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BBenenue

OTH 3aMEeTKH sBJISIOTCS dJIeMeHTapHBIM BBejIeHreM B Teopuio ['arya. [taBHbIi Bompoc, KOTOpBIii
perraeT Teopus ['amya, MOXKHO c(hOpMYIHPOBATH CIeAYIOMHUM 00pa3oM. [1ycTh 3a1aH MHOrOWIeH
f cremeHn n ¢ panMoOHAJBHBIMU KOI(MDMUIIHEHTAME

f(x) = anz™ + ap_12" ...+ ao.

MoxkHo Ju pemuTh ypaBHenue f(x) = 0, moc/e10BaTeIbHO peliasi TOJAbKO BCIOMOTATETbHbIE
yPaBHEHHsI HEKOTOPOro crenuasibaoro Bujga? Hanpumep, ToibKo KBajpaTHbie ypaBHeHUs (H/Iu
yDaBHEHUsI CTEIeHH He BbIIe m < Nn), WIK TOJHKO yDABHEHWs BHJA ¥ —a = 0? B nocnen-
HeM CIydae pedb uer o paspemmmvoctu ypasHenus f(x) = 0 B pagukanax. [Ipu srom Ko-
3 GUIIEHTH KazKI0r0 MOCIeIYIONIero BCIOMOTaTeIbHOIO YPaBHEHU HAXOATCS U3 PelleHus
NpPEeIBIIYIINX YPaBHEHU, U yKe He 00s3aHbl OBITh pallnOHAJIbHBIMH.

PacemorpuMm HeCKOIbKO TPUMEpPOB, KOTOpbIe Oy/1yT HOJAPOOHO pa300paHbl B MOC/IE/LYIONUX
pazjesnax. YroObl penmuTh KBa[paTHOE YPaBHEHHUE, JIOCTATOYHO YMETh U3BJIEKATh TOJIHKO KBa/l-
paruble KopHU. [Ipu perrennu nMpou3BOJIHLHOTO KYOUYECKOTO YPaBHEHUsI KBAIPATHBIMUA KOPHSI-
MH yzKe He 00OHTHCDH (3TO MBI JIOKazKeM BO BTOpOM pazjiese). A Bor ypashennd z° — 1 = 0 u
2" — 1 = 0 MOXKHO pemmTh, HCIOMB3YS TOMBKO KBaJpATHBIC KOPHH.

Boobiiie, ypaBHenusi KOTOpbie MOYKHO PElIUTh, U3BJIeKas TOJbKO KBaJIpaTHbIe KOPHU, ecTe-
CTBEHHO BO3HUKAIOT IPU MEOMETPUYECKUX MOCTPOEHUSX HUPKYJeM u JjimHeiikoii. [Toaromy Mbr
HAIHEM 3HAKOMCTBO ¢ Teopueil [aya ¢ 00CyK1eHnst HEKOTOPBIX 3a/1a49 Ha, mocTpoeHne. B gact-
HOCTHU, MbI JIOKazKeM Hepa3perIuMOCTh KJACCHYECKHX 3aJ]a4 JIPEBHOCTU O TPUCEKIHUH YIJIa U
yaBoeHnn Kyba. Mbl Tak»Ke BBISICHM, KaKue IMPaBUIbHbIE MHOTOYTOJIbHIUKN MOYKHO TIOCTPOUTH
MUPKYJIeM U JTHHeHKoil. DTy 3amady mepsbiM permmt [ayce |1]. Pemrenne cymecTBenno ucmnonb3y-
eT apudMeTuYecKrue CBONCTBA BHIUETOB MO MOJLYJIIO YKCIa . B TperbeM u 4eTBEPTOM pasjie/iax
MBI TIOJIPOOHO pa3bepém pernenne [aycca a Takzke ero 0ojiee OOIIMiT pe3y/ibTaT, Kacaroluiics
pemrenns ypaBHenwmit Buga " — 1 = 0. Hanpumep, B 9eTBEpTOM pazjesie Mbl JOKazKeM MeTO-
namu Laycca, 910 ais pemrenns ypasaenud x'3 — 1 = 0 J0CTaTOYHO yMeTh pemaTh TOTHKO
KBaJIpaTHBbIe U KyOMUYeCKHe YpaBHEHUs, B HAiIéM 3TH YpaBHEHHS ABHO.

B nocieinem pasjiesie, Mbl cHadasa copmyaupyeM pe3ysabrar [aycca i ypaBHeHUil BUja
" — 1 = 0 na ga3wike Teopuu [anya. s takux ypasuenuii ['aycc paspaboras teopuito ['aya
(koHeuHO, He ToJ, TakuM HazBauueM) 3a 30 ser 10 [amya. 3aTeM Mbl HOCTPONM Teopuio Latya
Juia Kyondeckux ypasuennii. Hu [ayce, au asya He HCoOb30BaIN TOHATUS 1044, PACULUDEHUSA,



noas U cmenenu pacwuperus. OJIHAKO, IPH U3I0KEHUH UX METOI0B yJ0OHO HCIOIb30BATh 3TN
nonsaTus. [109TOMy BTODOIii I YACTHYIHO TPETHil pa3/Iesbl HOCBSIIEHBI OIPe/IeIeHAI0 I 00CY 7K 1e-
HUIO 9TUX U HEKOTOPBIX APYIHX IOHSTHUIl, TAKAX KAK KEAIPAMUYHbLE U KPY206ble NOAA.

Emg oxna mess 31ux 3amMeTok — peksiaMa 3aMedaresbuoit kauru [aycca “Apudmernyaeckue
nccaegosanus” [1]. B 3amerkax 9acTHYHO mepemssioykeHa ceabMas (IIOCTEIHsISI) TacTh ITOI
KHUTH, [IOCAIEHHAS YPaBHEeHHAM jaesenust Kpyra. Knnra Iaycca comepsKuT MHOTO ADYyTUX HH-
TepPeCcHbIX U [VIyOOKHX pe3ysapTaToB. [Ipnm 9TOM H37I0KeHne OYeHb MOHSATHOE U He HCIOTIb3YeT
HUKAKUX CBEJCHHH, BBIXOASIINX 38 PAMKH IIKOJBHON IPOIPAMMABL.

3aMeTKH pacCYUTAHbl HA MIKOJBHUKOB CTAPIINX KJIACCOB I HA BCEX, HHTEPECY IOMIUXCS Te0PU-
eit Tasya wan Teopmeii uncest. [Toe3no HEKOTOPOE 3HAKOMCTBO ¢ KOMILJICKCHBIMHU THCJIAMH, XOTST
BCe HeOOXOIMBIe CBeJIeHHs O HUX IIPUBOIATCS B IIepBOM paszeste. [loe3H0 Takzke 3HAKOMCTBO
¢ BBIYETAMI 110 MOJYJIIO IIPOCTOTO THCITIA.

Muorne yTBepKaenns: ¢hopMyIHpPOBAHBl B BHIE 3aj1ad. Permenne GONBIINHCTBA 33144 Cy-
IIECTBEHHO JJIsi IOHMMAHHs JajibHeiiero marepuasta (HoMepa 9TUX 3aad HAOPAHBI IPAMBIM
mpudToM). DTH 384K JOCTATOUHBI TPOCTHI, I YACTO CHAOYKEHD! YKA3AHUAMI, KOTOPBIE HYZKHO
CaMOCTOSATE/ILHO IPOJAYMAaTh, YTOOB! IIOIYy4UTh HONHOe pemrenne. CIIOKHBIE 33/1a4i OMEYEHb
3BE3TOYKOIL.

1 TIlocTrpoeHusi MUPKYyJaeM U JMHEHKOM

B sTom pasjene o06CyzKaai0Tcs MOCTPOCHHS TPABUIBHBIX MHOTOYTOJLHUKOB U JPYTUE MOCTPO-
eHUd MUPKYJeM U JUHEeHKOil, KoTopble ObLIN NpHAyMaHbl MaTeMaTukamu /Ipesneit I'penuu. B
OCHOBHOM, pa3Jesl COCTOMT W3 3ajad. /I Toro, 9ToOB WX pPelruTh, TOJe3HO TMOMHUTDH, KaK
CTPOUTH ODUCCEKTPUCY YIVIA, JEJIUTh OTPE30K MONO/JaM U OIMYyCKATh MEPIEHIUKYJIAP ¢ IOMOIIHIO
nupkKyJsis u anHeitkun. OOCyzKIal0TCsl TaK Ke KOMILIEKCHbIE YUC/Ia U TeOMeTPUIeCcKasi HHTePIIpe-
TaIys UX CJIOKEHUsl U YMHOKeHusd. YacThb 3a/1a4 cHabXKeHa YKa3aHUsIMH.

3/ech U Jlanee, TOUYKH IJIOCKOCTH MBI OYJeM OTOXKJIECTB/IATH C KOMILIEKCHBIMH YHCTaMU
TaKUM 0OpA30M: TOUKE C BEIIECTBEHHBIMH KOODIUHATAMHU (a,b) COOTBETCTBYET KOMILIEKCHOE
aucno a + bi, vae i — mnuman edunuya. Hanpumep, rouku (0,0) u (1,0) oroxaecTsiasiorcs ¢
0 u 1, coorsercrBenno, a rouka (0,1) — ¢ qucsiom i.

IIpaBnia mosb30BaHUA IUPKYJIEM U JIUHENKOIA.

OnpeesiM, 9TO 3HAYUT MOCTPOUTDH TOUKY C IMIOMOIILIO MUPKYJIA U JTUHEHKH:

0. ITycTh HA TIOCKOCTH OTMEYEHO HECKOIBKO TOYEK — 3TO 6a3a MOCTpoeHust (B JaibHelTmeM,
ecsim 00 ITOM HUYEro He CKa3aHO, TO B KadecTBe 6a3bl Oepyrest Touku 0 u 1).

Muorokparnoe moBTopeHue CJaeAyIONUX TPEX JIeHCTBUIl MO3BOISET CTPOUTH HOBbIE TOYKH
U3 y2Ke TOCTPOEHHBIX (K KOTOPbIM OTHECEM M TOYKH, JaHHBIE B KadecTBe Oa3bl).

1. MoKHO mpoBecTH MpsIMYIO depe3 JI0ObIe JIBe paHee MOCTPOSHHBbIE TOYKH.

2. MO2KHO TpOBECTH OKPYZKHOCTDH C IIEHTPOM B OJHOI M3 paHee MOCTPOEHHBIX TOYEK, MMPOX0-
JISAILYIO Yepe3 JAPYryio yzKe HOCTPOEHHYIO TOYKY.

3. MozkHO mOCTPOUTH TOYKHU TepecevdeHus JIBYX MPAMBIX, IPSAMONR U OKPYZKHOCTH HJIU JIBYX
OKPYYKHOCTE, TOJIyYeHHBIX B pe3yJbrare aeiicTBuii 1 n 2.

[TocTpoenne nupKyJieM u JUHEHKOH — 3TO JI0das MOC/Ie/10BaTeIbHOCTD jJefictBuil 1, 2 u 3.
HoBble TOYKH MOSBJSIIOTCS TOTHKO B pe3ysbraTe jeiicTBus 3 (KOHEUHO, OHH MOTYT COBIIACTD C
YK€ MOCTPOCHHBIMH).



Sagaum:

1.1. [TocTpoiiTe ¢ MOMOMBIO TUPKYJI U JTUHEHKN

(a) paBHOCTOPOHHUIT TPEYTOJIBLHHUK,

(b) xBaapar,

(c) MpaBUJIBHBII MIECTHYTONBHIK,

(d) npaBuIbHBINE NSTHYTOTBHUK,

Yrkazanue: Pacemompum pasrobedpennviii mpeyzoavnur ABC' ¢ ocnosanuem AC u ¢ yzaom
npu eepwune B 6 36° = w/5 (yeav, npu ochosanuu moeda pasuu 72°). Iyemo AD — 6Guccerx-
mpuca yeaa A. Tozda mpeyeorvruru ABC u CAD nodooww! Ilpu amom mpeyeorvrur BDA
mooice pasnobedpernniti, nosmomy AC = AD = BD. Omcioda moocho watimu omuowenue

daun 4 a ono pasno 2cos(2m/5).

J

(e)A?IpaBI/IJIbeIﬁ 2"-yroJIbHUK,

(f) mpaBuabHBIH 15-yTOTbHUK.

B s1rux 3ajjauax MHTEPECHO TaK)Ke HAWTH MUHUMAJIbLHOE YUCI0 JeiicTBuil 1 u 2, KOTOpbIe
HeoOXOIMMBI JIIst ocTpoenus. s onpenenénnoctn nmorpebyem 4TOOBI MPABHJIBHBIIT MHOTO-
YTOTBHUK OBLT BOUCAH B €IMHUYHYIO OKPYKHOCTH C IeHTpoM B HyJse. IIpm 3ToM mpaBuabHBII
N-YTOJBHUK CUATAETCS TTOCTPOEHHBIM, €CJIN TIOCTPOEHBI JIBE €0 cOoCeIHNe BepIINHbI. /[y1s paBHO-
CTOPOHHETO TPEYTOJHHUKA, OUeBUTHO, HEOOXOTMMO BCETO JIBA TEUCTBUS: HYKHO TIOCTPOUTD JIBE
OKPY?KHOCTHU €JJUHUYHOrO pajuyca ¢ nerpamu B 0 u 1 ¥ B34Th UX TOYKM IepecedeHust — 3TO
n Oy/lyT JBe BePIINHBI PABHOCTOPOHHETO TpeyroiabHuKa. J[71g KBajpaTa J0CTATOYHO NPOJEIATh
aTh JAefCTBI, HO JI0Ka3aTh, YTO HEIb3sd OOOWTWCH MEHBITUM YNCIOM, y’Ke He TaK MPOCTO.
Huke npuBeieHO MOCTpOeHHE NMPABUIBHOIO MATHYTOJBHUKA, JIJIS KOTOPOrO TpedyeTcs JAeBATh

JOelCTBUIA.

Puc. 1: Bpecs 0A = 0B = 1, u yron B0l — npsimoit. Touka M — cepeanna orpeska AQ. Touka
D nexur na orpeske 01, u mpu srtom M D = MB.

Jnuna orpeska BD paBHa JjiMHe CTOPOHBI IPABUILHOTO NATHYTOMbHHUKA, BIUCAHHOIO B
OKPYZKHOCTb €JJMHIUYHOIO pajuyca (Jokaxure!).

1.2. Tlycrs m HATYpaJbHOE YUCI0, TAKOE YTO NMPABUJIBHBIA M-yTrOJLHUK MOKHO IIOCTPOUTH
HUPKYJIEM U JuHeHKoi. JIokaxKuTe 9To ¢ MOMONIHIO MUPKYJIsd W JUHEHKNA MOYKHO MOCTPOUTH 1



MpaBUJIBHBIN 2" M-yTO/JIHHUK.

1.3. (a) IIyctb n u m — B3aMMHO MPOCTHIe HATYPAJbHBIE YHCIA, TAKHE UTO MPABHIbHBIE
N-yIOJBHUK U M-yTOJbHUK MOXKHO HOCTPOUTH C MOMOIIBIO HMUPKYJs u JjimHeliku. Jlokaxkure,
9TO MPABUIBHBIN MN-YTOJBHUK TOYKE MOXKHO MOCTPOUTH MUPKYJIeM u jimHelkoit. Ocranercs jin
YTBep:K/IeHNe 33291 BEPHBIM, €CJTU M W N HE B3AWUMHO TTPOCTHI?

(b) ITycth m — HATYpAIBHOE YUCTIO, TAKOE UTO IPABUIBHBIN M-YTOTbHUK HETb3sl HOCTPOUTh
MUPKYJIeM U JnHeiiKoii. JIokazkuTe, 9TO TOT/Ia HEIb3s MOCTPOUTH W MPABUIBHBIN 1MN-yTOTBHUK
JULsE JIFOOOTO HATYPAJILHOI'O M.

Ve maremaruku Jlpesueii ['penuu Obliin yOexjieHbl, YTO TPUCEKIMS yIJia C HOMOIIBIO
MUPKYJIS U JIMHEHKH B 00111eM cirydae HeBo3MokHa. OIHAKO T0KA3aHO HTO OBLIO TOJIBKO B HAYAJIE
XIX cronmerus I'ayccom. MbI j1okazkem 310 B pasjesie 2. Tem He MeHee, JijIsi HEKOTOPHIX YTJIOB
TPUCEKIUS BLIIOIHAMA.

1.4. (Tpuceryus yzaa)

(a) Pazmenuts yron B 27 rpajiycoB HA TPH PABHBIX YIJIA ¢ MOMOIILIO IUPKYJIst U JTHHEHKH.

