RTG SEMINAR : A SURVEY OF THE EINSTEIN EQUA TIONS

STEPHEN TAYLOR

Abstra ct. The Einstein equations of general relativit y are surveyed. First the Riemann curvature tensor
is motiv ated by ideas from classical dileren tial geometry of curves and surfaces. Next, connections and
geodesics are debned followed by the construction of standarg curvature tensors. A brief discussion of the
geodesic deviation equation follows which builds into EinsteinOsoriginal formulation of the beld equations of
general relativit y. Then the Einstein equations are reformulated in terms of a variational principle. If timg
permits, we conclude with a discussion of a formulation of the Einstein equations using methods of CartanOs
dileren tial geometry.

At the turn of the twentieth certury, it waswell known there were astrophysical obsenations that did not
agreewith NewtonOgheory of gravity. One suc obsenation was the precessionof the perihelion (point on
the orbit closestto the sun) of Mercury; the perihelion was obsenedto precessc600arc secondsper certury
whereasNewtonian gravity predicted a 5557 arc secondsper certury. Generalrelativit y accourts exactly for
the 43 secondper certury dilerence. It also predicts gravitational waves, gravitational lensing, black holes,
the big bang, cosmology etc.

General relativit y is the study of the Einstein equationsR, = 8! Ty = 8! G/c*Ty on' a Lorentzian
manifold (M, g) where Ry, is the Ricci curvature of (M, g) and T,y is a symmetric Opsitive semi-debnite®
tensor modelling a matter distribution. The Einstein equations encade how matter Pbelds propagate in
spacetime under the inRuenceof gravity. They can be heuristically summarized as a system of PDE that
nonlinearly relate curvature of a spacetimemanifold to a matter distribution on the manifold; they explain
how spacetells matter to move and how matter tells spaceto curve.

From the dePnition of the Einstein equations, we seethat generalrelativit y is deeplyrooted in dileren tial
(Lorentzian) geometry sinceit involvesthe highly quasi-linear Ricci tensor. We brst review the dePnition of
Ry and how it is an extensionfrom of the classicalGaussiancurvature for surfaces. We then demonstrate
how the Einstein equations we originally formulated via physical analogy and then give a mathematical
derivation via an action principle. We bnally reviewthe Cartan method of formulating the Einstein equations.

1. Differential Geometr y

Curvature of a space-timemanifold is fundamenal to generalrelativit y. We Prst considerclassicalnotions
of curvature in attempt to better understand the Riemann curvature tensor.

1.1. Curv ature of Curv es and Surfaces. Let " : (0,1) ! R? be a plane curve parametrized by arc
length. The number |" " (s)| = k(s) is called the curvature of " ass.

Thus curvature measuresthe rate of change of the tangent vector to a curve as seenin Figure 1.

Now let C beacurvein asurfaceS" R?® passingthrough p# S with curvature k at p. Let cos#= $,N%
where n is the normal vector to C and N is the normal vector to S at p. The number k, = kcos# is
called the normal curvature of C " S at p and is depicted in Figure 2. At p debnek; = max{k,} and
ko = min{k,}. Then the Gaussiancurvature K of S at p is givenby K = kik,. The Gaussiancurvature as
a point is thus a geometric averagethe maximally and minimally curved curvesthrough p. One of the most
interesting properties about the Gaussiancurvature is stated in the following:

Theorem 1. (Theorem Egregium) The Gaussian curvature K of a surface is invariant by local isometries
and determined completely by the metric of the surface. (If a surface is bent without stretching, then although
the principal curvature may changetheir product will not).

INote G ! 6.67" 10' 'm3kg' 1s' 2 and ¢! 3.00" 108m/s .
2Specilacally Tap is only positive semi-debnite inside the lightcone.
1
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Figure 1. Curvature of a Curvein the Plane

Figure 2. Curvature of a Curve in the Plane

For a surface, it is always possibleto chooselocal coordinates wherethe metric takesthe form " $ where$
is the Euclidean metric. In this caseonecanshav K = &€ " " % where" = & + &. Hencethe curvature
is completely determined by the metric. Hence, Gaussiancurvature is an intrinsic quantity of the surface.

