
RTG SEMINAR : A SUR VEY OF THE EINSTEIN EQUA TIONS

STEPHEN TAYLOR

Abstra ct. The Einstein equations of general relativit y are surveyed. First the Riemann curvature tensor
is motiv ated by ideas from classical di!eren tial geometry of curves and surfaces. Next, connections and
geodesics are deÞned followed by the construction of standard curvature tensors. A brief discussion of the
geodesic deviation equation follows which builds into EinsteinÕsoriginal formulation of the Þeld equations of
general relativit y. Then the Einstein equations are reformulated in terms of a variational principle. If time
permits, we conclude with a discussion of a formulation of the Einstein equations using metho ds of CartanÕs
di!eren tial geometry.

At the turn of the twentieth century , it waswell known there wereastrophysical observations that did not
agreewith NewtonÕstheory of gravit y. One such observation was the precessionof the perihelion (point on
the orbit closestto the sun) of Mercury; the perihelion wasobserved to precess5600arc secondsper century
whereasNewtonian gravit y predicted a 5557arc secondsper century . General relativit y accounts exactly for
the 43 secondper century di!erence. It also predicts gravitational waves,gravitational lensing, black holes,
the big bang, cosmology, etc.

General relativit y is the study of the Einstein equations Rµ! = 8! Tµ! = 8! G/c 4Tµ! on1 a Lorentzian
manifold (M , g) where Rµ! is the Ricci curvature of (M , g) and Tµ! is a symmetric Òpositive semi-deÞniteÓ2

tensor modelling a matter distribution. The Einstein equations encode how matter Þelds propagate in
spacetimeunder the inßuenceof gravit y. They can be heuristically summarized as a system of PDE that
nonlinearly relate curvature of a spacetimemanifold to a matter distribution on the manifold; they explain
how spacetells matter to move and how matter tells spaceto curve.

From the deÞnition of the Einstein equations,we seethat generalrelativit y is deeply rooted in di!eren tial
(Lorentzian) geometry sinceit involvesthe highly quasi-linear Ricci tensor. We Þrst review the deÞnition of
Rµ! and how it is an extension from of the classicalGaussiancurvature for surfaces.We then demonstrate
how the Einstein equations we originally formulated via physical analogy and then give a mathematical
derivation via an action principle. WeÞnally review the Cartan method of formulating the Einstein equations.

1. Differential Geometr y

Curvature of a space-timemanifold is fundamental to generalrelativit y. We Þrst considerclassicalnotions
of curvature in attempt to better understand the Riemann curvature tensor.

1.1. Curv ature of Curv es and Surfaces. Let " : (0, 1) ! R2 be a plane curve parametrized by arc
length. The number |" !! (s)| = k(s) is called the curvature of " as s.

Thus curvature measuresthe rate of changeof the tangent vector to a curve as seenin Figure 1.
Now let C be a curve in a surfaceS " R3 passingthrough p # S with curvature k at p. Let cos# = $n, N %

where n is the normal vector to C and N is the normal vector to S at p. The number kn = k cos# is
called the normal curvature of C " S at p and is depicted in Figure 2. At p deÞnek1 = max{ kn } and
k2 = min{ kn } . Then the Gaussiancurvature K of S at p is given by K = k1k2. The Gaussiancurvature as
a point is thus a geometric averagethe maximally and minimally curved curvesthrough p. One of the most
interesting properties about the Gaussiancurvature is stated in the following:

Theorem 1. (Theorem Egregium) The Gaussian curvature K of a surface is invariant by local isometries
and determined completelyby the metric of the surface. (If a surface is bent without stretching, then although
the principal curvature may changetheir product wil l not).

1Note G ! 6.67 " 10! 11 m3kg! 1s! 2 and c ! 3.00 " 108m/s .
2SpeciÞcally Tab is only positiv e semi-deÞnite inside the ligh tcone.
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Figure 2. Curvature of a Curve in the Plane

For a surface,it is always possibleto chooselocal coordinates wherethe metric takesthe form e" $ where$
is the Euclidean metric. In this caseonecan show K = & 1

2 e" " " %, where" = &2
u + &2

v . Hencethe curvature
is completely determined by the metric. Hence,Gaussiancurvature is an intrinsic quantit y of the surface.

