Math 112 Sections 11-15: Exam 2

Stephen Taylor

Name:

Instructions: Problems 1-15 are multiple choice. Mark the correct
answer on your bubble sheet. For problems 16-20, write your answer
in the space provided. You must show your work for full credit. No
books, notes, or calculator are allowed.



Problems 1-15 (3 pts each) Correct Solutions are Bolded and Capi-
talized.

1) Evaluate the limit:
I 3at — 7
m —
z—oo g5 — ex2 4+ /3
a. 3 b. 1 C.0 d. oo
e. Does not exist f. None of the above

Solution: Since the order of the polynomial on the denominator is higher than
the order of the polynomial in the numerator, the resulting limit vanishes. (This
is a theorem in the text).

O
2) For a € R evaluate the limit:
. 22 —a?
lim
r—a T — Q
a. 0 b. a C. 2a d. a?
e. Does not exist f. None of the above
Solution: We compute
2 _ 2 _
lim = ¢ :hmw:lim(w—i—a):%z
r—a T — r—a xr—a r—a
O

3) If a function f is defined and continuous on a closed interval [a, b] the
Extreme Value Theorem guarantees that:

a. The first derivative of f never vanishes in
b. f has a supremum and infimum in f([a, b]
c. f has a maximum and minimum in f([a, b]).

d. aand b E. b and c f. none of the above

0.

[a
)

Solution: The Extreme Value Theorem as stated in the text guarantees the
existence of a maximum and a minimum. Thus it also guarantees the existence
of a supremum and infimum.

IThis notation represents the image of the interval [a, b].



4) Calculate the first derivative of

r—+a

b—a a—b

a. 0 b m C. m
D. (951:7;)2 e. (ffb%? f. None of the above

Solution: This is a homework problem.

O
5) If f(z) = 32° + 2z calculate f'(x)|,—o.
a. 0 B.2 c. 3
d. 5 e. Does not Exist f. None of the above
Solution: We compute f'(z) = 6z + 2. Thus f/(0) = 2.
O
6) Calculate the n-th derivative of the polynomial
flx) = iaixi —ap+ a1z +asx® + -+ ap_12" " + apz”
i=0
where a; € R for all i.
a. an b. na, C. nla, d. None of the above

Solution: We first note that all terms of order (n — 1) or less vanish when the
n-th derivative of f is taken. Thus we need only consider the leading order
term. We find to leading order that f/(x) = a,na™ 1!,

f"(x) = apn(n — 1)z"~2, from which we see that £ (z) = a,n!.

O
7) Let f(z) = sinx. Calculate f(906)(z).
a. sinz b. cosz C. —sinz
d. —cosz e. None of the above
Solution: We note that f’ = cos(z), f” = —sinz, f = —cosz, f* =sinz,
and the cycle repeats for higher derivatives. Thus f(*") = sinx for any n € N.
Therefore f(2004) = sin 2 from which we conclude that f(2096) = —gin z.
O

8) Calculate the derivative of f(z) = ze®.

a. ze® b. z c. e* d. (x4 2)e”
E. (z +1)e”* f. None of the above

Solution: This problem was taken directly off of the homework.



9) The y-intercept of the tangent line to the function f(x) = cosx at:
the point (7/4,v/2/2) is

a. 0 b. =2 c. —m2 D. 2 [1+T]
e. g [1 — ﬂ f. None of the Above

Solution: This problem was taken directly off of the homework.

O
10) Calculate the derivative of f(x) = 2957,
a. In2sin z2°°%* B. — In2sin 22°°%% c. e
d. —sinz2°°5® e. sinx2°°%% f. None of the above
Solution: Applying the chain rule we find
i2°°” = (In 2)2‘:0””i cosx =—1n2-2%sinx
dz dz
O
11) The derivative of an odd function is always a (an):
a. positive function b. negative function c. aand b
D. even function e. aand d f. None of the above
Solution: This problem was taken directly off of the homework.
O
12) The function f(x) = 222 + 9 defined on [—1, 1] has how many critical
points?
a. zero b. one c. two
D. three e. four f. None of the above
Solution: f’(x) =0 for x = 0 and f’(z) is not defined at z = —1, 1, hence
there are three critical points.
O
13) The global minimum of f(x) = 2* — 5z + 6 is:
A.-1/4 b. 1/4 c. —1/3 d. None of the
above
Solution:
This problem was taken directly off of the homework.
O



14) Let f(z) € C° on [a,b] and f(z) € C* on (a,b). Then f'(z)|z—, equals:
a. 0 b. 1 c. a
d. a? E. Does not exist f. None of the above

Solution:
Only the right hand limit is defined at a, hence the limit in the definition of
the derivative is not defined.

15) The class of continuous functions C° is contained in the class of first
differentiable functions C*.

a. True B. False

c. aand b d. None of the above

Solution: We have the relation C' C C°, but not the reverse.



16) (Easy: 12 Points)
a) Differentiate the function:

f(x) =32 +e” + Inz + 2% + 7° + sec x + cscx + arctan x + arcsin x + arccos =

Solution:
We calculate

1 1

1 1
"(2) = 6z+e*+—+(In 2)2% +sec x tan x—csc z cot x+ + —
f'(x) = 6z+e - (In2) xtanz zeotati—s e Ao

1
=6+ e” + — + (In2)2" 4 secx tanx — csc z cot x +
x

14 a2
O
b) Use the definition of the derivative to differentiate f(x) = az + b.
Solution:
From the definition of the derivative we compute
oy Seth)—f@) . al@th)+b— (ax+b)
fl) == =i h
=lima=a
h—0
O



17) (Easy-Medium: 12 Points) Using implicit differentiation, find dy/dx
and d?y/dx? for the implicit function

23+ +ysinz =0
Then find dy/dz|(,—~) and d2y/dx2|(_,r77r).