1.2. Connections and Geodesics. In order to dePnecurvature in the setting of manifolds, we need to
dewelop an intrinsic notion of dilerentiation. If onetakesa standard directional derivative of a vector beld
at a point on a surface, the resulting vector bPeld doesnot in generallie in the tangent plane of the surface
at the point. Thus such an operation is not intrinsic to the manifold, but relies on the embedding of the
manifold in Euclidean space. We bx this by projecting into the tangernt space: Let v be a tangent vector
peldon a surfaceM " R3. Chooseany curve on M through p whosetangert at p is the vector X , and debne
the covariant derivative (connection) ' x v at p to be the projection of dv/dt into Tp(M).

Connectionsare typically debPnedaxiomatically, and can be extendedto act on arbitrary tensor beldson
any Riemannian/Lorentzian manifold. They are essetially projected directional derivativesand henceare
intrinsic operations. One can shaw there exists an uncourntably inPnite number of connectionson a general
Riemannian/Lorentzian manifold. We require the following to avoid this problem:

Debnition 1. A metric g is compatible with the metric if ' g; = 0°.

Theorem 2. (Fundamental Theorem of Riemannian (Lorentzian) geometry) There exists a unique symmet-
ric connection which is compatible with the metric called the Levi-Civita connection.

SHere # k = #1, where ! is a basis vector in tangent space of a Riemannian/Loren tzian manifold.
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We will always assumethe Levi-Civita connection in generalrelativity. In local coordinates, the Levi-
Civita connection acts on a vector peld v* by

(1) vt = &M+ PV
where

1
(2) #ly = 59“35 (& Oys + &0 s & &0 #) -

Geadesicsalso make an appearancein the formulation of the Einstein equations, so we recall their debni-
tion. Fix a coordinate chart on a Riemannian manifold and considera curve C parametrized by x* = xH(s).

We debnethe length of C by
! n

) 1[C] = gu X'*x'' ds
C
and say C is a gedesicif it extremizesl [C] everywhere.

1.3. Riemann Curv ature. We would like to extend the notion of Gaussian curvature to an arbitrary
manifold. This will lead us to the Riemannian curvature tensor.

Debnition 2. The Riemann curv ature tensor on a Riemannian manifold (M, g) is debPnedasa mapping
Riem : To,(M) ( To(M) ( Tp(M) ! Tp(M) that satisbes

4) Riem(X,Y,Z) =" x' vZ &' v' xZ&" xyiZ

In local coordinates we have

(5) R = XX, Riem(e;, eg)end $X?," o' g & ' o' %

(6) = X, c(#gpee) & ' a(#°cq€e)%

@) = $x?, (&HE gp)€e + #° gt 46 & (8a#®op)e & #E L # 4o %
(8) = &ty & attey + HipHce & Hoptde

The Riemann tensor has the following identities:

9 Rabed = &Rabde = &Rpacd = Redab

(10) Rabcd + Radbe + Racab = 0
We debnethe Ricci curvature tensor by

(11) Rab) RSer = 9%'Reach
and the scalar curv ature by

12) R) Ri= ¢g"Ra

Finally a combination of the Ricci tensor and the scalar curvature will be important in our discussionof
generalrelativit y. Namely, the Einstein tensor Gy, is debPnedby

1
(13) Gab = Rap & EgabRab

The Riemann curvature tensor is not as complicated asit looks. In n dimensions,is has n* componerts
however only n?(n? & 1)/ 12 of these are independert. In the case of surfaces,we note R = 2K and
Rij = %Rgij , which provides a connection with the classicalGaussiancurvature.

2. Geodesic Devia tion

Before turning to generalrelativit y, we needone last bit a geometry; namely, a measureof the size of the
acceleration of a deviation betweentwo freely falling particles in Newtonian gravity. We will seehow the
gedesicdeviation equation (Jacobi beld equation) is very similar to this.
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Figure 3. Particle deviation in Newtonian Gravity.

2.1. Deviation in Newtonian Gravity. Consider R® with the canonical metric d' 2 = dx? + dy? + dz2.
Let C; and C, denote two curvestraced out by two gravitational test particles propagating in a beld with
potential ( soat time t the particles are at points p and g. Using time asthe parameter for both curvesand
supposing C; is given by x*(t), the simultaneous point on C, is given by

(14) X% = x(t) + ) (),

where ) % is a OsmallGconnecting vector betweenthe particles for a bxedt.

NewtonOsecondlaw states
(15) F = ma.
We take the gravitational OforceQo be consenative and henceit may be represerned as
(16) F=a&m' (.
Combining these equations, we bnd
17) x°= &(&"()p

is the equation of motion for the brst particle. Similarly the equation of motion for the particle travelling
onC, is

(18) X+ 5= &(8% ().