(b*) Haiigure Bce yribl B 1eJ10€ 9HCIO TPALyCOB, KOTOPbIe MOXKHO Pa3/eJuTh HA TPU DaB-
HBIX yTJIa C TIOMOIIBIO TUPKYJIS U JIMHEHKH.

IlocTponmsbie uyncaa. Ilycrs Ha KomiuiekcHoit miiockocTn ormedenbl Toukn 0 u 1. Mcnonab3yst
9TH JIBE TOYKHU KaK 0a3y, KaKwe emé TOYKNH MOXKHO MOCTPOUTH MUpKysaeMm u juneiikoit? Hazo-
BEM TOYKY M COOTBETCTBYIOINIEE eii KOMIJIEKCHOe UUCTIO NOCMPOUMbBLMU, €CTU UX MOYKHO TaK
MOCTPOUTD.

1.5. JlokaxkuTe, 9YTO BCe TOUKU C PANMOHATLHBIME KOOPJIMHATAME MOCTPOUMBI.

1.6. /lokakurte, 9TO €CJAU MOXKHO HNOCTPOUTDH IUPKYJIEeM W JIMHEHKOW OTPE30K JIJIMHBI G U
OTPE30K JJTHHBI b, TO MOYKHO MOCTPOUTH M HEKOTOPBIE OTPE3KU JITHHBI

(a) abu a/b,

Yrasanue: Bocnoavsyimecov meopemoti Paseca.

(b) Va,

Yrxazanue: Bocnoavayimecty mem, 4mo 6 npamoy20abHOM MPEY20AbHUKE KE8aIPAM 8bLCOMDL,
ONYWEHHOT U3 NPAMO20 Y20, PABEH NPOU3ELIEHUI0 NPOEKUUTT KAGMEMOS Ha 2UNOMEHY3Y.

Hanomu#M, 4TO €CIm OTOXKIECTBUTEH KazKI10€ KOMILIEKCHOE YUCI0 2 ¢ BEKTOPOM ¢ HAYAJIOM
B Touke ) M KOHIOM B TOYKE 2, TO CJOKCHHE KOMILIEKCHBIX YHCEJI COOTBETCTBYET CJIOXKEHHIO
BEKTOPOB HAa IIOCKOCTH. YMHOMKCHHE TOXKE MOXKHO OIIMCATH eOMETPUYECKH TAKUM OOpPA30M.
JI7s1 KazKJI0r0 KOMILTEKCHOTO YHCIA 2 MOYKHO ONPEJIETUTh ero MOAYJb |z| u apryment arg(z).
Moy./ib — 3TO JJIMHA BEKTOPa Z, 4 apIYMEHT — yIOJ MKy 3THM BEKTOPOM U OChIO abCIHCC,
U3MepeHHbIi TPOTUB YacoBOiil CTpeJKH (MPH 9TOM, KAK W B TPUTOHOMETDHH, BeJMYWHA YIJIa
onpejieieHa ¢ TOYHOCTBHIO 10 27k, tae k — moboe nenoe unciao). Takum o6pa3om, MOIYJb
— (byHKIUA OIHO3HAYHAS, a APIYMEHT — MHOTO3HAYHALA. [IpH yMHOXKEHMH IBYX KOMILIEKCHBIX
YHCET UX MOAYJIH IePeMHOKAIOTCH, & ApIYMEHTBI CKIabIBal0TCA. [locaennee ciepyer HOHIMATE
Tak: ecm @ — Ja1000e u3 3nadennii arg(z), a — 1 06o0e u3 3uavenuit arg(w), To ¢ + 1Y — oaHO
u3 3HadeHuii arg(zw).

DTa reoMeTpuuUecKasds WHTEPIpeTaIys MoJIe3Ha IPU PellleHny CJIeIyomeil 3a1a49n.

1.7. JlokazkuTe, 9TO €CIM KOMILICKCHBIC YUCAA 2 M W HOCTPOUMBI, TO IIOCTPOMMBI M THCIA

(a) z+wmu z—w,



(b) zw u z/w, toe w # 0,

() vz

CitokeHue 1 yMHOKEHNE KOMILJIEKCHBIX YUCEJI MOXKHO ONPE/IEUTh U aJIreOPandecKu, HCXO IS
u3 toro, uro 1> = —1. Ecimm 2 = a + bi, w = u + vi, TO

z+w=(a+u)+ (b+v)i,

2w = (au — bv) + (av + bu)i.

1.8. /lokaxkure, 9T0 reOMETPUIECKOE ONPE/IeICHIE CJI0KEHNUSI U YMHOXKEHUsT KOMIJIEKCHBIX
YUCesT SKBUBAJIEHTHO aJreOpanIecKoMy.

N3 reomeTpuveckoit MHTEPIPETAINA YMHOKEHUsT KOMILJIEKCHBIX YHCeJI TaKyKe JIeTKO BhIBe-
CTH, 9YTO KOMILJIEKCHBIE KODHH N1-0if CTeNeHN U3 eIUHUILI COBIAIAIOT C BePITHHAMHA HEKOTOPOTO
MPABUIBHOTO N-YTOJIbHUKA, BIUCAHHOTO B € IMHUIHYIO OKPYKHOCTH. DTO JTAET CIeAYIOMUA CII0-
€00 /10Ka3aTe/IbCTBA MOCTPOUMOCTH TPABUJIBHOTO MATUYTOJIHLHUKA.

Haiiném see xopau ypasaenns z° — 1 = 0. [Tocsie gesenns Ha x — 1, ypaBHeHHe CBOJUTCH K
so3spammomy ypasuennio ot + 22 + 22 +x + 1 = 0. YpaBHeHne ubTHO{i cTereHn 21 Ha3bIBAETCS
so3epammvim, ecan KodbdunuenTsl npa x> u npu x' coBmamaror mag Beex ¢ = 0,1...,n.
BosspaTnoe ypaBHeHWEe MOXKHO CBECTH K YPAaBHEHHIO CTEIeHH N, MOJEIUB ero Ha T’ W CJIeaB
104cTanoBKy t = x + 1. [Ipojenas 910 B HalIeM Caydae, HoJgy4uM ypasuenue t2 +t — 1= 0.
Ero xopuu crpositcs nupkyJiem u JuHeKoi 1mo 3azade 1.7. Tenepb, 4ToObl HAlTH X, HYXKHO
MOCTPONTH KOPHU KBAaJAPATHOTO ypaBHeHus T2 — tr + 1 = 0, 9T0 CHOBA BBITTOJHUMO IIHPKYJIEM
U JIAHEHKON.

2 Pacmumpenus mnoJeit

VTBep:KIeHUsT U3 MIPEIbIIYIIero pasjiesia 0 MOCTPOUMOCTH IUPKYJIeM U JIUHEHKO ObLII XOPOIIo
u3BecTHH yke mMareMaTukaMm JIpesueit ['peruu. Ceiiuac MbI IepenpbirHEM Ha JIBE THICSYU JI€T
BHEepE T, BO BpemeHa ['aycca, m moKazkeM, YTO HEKOTOpPbIe TIOCTPOEHUS BHITIOTHUTH MUPKYIeM U
JIMHE KO HeBO3MOKHO. Hanpumep, Hejib3st HOCTPOUTH PABUJIbHBIN ceMuyrosibHukK. s aroro
Mbl OT F€OMETPHUU HepeiijieM K ajiredpe, U U3yYUM TaKue MOHSATUS KaK pacHIupeHue mojs u
CcTelleHb PacCIIupPeHNUsI.

Pacompenns noseii. 113 pesysibrara 3aja4uu 1.7 cjie/lyer, 9T0 MHOZKECTBO BCEX MOCTPOUMBIX
KOMTLIEKCHBIX 9UCEeJT 3aMKHYTO OTHOCHUTEIHLHO OTepPAINil CJI0KEHNUsI, YMHOKEHUsI U jiejileHus. B
TAKOM CJIy4ae TOBOPST, YTO MHOXKECTBO dBJseTcs noiem. Hampumep, MHOXKecTBa BCeX pallu-
OHAJBHBIX WU KOMILTEKCHBIX YHCeN aBagoTca moaavu. Obo3naumm 31u monsg depes Q u C
coorBercTBeHHO. [lodnosem mnons K HasbiBaercs J000€ MOJIMHOXKECTBO 1O/t K 3aMKHYTOE
OTHOCUTEJILHO OIepAIWii CIOYKEHUsl, YMHOKEHUsI U JejeHus. B majbueiinem, Mbl Oygem pac-
CMATPUBATH TOJBKO MOJIsI, SBJSIIOIINECS TTOIIOISIMU TI0JIST KOMILIEKCHBIX TUCET.

Kak onucatpb mojie Bcex moCTpoOUMBIX duce 1! JIjig KaxK10ro KOHKPETHOI'O YUCIa, HallpuMep,
IS /2, KaK y3HATD, IOCTPOUMO OHO MM HET?

Yr1o0bl OTBETUTH HA TEPBBIil BOIPOC, MOXKHO PACCMOTPETH MO/IOJIS B HOJJE BCEX HOCTPOU-
MBIX YHCEJI, COCTOMAIINE TOJbKO U3 YUCEJI, TOCTPOEHHBIX B pe3ysbTare (PpUKCUPOBAHHOIO YUC/IA
neiicteuit 3. B kauectBe 6a3bl mpu 3TOM OepyTCs Bce palMoHa IbHbIe Yncia. Hampumep, Kakue



HOBBIe (MPPAIMOHATIBHBIE) YHCIA MOXKHO MOCTPOUTH OJHOKPATHBIM TPHMEHEeHueM jeiicTBus 3,
HCIIONTB3YS pallioHaJbHBIE Yucaa Kak 0a3y? Ilpum sTom geiictBug 1 m 2 paspemieHbl B JI0OOM
KOJIMYeCTBeE.

2.1. (a) Jokaxutre, 94T0 ecjid B KauecTBe 6a3bl B3siTh BCE PAIMOHAIBHBIE YHCJIA, TO MPHUMe-
Hes JleficTBre 3 OJIMH Pa3, MOXKHO TOCTPOUTH JI000e YUCI0 BUIA P+ /¢, TJIe P U ¢ PAIMOHAILHbI,
npuuéM ¢ < 0, 1 HEIero GoJIbIIe.

(b) Haiiqure BCe uncia, KOTOPbIE MOYKHO IIOCTPOUTD, TPUMeHsIsl JIeficTBIe 3 OJIUH Pa3, ec/Iu
B KadecTBe 6a3bl B3ATh BCE KOMILJIEKCHbIE YUC/Ia ¢ PAMOHAJIbHBIMU KOOP/AUHATAMU.

Yrazanue: Ymobvr natimu movwky nepecevenus 08YT NPAMBLET, HYHCHO PEWUMD CUCTEMY
AUHETHDT Yypasrenut. Imobv, nalimu moukyu nepeceverus nPAmMot U oKPYAHCHOCMYU UAY 08YT
OKPYIACHOCTNEL, HYNHCHO PEULUTNG KEAOPAMHOE YPABHEHUE.,

[TocTponM ¢ MOMOIIBIO UPKYJIsl U TUHEHKH OJTHY HOBYIO (HPPAIMOHATBHY0) TOUKY, CKAZKEM,
« = /T, re T panpoHanbHOe YuCI0. Torma Mbl MOXKeM IIOCTPOMTD BCe TOUKH BHIA P + g, TIe
P ¥ ¢ panmoHaIbHBI. Bee Takme yncia Toxke 00pasyoT MOAI0/E MO KOMILTEKCHBIX ducesa. OHO
HA3BIBALTCS K6aAJPAMUYHIM PACUUPEHUEM TIOIsT PAIMOHAJIBHBIX YHCE]T U 0003HATALTCS Yepe3
Q(«). Hampuwmep, 6a30it B 3amave 2.1(b) 6p110 kBagparnanoe pacimpenne Q(i). Anamorndano
MOZKHO OIIpEJIeTUTh KBaJaparuuHoe pacmmpenue K (a) aroboro moanons K C C. A umeHHO:
nycts o € C — 4ucsio, Takoe uto o He JexkuT B K, a a? nexur. Torga K(a) cocTout u3 Beex
quces BUAA @ + b, TaKuX 4TO @ U b jexkat B moie K.

2.2. JlokazKuTe, 9TO TO ONpeIeJeHne KOPPEKTHO, TO ecTh K () 3aMKHYTO OTHOCHTEJIbHO
CJIO?2KE€HUN A, YMHOKCHHUA U JCJICHUA.

2.3. JlokaxkuTe, 9TO KOMILIEKCHOE UHCIO (¢ MMOCTPOMMO TOTJA U TOJBKO TOI/A, KOIIa Cy-
mecTByeT nemouka momeit Q = Ky C Ky C ... C K, takag 410 KaxKjoe nose K; apiaserca
KBaIPATUYIHBIM PACIIHpeHneM Ipeablayiero noas K; 1, u a comepxurcsa B K.

Pacmupenus mons paruoHAIbHBIX YHCEN, KOTOPbIE TMOIYyYAOTCSI ONUCAHHBIM B 3ajade 2.3
C110COOOM, HA3bIBAIOTCSA NOAUKEAIPAMUYHLLMY. TakuM 00pa3oM, Jitoboe MOCTPOUMOE YHUCIO CO-
AEPKUTCA B HEKOTOPOM IMOJIUKBA/JAPATHUIHOM PACHINPECHUH.

Korna mocrpoeHue mupKyJjaeM U JUHEHKON HEBBITIOJTHUMO. HamnmoMHuM, 9T0 MHOI'OYJIEH
¢ panoHAJIHHBIME KOYMMUIMEHTAME HA3BIBACTCSA HENPUBOOUMDBILM ECIIH €70 HEeJIb3sT PA3I0KUTh
B IIPOM3BEJICHNE MHOI'OYJIEHOB MEHbIIIeil CTeIeHH ¢ palnoHAJIbHBIME Kodd dhunuentamu. Hampn-
Mep, KyOMYecKuii MHOTOUJIEH HEIIPUBOIUM TOI/Ia M TOJBKO TOIJA, KOIJA OH HE MMEeT pPallHo-
HAJIBHBIX KOPHEIi.

2.4. Ilycrb KOMILIEKCHOE YHCIO (v SIBJISETCS KOPHEM HEIPUBOAUMOIO KyOMYeCKOrO MHOIO-
qJIeHa C paluoHaJIbHBIMU Kodddumuertamu. JJokazKuTe, 9T0 v HEJIB3sI MOCTPOUTH € MTOMOIIBIO
LUPKYJIA U JAHEHKN.

Yrasanue: Mootcno paccyotcdams om npomuenozo. Paccemompum nosukeadpamuynoe nose
K, codeporcawee o, drs womopozo dauna n uenourku Q = Ky C Ky C ... C K, = K xsad-
PAMUYHBE PACUWUPEHUT, MURUMAALHA (90, 68 YACTHOCTIU, 03HAYAEM, YMO (X HE AEHCUM 6
K,_1). Tozda o = a + bf3, 2de a, b u 3> aesicam 6 K, _1, a f — nem. Ecau a + b3 — xopenv
KybuMecko20 MHo20MAENG T2 + pr? + qr + 1 ¢ payuonasbrumu Kosdduyuermamu, mo a — b3 —
Koperv amozo sce muozounena! Ilo meopeme Buema, mpemud xopenv pasen p — 2a, mo ecmo
aeotcum 6 K, 1.



Huke MBI m0KazkeM JAPYTHMHU METOJAMU, YTO €CIH CTeleHb HEeNPUBOIUMOTO MHOTOUJIEHA
nMeeT HeUYETHBIH JTeuTeNlb, TO HH OJUH M3 ero KopHeil HemocTpouM. MHTepecHO, MOXKHO JIH
MPUAYMATH JIEMEHTAPHOE JI0KA3ATEIHCTBO 3TOTO YTBEPXKJIEHN S, TTOX0XKee Ha J0KA3aTEeIbCTBO B
caydae KyOmdeckKoro MHOrod/ena. Hanpumep, jj1st MHOTOY/I€HOB CTEIIeHH O, WJIH JII000H JIpyToii
HEYETHON CTeneHn.

2.5. (a) Tlpuseaure npumep yriia, Jijisi KOTOPOTO TPUCEKINS HEBO3MOKHA.

(b) Jokazkure, 9T0O HETB3sl YBOUTH € IMHUIHBINA KYO (TO €CTh OCTPOUTD Pebpo Kyba, 00béM
KOTOPOTO PaBeH JBYM) C TOMOIIbIO MUPKYJIs U JTUHEHKH.

(C) ,ZLOKa)KI/ITe, 4TO C IIOMOUIbIO IUPKYJIAd U JINHEN KU HeJIb34d IIOCTPOUTDH HpaBI/LHbeIﬁ CeMU-
YIroJIbHUK " HpaBHJIbeIﬁ AEBATUYT'OJIbHUK.