1.2. Connections and Geo desics. In order to deÞnecurvature in the setting of manifolds, we need to
develop an intrinsic notion of di!eren tiation. If one takesa standard directional derivative of a vector Þeld
at a point on a surface, the resulting vector Þeld doesnot in general lie in the tangent plane of the surface
at the point. Thus such an operation is not intrinsic to the manifold, but relies on the embedding of the
manifold in Euclidean space. We Þx this by projecting into the tangent space: Let v be a tangent vector
Þeldon a surfaceM " R3. Chooseany curve on M through p whosetangent at p is the vector X , and deÞne
the covariant derivative (connection) ' X v at p to be the projection of dv /d t into Tp(M ).

Connectionsare typically deÞnedaxiomatically, and can be extended to act on arbitrary tensor Þeldson
any Riemannian/Lorentzian manifold. They are essentially projected directional derivatives and henceare
intrinsic operations. One can show there exists an uncountably inÞnite number of connectionson a general
Riemannian/Lorentzian manifold. We require the following to avoid this problem:

DeÞnition 1. A metric g is compatible with the metric if ' k gij = 03.

Theorem 2. (Fundamental Theorem of Riemannian (Lorentzian) geometry) There exists a unique symmet-
ric connection which is compatible with the metric called the Levi-Civita connection.

3Here # k = # ! k where ! k is a basis vector in tangent space of a Riemannian/Loren tzian manifold.
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We will always assumethe Levi-Civita connection in general relativit y. In local coordinates, the Levi-
Civita connection acts on a vector Þeld vµ by

(1) ' ! vµ = &! vµ + #µ
! # v# ,

where

(2) #µ
! # =

1
2

gµ$ (&! g#$ + &# g! $ & &$g! # ) .

Geodesicsalso make an appearancein the formulation of the Einstein equations,so we recall their deÞni-
tion. Fix a coordinate chart on a Riemannian manifold and considera curve C parametrized by xµ = xµ (s).
We deÞnethe length of C by

(3) I [C] =
!

C

"
gµ! x!µ x! ! ds

and say C is a geodesic if it extremizesI [C] everywhere.

1.3. R iemann Curv ature. We would like to extend the notion of Gaussian curvature to an arbitrary
manifold. This will lead us to the Riemannian curvature tensor.

DeÞnition 2. The R iemann curv ature tensor on a Riemannian manifold (M , g) is deÞnedasa mapping
Riem : Tp(M ) ( Tp(M ) ( Tp(M ) ! Tp(M ) that satisÞes

(4) Riem(X , Y, Z ) = ' X ' Y Z & ' Y ' X Z & ' [X ,Y ]Z

In local coordinates we have

Ra
bcd = $dxk , Riem(ec, ed)eb%= $dxa, ' c' deb & ' d' ceb%(5)

= $dxa, ' c(# e
dbee) & ' d(# e

cdee)%(6)

= $dxa, (&c#e
db)ee + #e

db#f
cdef & (&d#e

cb)ee & #e
cb#f

deef %(7)

= &c#a
db & &d#a

cb + #e
db#a

ce & #e
cb#a

de(8)

The Riemann tensor has the following identities:

(9) Rabcd = &Rabdc = &Rbacd = Rcdab

(10) Rabcd + Radbc + Racdb = 0

We deÞnethe R icci curvature tensor by

(11) Rab ) Rc
acb = gcdRdacb

and the scalar curv ature by

(12) R ) Ra
a = gabRab

Finally a combination of the Ricci tensor and the scalar curvature will be important in our discussionof
general relativit y. Namely, the Einstein tensor Gab is deÞnedby

(13) Gab = Rab &
1
2

gabRab

The Riemann curvature tensor is not as complicated as it looks. In n dimensions,is has n4 components
however only n2(n2 & 1)/ 12 of these are independent. In the case of surfaces, we note R = 2K and
Rij = 1

2 Rgij , which provides a connection with the classicalGaussiancurvature.

2. Geodesic Devia tion

Before turning to generalrelativit y, we needone last bit a geometry; namely, a measureof the sizeof the
acceleration of a deviation between two freely falling particles in Newtonian gravit y. We will seehow the
geodesicdeviation equation (Jacobi Þeld equation) is very similar to this.
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Figure 3. Particle deviation in Newtonian Gravit y.