Recall that the multiv ariable for of TaylorOsheorem is
# A )N

(19) f(x+h)=f(x)+ (hal) f(x).
-

Thus to brst order in ) we have

(20) & (&"%()q = &(&()p & () “8&&™()p .

Subtracting from a previous equation gives

(21) P= &) %&e&() &KE.

The quantity K = &() & )' ( represens the tidal accelerationexperiencedby the particles.
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2.2. Deviation in Geometry. We now considerthe analogueof the about in geometry; this will lead us
to the geadesicdeviation equation. Consider a two-manifold M foliated by a congruenceof geadesicsgiven
perimetrically by x? = x2(t, z). Debnetwo vectorson M by

a a
(22) vz B e X

dt ’ dz

Lines generaed by !?

Lines generaed by v?

Figure 4. Geodesicdeviation at p# M.

The following very important identity will aide us:
(23) "x(vZN & v xZM &' xv1Z% = R gZPXOYD XY, Z#T(M)

If wesetX@=272=v2andY?= *2 the middle term on the left hand side vanishessincev? is the tangert
vector Peldfor a gealesic. The third term is trivial since
b $ % b $ b% 2 2
B & Tk T dx® & Tk dxe e
dt &P dz dz &P dt  didz = dzdt
The resulting equation is the geadesic deviation equation:

(25) Cy VA& RA WPV = 0

(24) [V, *]* = vP&*? & *P&yv? =

We could solve the geadesicequation and substitute our results into the deviation equation and solve for *2,
This is usually impossibledue to nonlinearities.

2.3. Original Form ulation. Einstein brst formulated his beld equationsof generalrelativit y by building an
extendedanalogy betweenconstructs in Newtonian gravity and Lorentzian geometry. In Newtonian gravity,
the gravitational Peld is debPnedin terms of a scalar potential (. If we place two test particles initially
separatedby a vector x in a gravitational Peld generatedby a spherically symmetric mass,the particles will
acceleratetowards the mass. Moreover, they experiencetidal accelerationgivenby &(x & )" (.

In generalrelativit y, we model gravity as a Lorentzian manifold of topology M and metric g. We then
debnea covariant dilerentiation operator, which computesderivatives of tensorsand projects the resulting
expressioninto the tangent plane of the manifold pointwise. There is a unique way to perform this operation
such that the metric is parallel transported along any curve in the manifold. We call the connection that
builds sudh a covariant derivative the Levi-Civita connection. With this connection, we may consider the
quasi-linear system of equations whosesolutions are the geaesicsof (M, g).

Geaodesicslocally extremize the length functional betweentwo points on a Lorentzian manifold. Moreover,
this property is global if the manifold topology is su$ciently well behaved. In generalrelativit y, gravity is
no longer a force but a consequenc®f the curvature of a spacetimedebnedby a metric tensor. Free particles
should travel along extremal paths in this spacetime. It is thus natural to hypothesizethat test particles
travel along geadesicsof spacetime.
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The geadesic deviation equation states that two geadesicsOtestparticle trajectoriesOin close proximity
have tidal acceleration&R 4 2vexPv? where v2 is the four velocity of the geadesics(particles) and x?2 is the
separation vector of the particles. Heuristically, this suggestsan identibcation with Newtonian gravity

(26) Repg 2VEVa * & &3(

where partial derivatives with free indices a and b have replaced the previous gradient notation. In the
presenceof a matter distribution of massdensity +, the debning Newtonian relation for the gravitational
potential is

(27) "2 = &&R( = 4l +.

In general relativit y, matter will no longer be represened by a scalar quartity. Instead, we encade all
information about matter in terms of a quartity we call the stress energy tensor T,,. The stress energy
tensor cortains all information about energy density, linear momertum, and stressesof belds. Specibcally
its time componerts cortain the energy of a given matter pbeld. Sincev?® = (1,0,0,0) in the frame of an
obsener, we may pick o! the tt-componert of T,, and identify this tensor with + via

(28) TapVAVP * +

noting that the cortractions are necessaryto make the left hand side a scalar quartity. By analogy with
PoissonOsquation this yields

(29) Reag 2VOVE* Tegvvd 1l Ry 2= T o

where we have chosena coupling constart, , , which will be calculated from the weak Peld Newtonian limit.
This was EinsteinOsrst attempt to formulate generalrelativit y asthe geometrical analogueof Newtonian
gravity. However, one can shaw that ' , T3 = 0 is the relativistic analogue of the classical principle of
consenation of energy and in general' aR?,°# 0. Thus (29) violates consenation of energy
This problem is overcomeby adding a term to the previous equation to get

1
(30) Gan) Ran & éRgab = 8! Tap.