Vxazanue: Ceedume ypasnenue 7 — 1 = 0 % xybuveckomy.

JIJ1st KasK10T0 KOMILJIEKCHOTO YUCIa (v MOYKHO onpeennts nojie Q(a) Kak MHOKECTBO BCex
ancen suga (po+prat +. .. ppa®) /(qo+qadt +. .. qadt), tae po,. .., Pk, Gos- - -5 @i — PAIKOHAb-
HBIE, & 11,. .., Ik, J1,-- -, J; — HaTypaJbHBIe dnciaa. [I[pm 3Tom 3naMeHaTe b, KOHEYHO, He JTOTZKeH
ObITh paBeH HYJI0. Takoe mojie Ha3bIBACTCS PACUUPEHUEM TIOJIS PAIMOHAJIBHBIX YHCEJI, TOJIY-
YEeHHBIM MPUCOEJIMHEHNEM YHCIa . BaykKHYIO POJIb B BOIPOCAX HEPA3PENIUMOCTH MOCTPOCHU
MUPKYJIeM W JIMHEHKOI WTpaeT MOHSITHE cmeneHu Takoro pacmmpenus. Cmenens paciimpennst
Q(a) — 310 HATYpAJILHOE YHUCJIO 7, TAKOE UTO JIF00O0ii 3/IEMEHT MOJIs IPEICTABIIETCA e0UHCINGEH-
HHLM 0OPA3OM B BHIE P+ Pro+. ..+ po_1a™ L, T1e po, Pisy- .., Pn—1 PATHOHATBHEL. Ecam Takoro
YHCIA He CYIIEeCTBYET, TO PacIIipeHne Ha3bIBaeTCd mpancueHdenmuvm. Ecau cymecTByeT, TO
pacipeHue Ha3blBAETC (A2e0PAUYECKUM.

Te, KTO 3HAKOM € MOHATHSIIMU BEKMOPHO20 NPOCMPAHCMEG, 0G3UCE U PA3MEPHOCTIU, MOTYT
IPOBEPUTH, YTO cTeneHb paciupenns Q(a) — 5To ero pasMepHOCTb KaK BEKTOPHOI'O IPOCTPAH-
CTBa HaJ TOJIEM PAIMOHATBHBIX YHCEI.

2.6. (a) [okaxuTe, 9TO CTEIEHD JIOOOrO KBAJIPATHYHOTO PACIINPEHUsT PABHA JIBYM.

(b) Haiijure crenens pacuupenus Q(+/2).

(c) Hokaxkure, uro pacumpenne Q(a) siBasiercst ajarebpandeckKum, eCJaIu U TOJTBKO eCIn o —
KOPEeHb MHOTOYJIEHA C PAlMOHAJILHBIME KO duImentamu.

B obmiem ciyuae, crenenb paciupenus Q(«) paBHa CTENEHH MUHUMAADHOZ0 MHOZOUNEHA
it . MHOrowIeH [ ¢ pannoHAIbHBIME KO3MDMUIMEHTAMI HA3BIBAETCS MUHUMAAOHOLM MHO-
20Y4AEHOM JJIS (v, €CJIM (v SIBJISIETCS KOPHEM MHOro4JieHa f, HO He sIBJISeTCS KOPHEM HUKAKOIO
HEHYJIEBOI'O MHOTOYJIEHA MEHbIIeil CTeneHn ¢ PAlHOHAJIBHBIMI KO3 ummenTamu.

2.7. Ilycts f — mMHOTOWIEH ¢ panuoHAIbHBIME KO3 unmentavu u kopuem «. Jlokaxkmure,
9T0 f — MHHHMAJIbHBIA MHOTOYIEH /IS (v, €CJIH U TOJTBKO eC/i f HeIpPUBOIMM.

IMpepnoxkeuune 1. Ecau o asasemces Koprem HENPUGOJUMO20 MHO20MAEHA cmeneny d ¢ pa-
YUOHANDHUMU KoIPPuyuenmamu, mo cmenensv pacuupenus Q(a) pasha d.

okxazameavcmeo. Obo3HAYNM MUHUMAJIbHBI MHOTOUIEH 1 « depe3 f. Jlokazkem, 9TO JIfo-
Goit anement nojs Q(a) mpeacraBisiercss KAK MHOTOYJIEH OT (r C PAIMOHAJBHBIMU KO3(DDu-
[HeHTaMH W CTeIeHH MeHbIne, deM d. Bo-mepBbIX, 3HaUYeHHE B v JIIOOOI0 MHOTOUIEHA PABHO
3HAYEHUIO B (v €r0 OCTaTKa 1pu jejnennu Ha f. Bo-Bropeix, uncio suga 1/g(«), tae g — MHO-
TOUJIeH ¢ PAIMOHATBHBIMU KO3 dunuentamu, takoit uto g(a) # 0, ToKe MpeCcTaBIsIeTcs: KaK
MHOrO4IeH oT «. JleficrBuTe/ibHO, MOCKOABKY f HenpuBoaum, TO ¢ jaubo gejurcs Ha f, JmbO



B3auMHO 1pocT ¢ f. Bo Bropom ciaydae, mo ajropurmy EBKamMaa, HalayTcs MHOMOWIEHBI hq
u hy takue, uro hif + hog = 1. Torma he(a)g(a) = 1, 1o ectb 1/g(a) = ho(a). U3 srux
JIBYX yTBEPKJIeHuii ciiejayer, uro Joboe uucao suga h(a)/g(a), rne h u g — MHOTOUJIEHBI €
pannonanbusivMu ko3 dunnentavu, u g(a) # 0, IpeICTABAACTCS KAK MHOTOUJIEH OT (v CTEIECHH
MeHbIe d ¢ paruoHaATLHBIMEA KoM DUITEHTAME.

Tenepb ist Kazkaoro saeventa 3 € Q(«) moKazkeM eJIMHCTBEHHOCTb €r0 MpPeJCTaBIeHUsT
B Bue B = py + pra + ... + pa_1a®t, tae po, pi1, ..., pa_1 pammonanbusl. Eciu 3 = g +
Qo+ ...+ qq_1097! — Bropoe Takoe npejcTaBjieHue, TO B34B UX PA3HOCTb, Mbl HOjIydnM 0 =
(po—qo0) + (p1 — 1)+ ... + (Pa—1 — qa—1)a®!. Tak kax o He MOZKET GBITH KOPHEM HEHYJIeBOTO

MHOTOYJIEHA CTENeHU MeHbIe d, OTCIOa CJIeIyeT, 9TO P; = ¢;. 0

B ompejiesiennn crenenn Mbl ucnosib3oBaau auciao o € Q(«). Ha camom jerte, onpeenenne
3aBUCHT TOJBHKO OT camoro mois K = Q(«), Ho He or BbiGOpa uucia «. Ha si3bike TUHERHOl
aJredpbl, 3TO YTBEPXKICHHE O TOM, 4TO BCE 0A3UCHL B 6EKMOPHOM NPOCMPAHCIMEGE COCTOAT U3
OJIMHAKOBOT'O YUCJIA, 3JIeMEeHTOB. i ero joka3are/bcTBa NOAe3HO YMeTh UCKII0YATh HeU3BECT-
Hble U3 CUCTEM JIMHEHHBLIX ypaBHEHUN.

2.8. Ilycte 3 — mroboit snement noas Q(«). Jokazkure, 4To €CaM (v SIBISETCS KOPHEM
HEIPUBOJIMMOIO0 MHOTOUJIEHA CTemeHH d ¢ palMOHAJBHBIMHU KOdhduIiueHTaMu, 10 3 ABIIeTca
KOPHEM MHOTOYJIEHA CTEIeHH He Bbilie d ¢ panuoHaJIbHbIMEU KO uimentavmu.

Yxasanue: ITpedcmasum xasrcdyro uz cmenened 3, 5%,...,0%° 1 xax cymmy wucea 1, o, o?,...,

a1 ezamux ¢ payuonasvrsmu Kospduvuermamu. Hoaywum d — 1 ypasnenud. Hanpumep,
npu d = 2:
B = pio + puic
2 _
B = pao + paicv.
Iocaedosamenvro uckaowasn o, &2,..., %' uz smux ypasnenud, Mol NOAYYUM, “MO 0As HEKO-

MOPULT. PAUUOHANOHOLT YUCEA (1,q2,- - - :Jd—1, HE PAGHBIT 00HOBPEMEHHO HYAI0, YUCA0 13+ 3%+
o qa—1 B payuonanvo.

B uactaoctn, ecin Q(a) = Q(B) (rak Gymer, Hanpumep, e [ = a — 1), T0 creneHu
pacmupenns K, m3MepeHHbIe ¢ MOMOIIBIO (v U ¢ IOMOIIBIO [3, COBIaat0T. Bosee Toro, To4HO Tak
JKe MOKHO JI0KA3aTh, YTO €CJIH HADOP YUCET (v, (a,..., (4 U3 K 001a7aeT CBOMCTBOM, UTO JIFO0O0I
SJeMeHT 10Jisi K 3aluchiBaeTCs €JJMHCTBEHHBIM 00pa3oM B BUjie P1av + Pacvg + ... + pray, TI1e
D1, - - -, Pk PAIMOHAJIBHBI, TO 00s13aTebHO k = d. [losTOMy, 9TOOBI HAWTH CTENeHb PACIITUPEHNSI,
JIOCTATOYHO HaiiTh JiT060ii HAOOP C TAKUM CBOMCTBOM M IOCYUTATDH, CKOJIBLKO B HEM 3JI€MEHTOB.
910 u Oy/IeT CTeleHb.

B onpenenenun moHATHiI paclIMpeHns W ero CTeneHH MOXKHO 3aMEeHHTDH IOJe PalliOHAThb-
HBIX 4uces Ha npousBobHoe nognoae K C C (mpocto Besge BMECTO CJIOBA “DAMOHAIBHbIH”
HanuieM “npuHajexanmii moao K7 ). Bynem obo3nadars crenens nosist L = K (), pacemar-
puBaeMoro kak pacmupenue mnoist K, uepes [L : K.

B nanbHeiimeMm, ecii 3TO He OrOBApPUBAETCsl, MO/, CTEIIEHBIO OIS MOAPA3yMeBaeTCs CTENEeHb
9TOrO MOJIS KaK PACIIHPEHUs IO PAIMOHAIBHBIX THCET.

2.9. (a) ITposepurs, uro Q(v/2) conepxurca 8 Q(v2++/3), u maiitu [Q(v/24++/3) : Q(v/2)].

(b) Mycrs K = Q(v/2). Haiiaure [K(3/2) : Q].



(c) Iycrs K = Q(«), L = Q(F) u ipu strom L conepxur K. Jlokazxkure, 410
1:Q=(L:K] [K:Q]

Vrasanue: Obosnavum [K : Q| uepes m, a [L : K| — uepes n. Jokascume, wmo ao6ot
aaemenm noas L npedcmasasemcs eduncmeentvim 06pasom 6 6ude cymmol
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Taxum o6pasom, ecam nose K comepxurcs B one L, To crenens [K : Q| nenur crenenn
[L : Q]. TToyuaem rakoe cjiejcTBue:

IIycmb KOMNAEKCHOE YUCAO O ABAACTNCA KOPHEM HENPUBOOUMO20 MHOL0UAEHA CTNENeHU
¢ payuonasvrvmy Kospduyuenmamu. Ecau d ne asasemesa cmenenvio 060tixu, mo o HeAb3A
NOCMPOUMs ¢ NOMOUDLIO YUPKYAA U NUHETKLL.

eiicTBUTe/IbHO, CTEleHb JIFOOOIO MOJUKBAIpAaTUYHOrO noJisd paBHa 2. Ecim o jexur B
nosimkBaaparuaaom nose L, o none Q(a) conepxkurcsa B L. TTosromy wucio d, Koropoe paBHO
crenenn o Q(a), neaur 27,

Ob6parnoe He Beerga BepHO. MOXKHO OpPHBECTH HpHMEpP MHOIOYICHA YETBEPTOH CTelmeHH,
KOPHH KOTOPOTO HeJb3d MOCTPOUTH MUPKYJIeM M JHHeiKoi. OQHAKO BEPHO CIeAyIOIIee:

ITycmb KoMNAEKCHOE YUCAO O ABAAECMCH KOPHEM HENPUBOOUMO20 MHOZOUAEHA cmeneny 2"
¢ PAUUOHAALHUMU KodPPuyuenmamu. Ecau ece ocmanvhvie KOpHU 9M020 MHO20MAEHA NEAHCATN
6 Q(a), mo a mootcno nocmpoums yupkysem u sunetixod.

JIoKa3aTeabCTBO TOrO YTBEPXKICHHsI UCIOAb3yeT Teopuio [anya u teoputo rpynm (eM. [4]).

3 KpyroBbie noJs

B sTom m cieayromem paszesiax MbI BeJIe 32 ['ayccom BBISICHEM, KaKue MPaBUJIbHBIE MHOTO-
YTOJTBHUKHA MTOCTPOUMBI IUPKYJIEM U JUHEHKOil, a Kakue HeT. /11 3Toro Mpl H3y9uM yCTPOUCTBO
Kpy208v.x noset.

KommekcHoe 4ncio 1 Ha3bIBaeTCd nepsoobpastvim KOPHEM CTETeHW 1 U3 €IUHUIIBI, eCITN
" =1, no n* # 1 pus moGoro marypassnoro k < n. Hanpumep, u3 xopueii 4-0if crenenn u3
equHuUIE! gBa (i 1 —i) — nepBoobpasmuble, a asa (1 u —1) — mer.

3.1. Jloka:kuTe, 9TO BCe KOPHU CTENeHW N W3 eJNHUIBI SBJISIOTCS CTEeleHsIMA JI000T0 mep-
BOOOPA3HOIO KOPHSI.

[TycTb 77 — HEKOTOPBIiT epBOOOPA3HbIil KOPEHb CTeneHu n U3 eqununbl. Pacmupenue Q(n)
HA3bIBACTCS KPY2066M NOAEM, WU Nosem denenus kpyea. CBoiicTBa KPYyroBbIX HOJEHl TECHO
CBA3aHBI C MMOCTPOUMOCTHIO NMPABUJIBHBIX MHOTOYTOJBHUKOB, TaK KaK MOCTPOUTH IepBOOOpa3-
HBIl KOpEeHb CTeNeHn N W3 eNHUIBI N BCe ero CTeNeHW — 3TO BCEé PABHO, YTO MOJETUTH JAYTY
OKPYZKHOCTHU Ha N PABHBIX YacCTeil, TO eCTh MOCTPOUTDH MPABUILHBIN N-YTOJIHHUK.

3.2. Haiijure crenens kpyrosoro mosist Q(n), rie 1 mepBooOpas3Hblii KOPEHb CTENeHH N U3
€JIMHUIBI J1JIs1

(a) n =3,

(b) n =4,



(c) n=5,

(d) n =6,

Yr1o0bl HaliTH CTEIeHb KPYTI'OBOI'O MOJIs JIJI IIPOM3BOJBHOIO 7, JOCTATOYHO HAWTH MUHH-
MaJibHbI MHOrOWIeH P, (z) ajs 7, TO ecTh HENPUBOJAUMBINA MHOIOYJIEH, KOPHEM KOTOPOIO $1B-
Jisiercs 7). 'Takoil MHOTOYJIEH HA3bIBAETCS kpy2o8uim. 1o npepioxkennio 1, crenenb 3TOr0 MHO-
rodujeHa M eCTh CTemeHb KpyroBoro mojs. [lousaTao, uyto muorowien P, (x) meaur MHOrOWIEH
™ — 1, mosToMy MOKHO monpoboBarh Halitn D, (x), mogenus 2" — 1 Ha oCTATbHbBIE HETPUBOIU-
Mbl€ JIeJTUTEJIH.

3.3. Ilposepbre, 4TO ecim 4UCI0 d JIEJIUT YUCIO N, TO MHOrO4YIeH ¢ — 1 j1euT MHOrOUY/IeH
" — 1.

B wactaocTu, u3 3Toit 3ama4u ciejgyer, uro £ — 1 jemuTces Ha Kpyrosoit MEHorowien ®g4, ecn
d — nenutenb yncaa n. Tak Kak Bce KPYroBble MHOIOWIEHBI HEPUBOJIUMBI, TO " — 1 menuTcs
U Ha MPOU3BeJeHNe TAKUX KPYTOBBIX MHOTOWJIEHOB MO BeeM aenuTeasaM n. OKa3bIBaeTCs, UTo
apyrux genuteseit y £ — 1 Her.

