
Supergravity as Gauge Theories on Group ManifoldsO, Abstract for
XIX Intern. Conf. on High Energy Physics, (Tokyo, 1978).

Y. NeOeman, S. Sternberg, Olnternal supersymmetry and unibcationO,
Proc. Nat. Acad. Sci. USA 77, 3127 (1980)

Y. NeOeman, S. Sternberg, Olnternal supersymmetry and dimensional
reductionO, in Gauge theories: fundamental ineractions and rigorous
results, eds. P. Dita, V. Georgescu, and R. Purice, 103 Birkhauser,
Boston 1982

Y. NeOeman and Dijagki, OGravity from Symmetry Breakdown of
a Gauge Alne TheoryO, Phys. Lett. B200 489-494 (1988)

Y. NeOeman, S. Sternberg, OSuperconnections and internal supersym-
metry dynamicsO, Proc. Nat. Acad. Sci. USA 87 7875 (1990)

Y. NeOeman, S. Sternberg, Olnternal Supersymmetry and Supercon-
nectionsO, inSymplectic Geometry and Mathematical Physics, (Proc.
Intern. Conf. Di". Geom. in Physics honoring J.M. Souriau, Marseilles,
1990) 326 Birrkhauser, Boston 1991

Y. NeOeman and J. Thierry-Mieg, OGeometrical Gauge Theory of
Ghost and Goldstone Fields and of Ghost SymmetriesOProc. Nat.
Acad. Sci., USA 77 720-723 (1980)

Y. NeOeman and J. Thierry-Mieg, OGeometrical Theory of Ghost and
Higgs Fields andSU(2/ 1)O, Proc. VIII Intern. Conf. on Group The-
oretical Methods in Physics, (Kiryat Anavim 1979) Annals of Israel
Phys. Soc.3 100-116 (1980)

A.M. Polyakov, OParticle spectrum in quantum Peld theoryO,J.E. T.P.
Lett. 20 194 (1974)

77



[@85]  D. Quillen, OSuperconnections and the Chern character@ppology 24
89 (1985)

[R98] G. Roepstor", OSuperconnections and the Higgs FieldO, arXiv:hep-
th/9801040 v2 9 Apr 1998

[RS99a] L. Randall and R. Sundrum, OA Large Mass Hierarchy from a small
extra DimensionO,Phys. Rev. Letters 83 3370 (1999)

[RS99b] L. Randall and R. Sundrum, OAn Alternative to CompactibcationO,
Phys. Rev. Letters 83 4690 (1999)

[Sa68] A. Salam, inElementary Particle Theory, N. Svartholm, ed. AlImquist
Verlag A.B., Stockholm (1968)

[Scheck97] F. Scheck, The Standrd Model within Non-commutative Geometry:
a comparison of models hep-th/9701073

[Sch79] M. Scheunert,The theory of Lie superalgebras, Lecture Notes in Math-
ematics 716 Springer, Berlin (1979)

[SN90] S. Sternberg and Y.’Neéeman, OSuperconnections and Internal Super-
symmetry DynamicsO,Proc. Nat. Acad. Sci. USA 87 7875-7877 (1990)

[SS85] O. Sanchez-Valenzula, S. Sternberg, OThe automorphism group of a
Hermitian superalgebraO, Lecture notes in Mathematics 1251 1-48
Springer, Berlin 1985

[SNR77] M. Scheunert, W. Nahm & V. Rittenberg, Olrreducible Representa-
tions of the osp(2/1) and sp1(2/1) graded Lie algebrasO,J. Math.
Phys. 18 156-167 (1977)

[SW75] S. Sternberg and J. Wolf, OCharge conjugation and SegalOs cosmologyO,
1l Nuovo Cimento 28 253 (1975)

[SW78] S. Sternberg, J. Wolf, OHermitian Lie algebras and metaplectic repre-
sentationsO, Trans. Amer. Math. Soc. 231 1 (1978)

[Sz86] A. Sirlin and R. Zucchini, ODependence of the Higgs Couplirty=(M )
on my and the Possible onset of New PhysicsVucl. Phys. B266 389
(1986)

[T79]  J.G. Taylor, OGauging su(n/m)O, Physics Letters 84B 79 (1979)
[TM78] J. Thierry-Mieg, These de Doctorat dOEtat (U. de Paris Sud, 1978)

[TM80] J. Thierry-Mieg, OGeometrical reinterpretation of Faddeev-Popov par-
ticles and BRS transformationsO,J. Math. Phys. 21 2834 (1980)

78



[TM85] J. Thierry-Mieg, OClassical Geometric Interpretation of Ghost Fields
and Anomalies in Yang-Mills Theory and Quantum GravityO in
Anomalies, W.A. Bardeen & A.R. White, eds., 239-246, World Sci-
entibc, Singapore 1985

[TN80] J. Thierry-Mieg and Y. NeOeman, OGauge Asthenodynamic§\(2/ 1)
(classical discussion)OMethods in Mathematical Physics (Proc. Aix
en Provence and Salamanca 1979%ecture Notes in Mathematics 836
318-348 Springer, Berlin 1980

[TMN82] J. Thierry-Mieg and Y. NeGeman, OExterior Gauging of an Internal
Supersymmetry and SU(2/ 1) Quantum AsthenodynamicsO, in Proc.
of Nat. Acad. of Sciences, USA 79 (1982) p. 7068-7072.

[TMN82a] J. Thierry-Mieg and Y. NeOeman, OBRS Algebra of the SU(2/1) Elec-
troweak Gauge TheoryO,ll Nuovo Cimento 7T1A (1982) p. 104-118.

[OtH79] G. Ot Hooft, OMagnetic Monopoles in Unibed Gauge TheorieA@!.
Phys. BT9 276 (1974)

[Ty75] I.V. Tyutin, Lebedev Institute preprint (1975)
[Wei67] S. Weinberg, OA Model of LeptonsQPhys. Rev. Lett. 19 (1967) 1264.

[Wei71] S. Weinberg, OPhysical Processes in a Convergent Theory of the Weak
and Electromagnetic InteractionsO,Phys. Rev. Lett. 27 1688 (1971)

[Wei75] S. Weinberg, OThe U(1) problemOPhys. Rev. D11 (1975) 3583.

[Wei96] S. Weinberg, The Quantum Theory of Fields, Cambridge U. Press
(1996), vol. 2.

[Wey18] H. Weyl, Raum Zeit Materie, Springer, Berlin (1918)

[YM54] C.N. Yang and R. Mills, OConservation of isotopic spin and isospin
gauge invariance,QPhys. Rev. 96 191-195 (1954)

[WY75] T.T. Wu and C.N. Yang, OConcept of nonintegrable phase factors and
global formulation of gauge PeldsOPhys. Rev. D12 3845 (1975)

79