Equations (30) are the Peld equations of generalrelativit y and are called EinsteinOsquations. They express
a nonlinear relationship betweenthe curvature of a spacetimemanifold (gravity) and the stressenergytensor
(matter).

The precedingargumert reliesheavily on an analogywith Newtonian gravity. The reasongeneralrelativit y
is a successfultheory lies in the fact that equations (30) have predicted obsened phenomenasud as the
precessionof the perihelion of Mercury, the existenceof black holes,and cosmologicalexpansion,which are
not consequencesf Newtonian gravity. Sinceit can be shown that generalrelativit y reproducesNewtonian
gravity in the low energy limit (weak gravitational Pbelds), relativit y is viewed as a more accurate theory of
gravity.

2.4. Alternativ e Variational Form ulation. In this section we demonstrate how EinsteinOsequations
may be derived in a mathematically rigorous way from a variational principle. This derivation is devoid of
a classicalanalogy and thus must be taken in tandem with the above to suggesta viable theory of gravity.

Consider a Lorentzian manifold (M, g). Let h be another metric on M and - # R*. Let S[g] be any
functional of g. Then for gy and hy,, the componerts of g and h respectively, we debPnethe Pbrst variation
of g with respectto h by

d

(31) $(S)) - SlGap + -hablg
d- (=0

We will also considerthe brst variation~ of metric dependert dilerential operators and tensors. We require

the following lemmato derive EinsteinOsquations:

Lemma 1. Let (M,g) be a Lorentzian manifold, R(g) the salar curvature of g, and Ric(g) the Ricci
curvature of g. Then

(32) &R(9)
(33)

where in local coordinates tr is the trace operator on tensors with two covariant indices with respect to a
metric h. For exampletrgh = g’ h; .

&trp(Ric(g)) & "(tr gh) + div®h
&hV Ry &' i (W g )+ ' jh!
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Pro of: We brst note that $,(gan) = hap is immediate from (31) taking S to be the identity functional.
Also from the formula g..g®® = $ and noting the Leibnitz property holds for $,, we compute $,g®* = &h?.
We bxap# M and choosegealesic coordinates at p. In these coordinates gaplp = )ab, &0ablp = 0, and
#2.lp = 0, which allows us to compute

%
(34 $#50= B 20 (&0t + &b & Butho)

(35) = %gad% (&Gcd + &Obd & &4Onc) & %had (&0cd + &Ohd & &iOhc)
(36) = 56 (Bohes + &g & &)

@) = 20 [ohes & Nt & Pl [t & s & ]
(38) & [8ahe & hec#Sy & hpeS,]

(39 = 207 C shes+ chbg & ahea)

Similarly one can show

(40) $R%eq = %gae(' ¢ dhpe& "' ¢ ehpd &' b ehca+ ' ¢' bhae &' b chae)
(41) $Rap = & Lhap & ' " strgh+ " n(divh), + " o(divh),

(42) = &%" Lha & %"(tr gh) & div¥divh

(43) $R = &h®R,, & "(tr gh) + div*h

where we debnethe Lichnerowicz Laplacian " | on covariant two tensors by*
(44) " LTab ) " Tab + 2gcdRecabTed & ngRad hcb & ngRbdhac-

We also debnediv as cortraction of its argumert with a covariant derivative. For example' ;(divh), =
div(div (h)) = div?h. For a oneform . with componerts . ; we debnethe adjoint divergenceoperator

(@5) dv®) ) &3C oo+ 1)a)

where * indicates the adjoint operator. The last tool we require for the derivation of the Einstein equations
is the following

Lemma 2. Let (M,g) be a Lorentzian manifold and du its volume form. Then

(45) $(dh) = 2 (tr o)y

Pro of: For two matrices g; , b; , we note [9]

(47) %det(ai,— + -bj )%(_O = al by det(ay )
and compute
o) O gdetq) 1, ) — 1
(48) $(dw) = $  Igl ox = ?Tet(g)dx = 2rgh) Toldx = 2 (trgh)d

We now have the necessarymachinery to debneand derive the Einstein equations. For a Lorentzian manifold
(M, g), we debnethe vacuum Einstein equationsto be the system of equationsgiven by demandingthe brst
variation of |

(49) Se(9) = y Rdu

4Recall the standard Laplacian is given by " Tap = g%9# c# g Tap-
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ro* +
' [R($,dp) + (dW$R] = . &h®Rgp & "tr gh + divZh + gtrgh du
* +

' 1
(51) =& h* Rap & ERgab dp
M

is trivial. We explicitly compute the brst variation of this action
!