IIpengioxkenue 2. Kpyzosoti mnozouaen @, () pasern mmozouaeny

(z" — 1)
[ ®a(z) 0
d|n,d#n

Hanpumep, npu n = 6:
D(x) = (2° = 1)/[@3(2)P2(2)P1(2)] = (2° = 1)/[(2* + 2+ Dz + 1)(z — )] = 2" —z +1

YT00BI JOKA3ATh NPEJJIOKEHNe 2, HY?KHO TIPOBEPUTH, 4T0 MHOrowIeH (1) Henpusogum. Mbl 910
cIenaeM B ciydae, Koria n = p¥ gBideTcs CTeeHbIo MPOCTOTO UHCTA P, H HPEIIOKeHneM 2
Oy/leM MOJIb30BATHCH TOJIBKO B 9TOM CJIydae.

Jlokazamesvcmeo. JlokazaTebCTBO HCIOIb3YeT KpUTEPUil Dif3eHIITeiHA.

Kpurepuii Ditzenmreiina: Ecmu f(z) = 2" + ;2" ' + ... + a,, — MHOTOY/IEH C HEJBIME
ko3 durmenramu, Takoi 4TO A1,...,0, JEJAITCA HA P, HO CBODOJHBIN YJjIeH a, He JeJIUTCI Ha
p?, TO f HEOpPUBOIUM.

3.4. Jlokaxkurte kpurepuii Dit3eHnrreiina.

Yrasanue: Iposepome, umo ecau f(x) = g(x)h(x) daa nexomopvir mmozousernos g u h
¢ UeavMU KodpPuyuenmamu, mo sce Koapduyuenmo, MHoz0usen06 g u h, Kpome cmapwiur,
mootce deasmes na p. Jasee dokastcume, wmo at0boe pasiostcenue mHo20usena f 6 npousee-
denue MHO204AEHO8 C PAUUOHAALHOLMU KOIPOUUUEHMAMU MOACHO CEECTNU K PASNOHCEHUIO 6
NPOUIBEIEHUE MHO20UAEHOE C UEAbLMU KOIPHUUUEHMAMU.

[IycTs cragasa n = p. Torma HyKHO JTI0Ka3aTh HEIPHUBOIMMOCTH MHOIOYIEHA

P —1

=P P2 1.
r—1

Y100bI TPUMEHUTb KPUTEpHil Di3eHIITeiHA, caeaaeM MoACTaHOBKY ¢y = x — 1. [Toaydanm:
P -1 (y+1)P—1

— — p—1 p—2 p(p_l)
1 y S

T )

10



Kosddunuent npu y° nmeer Buz Wm ang ¢ =20,..., p—1, TO ecTb JeJIUTCI HA P IJIsI
Bcex ¢t =0,...,p— 2.
3.5. JlokasKuTe, 4TO 3TO PACCyzKieHue paboraer u B ciaydae n = p.

]

Tenepb HeCT0:KHO HANTH CBS3b MEXKIY CTeneHbio MHorowneHa P, m dyurxyued irepa.
Qyukiys Ditjiepa ¢ CONOCTAB/ISIET HATYPAJIHHOMY YHC/IY 7 KOJUIECTBO HATYPAJIbHBIX duce d,
TakuxX 970 d < N U d B3aUMHO IPOCTO C N.

3.6. (a) dokakure, 9T0 KOPHIMHU MHOTOWIeHA P, SBJISIFOTCSI B TOYHOCTH BCe MEPBOOOPA3HBIE
KOPHH CTEIEHU 7 U3 €IUHUIIBI.

(b) Hokaxure, uro crenenb P, (x) paBua ¢(n).

(c) Hoxaxmure, uto ¢(p*) = p*~1(p — 1), ecnm p — mpocToe |meo.

Orcioga 3aKiouaenM, 9ro npu k > 1 npaBuabubii pP-yrogbHUK MOXKHO HOCTPOUTH, €CJIH
1 TOJIBKO eciu p = 2. UToObl NPaBUIbHBINA P-YTOJBHUK MOXKHO OBLIO MOCTPOUTH MUPKYJIEM U
JIMHEITKOI HeoOX01uMO, 9TOObI p— 1 gBJIAJIOCH CTENEeHbIO ABOMKU. OKAa3bIBACTCS, YTO ITO YCJIOBHUE
OJIHOBPEMEHHO M JIOCTATOYHOE, TO €CTh MPABUIbHBIH P-YTOJTBHUK MOYKHO IIOCTPOUTDH IMUPKY.JIEM
I JUHEeHKOil TOrIa W TOMBKO Toraa, Korma p = 2F 4+ 1. Takme mpocTble YHCIa HA3BIBAIOTCH
yucaamu Pepma. ITosromy oKOHUATEJbHBITT OTBET TAKOM.

Ipasurvnvili n-y204bHUK MOAHCHO NOCMPOUMD UUPKYAEM U AUHETUKOT eCAU U TOABKO eCAl
n = 2"pi1ps ... Pk, 20€ P1, Po,..., Dk — NONAPHO Padsuvnvie npocmuie wucaa Pepma, a m —
A1060€ HEOMPUUAMEALHOE UEAOE YUCAO.

3.7. Jloxazure, 4o ecan auciao 2F 4+ 1 mpoctoe, To k 0653aTeIBHO TOTZKHO GBITH CTEIIEHDIO
JBOWKMN.

Ilepuoan: ¢ marom 2. Hawm octaioch mokasaThb, 4TO ecau p — mpoctoe uuciao Pepma, TO
MPABUJIbHBINA P-yTOJIBHUK MOYKHO MOCTPOUTH HMUPKYJIEM U JUHEHKOH. D10 ObIIO BIEPBbIE JT0KA-
3ano [ayccom [1]. B mepeBome Ha anrebpanveckuii si3pIK, HaAM JIOCTATOYHO HOCTPOUTH HEHOYKY
pacmpennit Q = Ky C Ky C ... C K; = Q(n), takywo uro [K; : K;_1] = 2 nnga Bcex
1 =1,...,k. 31ech u B janbHeiineM, 17 — HEKOTOPBIA MepBOOOpPA3HBINl KOPEHb CTEIeHu p W3
€ INHUIIDI.

B uactaoCcTH, M8 nocTpoenus nojis K Ham mHyxkuHO Hailitn B noge Q(7) xBagparmumnyio
UpPAlMOHAJILHOCTD. B ocraBiieiicss dacTu 3TOr0 pasjesa Mbl HaiAEM TaKyio KBaJIPATUIHYIO
UPPAIMOHAJIBHOCTE B CIyYae, KOTAa p — MPOU3BOJBHOE HEYETHOE MPOCTOE 9uCI0. MBI JOKazKeM
ClIeIyIoNee yTBep:K IeHNe.

IMpennoxkeuune 3. Kpyzosoe nose, nosyuermoe npucoedunenuem nepeoobpasnozo KopHs cme-
nenu p us edunuysl, codepaicum aubo \/p, Aubo \/—p.

Mpubr npumenum mMeTos1, KOTOpbiit mpuymals Laycc.

CHavasa TpOWLUTIOCTPUPYEM 3TOT METOJ Ha TpuMepe p = 5 (MeTo[ MoXoXK Ha ajarebpa-
HYeCcKuil MeTo/| OCTpOeHHsl NPABUILHOIO HATHYTONbHUKA). Paccmorpum umcna xp = 1 + n'
un Ty = n? + 1. JlokazKeM, 9TO OHH ABISIOTCA KOPHAME KBaJIpATHOIO YPABHEHHS C HeTLIMH
ko3dduimentamu. s 3roro naitjiem ux cymmy

T+ 3 =n+n"+ 10+t
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u HpOH3BeﬂeHI/Ie
vy =+ ) =P+t + 08 0" =+ 0P+ P+t

3/ech MBI BOCHOIB30BATHACH TeM, 9T0 1° = 1, Tax uto 1® = n u n’ = n?. OcTamoch BOCIOIB30-
BATLCS TeM, 4TO

2 1ont—1

l+n+n*"+...4+0"" = ——

n—1
o dopMmyJie Jjisi CYMMbI T€OMETPUYECKON TTPOTIPECCUn, MOITOMY, €CJAn 1) — KOPEHb CTeNeHu N
W3 eJUHUILBI, TO 7] + 772 + .. .77”*1 = —1. TTonrywaem, uto x1 + X9 = 122 = —1, TO €CTh 1 U Tg

— KOpHH YpaBHEHHUS
2?+r—1=0.

[Tosromy x1 2 = #5, u £v5 =11 — 25 € Q(n).

Kak 00001muTh 970 paccyKaeHne Ha CJIydail Tpou3BOILHOrO mpoctoro p? Jas Hadasia moii-
MéM, noueMy pasbuenne Kopueil Ha jase rpynusl {n,n*} u {n? n*} okazamoch ygaunbiM. Yem,
HanpuMep, xyxe pasouenne Ha {n', 7%} u {n? n*}? Tem, uro oHo 3aBHCHT OT BBHIGOPA MEPBO-
06PA3HOTO KOPHS 1), W pa3pylIaeTcs IIPU BLIOOPE APYToro KopHs. /leflcTBETeIBHO, eCIn BMECTO
1) MOJICTABUTH, HATIPUMED, € = N2, To nepBoe (yaaunoe) pasduenne sbukuBaer (rpymmst {7, 7'}
u {n*,n} npocro menstiorcst Mectamu), a BTopoe pasbueHHe MepexoJUT B COBCEM JIPYroe pas-
ouenue na {n* = e,n = >} u {n* = % 3 = ¢*}. Tem campiM, pazbuenne yJadHO, €CIH OHO
coxpaHseTcd IpH JI060M BbI60pe MepBooOpPa3HOro KOpHs (TO ecTh IPYIILI, U3 KOTOPbIX COCTOHT
pasbueHne, UIH MeHI0TCA MeCcTaMH, I coXpaHaioTcd). Temepb Mbl IONBITaeMcsl HAiiTH TaKoe
pas3dueHue st TPOU3BOJIBHOTO P.

[TycTn MBI pazbusin Kopuu 17, 1°%,..., NP1 ma ape pasubie rpymmb {n,... p'e-v/2} u
{n*,...,Pe-1/2}  Jlerko BuaeTh, YTO MPU HOJCTAHOBKE BMECTO 7) JIIOOOr0 JPYroro Kop-
HA € = nk, He PABHOI'O eJWHUIEe, 3TU TIPYNNbl NepeiayT B I'PYIIbI {77’““,...,77"”(1)*1/”} n
{nFa, ... nMe-v/2}. TlomarHo, 9TO BMECTO TOKA3aTeNMedl iy, .. .,4i(_1)/2 MOKHO B3STh TOMBHKO

UX OCTATKH NpH JejeHnn Ha p (tak Kak nP = 1), 1o ectb ewwemovr no modyaio p. Takum 06-
pa30M, HaM HYKHO pa30UTh BbIUETHI 110 MOJLYJIIO P Ha JIBE I'PYIIbI, KOTOPbIE IPU YMHOXKEHUH
Ha JIF000i HEeHyJIeBOW BHIYET Kk WM MEHSIIOTCS MeCTaMW, WM COXpaHsawTcs. [as storo mam
MOHAIOOUTCS CIeyIonuii hakKT U3 TEOPUH UHCEI.

®akrT. /I KazKa0ro mpocToro p CymecTBYeT TaKoe HATypaabHOEe YHCI0 ¢ < P, UTO BCe
ancia 1, ¢, ¢2,..., ¢°”' UMEoT IOnapHO pas/IMYHbIe OCTATKH IPU JEJICHHH HA P (Tem cambiM
KazKJIblil HeHYJIEBOW OCTATOK BCTPEYAETCsI CPeJIM ITUX YhCes POBHO oiuH pa3). Takoe uncio ¢
HA3BIBALTCS NEPBO0OPA3HBIM BLLMEMOM TIO MOIYJIIO P.

Dror dakT GBI 3aMedeH U JloKa3aH Diiepom. /IBa jokazareabcrsa npuayman Layce (eM.
[1], Pazmen III, wiu 1060ii y4eOHUK MO J€MEHTAPHONR TEOPUU THCE).

3.8. HaiimuTe mepBooOpa3Hblil BHIUET 1O MOIY.TIO

(a)5, (b)7, (c)13, (d)17.

Tenephb Jerko BUIETH, 9TO pasbuenue pbiuerTos Ha crernenn {1,¢% ..., ¢? 3} ¢ 9érHBIME TO-
KazaTesMU U Ha CTelleHu {q, ¢°, ..., ¢" 2} ¢ HeYéTHBIMH IOKA3ATeIAME COXPAHAETCS IPU YMHO-
JKeHHH Ha J11000i HenysteBoit Beruer k. B camom geste, ecn k = ¢!, To kq¢' = ¢'™', u yMHOXKeHHE
Ha k IpOCTO caBuraer mokasarejau creneHeit Ha [. ITosromy, ecian [ 9€THO, TO Y6THBIE OKA3a-
TeJIW MEePeXO/IAT B YETHBIE, 8 HEYETHBIE B HEYETHDIE, a eC/id | He96THO, TO YETHbIE CTAHOBATCS
HEYETHBIMU, U HA0OOOPOT.
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BepuéMmcd K 10Ka3aTeanLCTBy OpeanoKennd 3. [IycTh 7 — Ipon3BOIbHBIA OCTATOK 110 MOLYJIIO
p. HazoBém nepuodom (2,1) cymmy

nre) 4 plrd) 4 g,

Cymma comepzut 251 wenos. Hampumep, mpim p = 5 3T0 yzke 3HAKOMBIE HAM BbIDAYKeHHS:
nepuos (2,0) = 2, nepuox (2,1) = n +n?, a nepuox (2,2) = n* + 7.

[TepeunciumM HEKOTOPBIE MOJE3HbIE CBORCTBA MEPUOJIOB.

(1) Tepuon (2,r) ana aoboro r # 0 coBnagaer qubo ¢ nepuogom (2,1) (ecau r paBHO ¢
B 4éTHON crenenn), au6o ¢ mepuogoM (2,¢q) (ecau r paBHO ¢ B He4déTHOIT cremenn). [lepuosn
2,0 = 251

(2) TIpoussenenue nByX nepuoaos (2,71) u (2,ry) paBHO CyMMe MepHOIOB

(2,71 +72) + (2,71 + ¢°r2) + (2,71 + ¢'r2) + .o+ (2,71 + 7).

DTO WPOIIE BCETO MPOBEPUTD, BOCIIOIb30BABIINCH TAKON KapTUHKOIT. BO3bMEM mpaBUILHBIN

(p — 1)-yroibHEK € IOCJIEZ0BATE/IBHO 3aHYMEPOBAHHBIMH BEPIIMHAME M IOMECTHM KazKIblil

Kopenb N? B €ro i-Tylo BepmuHy (3aMeTHM, 4TO 3TO HEe COOTBETCTBYET PACIONOKEHUIO KOpHeit

Ha KOMILIEKCHOH Tmiockoctn). Torma KopHu, BXOmsime B mepuoj (2,7;), JiexKaT B BepITHHAX
p—1

IpaBUJIBHOI'O T—YFOJIBHI/IKa.

7o 7l

Puc. 2: p=7, g = 3.

(p—1)?
1

Ternepb, ecin pacKpbITh CKOOKH B TipousBejeHun (2,71) - (2,73), TO mosydnm YJICHOB

BHU/Ia nrlqurTqu, rje ¢ u j npoberalor Bce 4éTHbIe Yncaa ot 2 10 p— 1. VIx MoxKHO crpynnupoBarth
B (p—1)/2 rpynn u3 (p —1)/2 wiena B kazk10ii, 00beIHHAA B OJHY IDYIILY IPOU3BEEHUA T€X
KopHeil ™9 u 1™ | 1719 KOTOPBIX PacCTOSHHE MeKIy COOTBETCTBYIONINMH BEPIIHHAMHI OTHO I
TO ¥Ke (MHBIME CJIOBAMHU, PA3HOCTh (i — j), paccMaTpuBaeMas Mo MOAYJ0 (p — 1), HOCTOsIHHA).
Torma cymMmma KOpHEH B KaxK10i Takoii rpymnie gacr nepuog, (2,1 + q a).

I3 cpoiictBa (2) ciaeayer, 9To eCJiu 71 U Ty YMHOXKHUTH Ha OJHO U TO K€ YUCJIO T, TO

(2,771) - (2,779) = (2,7(r1 +72)) + (2,7(r1 + ¢*r2)) + (2, 7(r1 + ¢*r2)) + ...+ (2,7(r1 + ¢ 'r2))
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BameTnM, 4TO yzKe U3 CBOACTBa (2) cieyer, 4To MHOKeCTBO Fy Beex wmcen Buga py(2,1) +
p2(2,q), TIe P1 U P2 PAIMOHATBHBI, 00pA3yeT KBAPATHYHOE PACIIUPEHUE MO PAMOHATBLHBIX
uucet... Mbl 2Ke XOTHM Tenepb JI0Ka3aTh, 4T0 910 paciupenue copnaaer ¢ Q(y/Ep). dusg sroro
MBI HallI8M cymmy u npoussegenue nepuogos (2,1) u (2,¢), n Tem cambiv 110 Teopeme Buera
Haii1éM KBaJpaTHOe ypaBHeHHe, KOPHAME KOTOPOTO OHU sIBJIAIOTCS.

