
MAT561 Homework 2

Due Wednesday, March 26th.

Abstract

As usual, you may not skip any exercises and your solutions must
show that you have understood the solution to the problem.

1 Superspace conventions

In class I tried to keep Frankel’s [2] conventions and really screwed the
whole thing up. In this exercise we will work through a consistent set
of conventions I lifted from the very clear and careful book [1] by Buch-
binder and Kuzenko. Their choice is very clever: They use “mostly-
plus” conventions for the Minkowski metric η = diag(−1,+1,+1,+1)
which is the popular choice for geometers and relativists but they
define the Clifford algebra relation with an extra sign, that is, they
take {γa, γb} = −2ηab1. The result is that in the discussion of spinors
the conventions closely resemble the “mostly-minus” choice favored by
practitioners of quantum field theory and pretty much every book ever
written on the subject and the only cost is an extra factor of i =

√
−1

in front of all your Dirac matrices (and of course all consequences
thereof).

A left-handed Weyl spinor representation (also known as the 2)will
be taken to have its SL(2,C) index down ψα. The “metric” tensor
εαβ is normalized by ε12 = +1 and its inverse is defined by εαβεβγ =
δαγ . An index on a left-handed Weyl spinor is raised according to the
convention ψα ≡ εαβψβ.1 Show that this implies that ψα = εαβψ

β.
The complex conjugate representation 2̄ has index structure given by
χα̇. Indices are raised and lowered with the conjugate εα̇β̇ and εα̇β̇ with

1Note that there is no factor of i here contrary to the conventions in class.

1



the same conventions as above. Define the pairing of co- and contra-
variant spinors ψα and χα and their conjugates by 〈χψ〉 ≡ χαψα and
[χ̄ψ̄] ≡ χ̄α̇ψ̄

α̇. Compute 〈ψχ〉 and [ψ̄χ̄] in terms of these. We usually
drop the bracket notation when there can be no confusion. Show that
ψαχβ = ψβχα + εαβψχ and ψ̄α̇χ̄β̇ = ψ̄β̇χ̄α̇ − εα̇β̇ψ̄χ̄.

The Pauli matrices are extended to a 4-covector (note the place-
ment of the spacetime index!) of matrices by (σa) = (1, ~σ) where

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
(1)

and their index structure is defined to be (σa)αα̇. Define the associated
matrices (σ̃a)α̇α ≡ εαβεα̇β̇(σa)ββ̇ and show that (σ̃a) = (1,−~σ). These
index structures define a natural matrix multiplication exempli gratia
(σaσ̃b)αβ = (σa)αα̇(σ̃b)α̇β. Verify the formulæ

(σaσ̃b + σbσ̃a)αβ = −2ηabδβα
(σ̃aσb + σ̃bσa)α̇β̇ = −2ηabδα̇

β̇

(σa)αα̇(σ̃a)β̇β = −2δβαδ
β̇
α̇ (2)

Define the combinations (σab)αβ ≡ −1
4(σaσ̃b−σbσ̃a)αβ and (σ̃ab)α̇β̇ ≡

−1
4(σ̃aσb−σ̃bσa)α̇β̇. Show that (σab)αβ = (σab)βα and similarly for σ̃ab.

Furthermore, verify that as 2-forms, σab is self-dual and σ̃ab is anti-self-
dual. Show that this, together with the equations above, means that
a symmetric spin-tensor Sαβ = Sβα is equivalent to a self-dual 2-form
and analogously for S′

α̇β̇
. Take the results you have derived so far to

conclude that in all we have that an anti-symmetric spin-tensor Aαβ
is a scalar, a symmetric one (S′

α̇β̇
) Sαβ is a(n anti-)self-dual 2-form,

and one with mixed indices Vαα̇ is a vector. In terms of irreducible
representations of the 4-dimensional Lorentz group these statements
are condensed into the decomposition rules

2⊗ 2 = 1⊕ 3 , 2̄⊗ 2̄ = 1⊕ 3̄ , and 2⊗ 2̄ = 4 (3)

where 1,2, 2̄,3, 3̄,4 are, respectively, the scalar, spinor, conjugate
spinor, self-dual tensor, anti-self-dual tensor, and vector (a.k.a. defin-
ing) representations labelled by their dimensions. Note that the ad-
joint 6 = 3⊕ 3̄ is irreducible as a real representation.

Show that the matrices

γa =
(

0 σa

σ̃a 0

)
(4)
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satisfy the Clifford algebra relations (with the extra sign). Explain
why this implies that a Dirac spinor must have the form

(Ψα̂) =
(
ψα
χ̄α̇

)
. (5)

The rotation generators are defined by Σab = −1
4 [γa, γb] and a Dirac

spinor is defined to transform as δΨ = 1
2ωabΣ

abΨ.
Moving on to superspace, we take R4|4 to have coordinates (xA) =

(xa, θα, θ̄α̇). Differentiation proceeds as defined in class. Conjugation,
however, is taken to reverse the order of monomials. For example
(θαθβ)∗ = θ̄β̇ θ̄α̇. Go back and look at the definition of the contraction
of dotted spinors. Show that 〈ψχ〉∗ = [χ̄ψ̄]. In particular note that
(θ2)∗ = θ̄2. Carefully analyzing what this implies for derivatives, one
finds that for a general superfunction f with parity |f | the conjugate
of the derivative is (∂αf)∗ = −(−)|f |∂̄α̇f̄ .