(50) % Se

Thus we seethat $,Sg = 0i! Ga) Rap & %Rgab = 0. Thus the vacuum Einstein equationsare G, = 0.

2.5. Matter Einstein Equations. We often wish to source the gravitational Peld with a mass/energy
distribution. To include this in our variational formalism, we augmert the generalrelativit y action via
!

(52) S=Sg+Sy where $(Sw)= 8 h®Tudu
M

This reproducesthe matter Einstein equations
where the coe$cient is chosento agreewith Newtonian gravity in the weak peld limit. We now turn to
deriving and solving these equations for various stressenergy tensors.

3. Cartan Geometr y

We proceedas in [10] and note that this formalism is preferred over EinsteinOsclassical derivation of
relativit y sinceit possesshe necessarygenerality to include fermionic Peldswhen studying quantum theories
of gravity whereasthe metric setup doesnot. °

3.1. Forms Formalism. Let M be a four-dimensional Lorentzian manifold. We write coordinateson M as
x, x' wherex = (x*) = (x% x1,x?,x3) is the coordinate vector and let p,/ run over four space-timeindices.

Debnition 3. The gravitational Peld e is debPnedat p# M represened in coordinates x by
(54) e (x) = e, (x)dx*

and outputs valuesin Mink owski space. The indices|,J label the componerts of a Mink owski vector, and
are raised and lowered with respect to the Mink owski metric.

DebPnition 4. The spin connection . is a one-form debPnedby
(55) ) = Ly (x)dxH
and outputs valuesin the Lie algebraof the Lorentz group We demand. '? = &. 7!,
Given suc a connection, we can dePnea covariant partial derivative' ,, on Lorentzian vectorsv' by
(56) DV = &V + . ;v
and a covariant exterior derivative on forms. For examplelet u' be a Lorentzian one-form, then:
(57) Du' =du' +.';,
Note theseextend to arbitrary tensor bPeldsin the standard way of adding on additional terms for additional
indicies.
Debnition 5. The Torsion two-form is debPnedas
(58) T'=De =de +.';, &

A giventetrad Pelde uniquely determinesatorsion-free spin connection. = [€], which we say is compatible
with e, via

(59) T'=dé +.[e',, e =0
This is just another way of stating the fundamertal theorem of Riemannian/Lorentzian geometry, namely,
that there is a unique Levi-Civita connectionfor a given Riemannian/Lorentzian manifold.

5You cannot write the equations of motion for fermionic Peldsin terms of the metric but you can in terms of the tetrad.
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Debnition 6. The curv ature R of . is a Lorentz algebravalued two-form,

(60) R'; = R';, dx*, dx’

given by

(61) R'y=d';+.", . K
Iterating (57), we have

(62) D' =R',, U

which when combined with (59) gives

(63) R',, &=

Debnition 7. The vacuum Einstein $Equations are given by %

(64) -kl €, RK &god e, =0

The Einstein equations and (59) are the beld equations for vacuum general relativity. They are the
Euler-Lagrange equationsfor the ?ction o
: 0

— 1 1 | J KL 1 | J K L

(65) Sle,. = 6 KL 28 €. RLT - & 1209 , e ,¢e ¢

We now represert the Einstein equationsin a slightly more appealing way. DePnethe inversetetrad €' (x)
to be the inverseof the gravitational beld matrix. Debnethe Ricci tensor by

(66) R, = R') €
and the scalar curv ature by
(67) R= R,

then the vacuum Einstein equationsbecome
1
(68) R, & SRe, + 0g, = 0

3.2. Corresp ondence with Metric Formalism. The forms formulation of generalrelativit y is more aes-
thetical than the classicalformulation. We now show how they correspond in order to create a dictionary to
translate betweenformalism for vacuum GR and potentially more generaltheories of gravity.