(3) B npousseenun

(2,1)-(2,9) =21+ + (2 1+¢) +...+2,14+¢7?

g0 mepuoaos (2, 1) B mpaBoil yacTu paBHO YHCTY Mepuojaos (2, q).
B srom momuo y6eauthes, pasous soruerst (14 ¢q), (1 + ¢2),....(1 + ¢?72) na napm {(1 +
q), 1+q¢ H}, {(1+¢%), (14+¢3)} u v.a. Baech mbl ucnosbsyem, uro ¢P ! = 1, Tak uro ¢! = ¢P 2

— _ —1 o _
g% = ¢"~* mr.u. Tpu srom, ecan 25~ HEUETHO, TO OJNMH BBIYET, & HMEHHO (14+¢»~Y/2), ocranercs
6e3 mapol. Ho 3TOT BbIMeT paBeH HyIo, Tak Kak ¢P~D/2 = —1.
3.9. Jlokaxure, aro ¢P~V/2 = —1.

A kaxkaasg Heynopsajodennas mapa mepuogos {(2,¢1),(2,¢7 )}, {(2,1+¢3),(2,1+¢ %)} u
T.11., KaK JIerko BujieTh, cosnajaer ¢ napoii {(2, 1), (2, ¢)}. Hanpumep, ecin (2, 14+q¢71) = (2, 1),
10 (2,1+¢q) = (2,9(1+ ¢ 1)) = (2,q), n HaoGopor.

Taycc joKa3biBaj 3T0 HHaUe (ero J0Ka3aTe/bCTBO 0UeHb MOXO07Ke Ha OCHOBHbIE PACcCy 7K IeHust
B Teopun [asya). OH 3aMeTHJI, 9TO 1O CBOICTBY (2)

rne A, B u C — nensle HeOTpUNATeIbHBIE Yncaa. [Ipu sTom

a TaK KaK JIEBbIE 4acTh 0DOMX PABEHCTB COBIAIAIOT, TO OTCIOJAa MOXKHO BbiBecTH, uro A = B.
B camom jesie, BbrunTast BTopoe paBeHCTBO U3 MEPBOTO MbI MOy YUM, YTO

(A= B)(2,1) + (B — A)(2,q) = 0.

3.10. Jlokaxkutre, uro ecau s(2,1) +t(2,q) = 0, rae s u ¢t panuonaabubl, T0o § =t = 0.

HamoMHuM, 9TO BBIUET 7 HA3LIBAETCH K6A0pAmuMHbLM 6biuemom, ecin 7 = x2 (mod p) as

HEKOTOPOTO BhIUeTa . ECIM TaKoro T He CyIEeCTBYeT, TO I' HA3BLIBACTCS KEAOPAMUMHBLM HEGH-
wemowm. IIposepbre, 410 ¢%,..., ¢°~1 — KBajgparuunble BbIYETHl, & ¢, ¢°,..., ¢° 2 — HEBBIYETHI.
JokasbiBast cBOHCTBO (3), MBI MOMYTHO HOJYYHJIN HHTEPECHBIN PE3yJIbTaT U3 TEOPHU YHCEL.
Ecaur — a06ot Keadpamuunsidl sviiem, a 11, a,..., T(p—1)/2 — 6C€ KEAOPUMUWHBLE HEBbIE-
mot, Mo cpedu, wUcea T +11, T+To,..., T+T(p—1)/2 HEHYAEBHT KEAOPAMULHHLL 6bLYEMNOE CIMOALKO
oice, CROALKO U HEeGbIuemos.
Tenepb HeCI0XKHO HajiTu npousseaenue (2, 1) - (2, q). U3 cpoiicTBa 2 ceyer, 4To

(2,1)-(2,q9) = A(2,1) + B(2,q9) + C,

—1 .
riae A, B u C — nesblie 4ucia, B CyMMe Jaioliye pT. 13 cpoiicrBa 3 ciaeayer, uro A = B. [lpu
sroM C' MOYKeT OBITh PABHO TOJIBLKO HYJIIO WK eauHuIe. /leiicTBUTEIbHO, TaK KaK BHIYETH 1+ ¢,
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1+¢3 ..., 1+ ¢’2 nonmapHO pa3AWYHBLI, TO TOJTHLKO OJWH W3 HUX MOMKET OBITH PaBeH HYJIO.

_ . 1 .
[TockoabKy ”Tl — C = 2A — gérnoe uncno, nomydaem, aro C' = 1, ecmu b5~ meuérno, n C = 0,

1 . .
ecim o= uérno. TlomyTHO MBI JOKa3a/1 TaKOi pe3y/IbTar.
Qucao —1 — xeadpamuunwid sviuwem no modyao p mozda u moavko moezda, kozda (p—1)/2
YEMHO.

Teneps vaxoaum A, u nosrydaem, 9to

1-p _
' _ ] 5 ecmp= 4k + 1
(2,1)-(2,9) { P e p = 4k + 3.

et
(4) Cymma nepuogos (2,1) + (2, ¢) paBna —1.
Jloka3biBaeTcd 3TO TaK Ke, KaK U B CJIydae p = O.

Taxkum o6pazom, mepuogst (2,1) u (2,¢) — KOpHE KBAIPATHOTO YPABHEHHUS:

{xQ—x—%zo, ecin p =4k + 1

2? —x+ 2L =0, ecmmp =4k +3,
T0 ecTh (2,1) u (2,¢) coBmAmAIOT ¢ YUCIAME

1+ @'(p—l)/2\/]—9
— s

[IpaBaa, Mbl He BBIACHHIM KAKOIl U3 KOpHE[l ypaBHEHUs KAKOMy IIepuoay paseH (00 3ToMm emé
OyeT cKazaHo 4yTh Aabine). Ho B mo6oM ciydae, KBaapaT pasHoctu nepuogos ((2,1)—(2,q))?
pasen (—1)®~D/2p  nosromy none Q(n) comeprxur /p, eciu p = 4k + 1, uim /=p, ecau p =
4k + 3.

Pasnocrs nepuogos G(p) = ((2,1) — (2,q)) maswiBaercst 2ayccosoti cymmoti. Ipyroe eé
onpesenenue (yzKe Jig MPOU3BOIBHOIO, He 00A3aTENLHO IIPOCTOTO 7)) TAKOE:

e 7 — 1nepBooOpa3HbIil KOPEHb CTENeHu 7 U3 €UHUIbI.
3.11. TIposepbTe, 9TO JIjIsi TPOCTOTO N, ITU ONPeIe/eHHs SKBUBAJICHTHHI.

['ayccoBBl cyMMBI HTPAlOT BazKHYIO POJb B Teopun dmcesn. Hampumep, Mbl jT0Ka3a/m, 9TO
G(p) = j:i(p_l)/Q\/]_), HO TOYHOE OINpeJie/ieHe 3HAKA — COBCeM He mpocTas mpobJema (mompo-
OyiiTe Ha/I Hel HO,ZLyMaTb!). [ayccy mocJie MHOTOIETHUX Pa3MBbIIILJIEHUNH Y/1a/10Ch JI0Ka3aTh, 9TO
3HAK MOJIOKUTEJIEH, U TOJIYIUTh KaK CJIeJCTBHE eIé OJHO JOKA3ATETbCTBO KEGIPAMUYH020 30-
kona 63aumnocmu. OdeHb TIOHSITHOE W3JIOYKEHHe ITOr0 3aKOHA € JIOKAa3aTesJbCTBOM (MpaBla,

JIpyTUM) JaHo B [2].

4 Ilepuoabl ¢ IPOU3BOJILHBIM IIArOM

[Tycts p — mpocroe duciio, a d — NpOU3BOJIbHBIN /e/uTes b dnciaa p— 1. Tak ke Kak u B ciaydae
d = 2, MOXKHO 1O JeuTe 10 d nocTpouTh nepuodv, (d,r) caepyrouum obpasom. [Tycrs r —
IPOU3BOJIBHBI OCTATOK 110 MOy 0 p. Hazosém nepuodom (d,r) cymmy

et ppra® e,
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Yucno d HazoBéM wazom nepuoda (d,r), a Beraer r — 6azoti. Cymma comepxkut f = p%l qre-
HOB. Ec/iu BOCTIOIB30BATHCS KAPTUHKOI, AHAJIOMMYHON pUCYHKY 2, TO nepuoj, (d,r) mpu 7 # 0
ecTb CyMMa BCeX KOpHeM, CTOSIUX B BepLUIMHAX HPABUILHOIO f-yroJbHUKA, BIMCAHHOIO B IIPa-
BUJIbHBIH (p — 1)-yrombauk. Beero Moxno Bumcatrh d pa3jngaHbIX TPABUIBHBIX f-YTOJBHUKOB.
[omywaem d pasmransix nepuonos (d, 1), (d, q),..., (d,q? ). Touno Tax xe, Kax B ciydae d = 2,
MOZKHO J0Ka3aTh, uTo nepuoas (d, 1), (d, q),..., (d,q?1) conepxarca B pacmmpernnn cremenn d
HOJIS PAIMOHAIBHBIX THCEL.

B camom sesie, npousseaenue go6bix aByx nepuoos (d,r1) u (d,r3) paBHO CyMMe nepuoioB
C TEeM 7Ke HIarOM:

(d,r1) - (d,79) = (d, 71+ 12) + (d, 71 + q%r) + (d, 71 + ¢*ra) + ...+ (d, 71 + q(ffl)d@)- (2)

4.1. JTokazkure 510 yTBepK/eHue. [IpoBepbTe TakKe, 9TO paBEHCTBO (2) OCTAHETCS BEPHBIM,
eci 6a3y BO BCEX YUACTBYIONIUX B HEM MEpPHOJIaX YMHOXKHUTDH HA IIPOU3BOJIbHBIN BBIYUET 7.

Torma npousseenne JH000TO YNCIa MEePUOJOB ¢ MaroM d ToxKe TMPeJCTABIACTCS KakK CyMMa,
nepuonos (d, 1), (d,q), ..., (d,q?1) ¢ neasivm xosddummentavm. Tem caMBIM, MHOKECTBO
ancen suga py(d,1) + po(d, q) + ... + pa(d,q?1), Tae pi,ps,...,Ppd PATHOHATBLHEI, ABIACTCH
nojieM. O6o3HauuM 310 nosie yepes Fy.

Jlerko yGeauTnest, ato crenenb [Fy @ Q] 3moro mois kak pacimmpenus moas panuoHaIbHBIX
qnces paBua d. [leiicTBuTebHO, 000 371eMeHT Fjy e TMHCTBEHHBIM 00Pa30M 3alHCHIBAETCSI KaK
cymma mepuoos (d, 1),..., (d,q?1) ¢ pammonambubiMu KosdbdunmenTamu. VHatue Mbl TOTY THIR
o661, uto p1(d, 1) +pa(d,q) + ...+ pa(d,q¢®) = 0 A7 HEKOTOPELIX He PaBHBIX OJHOBPEMEHHO Hy-
JIFO DAIMOHAIBHBIX D1, P2, - - - , Pdy & ITO O3HAUAET (€C/M PACIUCATH KAXK/Iblil IEPHOJ] KAK CYMMY
creneHeii KOpHs 7)), 9TO 1) — KOPeHb MHOroujeHa ¢(x) crenenu p — 1 ¢ HYJIEBBIM CBOGOIHBIM
qjienom. [Togenus MHOrowIeH ¢g(x) Ha X, NOJYYUM MHOTOYJIEH CTEIeHH P — 2, KOPHEM KOTOPO-
ro On4Th ABjigercd 7). Ho Mbl 3HaeM, 9TO MHHUMAJILHBLIA MHOTOYJIEH JJI 1) — 3TO KPYTrOBOi
muorowten P! 4+ 2P~2 + ... +1 = 0, cremeHb KOTOpOro paBHa p — 1 > p — 2. IIporuBopeune.

TeM caMBIM JTOKA3aHO TAKOE yTBEPIKICHUE.

IMpennoxxenue 4. I[Tycmv p — npocmoe wucro, a d — deaumeanv wucaa p — 1. Kpyeosoe
NOAE, NOAYUEHHOE NPUCOCOUHEHUEM TEPBOOOPA3HO20 KOPHA CTNENEHU P U3 eOUHULDL, COJEPHCUIN
nodnosae cmenenu d.

4.2. Jlokaxkure, 4uTo ecau I — cuvmmerpudeckuit MHOTOYIeH OT d TEPEMEHHBIX, TO TPHU
nozacranoske B F nepuonos (d, 1), (d,q),...,(d,¢*!) momyuanrca nemnoe uncio. Bomtee Touno,

F((d,1),(d,q),...,(d, ¢ ") = A((d,1) + (d,q) + ...+ (d, ¢ ")) + Bf = —A+ B,

rjie A u B — niesible HEOTPHUIATETbHBIE TUCIA.
Yxazanue: socnoavayiimeco memodom laycca, komopwvid mow 0bcysicdanu 6 npedvdyuiem
pasdene das d = 2 u 3adavet 4.1.

U3 s3amaun ciemyer, uto mepuonst (d, 1), (d,q),...,(d,q*" ') — xoprn ypasmennsa cremenn d
¢ panuoHa/bHbiMU KO dunuentamu. MoxkHo Takke HaiiTu siBHyio popmyJy st Koaddunu-
€HTOB 9TOI0 ypaBHeHHs (TaK »Ke, KAK Mbl 9TO clejain B ciaydae d = 2) u B ciaydae d = 3.
910 ToxKe caenan ayce. 3amada HAX0XKIAeHNS KOIMMUIMEHTOB TECHO CBs3aHa CO CBOWCTBaAMHA
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mpocToro vyuciaa p. Hampumep, kKak Mbl Bujesu, pu d = 2 OTBET 3aBUCUT OT TOTO, sIBJISIETCS JIX
—1 MOMHBIM KBAIPATOM TI0 MOJLYJIIO P.

Bamerum, uro ecan d — apyroit geaurenb ducaa p — 1, u upu srom d geanr d, ro Fy
comepxut Fy. D1o cieayer uz Toro, uro e d = d' - f, vo (d',r) = (d,r) + (d,r¢/) + ... +
(d,rg/* D).

ITocTpouMocTh TPABUIABHBIX P-YTOJBHUKOB. [IpomoKuM mocTpoeHne MmpaBHIBLHOIO -
YIOJBbHHKA B cIydae Korga p = 28 + 1 — mpocroe ancao @epma. Bpimme Mbl yoe minch, 910
B KadecTBe mepBoro mosis K B menouke Kg = Q C Ky C ... C Ky = Q(1) MOXKHO B34Tb
KBa/JIpaTUIHOE PaCIIuPEeHUe @(2% \/ﬁ) Meto/1, ¢ TOMOIIHbIO KOTOPOTO Mbl HanLIn Kq, rogurcs
JITsT HAXOXK/IEHUsT W BCeX OCTaIbHbIX mojeil. /s xkaxmoro ¢ or 1 10 k pacemorpum nose Foi,
OJTyueHHOE IPUCOeTHHeHIeM Beex Ieproos suaa (2, 7).

JlokazkeMm, 9T0 ecaiu B KadecTBe K; B34Th pacimupenue Fyi, 1o nmose K; 6yaeT KBaJIpaTHIHbIM
pacruperuem nosst K;_1. 1o npsimo caepyer u3 3amaun 2.9(c), mo koropoit [K; @ K 1] [K;_1 :
Q] = [K; : Q], u roro, uro [Fy : Q] = 2'. OnHaKo MOXKHO 3TO J0KA3aTh M HENOCPE/ICTBEH-
HO, MOJIYYHB IIPU 9TOM KOHKPETHBII aJrOPUTM MOCTPOEHUSsI, a HE TOJBKO JI0KA3aTeIbCTBO €ro
cymecrBoBanust. Hampumep, MOXKHO moka3arh (Tak ke, KaK MbI 9TO Mpojesasn npu i = 1),
qTO CymMMa u nponsseienue nepuogos (24,1) u (2°,¢* ) nexar B K;_;. Mbl 910 cuenaeM Ha
IpUMepe IPaBUILHOrO 17-yroibHuKa.