2.1. Deviation in Newtonian Gra vit y. Consider R3 with the canonical metric d' 2 = dx2 + dy2 + dz2.
Let C1 and C2 denote two curves traced out by two gravitational test particles propagating in a Þeld with
potential ( so at time t the particles are at points p and q. Using time as the parameter for both curvesand
supposing C1 is given by x%(t), the simultaneous point on C2 is given by

(14) x% = x%(t) + ) %(t),

where ) % is a ÒsmallÓconnecting vector betweenthe particles for a Þxed t.

NewtonÕssecondlaw states

(15) F = ma.

We take the gravitational ÒforceÓto be conservative and henceit may be represented as

(16) F = &m' (.

Combining theseequations, we Þnd

(17) ¬x% = &(&%( )P

is the equation of motion for the Þrst particle. Similarly the equation of motion for the particle travelling
on C2 is

(18) ¬x% + ¬) % = &(&%( )Q .

Recall that the multiv ariable for of TaylorÕstheorem is

(19) f (x + h) = f (x) +
##

n =1

(h á' )n

n!
f (x).

Thus to Þrst order in ) we have

(20) & (&%( )Q = &(&%( )P & () &&&&%( )P .

Subtracting from a previous equation gives

(21) ¬) % = &) &&&&%( ) &K %
& ) &.

The quantit y K = &() á' )' ( represents the tidal accelerationexperiencedby the particles.
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2.2. Deviation in Geometry. We now consider the analogueof the about in geometry; this will lead us
to the geodesicdeviation equation. Consider a two-manifold M foliated by a congruenceof geodesicsgiven
perimetrically by xa = xa(t, z). DeÞnetwo vectors on M by

(22) va =
dxa

dt
, *a =

dxa

dz

M

p

va

! a

Lines generated by ! a

Lines generated by va

Figure 4. Geodesicdeviation at p # M .

The following very important identit y will aide us:

(23) ' X (' Y Z a) & ' Y (' X Z a) & ' [X ,Y ]Z
a = Ra

bcdZ bX cY d X , Y, Z # T(M )

If we set X a = Z a = va and Y a = *a, the middle term on the left hand side vanishessinceva is the tangent
vector Þeld for a geodesic. The third term is trivial since

(24) [v, *]a = vb&b*a & *b&bva =
dxb

dt
&

&xb

$
dxa

dz

%
&

dxb

dz
&

&xb

$
dxb

dt

%
=

d2xa

dtdz
&

d2xa

dzdt
= 0

The resulting equation is the geodesicdeviation equation:

(25) ' v ' ' va & Ra
bcdvbvc*d = 0

We could solve the geodesicequation and substitute our results into the deviation equation and solve for *a.
This is usually impossibledue to nonlinearities.

2.3. Original Form ulation. Einstein Þrst formulated his Þeldequationsof generalrelativit y by building an
extendedanalogy betweenconstructs in Newtonian gravit y and Lorentzian geometry. In Newtonian gravit y,
the gravitational Þeld is deÞnedin terms of a scalar potential ( . If we place two test particles initially
separatedby a vector x in a gravitational Þeld generatedby a spherically symmetric mass,the particles will
acceleratetowards the mass. Moreover, they experiencetidal accelerationgiven by &(x á' )' ( .

In general relativit y, we model gravit y as a Lorentzian manifold of topology M and metric g. We then
deÞnea covariant di!eren tiation operator, which computesderivativesof tensorsand projects the resulting
expressioninto the tangent plane of the manifold pointwise. There is a unique way to perform this operation
such that the metric is parallel transported along any curve in the manifold. We call the connection that
builds such a covariant derivative the Levi-Civita connection. With this connection, we may consider the
quasi-linear system of equations whosesolutions are the geodesicsof (M , g).