The metric beldg is debPnedby

(69) gu (X) = €, (x))1J

which for ead p# M represerted by coordinates x debnesa scalar produce on T;M given by
(70) (U,v) = gu UV u,v# TM

The metric-preserving linear connection # is a beld #L! (x) debPnedby

(71) =@ (&e + .y e)

which debnesa covariant partial derivative D, on vectors

(72) DV = &V' +#,€ =0

When combined with . it dePnesa covariant partial derivative on all objects with Lorentz and tangert
indices, for example:

(73) Duel = &€ +. ;¢ &#),¢ =0

The anti-symmetric part of the linear connection debnesthe torsion tensor:
- )

(74) Th = 2y

which inducesthe previously mentioned Torsion two form:

(75) T' = ¢ T) dx"dx'

The Levi-Civita connection is the unique metric-preserving linear connection determined by e and . [€].
Thusit is dePnedby

(76) &€l + . [el, & &#) € =0
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We can solve this equation for the Levi-Civita connection:

(77) #y = de’ g &uel) + &1 &8+ e & €

The fundamertal theorem says the Levi-Civita connectionis the unique connection determined by g that is
torsion free and metric preserving:

(78) ng!) =0

The metric preserving condition lets us solve for the componerts of the Levi-Civita connectionin the usual
way to bnd

(

1 *
(79) My = 59" (&g + &Gr &&qu)
With the Levi-Civita connectionwe can write the previously mentioned equation of motion for . as
(80) el = 2¢ el + g el e g €l
The Riemann tensor is then given by
(81) RY, . €, = R' ;. €
The Ricci tensor is given by
(82) Ry = Ryen
Debning an energy momertum tensor by
(83) Ty = Tlen

the Einstein equationsbecome
1
(84) Ry & égw (R+0) =8 GT“g

which reduce to those previously mentioned for the trivial energy momertum tensor case. Our previous
action becomes

(85) Slg] =

!
(R+ 0) &gd*x

1
16! G
3.3. Example. We demonstrate how to use the Cartan method in the following example. An arbitrary
Lorentz metric on a two-dimensionalmanifold locally always can be put in the form
(86) ds? = % (x, t)[&dt? + dx?].

Calculate the Riemann curvature tensor of this metric
(a) by the coordinate basis method
(b) by the tetrad method.

Solution: We calculate the singleindependert componert of the Riemann tensor via the coordinate basis
method to be

(87) R ' = o5 96 & 9 + 96 & %]

In order to perform the samecalculation in the tetrad formalism, we note that the tetrad componerts (e*),,
are given by

(88) (6)a= (%0)

(89) (€9)a = (0,%).

or equivalertly as the forms € = %dt, & = %dx, where the line elemer then takes the form ds? =
&e' (e + e ( €. Wecompute

(90) de' = %dx, dt = (yi‘ex €
1 0/@ L

(o1) de = o4t dx = L e

q 1 0/(; 1 -

We seekto compute the connection forms in CartanOsprst structure equation

(92) &de'=¢ , . H
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aspart of the full Riemann calculation. We write

(93) &de =¢ , . M /
(94) =€, (. "ae (L H)xeE
(95) + ex ’ ( x“)teI + ( x“)xex
from which we see

96 gde = & ek o

(96) e = Al e ]
(97) = eX ’ ’(Wxt)tet + (Wxt)XeX

which allows us to identify (w,'); = &%/ %. Similarly we can compute (w, ¥)x = &%/ %?. By antisymme-
try of the connection coe$cients we note

%
(98) (W e = e - & =N
X O/Q X t
(99) (W ")x = &% =& ")x = (- x )x
Thus from CartanOssecondstructure equation, we have
(100) Rtxzd.tx+.tx,.x"§ﬁ).tx
% %
101 = g+ 22
(101) &d %dt o X
1 ’ -
(102) = &% %%y & %% + Y% & % dx, dt
1 ’ -
(103) = &% %%y & %% + 9§ & % €, €
We can relate the curvature form to the Riemann tensor in our orthonormal basis by
(104) R, =R, €, €
and bnd that the oneindependent componert of the Riemann tensor is
1 ’ -
(105) R, %¢ = Rpt = & %% & %% + % & U .
or equivalently
1 ’ -
(106) Rux ' = g Y% & %% + % & % .
If we with to put this in the coordinate basiswith we indicate with tilded indices, we Pnd
(107) Ryee " = (E)x(ED)e(€)x (&) Ry *
(108) = YRy !
1 ’ -
(109) = — 0%y & %% + U & %

%P
which is in agreemen with our previous result. !
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