ITpumep (p = 17). [locrpoum nupkysem u juHeiikoil npaBuiabHbiii 17-yroapuuk. s
9TOr0 MOCJIEI0BATENLHO Hailjaém nepuoant (2,1), (4,1), (8,1) u (16,1) = 7. B kauecTse nepso-
00pa3HOro KOPHsS 1) BO3bMEM KOPEHb COS ?—7; + 7sin ?—7;

Cuavaja mpoBepuM, 4TO 3 — IMepBOOOpa3HbIil BbIUeT 1m0 Moy 17. [leficrBuresnbHo, B
creytomeit Tabmune (Tae B 4-TOM CTOJOIe 3alMcaHbl HOKa3aTedb ¢ U OCTATOK 4hcaa 3° Ipu
nenennu Ha 17) BeTpeuaioTcs Bee octaTku oT 1 10 16.

1121314 1(5]6 |7 |89 |10[11|12]|13|14 15|16
3191101135 |15 |11 16|14 8 | 7 (4 (1212 |6 | 1

Dra TabaMNa IPUTOIUTCS HAM B BHIYMCICHUAX.
[Mepuoant (2,1) u (2,3) — kopuu ypasuenust z°+x—4 = 0 (cM. BbIYUC/ICHHE U3 TIPEJIbILYIIEro
paznena). [Ipu 5TOM, JIETKO TPOBEPUTD, [JIsijisi HA PUCYHOK 3, 4To (2,1) > (2, 3), mostomy

14+ VT 1T

(27 1) = 9 ) (2a 3) = 5 )

a e nHaobopor. Ha pucynke 3 m3o0parkenbl Bce rnepBooOpa3Hbie KOpHU 17-0if cTeneHn u3 ean-
HUIOBI TaK, KaK OHU PaCIIOJIO?KEHBI Ha KOMILJIEKCHON NJIOCKOCTH.
Haiiém ypaBHeHHe, KOpHAME KOTOPOTo ABagtoTcsa nepuopt (4,1) u (4, 3?). Ilonarno, 4ro

(4,1) + (4,3%)

(2,1).
[To bopmyse i1 mpousBegeHus MEPUOJIOB,

(4,1) - (4,3) = (4,14 3) + (4,14 39 + (4,1 +3°) + (4,14 3.
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[Tpu 3TOM Mepuojbl B NpaBoil yacTu pazdusatorcs na napwt {(4, 1+ 32),(4,1+37 %)} u {(4,1+
39), (4,1 + 379)}, rax 4ro cymMma mepuoJoB B KazKjoii mape paBHa Iepuoiy ¢ marom 2. Taxum
obpazoMm,

(4,1)-(4,3%) = (2,1 +3%) + (2,1 +3%).

BocmonszoBasiuch Tabiniieit, moydaeM
(2,1+3%) =(2,10) = (2,3*) = (2, 3); (2,1+3% =(2,16) = (2,3%) = (2,1).

[Tonygaercs, 910
(4,1)-(4,3*) = (2,1) + (2,3) = —1,

u nepuoanbl (4,1) u (4,3%) — xopunu ypasnenus r? — (2,1)r — 1 = 0. TouHo Taxk 7Ke MOXKHO
noKa3aTh, 9To Hepuoanl (4,3) u (4,3%) — kopuu ypasuenusa 2 — (2,3) — 1 = 0.
Jns nepuonos (8,1) u (8,3%) momyqaem, uto

(8,1)+ (8,3 = (4,1)

(8,1)- (8,3 = (8,1 +3) 4+ (8,1 4+3%) = (4,1 +3") = (4,14) = (4,3°) = (4,3),

II05TOMY OHH YJOBJeTBOpsAIoT ypasHenuto x2 — (4, 1)z + (4,3) = 0. Hakomern, nepsooGpasnble
kopHu 17-0it crenenn u3 eaumnunp 7 = (16,1) u n~! = (16,3%) yaosiaersopaior ypaBHeHHIO
2> — (8,1) + 1 = 0. Takum o6pazom, 4TOObI HAUTH 7), HY’KHO MOCIEJ0BATEJILHO PEITUTL 5
KBaJIpaTHBIX ypaBHenuii. [Ipu 3Tom Ha 10 KaxkIblii pa3 ompeessiTh, KAKOi 13 KopHeil ypaBHEeHUsT
KAKOMY MEepPUOJly PABeH, HO 9TO B JAHHOM CJydae HECJIOKHO (HY?KHO ONATH BOCIIOJIb30BATHCS
PHCYHKOM 3).

OcHoBHasi Teopema Teopuu l'anya aag Kpyrosbix noJjeit. Tenepb yzke BHJIHO, 9TO TeMU
JKe MeToJIaMH MOXKHO JI0Ka3aTh Oosee obiiee yrBep:Kaenue. [IlycTs p — mpou3BoIbHOE MPOCTOE
quc10. Hanmomuum, 4uro vepes Fy Mbl 0003HAYU/IU 110JI€, [OJIyY€HHOE IIPUCOE/IMHEHUEM BCEX
nepuoios ¢ nrarom d. Torpa J060My Pa3/IokeHuio Ha MHOKUTEe M ynucaa (p — 1) = didy . .. dy
MOYKHO COIOCTABUTH 1enouky pacumpennit Q C Fy, C Fyq, C ... C F,y = Q(n). IIpu sTom
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CTeIleHb -TOTO PACIIMpPEeHusl HaJ MpeablaymuM OyaeT paBHa d;. YToOBI MUHHMU3UPOBATH TH
creneHu (M TeM CAMBIM YIPOCTUTH HAXOXKJEHUE 7)), PA3YMHO B3STh PA3JIOKEHWe Ha IMPOCThIe
JIeJTUTEJN.

Teopema 1. (Taycc [1]) Hycmov p — npocmoe wucao. JTas moeo, wmobve nocmpoums npa-
GUNLHBLL P-Y20A6HUK, 00CTIAMOYMHO YMEMb CIMPOUMDL MOALKO KOPHU MET YpasHenuli, cmenenu
KOMOPHLEL PAGHbL NPOCMbLM deAumendm wucaa p — 1.

DTta TeopeMa 3akKja0UaeT B cebe Teopuio lamya s KpyroBOTo OIS, MOJYyYIeHHOTO TPH-
COeIMHEHNEM EPBOOOPA3HOIO KOPHSI CTEIeHW P U3 eJMHUIbI, 1 Oblia jokaszana [ayccom (ei
IOCBSIIEHA CebMast 9acTh ero “Apudmerndeckux uccaenosanuii’ [1]) 3a 30 jer mo cozganus
obmeit Teopun [asya. Boime Mbl moBTOpuin myTh, KOTOPBIil mpojena Layce ajst JoKa3aTe b
cTBa 3TOi Teopembl. l'agya BHUMATEIbHO U3y4dna pabory l'aycca u mOHsIT, 9TO OCHOBHOI TPHH-
AT, CTOATIHIT 38 paccyzKaeHusaMu [aycca, paboTaeT 11 He TOJBKO /sl KpyTOBOTO MHOTOUJIEHA,
HO | JIIst TOpa3/o Oosiee 0biero kjaacca MHOrowieHoB. Huzke Mbl pazbepém 3TOoT HPUHIUI HA
puUMepe KPYTOBbIX MOJIEH U N0AA PA3A0AHCEHUS KyOUIeCKOTO MHOTOUYICHA.

Cuterytomuii mo mpocToTe caydail mocie npocThix duncess Pepma — 9TO TPOCTHIE YUCTIA BUIA
p = 2¥3! + 1. B srom caydae, 9TO6B MOCTPOUTH HPABHIBHBII P-yIOJBHHUK, JOCTATOYHO yMEThb
CTPOUTH KOPHH BCeX KyOmdeckux ypaBHeHuil. Eciam K mupky o u juHeiike 100aBUTH TpHOOD,
MO3BOJISIONINI CTPOUTH KOPHHU KYyOMIeCKUX ypaBHEHUIH, KOI(MDMUIHMEHTH KOTOPHIX Y7Ke MOCTPO-
eHbI, TO MOKHO Oy/IeT MOCTPOUTH MPABU/ILHBIE P-yIOABHUKN [l BeeX npocThix p = 2830 4 1.
Hanpumep, MOKHO NOCTPOUTH MPABHJIbHBIE 7-yTOJIBHUK, 13-yTOIBHUK(CM. TPUMED B KOHIIE 9TO-
ro paszena) u 19-yrospHuk.

ITocTpoeHus ¢ mOMOMIBIO APYTruX MHCTPYMEHTOB. Ceiidac Mbl 00CYINM MOCTPOEHUS C
MOMOITIIBIO JIOTIOTHUTEIBHBIX Tpucnocobennii. Bee yrBepxkaenus OyayT chopMmympoBanbl B
BH/IE 33/1a49, HEKOTOPBIE M3 KOTOPBIX JOBOJBHO CIOKHBIE. Perrennst 4actu 3a1a4 MOKHO HANTH
B [3] u [5].

Maremaruku /Ipesneii ['penun npuryMaain MHOKECTBO HHCTPYMEHTOB, € TOMOIIBIO KOTOPBIX
MOYKHO MPOBOJINTH TPUCEKITHIO yTJIa, YABOEHNE KyDa U pa3Hbie APYTrHe MOCTPOEHNU I, HEBBITIOTH-
Mble MUPKYJIeM U JUHEHKOi. VIHOT/1a BMEeCTO JOMOMTHUTEIbHBIX HHCTPYMEHTOB HCIOIb30BAIAChH
ILJIOCKOCTD, HA KOTOPOil TOMIMO 6a3bI TIOCTPOEHHS ObLJIa HAPUCOBAHA BCIIOMOTATEIbHAS KPUBAS.

4.3%*. Hazosém napaboavroti naockocmsvio IIOCKOCTh, Ha KOTOPOil HaprcoBaHa mapaboa.
Hokazkure, 910 Ha TAPabOJBHON MIOCKOCTH MOXKHO TIOCTPOUTH ¢ TTOMOIIBIO IIUPKYJIsT U INHEHKI:

(a) och cummerpun napaboIIbL;

Yrxazanue: Cravana dokasicume, wmo ecau oKpyAcHOCTNG nepecexaem napabony 6 wemulpeéx
TMOYKAT, MO UEHND MAHCECTNU IMUL MOYEK AEAHCUM HA 0CU NAPAOONDL.

(b) mpaBUIbHBINA CEMUYTOJbHUK;

(c) npaBUIIbHBII JEeBATHYTOJIBHUK.

(d) Onummre Bce NpaBUIbHBIE N-YTOJBHUKH, KOTOPbIE MOKHO IIOCTPOUTH HA MAapabOIbHOIT
MJIOCKOCTH.

(e) Hdokaxkure, 4To Ja1000M yros Ha mapaboIbHOI IIOCKOCTH MOYKHO MOJIEJUTH HA TPU PAB-
HbIE JACTH.

(f) Jokaxkure, 9T0 Ha NapabOJLHON MJIOCKOCTH MOYKHO [OCTPOUTH KOPEHb JIIO0Oro Kyoude-
CKOI'O MHOT'OYJIEHA, €C/Id ero KOI(DPUIIMEHTHI yKe MOCTPOEHDI.
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4.4.%* Bo3bMéM ILTOCKOCTB, Ha KOTOPOH HApPHCOBaHA OJHA €JIMHCTBEHHAd OKPYZXKHOCTb U
OTMeYeH TaKzKe IeHTP OKPYZKHOCTH.

(a) [Jokaxkure, 9T0 HA TAKOH MJIOCKOCTH € HOMOIIBIO OJHOW TOJBKO JIMHEHKH MOYKHO I0-
CTPOUTH JIIOOYIO TOYKY, OCTPOUMYIO IUPKYJIEM U JIMHEHKOIA.

(b) Ocranercs m yrBep:KaeHne MyHKTa (a) BEPHBIM, CJIN IEHTP OKPYZKHOCTH HE OTMeYeH?

Cumcok BO3MOZKHBIX IIOCTPOEHUI CUJIbHO PACIIUPUATCS, €CJIH BMECTO OOBIYHOM JINHEHT KT MOXK-
HO B3sTh JINHEHKY ¢ ABYMs JejeHusMu. /s onpeeéHHOCTH OyeM CINTATh, 9TO PACCTOSHUE
MEXK/y JeJEeHUsIMU PaBHO ejuHuIe. JIuHeiika ¢ JAByMs JeI€HUSIMU, B OTJIHYHE OT OOBITHOI
JINHEITKH, MO3BOJISIeT MIPOBOUTH TaK:Ke CJIeIyrolee mocTpoenne. [IycTh Ha TIOCKOCTH yIKe T0-
CTPOEHBI B MPIMBIX, IPSIMasd U OKPYKHOCTD WJIH JBe OKPYzKHOCTH. ODO3HAYNM HUX Uepe3 [ u
ly. Ilycrs Takzke 3agana Touka P. Torna ¢ moMompo JIMHEHKY ¢ JIBYMS JI€JIEHUSIMUA MOXKHO [PO-
BeCcTH Yepe3 TOUYKy P npsimyto [, Tak 9To0bl KpuBblie [ u [y BhiceKan HA | OTPE30K eTMHUIHONR
bl OIHAKO, ¢ MPAKTUYECKONH TOYKH 3PEeHwsI, TUHEHKON ¢ ABYyMsl JIeJIEHUSIMA TTOTH30BATHCS
CJIOZKHO: HY?KHO CJIeJIUTH, 9TOOBI OJHO JieJIEHUe CKOJIB3MUIO 10 KPUBOii [1, BTOpOEe — MO KPHUBOM
[, TTOKa JuHeliKa He MPOoJIET Yepe3 TouKy P.

4.5.% Jlokazkure, 94T0 ¢ HOMOUIBIO JJMHEHKK € ABYMSI JICJICHUSIMU U IMPKYJIst, MOKHO Pa3/1e-
JIUTH JTI000#1 yro/l Ha TPU PaBHBIE YACTH.

Takast TpucekIusa yria ObLIa IPOBeIeHa APXIMEIOM.

ITpumep (p = 13). IMoctponM Ha MapaboONbHOI ILIOCKOCTH MPABHJILHBIH 13-yroJIbHUK €
MIOMOIIBIO TUPKYJId U JIMHEHKN.

Cuauajia mpoBepuM, 4TO 2 sIBJISIETCs TIEPBOOOPA3HBIM BBIYETOM MO MO0 13.

1121314516 |7 (8/9|10]11]12
418136121195 |10| 7 |1

Teneppb nocsiegoBareibHO Haiiaém epuoant (3,1), (6,1) n (12,1) = . Haiigém kosddunuenro
ypaBHeHusl, KOpHsiMu kKoToporo OyayT (3,1), (3,2) u (3,4). Bo-uepsbix,

(3,1)+(3,2) + (3,4) = —1
Bo-Bropsix, 1o 3aja4e 4.1
(3,1)-(3,2) +(3,2) - (3,4) +(3,1) - (3,4) = A(3,1) + B(3,2) + C(3,4) + D(3,0), (3)

rie A, B, C'u D — nesble HeoTpunareabuble dncaa. 3 3agaqn 4.2 cienyer, uto A = B = C.
Crenyronue MOsICHEHUS TPeTHAZHAYAIOTCSA TJIABHBIM 00PAa30M YUTATENTIO, eIlé He PENTuBIIeMY
sazady 4.2. JleBast yacTh paBeHCTBa (3) He U3MEHUTCs, ec/il 6a3y BO BCEX IEPUOJAX YMHOKHUTD
ua 2. [Tosromy n npaBas 9acTh He U3MEHUTCs, HO IpK 3ToM (3,1) mepexoaur B (3,2), (3,2) — B
(3,4),a(3,4) — 8B (3,1)). Momyuaem, uro A(3,1)+B(3,2)+C(3,4) = C(3,1)+A(3,2)+ B(3,4).
Orcroma yaxe Jrerko BoiBectH, uto A = B = C.

Kpome toro, A+ B 4+ C + D = 12, mOCKOJIBbKY KazKI0€ U3 MONAPHBIX IPOU3BEICHUI PABHO
cymme 9eTbipéx mepuooB ¢ marom 3. [lokaxkem, aro D = 0. C ogHoit cTOpOHbI, 11000 mepuo
B npaBoit yactu umeet Bug (3,2° +27), rae i u j uMeroT pasHble ocTaTKu npH JAeaennu Ha 3. C
Apyroit croponbl, pasencTro 2° + 27 = 0 (mod 13) oznauaer, uro 27 = —1 (mod 13), To ecTh
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1 — j cpaBHEMO ¢ 6 IO MOJIYJII0 12, U TeM caMbIM JIOJI2KHO JeuThca Ha 3. OTciofa moaydaeM,
gro 3A = 12, To ecth A = 4.
B-1perbux, u3 tex xe coobpazkeHuii,

(3,1)-(3,2)-(3,4) = A[(3,1) + (3,2) + (3,4)] + B(3,0),

rie 3A+ B = 42, a B pasno unciy taxux nap (i,7), rae 0 < 4,5 < 4, aaa koropbix 1 + 2113 4
22130 = () (mod 13). TTepeGopom MOXKHO y6eANTHCSA, 9TO TaKas Mapa BCero ojama, orkyaa B = 1,
A=05a

(3,1)-(3,2)- (3,4) =5 (1) +1-4= —1.