Geodesicslocally extremize the length functional betweentwo points on a Lorentzian manifold. Moreover,
this property is global if the manifold topology is su$ciently well behaved. In general relativit y, gravit y is
no longer a force but a consequenceof the curvature of a spacetimedeÞnedby a metric tensor. Freeparticles
should travel along extremal paths in this spacetime. It is thus natural to hypothesize that test particles
travel along geodesicsof spacetime.
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The geodesic deviation equation states that two geodesicsÒtestparticle tra jectoriesÓin closeproximit y
have tidal acceleration&R a

cbd vcxbvd where va is the four velocity of the geodesics(particles) and xa is the
separation vector of the particles. Heuristically, this suggestsan identiÞcation with Newtonian gravit y

(26) R a
cbd vcvd * &b&a(

where partial derivatives with free indices a and b have replaced the previous gradient notation. In the
presenceof a matter distribution of massdensity +, the deÞning Newtonian relation for the gravitational
potential is

(27) ' 2( = &a&a( = 4! +.

In general relativit y, matter will no longer be represented by a scalar quantit y. Instead, we encode all
information about matter in terms of a quantit y we call the stress energy tensor Tab. The stress energy
tensor contains all information about energy density, linear momentum, and stressesof Þelds. SpeciÞcally,
its time components contain the energy of a given matter Þeld. Since va = (1, 0, 0, 0) in the frame of an
observer, we may pick o! the tt -component of Tab and identify this tensor with + via

(28) Tabvavb * +

noting that the contractions are necessaryto make the left hand side a scalar quantit y. By analogy with
PoissonÕsequation this yields

(29) R a
cad vcvd * Tcdvcvd ! R a

cad = ,T cd

where we have chosena coupling constant, , , which will be calculated from the weak Þeld Newtonian limit.
This wasEinsteinÕsÞrst attempt to formulate generalrelativit y as the geometricalanalogueof Newtonian

gravit y. However, one can show that ' aTab = 0 is the relativistic analogue of the classical principle of
conservation of energy, and in general ' aRa

cb
c += 0. Thus (29) violates conservation of energy.

This problem is overcomeby adding a term to the previous equation to get

(30) Gab ) Rab &
1
2

Rgab = 8! Tab.

Equations (30) are the Þeldequationsof generalrelativit y and are called EinsteinÕsequations. They express
a nonlinear relationship betweenthe curvature of a spacetimemanifold (gravit y) and the stressenergytensor
(matter).

The precedingargument reliesheavily on an analogywith Newtonian gravit y. The reasongeneralrelativit y
is a successfultheory lies in the fact that equations (30) have predicted observed phenomenasuch as the
precessionof the perihelion of Mercury, the existenceof black holes,and cosmologicalexpansion,which are
not consequencesof Newtonian gravit y. Sinceit can be shown that generalrelativit y reproducesNewtonian
gravit y in the low energy limit (weak gravitational Þelds), relativit y is viewed as a more accurate theory of
gravit y.

2.4. Alternativ e Variational Form ulation. In this section we demonstrate how EinsteinÕsequations
may be derived in a mathematically rigorous way from a variational principle. This derivation is devoid of
a classicalanalogy and thus must be taken in tandem with the above to suggesta viable theory of gravit y.

Consider a Lorentzian manifold (M , g). Let h be another metric on M and - # R+ . Let S[g] be any
functional of g. Then for gab and hab, the components of g and h respectively, we deÞnethe Þrst variation
of g with respect to h by

(31) $h (S) )
d
d-

S[gab + -hab]

&
&
&
&
( =0

We will also consider the Þrst variation of metric dependent di!eren tial operators and tensors. We require
the following lemma to derive EinsteinÕsequations:

Lemma 1. Let (M , g) be a Lorentzian manifold, R(g) the scalar curvature of g, and Ric(g) the Ricci
curvature of g. Then

$h R(g) = &tr h (Ric(g)) & "(tr gh) + div2h(32)

= &hij Rij & ' i ' i (hj k gj k ) + ' i ' j hij(33)

where in local coordinates tr is the trace operator on tensors with two covariant indices with respect to a
metric h. For exampletr gh = gij hij .
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Pro of: We Þrst note that $h (gab) = hab is immediate from (31) taking S to be the identit y functional.
Also from the formula gacgcb = $b

a and noting the Leibnitz property holds for $h , we compute $h gab = &hab.
We Þx a p # M and choosegeodesic coordinates at p. In these coordinates gab|p = ) ab, &k gab|p = 0, and
#a

bc|p = 0, which allows us to compute

$h #a
bc = $h

$
1
2

gad (&bgcd + &cgbd & &dgbc)
%

(34)