The global supersymmetry transformation with constant spinor
parameter ε is defined to act on the coordinates as

δθα = εα , δθ̄α̇ = ε̄α̇ , δxa = i(θσaε̄− εσaθ̄) . (6)

We can write this as δxA = −i(εQ + ε̄Q̄)xA with the supercharges
defined by

Qα = i∂α + (σaθ̄)α∂a , Q̄α̇ = −i∂̄α̇ − (θσa)α̇∂a (7)

Show that the only non-vanishing bracket (ignoring rotations) is

{Qα, Q̄α̇} = 2(σa)αα̇Pa (8)

where Pa = −i∂a. By taking into consideration that a scalar superfield
V (x, θ, θ̄) is invariant under supersymmetry V ′(x′, θ′, θ̄′) = V (x, θ, θ̄)
(tensor transformation law) show that δV (x, θ, θ̄) = V ′(x, θ, θ̄)−V (x, θ, θ̄)
where by definition we keep only the linear part, is given by

δV (x, θ, θ̄) = i(εQ+ ε̄Q̄)V (x, θ, θ̄) . (9)

Introduce the covariant derivatives

Dα = ∂α + i(σaθ̄)α∂a , D̄α̇ = −∂̄α̇ − i(θσa)α̇∂a (10)

and show that they commute with the supercharges. Show that the
only non-vanishing commutator of the Ds is

{Dα, D̄α̇} = −2i(σa)αα̇∂a . (11)
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Define the squares D2 = 〈DD〉 and D̄ = [D̄D̄] and show that2

[D2, D̄α̇] = −4i∂αα̇Dα and [D̄2, Dα] = +4i∂αα̇D̄α̇ . (12)

Now show that

DαD̄2Dα = D̄α̇D
2D̄α̇ . (13)

Using these equations show that3

D2D̄2 + D̄2D2 − 2DαD̄2Dα = 162 (14)

and

[D2, D̄2] = −4i∂αα̇[Dα, D̄α̇] . (15)

2 Non-linear σ-model

If you do not know what a Kähler manifold is, find out. Consider the
action of n chiral fields Φi and their anti-chiral conjugates Φ̄ı̄

S[Φi, Φ̄ı̄] =
∫

d4x d4θK[Φi, Φ̄ı̄] (16)

for K a general real function of Φ and Φ̄. Show that this action has
as a symmetry any (holomorphic) field transformation

Φ 7→ f(Φ) (17)

which takes

K[Φ, Φ̄] 7→ K[Φ, Φ̄] + Λ(Φ) + Λ̄(Φ̄) . (18)

Note that (Λ̄) Λ is (anti-)chiral. Define the components

ϕi = Φi| , ψiα = DαΦi| , F i = −1
4
D2Φi| (19)

and similarly for the conjugates. Find the component form of the
action. In particular, put the kinetic term for the scalars in the the
form −

∫
d4x gi̄(ϕ, ϕ̄) ∂aϕ̄̄∂aϕi. A theory with such a scalar kinetic

term is called a non-linear σ-model. Why is it appropriate to refer to
K as the Kähler potential?

2Hint: Start with D̄α̇D
2 and move the D̄ to the right using the basic rule (11). Do the

same for the other case.
3You shouldn’t have to do much at this point but remember DαDβDγ = 0 identically.
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Study the transformation of the component fields (19) under the
holomorphic transformation (17). Observe that F is not transforming
covariantly, that is, if we interpret ϕi as a coordinate and the trans-
formation as a reparameterization, ψi is transforming as a tensor but
F i is not. Fix this by introducing the Christoffel symbols

ΓIJK =
1
2
gIL (∂JgKL + ∂KgJL − ∂LgJK) (20)

and defining the combinations

Fi = F i − 1
4

Γijk 〈ψjψk〉

F̄ı̄ = F̄ ı̄ − 1
4

Γı̄̄k̄ [ψ̄̄ψ̄k̄] . (21)

Check that the Christoffel symbols not used here all vanish. Show
that the component action can be put into the form

S = −
∫

d4x gi̄

(
∂aΦ̄̄∂aΦi − F̄̄Fi +

i

4
ψiσa

↔
∇a ψ̄̄

)
− 1

16

∫
d4xRi̄kl̄ ψ

iψ̄̄ψkψ̄ l̄, (22)

where we have introduced the covariant derivatives

∇aψiα = ∂aψ
i
α + Γijl(∂aϕ

j)ψlα
∇aψ̄ı̄α̇ = ∂aψ̄

ı̄
α̇ + Γı̄̄l̄(∂aϕ̄

̄)ψ̄ l̄α̇ (23)

and Ri̄kl̄ = Kik̄l̄− gmn̄Kikn̄Km̄l̄ in terms of derivatives of the Kähler
potential. Show that this is the IJKL = i̄kl̄ component of the Rie-
mann tensor

RI
JKL = ∂KΓILJ − ∂LΓIKJ + ΓIKEΓELJ − ΓILEΓEKJ (24)

with the I index lowered.
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