Taxum o6paszom, (3,1), (3,2) u (3,4) — KOpHU KyOMUECKOTO ypaBHEHUS
P42 —4dr+1=0.

[To 3ama4e 4.3, MBI MOKEM IIOCTPOUTH €r0 KOPHH.

3aMeTnM, UTO M JJIs TPOU3BOJILHOTO MPOCTOro p Buga 3k + 1 kosddurmentsr npn 22 n x B
ypasnennu Ha nepuoan (3,1), (3,¢q) n (3, ¢*) Haxomarcs Tem ke cniocobom. Onu pasnbl 1 u —k,
cooTBercTBeHHO. HailTi MOKHO U cBOOOAHBIH wieH (cM. [1]), mpu sTOM OoTBeT moOMyuaercs us3
IpecTaBAeHna dnucaa 4p B Buae cyMMBl 22 + 27y2, Tie x 1 y 1messie. MBI 3T0 ceaeM B KOHIE
CJIJIYIONIErO pas3/iesia, HeMHOrO uHave, 1eM Laycc.

4.6. Jloxaxwute, uro ecim N — ¢BOOOAHBI wieH B ypaBHeHuu Ha nepuoast (3,1), (3,¢) u
(3,¢%), T0 27N — 1 nenurcs Ha p.

Teneps Haiiném ypasaenue Ha nepuogst (6, 1) u (6,23). [Tockoabky,
(6’ 1) + (6’ 23) = (37 1)a
(6,1)-(6,2%) = (6,1 +2%) + (6,1 +2°) = (3,1 +2°) = (3,4),

nepuo/bl OyLyT KOpHAME KBajparHoro ypashenus z2 — (3,1)x + (3,4) = 0.
Haxonen, xopun 1 = (12,1) u n=! = (12,2°) yuosiersopaioT KBaJpaTHOMY ypaBHEHHIO
22— (6,1)+1=0.

5 Teopusa I'asgya

Tenepb MBI cchopmyTpyeM OCHOBHYIO MJICI0, CTOSIILYIO 3a paccyzKjaenusimu Laycca jijist Kpyro-
BOI'O TOJId, W MOKaXKeM, KaK 3Ta Ke Hujesd paboTaeT B CAYyYAe NOAA PA3A0OHCEHUA KYOMIECKOTO
MHOTOJIEHA.

KpyroBoe mosie. /I1g KaxKja0ro mpocToro 4YHCIa p MBI pacCMaTpuUBaeM KpYroBoe IOJIe
K = Q(n), nonyuenHoe MpUCOeJIUHEHHEM BCeX KOPHEH CTeleHdu p W3 eJAuHUIBL. Hammm mpe-
JBLIYIIAE KOHCTPYKIIMU 3aBUCEIN OT BHIOOpA MePBOOOPA3HOTrO KOPHSI, HO MbI CTAPAJIMCh Ty 3a-
BHCHMOCTD CBECTH K MHHHMYMY (Hampumep, Korja pa3bupaan Kopuu Ha ase rpymnibi). Ceiivac
MBI chOPMYIHPYEM 3Ty 7Ke cTpaTermio 6osee crporo. Ilyers n u ¢ = n° — 1Ba HepBOOOPAZHBIX
kopHe. Onpeaeanm oTobpazkenne ¢; noas K B ceba: 171a 11060T0 3aeMenTa o +rin+. .. +n L,
TJIE 70, T1y---; Tp—1 DAIMOHAJIBHBI, TOJOKUM

gi(ro+rm+...+ 7‘p—177p_1) =rog+r¢+...+ Tp—lcp_l-
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Bwmecto 1 Mbt Beiogy namucamu (. JIerko mpoBeputsh, 9T0 0TOOpazKeHue ¢; B3aNMHO-0/THO3HATHO,
U 9TO JJIs1 JTIOOBIX JIBYX 3JEeMEHTOB T u Yy u3 K

gi(r +y) = gi(x) + 9:(y),
9i(ry) = gi(2)gi(y).

Besikoe B3anmMHO-0IHO3HAYHOE OTOOPazKeHHs MOJIst B cedsl ¢ TAKUMH CBOHCTBAMHU HA3bIBAETCS
a8mMoMOPHU3MOM TIOJIS.

5.1. (a) [JokaxkuTe, 94TO y MOJIsI PAIMOHATBHBIX YUCEJ €CTh TOJTHKO TPUBUATBHBINA AaBTOMOD-
dbuszm (To ecrb aBToOMOPhU3M, MEPEBOALANINI KAZKIBIH IeMEHT B cebsl).

(b) Hoxkaxkure, uro aBroMopdusM JOOOTO PACHIHPEHUS TOJIsT PAMOHATHHBIX THCET OCTAB-
JISIET BCE PAlMOHAJIbHBIE YUC/IA HA MECTe.

5.2. Jokaxkure, ato mi060ii aBromopdusm kpyrosoro noas K = Q(n) cosnagaer ¢ g; ais
HEKOTOPOT'0 [EJIOTO ¢ B3aWMHO MPOCTOTO € P, B UTO g; COBNAJIALT C ¢; €CJIN U TOJBKO eCJIN i CPaB-
HHUMO C j 10 Moay./o p. Takum obpa3om, cymecTByeT Bcero p — 1 pa3IudHbIX aBTOMOP(MU3MOB.

JIerko mpoBepUTh, U4TO J7IsI KazKI0T0 aBTOMOpdU3MAa o/sd 00paTHOe 0TOOparKeHue TozxKe 0y-
JieT aBTOMOP(U3MOM, U 9TO KOMITO3UIIHS JBYX aBTOMOP(MU3IMOB — aBTOMOP} U3M. DT CBORCTBA
03HAYAIOT, YTO BCE aBTOMOP(MU3IMBI MOJIsT 00PA3yIOT 2pynny OTHOCUTETHHO ONePAlnd KOMIIO3H-
AW, DTa rpymnna HasbiBaeTcs 2pynnot Iaaya momns.

5.3. O6o3znauum yepes k! Takoii BbIYeT 10 MOJyJI0 p, A Kotoporo kk~! = 1(modp).
JlokazkuTe, YTO OTOOpazKeHne KpyroBoro mojs B cebsd, oOpaTHOe K gk, COBOAIAET C g1, U ITO
KOMIIO3UIUSA aBTOMOPMU3MOB ¢; U ¢; PaBHA ;.

Tem cambim rpyimna asroMopdu3MoB Kpyrosoro nosst (06o3naunm eé yepes Gal(K) B yecrnb
Tanya) coBnajgaer ¢ myavmunauramuehot epynnot (Z/pZ)* HenyaeBbIX BbIYETOB 1O MOJLYJIIO
p. Kommosumun aBroMopu3MOB COOTBETCTBYET MPOU3BEIEHNE BHIUETOB. B 9acTHOCTH, TPyIINa
aBTOMOP(MHU3MOB TOXKe MUKIXIecKasd: ecIn i = ¢* 11 HeKOTOPOro IepBOOOPA3HOrO BHIYETA (,
10 g; = (g,)*. Ecu npomymMepoBaTh KOPHH W3 eTUHHUIb BHIYETAMH MO MOJYJIIO P TakK, U4TOOHI
i-Thlii Kopenb GbL1 paset 77, To aproMopdusM g, Gy/1eT IpOCTO CABUIATH HyMePALMIO Ha OjlUH
BIIEPEI.

Baxknyro ponb B Teopun ['ajya urpaer moHaTue uHeapuaHmMos aBTOMOpdu3Ma. DJIeMEHT
IOJIST HA3BIBACTCS UHBAPUAGHMOM aBTOMOPdU3Ma, eC/Ii 3TOT aBTOMOPMU3M MEePEBOIUT TEMEHT
B cebs. JIerko nmpoBepuTh, YTO MHOXKECTBO HHBaApHAHTOB (DUKCHPOBAHHOIO aBTOMOPdU3Ma 00-
pasyer noanose. Iiusa asromopdusma g nona K = Q(n) obo3nauum noamnoe ero NHBAPUAHTOB
qepe3 K.

5.4. (a) [okaxmure, 9T0 MHBAPHAHTAMEH aBTOMODQU3MA ¢, SBISIOTCS BCE DAMOHAJBHBIC
YUCIA U HAYEro OOJIbIIIe.

(b) doxaxure, uto eciu i = ¢*, To K% conagaer ¢ mommonem Fy C K, moiydeHHbBIM
IPUCOEMHEHUEM IEPUOJIOB Bua (2, 7).

(c) Tycrs d — pennrenns aucaa p — 1, u i = ¢%. Jlokaskure, uto K¥% coBmaaer ¢ mojmosiem
F; C K, nony4yeHHbIM NPUCOEMHEHUEM T1€pHOI0B Buaa (d, ).

(d) st mpou3BONBLHOIO 1eI0T0 Ynciaa d JOKAXKUTe, UTO eCu | = q%, To K% cosnanaer ¢
nognonem Fy C K, tne d = HOJ(d,p — 1).

3 nyskra (a) HEMEJJIEHHO CJedyer O4YeHb IPOCTOE JI0OKA3ATEJbCTBO TOTO, Y4TO HEPHO/IbI
(d,1),...,(d,q¢* ') — xopHE HeKOTOPOrO MHOrO4WJIeHa cTemeHu d ¢ PAIMOHATLHBIME K03bdu-
nmentamu. JlefcTBUTEILHO, 31eMenTapHble cuMMerpruaeckue dyuxnun ot (d, 1),...,(d, ¢ 1) —
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MHBapHaHTHl aBToMopdusMa ¢,. [losromy, onm pamuonanpuel. [IpaBna, Takoe m0Ka3aTeIbCTBO
He JaéT HUKAKWX KOHKPeTHOU (hOpMYITBI 11 KOIMDMUIMEHTOB YpaBHEHUs, BPOJIie TO, KOTOPYIO
™Mbl BbiBein 1ipu d = 2 Besest 3a [ayccom.

Obparuo, 17151 Kaxkgoro noganons F; C K MOXKHO paccMOTPETh MHOYKECTBO BCEX aBTOMOP-
GU3MOB, KOTOpPBIE OCTABJISIOT Ha MECTe Bce eMeHThl noanoss Fy. Jlerko ybeanrnes, 94To 31O
MHOZKECTBO fABJgeTcd nodepynny B Tpynmne l'agya, To ecTh OHO 3aMKHYTO OTHOCHTEIHLHO ONepa-
Uit KOMIO3UIIUK U JIeJIeHUS.

5.5. Jlokaxkure, 4T0 BCAKMIl aBrOMOp(U3M, COXpaHsdiomuii noje Fy sB/Is€TCs CrelneHbo
aBTOMOP(U3MA, gyd, TO €CTh UMEeT BUJ Ggkd, Tae kK =1,..., 1%1.

Takum obpasom, rpyina aBTOMOPGU3IMOB, OCTABJISIIONINX HA MECTe BCe JIeMeHThI moJisd Fy,
COCTOUT U3 7%1 sneMenToB. OCHOBHAsI TeopeMa Teopun ['aaya /it KPYrOBBIX MOJIeil (M. Teopemy
1 u3 OpeBIIYIIEro pasiena) Tenepb Moxer ObITh mepedOpMyIupOBaHA TAK.

Teopema 2. Cyuecmsyem 63aumHo 00HO3HAHOE COOMBEMCMEUE MENHCIY NOINOAAMYU NoAA I
u nodzpynnamu ezo 2pynnov, Larya, yempoennoe caedyrousum o06pa3om.

(1) Kastcdomy nodnoato coomeememeyem 2pynna 6cex a8mMomoppusmos, nepesodiuus 6
ceba KaAcouLl IneMeHm NOINOAA.

(2) Kastcdoti nodepynne coomeememeyem nodnoae u3 mex snemenmos noas K, xomopuie
ABAANOMCA UHBAPUGHMAMU OAL KAGHCO020 INEMEHMA NOJ2PYNNDL.

(8) Cmenenv [K : F| noas K nad nodnosem F pasna wucay saremenmos 6 nodepynne,
coomsemcmeyroweti F.

Hanpumep, camomy mosto K coorsercrByer noarpynmna {1} C Gal(K) u3 oguoro siaementa.
BaMmeTnM, YTO B TAKOM BH/JIe TeOpeMa yzKe MOXKeT ObITh ChOpMyIHpPOBAaHA U /I JIPYTUX HOJIE.
Knacc momeit, 11 KOTOPBIX 3Ta TeopeMa BepHa, cOCTOUT u3 noaet lasya. [loae Iarya — 310
1oJ1e, TMOJIY9YeHHOE MPUCOE[IUHEHNEM K TIOJI0 PAIMOHABHBIX YHUCET 8CEX KOPHEH KaKOro-mbo
HEMPUBOJIMMOTO0 MHOTOYJIEHA C panuoHabHbIMEA KO3 dummentamu. OHO HA3BIBAETCS TAKIKE
NOAEM PA3AOHCEHUSA FTOTO MHOTOUIEHA. Bee Moo KPYTOBOTO MOJIST TOYKE SIBJISIIOTCST TTOJISIMA
[anya, ogHako B 0obmeM ciydae 3TO coBceM He Tak. 1o ecTb mose [asya MoxKeT cojiepzKaThb
TO/IIOJISI, He SBJSAIONHecs noisiMu Lanya (B CJeIyiomeM IpuMepe Mbl 9T0 yBuuM). Hannuune
TAKUX TJIOXUX HO/IOJEH B TIOJIE PA3JIOKEHUST MHOTOY/IEHA YaCTO MPUBOJAUT K TOMY, 9TO KOPHU
9TOTO MHOTOYJIEHA HE BBIPAKAIOTCH B PAJIMKAJIAX.

MoxkHO 10Ka3aTh TEOPEMY, He HCIOIB3Ysl CIennMUKN KPYTOBOTO TOJIsI, TAK YTO JOKA3ATEh-
CTBO Oy/ieT paboTaTh /i BceX mosiei ['aaya. 9To MoKa3aTeIbCTBO 3/1eCh He MPUBOIUTCS.

Teopema 3HAYUTETLHO OOErYaeT MOKA3ATEJTHCTBO CYIIECTBOBAHUS IEMOYEK PACIIHpEeHHil
QC K, C...CK, =K c3aganabivu crenessvu. JLJocTaTOYHO OCTPOUTH IENOYKY HOAIPYIIIT
Gal(K) D Gy D ... D G, = {1} ¢ 3aaHEBIM YUCIOM 3IEMEHTOB B Kak10il moarpynme. T.e.
BMECTO TOTO, YTOOBI HCKATH TIOIO/IE CTeTeH: d B TIOJIe 13 OECKOHETHOTO YHC/IA JJIeMEHTOB, HY K-
HO BCEro JIUIIb HAUTH MOACPYIIY 13 7%1 9JIEMEHTOB B I'PYIIIe U3 KOHEYHOI'O JHCJIA JeMEHTOB.
Hampumep, 10Ka3aTe1bCTBO TOCTPONMOCTH MPABUIBHOIO 17-yroabHAKA MUPKYIEeM U JTHHEHKOi
MPOBOJIUTCA B OJHY CTpouKy. Llemouke moarpymm

(ZNT2) ={¢":1<i<16} D {¢*:1<i<8 D {¢":1<i<4}>{¢®:i=1,2} D {1}

COOTBETCTBYET IEMOYKa TOANOMe, KayK0e U3 KOTOPBIX UMeeT CTeleHb 2 HaJl MPeJIbIIy M.
[Ipas/a, Takoe JI0Ka3aTeIbCTBO ONAThH 2Ke He JaéT HUKAKOI'0 KOHKPETHOI'O PEIeITa MOCTPOeHUSI.

23



ITone pa3soxkenunsa kybudeckoro MHOrodjieHa. llycto renepb mone K — 910 noae pasao-
JHCenusA HETIPUBOMMOTO KyOrnueckoro MEorowiena f(r) = 23 4 pr? 4 qr + 7 ¢ panHoOHATHHBIME
koaddunuerramu, To ecThb 1noJie, nojaydennoe u3 Q npucoeuHeHNEM BCeX KOPHEHl MHOIOY/IEHA,
f. Nnadge roBopsi, 3T0 MUHUMAJIBHOE TO BKJIIOYEHUIO TOJIE, B KOTOPOM [ DPACKJIabIBAETCs Ha
JINHEHHBIE MHOYKHUTE/IN.