=
1
2

gad $h (&bgcd + &cgbd & &dgbc) &
1
2

had (&bgcd + &cgbd & &dgbc)(35)

=
1
2

gad (&bhcd + &chbd & &dhbc)(36)

=
1
2

gad
'

[&bhcd & hed#e
bc & hce#e

bd] + [&chbd & hed#e
bc & hbe#e

cd](37)

& [&dhbc & hec#e
bd & hbe#e

cd]
(

(38)

=
1
2

gad (' bhcd + ' chbd & ' dhcd) .(39)

Similarly one can show

$h Ra
bcd =

1
2

gae (' c' dhbe & ' c' ehbd & ' b' ehcd + ' c' bhde & ' b' chde)(40)

$h Rab = &
1
2

" L hab &
1
2

' a ' btr gh + ' b(div h)a + ' a(div h)b(41)

= &
1
2

" L hab &
1
2

"(tr gh) & div$divh(42)

$h R = &habRab & "(tr gh) + div2h(43)

where we deÞnethe Lichnerowicz Laplacian " L on covariant two tensorsby4

(44) " L Tab ) " Tab + 2gcdRe
cabTed & gcdRad hcb & gcdRbdhac .

We also deÞnediv as contraction of its argument with a covariant derivative. For example ' a(div h)a =
div(div (h)) = div2h. For a one form . with components . i we deÞnethe adjoint divergenceoperator

(45) div$) ) &
1
2

(' a) b + ' b) a)

where * indicates the adjoint operator. The last tool we require for the derivation of the Einstein equations
is the following

Lemma 2. Let (M , g) be a Lorentzian manifold and dµ its volume form. Then

(46) $h (dµ) =
1
2

(tr gh)dµ

.

Pro of: For two matrices aij , bij , we note [9]

(47)
d
d-

det(aij + -bij )

&
&
&
&
( =0

= aij bij det(aij )

and compute

(48) $h (dµ) = $h

' )
|g|

(
dx =

$h det(g)

2
)

det(g)
dx =

1
2

(tr gh)
)

|g|dx =
1
2

(tr gh)dµ.

We now have the necessarymachinery to deÞneand derive the Einstein equations. For a Lorentzian manifold
(M , g), we deÞnethe vacuum Einstein equations to be the systemof equationsgiven by demanding the Þrst
variation of

(49) SE (g) =
!

M
Rdµ

4Recall the standard Laplacian is given by " Tab = gcd # c# d Tab .
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is trivial. We explicitly compute the Þrst variation of this action

$h SE =
!

M
[R($h dµ) + (dµ)$h R] =

!

M

*
&habRab & "tr gh + div2h +

R
2

tr gh
+

dµ(50)

= &
!

M
hab

*
Rab &

1
2

Rgab

+
dµ(51)

Thus we seethat $h SE = 0 i! Gab ) Rab & 1
2 Rgab = 0. Thus the vacuum Einstein equations are Gab = 0.

2.5. Matter Einstein Equations. We often wish to source the gravitational Þeld with a mass/energy
distribution. To include this in our variational formalism, we augment the general relativit y action via

(52) S = SE + SM where $h (SM ) =
!

M
8! habTabdµ.

This reproducesthe matter Einstein equations

(53) Gab = 8! Tab

where the coe$cient is chosen to agree with Newtonian gravit y in the weak Þeld limit. We now turn to
deriving and solving theseequations for various stressenergy tensors.

3. Car t an Geometr y

We proceed as in [10] and note that this formalism is preferred over EinsteinÕsclassical derivation of
relativit y sinceit possessthe necessarygenerality to include fermionic Þeldswhen studying quantum theories
of gravit y whereasthe metric setup doesnot. 5

3.1. Forms Formalism. Let M be a four-dimensional Lorentzian manifold. We write coordinates on M as
x, x! where x = (xµ ) = (x0, x1, x2, x3) is the coordinate vector and let µ, / run over four space-timeindices.

DeÞnition 3. The gravitational Þeld e is deÞnedat p # M represented in coordinates x by

(54) eI (x) = eI
µ (x)dxµ

and outputs values in Mink owski space. The indices I , J label the components of a Mink owski vector, and
are raised and lowered with respect to the Mink owski metric.

DeÞnition 4. The spin connection . is a one-form deÞnedby

(55) . I
J (x) = . I

µJ (x)dxµ

and outputs values in the Lie algebra of the Lorentz group We demand . I J = &. J I .

Given such a connection, we can deÞnea covariant partial derivative ' µ on Lorentzian vectors vI by

(56) Dµ vI = &µ vI + . I
µJ vJ

and a covariant exterior derivative on forms. For example let uI be a Lorentzian one-form, then:

(57) DuI = duI + . I
J , uJ

Note theseextend to arbitrary tensor Þeldsin the standard way of adding on additional terms for additional
indicies.

DeÞnition 5. The Torsion two-form is deÞnedas

(58) T I = DeI = deI + . I
J , eJ

A giventetrad Þeldeuniquely determinesa torsion-freespin connection. = [e], which wesay is compatible
with e, via

(59) T I = deI + . [e]I J , eJ = 0

This is just another way of stating the fundamental theorem of Riemannian/Lorentzian geometry, namely,
that there is a unique Levi-Civita connection for a given Riemannian/Lorentzian manifold.

5You cannot write the equations of motion for fermionic Þelds in terms of the metric but you can in terms of the tetrad.
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DeÞnition 6. The curv ature R of . is a Lorentz algebra valued two-form,

(60) RI
J = RI

J µ! dxµ , dx!

given by

(61) RI
J = d. I

J + . I
K , . K

J

Iterating (57), we have

(62) D 2uI = RI
J , uJ

which when combined with (59) gives

(63) RI
J , eJ = 0

DeÞnition 7. The vacuum Einstein Equations are given by

(64) -I J K L

$
eI , RJ K &

2
3

0eI , eJ , eK
%

= 0

The Einstein equations and (59) are the Þeld equations for vacuum general relativit y. They are the
Euler-Lagrange equations for the action

(65) S[e,. ] =
1

16! G

!
-I J K L

$
1
4

eI , eJ , R[. ]K L &
1
12

0eI , eJ , eK , eL
%

We now represent the Einstein equations in a slightly more appealing way. DeÞnethe inversetetrad eµ
I (x)

to be the inverseof the gravitational Þeld matrix. DeÞnethe R icci tensor by

(66) RI
µ = RI J

µ! e!
J

and the scalar curv ature by

(67) R = RI
µ eµ

I

then the vacuum Einstein equations become

(68) RI
µ &

1
2

ReI
µ + 0eI

µ = 0

3.2. Corresp ondence with Metric Formalism. The forms formulation of generalrelativit y is more aes-
thetical than the classicalformulation. We now show how they correspond in order to create a dictionary to
translate betweenformalism for vacuum GR and potentially more general theories of gravit y.

The metric Þeld g is deÞnedby

(69) gµ! (x) = eI
µ (x)eJ

! (x)) I J

which for each p # M represented by coordinates x deÞnesa scalar produce on TpM given by

(70) (u, v) = gµ! (x)uµ v! u, v # TpM

The metric-preserving linear connection # is a Þeld #)
µ! (x) deÞnedby

(71) #)
µ! = e)

I (&µ eI
! + . I

µJ eJ
! )

which deÞnesa covariant partial derivative Dµ on vectors

(72) Dµ v! = &µ v! + #!
µ) eI

) = 0

When combined with . it deÞnesa covariant partial derivative on all objects with Lorentz and tangent
indices, for example:

(73) Dµ eI
! = &µ eI

! + . I
µJ eJ

! & #)
µ! eI

) = 0

The anti-symmetric part of the linear connection deÞnesthe torsion tensor:

(74) T )
µ! = 2#)

[µ! ]

which inducesthe previously mentioned Torsion two form:

(75) T I = eI
) T )

µ! dxµ dx!