B orsinune or KpyroBoro MHOrowIeHa, y f He 00sg3aTebHO CYNIECTBYeT KOPEHb, 4epe3 CTe-
MeHN KOTOPOT'O MOYKHO BBIPA3UTh OCTaJbHble KOpHHU. Hanmpumep, mosie pa3ioKeHnss MHOTOUYIEHA
f(z) = 2* —2 Mmoxer GBITH MO/TyYeHO IPUCOENHEHTEM /2 I MePBOOOPAZHOr0 KyGHUECKOro KO-
Hsl w w3 eauHUIbl. [lo3TOMy ero cremnenb paBHa IECTH, B TO BPEMsi KAK CTEIEHb PACIIUPEHUS,
MO/ 9€HHOTO TIPUCOeINHEHNEeM JTI000r0 U3 TPEX KopHeit MHorowiena [ pasHa 3. Kcraru, orcro-
1a cegyer, aro nogmone Q(4/2) C K camo e spisercs monem Lamya. B obmem ciydae, BepHo
cJIeyIonee YTBepzK/IeHue.

Cmenensv noaa padrosicernus nenpusodumozo Kyouwecko2o MHO204AEHG PABHG AUb0 MPEM,
Aub0 wecmu.

Ceitaac mbl 910 qokaxkem. [lycts o — J110060it u3 kopueit maorowrena f. Torma K comep:xkut
nosie Q(a), nmerommee crenend 3. [Tosromy crenens K genurca Ha 3. Ecau npu stom K = Q(«),
TO 3TO 3HAYUT, UTO OCTAJbHBIC JBa KOPHA MPeICTaBIA0TCS B BHIE Py + p1av + pacd, TaE Do, P1
U py — paruoHasbHbie unciaa. Ilycts Teneps K # Q(a). Do o3mauaer, uro uaja nomem Q(«)
MHOTOYJIEH f PACKJIAIbIBACTCS B IPOU3BEICHIE JIMHEHHOTO MHOTOWIEHA £ — (¢ U HEIIPUBOIUMOIO
Hay Q(«) KBaAPATHYHOrO MHOTOUJIEHA, KOPHIMEH KOTOPOIO SIBJSIIOTCS OCTAaJIbHbIE JIBA KOPHSI
muorownena f. [Tostomy K — kBagparnanoe pacmumpenne nois Q(a), o ecrs [K @ Q(a)]=2.
Orcrona [K : Q] = 6.

[Tpuseném npumep, Korya [K : Q]=3. [Tycrs 7 — nepBooOpas3Hblii KOPEHb CeJIbMOIl CTerneHn
U3 eMHMILL, & T1 = N+ 1, 2o = > + 1072w 23 = 7° + 173 — nepuoast ¢ marom 3. Kak
JIETKO TPOBEPUTD, TIePHOJIbl — KOpHU MHorouwiena f(r) = x®+ 2% — 2x — 1 (koropblil BozHuKaeT
[PHU TIOMBITKAX TOCTPOUTH MPABUJIBHBINA CeMUYTOIBHUK). [T09TOMY cTenenb Mmosist pa3ioKeHust
MHOrowIeHa [ paBHa TPEM.

Octaétcs Bompoc: Kak mo kodhdunuentam MHOTOWIeHa f MOHATDH, KAKOW U3 JIBYX CAydaeB
umveer mecto? Ha 31or BOmpOC MbI OTBETHM 4yTh 1MO3Ke, a moka Haiiém rpynmy [ajya mosst
K. Ilycrs o1, 9 n £3 — KOpHU MHOTOYIeHA f.

5.6. /loxkarkure, aTo 0601t aBToMopdu3M mojist K 1mepeBoanT KOPHU MHOTOUWIEHa f IpyT B

JpyTa.
5.7. JlokazkuTe, 9TO ecJau Jig aBToMOpdu3MOB g u h BepHO, uro g(z;) = h(x;) mpu Beex

1=1,2,3, 10 g =h.

Taxum 00pa3oM, KaxKaplil s1ement rpynubl Laaya Gal(K) mogmHocThio onpeesercsa teM,
KaK OH IepecTaBjsieT KOPHM MHOrowieHa f. IlepecTaHOBOK TpEéX sjaeMeHToB Bcero 6, m oHu
00pa3yioT rpyniny OTHOCHTEILHO ONEepaluid KOMIO3UIMKE. DTa Ipylna obo3Havaercd depes Ss.
[TepectanoBku u3 S3 Mbl Gyaem ob6o3nadaTh Tak. Ilyers {7, j, k} = {1,2,3}. Torma e — Toxke-
CTBEHHAsI [EPECTAHOBKA, (i j) — MepecTAaHOBKA, MEHSIONAS MECTAMH T; U Z; (TAKHX HepecTa-
HOBOK TPH, U OHU Ha3bIBAIOTCs MPAncnosuyusmu), (i j k) — mepecranoBka, nepeBojgIas T; B
Tj, Tj B Tp U Ty B T; (TAKUX [IEPECTAHOBOK JIBE, M OHM HA3BIBAIOTCS UUKAGMU JJINHBL 3).

Mpi fgokasasu, uro rpynna aaya Gal(K) — noarpynna rpymmnst Ss. [TocMoTpuM, Kakue moji-
IPYIIBI OBIBAIOT Yy TPYIIbL S3. Bo-TEepBBIX, CTh TpU MOATPYIIbL U3 ABYX s1emMeHToB: {e, (1 2)},
{e,(2 3)} u {e, (1 3)}. [eiticTBuTENILHO, TTOCKOIBKY KOMIO3UIMSA TPAHCIOIUNIUH (i j) ¢ caMoit
c060if paBHa TOKIECTBEHHON NepecTaHOBKE, BCE 3TH MHOKECTBA 3aMKHYThl OTHOCHTE/ILHO Y MHO-
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JKeHUs U JieJIeHns. Bo-BTOPBIX, CTh OjiHA MOArpyMna u3 Tpéx snementos {e, (1 2 3),(1 3 2)}.
O6o3HaunM 3Ty moArpynmy depe3 As.

5.8. IIposepbre, uro (12 3)2=(132) u (12 3)® =e.

B-rperbux, ecTh oveBuanHbIe nOArpynnb Sg u {e}.

5.9. (a) Ilycts s; u sy — nBe pasawdnble Tpancrnosunuu u3 Ss. [IpoBepbre, 4TO JTH0Oast
IIePeCTaHOBKA 13 S3 IPeJICTABIIeTCS KaK KOMIIO3HUINSA HECKOJTbKIAX TPAHCIIO3UIINIL, KayK/1as n3
KOTOPBIX COBIIAIaeT JIHOO ¢ S1, JIUOO C So.

(b) dokaxkure TO Ke camMoe B CIydae, eCJa S; — TPAHCHO3UIMS, & So — IMKJI JJIMHBL 3.

W3 s7o0it 3amaun cireyer, 9TO APYTUX MOArpyHn B S3 HET.

IMpumep: Iycrs f(x) = 2® — 2. Haiigém rpynmy Tatya 1osist pa3ioxkenus MHOro4IeHa, f.
Jlokazkem, 910 JTI00as1 MepecTaHOBKA KOPHEe MHOTOUYIeHa [ pean3yeTcs HEKOTOPBIM J1eMeHTOM
rpynmsl ['anya. /leificTBuTe1bHO, MyCTh 1 = V2, 19 = V2w n x5 = V/2w?. Torma aBroMopdusm
S1, TIEPeBOIAIINIT /2 B cebst, a w — B w2, OCTABIAET T1 HA MECTEe, a Ty U T3 MEHIET MECTAMH.
ABTOMOPDU3M So, TEPEBOISIIHI V2 B \?/ﬁw, aw — B w? MeHseT MecTaMu T, U To. JeiicrBu-
TeIBHO, S3(T) = S2(V/2w) = 85(¥/2), s2(w) = V/2w? = x1. Tem campiv rpymma Tasya comeprxuT
JIBe PA3JIMIHBIX TPAHCIO3UIIMHE U COBIaIaer ¢ S3 mo 3amade 5.9.

5.10. [IpoBepbTe, 4TO 9TO paccyzxKjaeHne paboraer s JFOOOr0 MHOTOWIEHA f, TAKOTO YTO
CTeNleHb ero MO/ Pa3/I0KeHUs paBHA IIECTH.

Takum 0Opasom, ecin crenedb noss K paBHa mecTu, TO ero rpymma [agya coBnagaer Ss.

Teneps naitném rpynmy lajya B ciydae, korjga crernenb mojis K pasna 3. B srom ciydae
rpynmna [aixya cocroutr u3 Tpéx sjnemenToB. JleiicTBUTEIbHO, KOPEHb £1 MOXKET MepeilTu Jimbo
B cebs, b0 B To, MO0 B x3. 3ajaHue obpasa Xy MOJHOCTBIO ONpejesdeT aBTOMOp(MU3M Ha
OCTAJTIBHBIX JIEMEHTaX ToJs (Tak-Kak Jio6oii smement mois K mpejcraBisiercss B BUjie po +
P1T1 + Pax?, TAE Po, P1 U P2 — palMoOHAIbHbIE uucia). Eauncrsennas noarpynna B S3 u3 Tpéx
ssieMenToB — nojarpytmna Asz. [Tosromy ecin crenens nosist K paBHa TpéMm, ToO ero rpynna [aiya
coBnajgaer ¢ As.

3aMeTuM, 9TO B 000UX CJIydasxX 3JeMEHTOB B rpyiie [‘ajya poBHO CTOIBKO, KAKOBA CTEIEHD
nosig K. DTo BepHO U J7Is0 TPOU3BOIBHLIX moseit [amya.

[Tycts crenenn nosis K pasua mectu. Vcnons3yem rpynmy lasya, arobbl Haiitu KBajpa-
TUYHOE PaCIIupeHue MO PANOHAIBHBIX Yuce1, cojep:xkaiieecss B K. OcHoBHas ujest ta ke,
9TO W B CJIyYae KPyroBOTO MOJIs: TOCTPOUTH memnouky pacmmpennit Q C K; C K, no 1e-
nouke noarpynn {e} C Az C S; rpynnsl Tanya. /lug 9T0ro HaiiiéM WHBApUAHTHI TPYIIIbL
Ajs. ITockonbKY BCe HeeIUHUYHBIE 3JIeMEHTHI TPYIIb A3 MUK/IMIeCKH IepecTaBIsSioOT KOPHA T,
T, T3, TO OHU HUKJIUYECKU HEPECTAB/ISAIOT U PA3HOCTH T1 — T2, To — T3, T3 — T1 (B OLJHYne
or atementa (1 2), KOTOPBIl MeHsieT 3HAK y PA3HOCTH T1 — T2). B YacTHOCTH, IpOM3BEIeHNE
D(f) = (x1 — x2) (29 — x3)(x3 — 1) ABAAETCS MHBAPUAHTOM MOATPYNIHI Aj.

5.11. Jloxkaxkute, uro —D( f)? apasgerca MHOTOWIeHOM ¢ TeapiMu Ko3bdHIIeHTaMu OT p, ¢ I
r, 1 HaiiauTe ero KoM UIUEHTHI. ITOT MHOTOUIEH HAZBIBACTCS JUCKPUMUHAHITOM MHOTOUTCHA
f.

Vikasanue: Bocnoavsytimecy mem, wmo D(f)? = 0 mozda u moavko mozda, xozda dea kops
mmozo0usena f coenadarom. I[lycmo cosnadarousue KOpHU PasHbL 4, 6 OCTABUWUTCSA KOPEHY PABEH
b. Hoayuaem napamempusayuro kosdduyuenmos p = 2a+0b, ¢ = a(a+2b) u r = a®b. Omcroda
MOACHO HATMU NOAUHOMUGNOHOE COOMHOWweHUe Medncdy P, q u . Ez2o npowe scezo natimu npu
p = 0, wezo mooicno dobumuca samenoti y = x + &, max wax npu maroti samene snavenue
AUCKPUMUHAHMA HE USMEHUMCH.
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OTciofa MBI Cpa3y TMOJIydaeM OTBET Ha MOCTABJIEHHBIII BBIIIIE BOMPOC: KAK HAWTH CTEHEHb
nona K mo ero kosdgdunuentam? Hyzxuo serancauts D(f)?. Ecaum 3 momyueHHOro parmo-
HAJIBHOIO YMCJIA HEJIb3s1 U3BJI€Yb PAIMOHAJIBHBIN KBaApaTHbIH KopeHb, To [K : Q] = 6, a ecu
moxxuo, To [K : Q] = 3. JeiicTBurenpuo, B nepsom ciaydae K COMEPKAT KBaJApaTHUHOE MOJI-
nose Q(D(f)), nonyuennoe npucoeaunenuem unciaa D(f), mosromy cremenb noust K nomkHa
ObiTh uéTHOl. Bo BTOpOoM cityuae (korma D(f) panuoHaibHO) PA3HOCTH KODHEH To — X3 JIEKUT
B Q(z1), Tak Kak

D(f)

(21 — 22) (01 — 23)’

XT3 — T2 =

’
(z1 — 22) (21 — 23) = 23 — (T2 + 23)T + Tox3 = 2° + (p+ 21) 71 + -
1

3/ech Mbl BOCIIO/JIB30BAIMCh TeopeMoii Buera: 1 + x9 + 3 = —p u 12923 = 7. [locKo/IbKY
CyMMa KOpHEii Ty + x3 = —p — x1 Toxke jexut B Q(z1), TO n caMm KOPHU TaM JiezKar.

VYpaBHeHUe Ha MepUOAbI C mIaromM 3. 3aKOHUYUM BBIBOJ, (OPMYJIBI I KOIMDDHUINEHTOB
yPaBHEHHUS HA MEPUOJIBI € IArOM 3, KOTOPYIO Mbl Ha4aJ/Iu BBIBOJIUTH B KOHIE pa3/esa 4. [lycrp
p — mpoctoe uucao Bujga 3k + 1. Mbl yuKe BBISICHUIN, 9TO ypaBHEHUE HA TEPHUOIbI UMEeT BU/I:

2 —2® + kx + N. (%)

Hawm ocrasiocy naittu cobomubrit wien N. IIpm srom mbr 3Haem, uyro N — mejoe 4ucjio, u,
kpome toro, 27N — 1 menurcs Ha p (cm. 3agady 4.6). Tak Kak mose pasjioKeHus ypaBHEHUS
(%) coBmamaer ¢ F3, To ero cremenb paBHa 3. [109TOMY JUCKPUMHUHAHT YPABHEHUS ABJISIETCSI
TTOTHBIM KBaIPATOM.

5.12. JlokazkuTe, 9TO AUCKPUMUHAHT ypaBHEHUs (%) PaBeH

1
—(4p® — 3p+ 27N —1)%).
27
[ToCKOIbKY JAMCKPUMHHAHT — IIEJI0€ YHCI0, oTciona ciaemyer, uro 4p® — (3p — 1)? gemurca
Ha 27, 9TO BIIPOYEM JIEIKO ITPOBEPUTH M HENMOCPECTBeHHO. Takum 06pa30M, Mbl TIO/Iy4daeM, 9To

2TM? = 4p® — (3p + 27N — 1)°

JUtst HeKoToporo tesoro uuciaa M. ITpu srom, nockoabky 27N —1 pesures ua p, to u M jenurces
Ha P, TI0O3TOMY MOXKHO BCE ypaBHeHue mogesnTh na p°. O6oznaunm 3 + (27N — 1)/p 4epes xo,
a M/p gepes yo. Torna xo u Yo yIOBIETBOPSAIOT YPABHEHHIO

dp = 2 4 27y2. (%)

B wacTHOCTH, MbI JIOKA3aJid, 4TO JJIsi BCEX MPOCTBHIX umncesn p Bujga 3k + 1 ypasuenne (*¥)
Pa3peNnMoO B IEIbIX IHCAaX!

5.13. JTokaxkure, 9T0 ypaBHEHHUE (*%) HE MOKET UMETh JBYX PA3HBIX PEIIEHUIl B HATYPAJIb-
HBIX YMCJIAX.

Vrasanue: Iposepome, wmo ecau (s,t) u (s',t') — dsa pewenus, mo (st + s't)(st' — s't) =
4p(t'* —t2). Tozda aubo (st'+5s't), aubo (st' —s't) deaumca na p. Ipu smom oba wucra mervuie
p. B amom moorcro ybedumuoca, dokasas marue pasencmea:

(ss' 4+ 27t")? + 27(st’ F s't)? = 16p>.
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O6Gosuaunm uepes (s,t) pemenue ypaBHeHUs (%) B HATYpaIbHBIX duciax. Torma xo = =+s,
IPUIEM 3HAK OMPEIENSETCs OJHO3HAYHO U3 TOro, 4To p(xg — 3) + 1 = 27N nenurca ua 27.
Hanpumep, npu p =7 umeem s =t =1, orkyna 2o = —1 u N = —1.
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