The Levi-Civita connection is the unique metric-preserving linear connection determined by e and . [e].
Thus it is deÞnedby

(76) &µ eI
! + . [e]IµJ eJ

! & #)
µ! eI

) = 0
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We can solve this equation for the Levi-Civita connection:

(77) #*
µ! = e)

J eJ *
'

e)I &(µ eI
! ) + e! I &[µ eI

) ] + eµI &[! eI
) ]

(

The fundamental theorem says the Levi-Civita connection is the unique connection determined by g that is
torsion free and metric preserving:

(78) Dµ g! ) = 0

The metric preserving condition lets us solve for the components of the Levi-Civita connection in the usual
way to Þnd

(79) #)
µ! =

1
2

g)* (&µ g* ! + &! gµ* & &* gµ! )

With the Levi-Civita connection we can write the previously mentioned equation of motion for . as

(80) . [e]I J
µ = 2e! [I &[µ eJ ]

! ] + eµK e! I e* J &[* eK
! ]

The R iemann tensor is then given by

(81) Rµ
! )* eI

µ = RI
J )* eJ

!

The R icci tensor is given by

(82) Rµ! = RI
µ eI !

DeÞning an energy momentum tensor by

(83) Tµ! = T I
! eI !

the Einstein equations become

(84) Rµ! &
1
2

gµ! (R + 0) = 8! GTµ!

which reduce to those previously mentioned for the trivial energy momentum tensor case. Our previous
action becomes

(85) S[g] =
1

16! G

!
(R + 0)

-
&gd4x

3.3. Example. We demonstrate how to use the Cartan method in the following example. An arbitrary
Lorentz metric on a two-dimensionalmanifold locally always can be put in the form

(86) ds2 = %2(x, t)[&dt2 + dx2].

Calculate the Riemann curvature tensor of this metric
(a) by the coordinate basismethod
(b) by the tetrad method.

Solution: We calculate the single independent component of the Riemann tensor via the coordinate basis
method to be

(87) R t
xtx =

1
%2

,
%2

,x & %2
,t + %[%,tt & %,xx ]

-
.

In order to perform the samecalculation in the tetrad formalism, we note that the tetrad components (eµ )a,
are given by

(et )a = (%, 0)(88)

(ex )a = (0, %).(89)

or equivalently as the forms et = %dt, ex = %dx, where the line element then takes the form ds2 =
&et ( et + ex ( ex . We compute

det = %x dx , dt =
%x

%2 ex , et(90)

dex = %t dt , dx =
%t

%2 et , ex .(91)

We seekto compute the connection forms in CartanÕsÞrst structure equation

(92) & deµ = e! , . µ
µ
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as part of the full Riemann calculation. We write

&deµ = e! , . µ
!(93)

= et ,
.
(. µ

t )t et + (. µ
t )x ex /

(94)

+ ex ,
.
(. µ

x )t et + (. µ
x )x ex /

(95)

from which we see

&det = &
%x

%2 ex , et(96)

= ex ,
,
(w t

x )t et + (w t
x )x ex -

(97)

which allows us to identify (w t
x )t = &%x / %2. Similarly we can compute (w x

t )x = &%t / %2. By antisymme-
try of the connection coe$cients we note

(w t
x )t = &

%x

%2 = &(. t
x )t = (. x

t )t(98)

(w x
t )x = &

%t

%2 = &(. x
t )x = (. t

x )x(99)

Thus from CartanÕssecondstructure equation, we have

R x
t = d. x

t + . x
t , . x

x = d. x
t(100)

= &d
$

%x

%
dt +

%t

%
dx

%
(101)

= &
1

%2

,
%%xx & %%tt + %2

t & %2
x

-
dx , dt(102)

= &
1

%4

,
%%xx & %%tt + %2

t & %2
x

-
ex , et(103)

We can relate the curvature form to the Riemann tensor in our orthonormal basisby

(104) R !
µ = R !

µ abea , eb

and Þnd that the one independent component of the Riemann tensor is

(105) R x
t xt = Rtxxt = &

1
%4

,
%%xx & %%tt + %2

t & %2
x

-
.

or equivalently

(106) R t
xtx =

1
%4

,
%%xx & %%tt + %2

t & %2
x

-
.

If we with to put this in the coordinate basiswith we indicate with tilded indices, we Þnd

R ÷t
÷x ÷t ÷x = (e÷x )x (e÷t )t (e÷x )x (e÷t )

t R t
xtx(107)

= %2R t
xtx(108)

=
1

%2

,
%%xx & %%tt + %2

t & %2
x

-
(109)

which is in agreement with our previous result. !

References

[1] R. DÕInverno, In tr oducin g Ein steinÕsRelativity , Oxford Press, 1996.
[2] M. Do Carmo, Di!er ential Geometry of Curves and Surfaces, Prentice-Hall, 1976.
[3] M. Do Carmo, Riemannian Geometry , Birkh¬auser 2006.
[4] T. Frankel, The Geometry of Physics: An In tr oduction , Cambridge, 2003.
[5] J. Hartle. Gravit y: An Intro duction to EinsteinÕsgeneral relativit y. Benjamin Cummin gs, 2002.
[6] R. Hamilton. The Ricci Flow on Surfaces. Math. and G.R., Cont. Math. , 71, 237-261, 1988.
[7] S. Hawking, G. Ellis The Large Scale Structur e of Space-Time , Cambridge, 1975.
[8] C. Misner, K. Thorne, J. Wheeler, Gravitation , W. H. Freeman and Company, 1973.
[9] R. M ¬uller, Di!er ential Harn ack In equalities and the Ricci Flow , Europ ean Mathematical Society, 2006.

[10] C. Rovelli, Quantum Gravity , Cambridge, 2004.
[11] M. Spivak, A Compr ehensive In tr oduction to Di!er ential Geometry, Vols. 1-5 , Publish or Perish, 1999.
[12] R. Wald, General Relativity , Chicago Press, 1984.
[13] S. Weinberg. Gravitation and Cosmology: Prin ciples and Applic ation s of General Relativity. Wiley , 1972.

http://www.amazon.com/Introducing-Einsteins-Relativity-R-dInverno/dp/0198596863/ref=sr_1_1/002-8509527-0182453?ie=UTF8&s=books&qid=1179661826&sr=1-1%00
http://www.amazon.com/Differential-Geometry-Curves-Surfaces-Manfredo/dp/0132125897/ref=pd_bbs_sr_1/002-8509527-0182453?ie=UTF8&s=books&qid=1179661870&sr=1-1%00
http://www.amazon.com/Riemannian-Geometry-Manfredo-Perdigao-Carmo/dp/0817634908/ref=pd_bxgy_b_img_b/002-8509527-0182453?ie=UTF8&qid=1179661870&sr=1-1%00
http://www.amazon.com/Geometry-Physics-Introduction-Second/dp/0521539277/ref=pd_bbs_sr_2/002-8509527-0182453?ie=UTF8&s=books&qid=1179664516&sr=1-2%00
http://www.amazon.com/Structure-Space-Time-Cambridge-Monographs-Mathematical/dp/0521099064/ref=pd_bbs_sr_1/103-3163381-3164656?ie=UTF8&s=books&qid=1190182173&sr=8-1%00
http://www.amazon.com/Gravitation-Physics-Kip-S-Thorne/dp/0716703440/ref=pd_bbs_sr_2/002-8509527-0182453?ie=UTF8&s=books&qid=1179662177&sr=1-2%00
http://www.amazon.com/Differential-Harnack-Inequalities-Lectures-Mathematics/dp/3037190302/ref=pd_bxgy_b_img_b/103-3163381-3164656%00
http://www.amazon.com/Quantum-Gravity-Cambridge-Monographs-Mathematical/dp/0521837332/ref=sr_1_1/102-5564035-9653725?ie=UTF8&s=books&qid=1179929050&sr=8-1%00
http://www.amazon.com/Comprehensive-Introduction-Differential-Geometry-3rd/dp/0914098705/ref=sr_1_1/002-8509527-0182453?ie=UTF8&s=books&qid=1179663010&sr=1-1%00
http://www.amazon.com/General-Relativity-Robert-M-Wald/dp/0226870332/ref=pd_bbs_sr_1/002-8509527-0182453?ie=UTF8&s=books&qid=1179662399&sr=1-1%00