Solution:
Differentiating both sides of the above equation we find

d d
322 + 3y2—y +ycosz + sinx—y =0
dx dx
Solving for dy/dx we find
dy 322 + ycosx
dr 3y +sinx
Thus we find
dy B 3r? +
dx P - 32

Calculating the second derivative via the quotient rule, we find

Py (3y? + sinz)(6z — ysinz + cos x%) — (322 4+ y cos :1:)(6yill—fc + cos )

da? (3y? + sinx)?
from which we see

@ B _371'2(—677 — g—gk,mﬂ)) — (372 — 7r)(67r%|(,mr) +1)
dx? od

(77‘-771')



18) (Medium: 15 Points)

Consider a function f: R — [—1, 1] defined by f(z) = cosz. Classify all of the
critical points, hypercritical points, intervals where f is increasing and
decreasing, and intervals where f is concave up and concave down. Identify
which critical points are extrema of f and classify them as maxima, minima,
or neither.

Solution:

We first find the critical points of f(z) = cosx by solving f/(x) = —sinz = 0.
Solving for x, we note f(x) has critical points at integer multiples of 7, which
we represent as {nw|n € Z}. We note that f/(x) > 0 on [r, 27] or more
generally on the set S = {[(2n — 1)7, 2nx]|n € Z}. Thus f(z) is increasing on
S and decreasing on R\S. Using either derivative test we find that maxima
occur at even multiplies of 7 and minima occur at odd multiplies of .

Next we find all hypercritical points which happen to coincide with inflection
points for this problem are given by f”(x) = — cosx = 0, which is given by the
set {2%t7|n € Z}. Thus we find f”(z) > 0 on {[Z, 2%]|n € Z} or more

generally we have f(z) is concave up on the set T = {[(2"'2"1)”, W]m €z}

and concave on R\T.




19) (Medium-Hard: 9 Points)

Arguably the most important application of the derivative is its use in
construction a representation of a function called a Taylor Series (This was
not named after me). If f € C°°, the Taylor series of f(z) about a point a € R
is defined to be

©  4(n)(g
fa) =3 T e

o n!
" (n)
= f(a) + f'(a)(z — a) + fT(f)(z —a)’ 4+ ! n'(a) (x—a)" +
Applying this formula:
a) Find the Taylor Series of e* about a = 0.
Solution:
We compute f(0) =1, f/(0) =1, ..., f™(0) = 1. Thus substituting into the
above formula we find
oo In
O
b) Find the Taylor Series? of ﬁ about x = a.
Solution:
We note that f(™(a) = # and apply the above formula to find
1 = (z—a)”
1—x _Z (1 —a)ntt
n=0
O

2Essentially a Taylor series is an infinite polynomial representation for a “nice” function.
Considering a function’s Taylor series instead of the function itself often makes very difficult
if not impossible problems easy to solve if we only consider the first few terms of the Taylor
series.



20) (Hard: 7 Points)
1

Consider the function f(z) = 17 and define a new function:

ha)=fofofo.. .of(x)=ff(f( f(2))
where f(z) has been composed with itself n times. Find »’(z). Find
lim,, o0 A(z) and lim,, o b/ (z).2

Solution:
We compute the following to gain some intuition for the problem:

1 142z 24z
3+2 8+5
fofofof) =20 fofofofof(a)= o
We recognize the pattern
P+ F,_1x
=———— wh F,=1{0,1,1,2,3,5,8,13,21,...
h(x) Foor T Foz where F,, = {0 3,5,8,13 }

are the Fibonacci numbers. We now proceed to prove by mathematical
induction that the formula for A is valid.

First note that for n =1, f(z) = ﬁ = %i?‘l’; Thus the formula holds for

n = 1. Now assume that the formula is true for hA(z). Then

Fn+Fn71x ! Fn 1+an+Fn+Fn71m !
i)y = (14 Ty (e
Fn+1 + Fnl' Fn—i—l + Fn$
_ <[F7L+1+Fn]+[Fn—1+Fn]x>_1: (Fn+2+Fn+1x)_1:( Foy+ Fox )
Fn+1+Fn(E Fn+1+anE Fn+2+Fn+1x

which is the (n + 1) term of the formula. Hence we have proven by
mathematical induction that our formula is indeed valid.

Now we compute the derivative of h with the quotient rule:

[Fn+l + Fnz]Fn—l - [Fn + Fn—lx]Fn
(Fn+1 + an)Q

h(z) =
and finally compute the limits
F,+F, 1z 14 foty 1+o0 'z
lim h(z) = lim <nn_1> = lim < o ) =

Nn— 00 n—oo Fn+1 + Fn(L‘ F;+l 4+ o+x

3Hint: First, you can develop a formula for h(x) in terms of n and then differentiate
your formula. If you pursue this method and can prove your formula for h(x) is correct
by mathematical induction, you will receive 1 extra credit point. You should recognize the
sequence of numbers you find in the formula for f("™) from a homework problem in chapter 1.
Remember that limn— oo Fny1/Fn =0 &~ 1.6 and limp—oc Fn/Fpn41 = 1/0 where F, are the
Fibonacci numbers.

10



hm h/(aj) _ hm [Fn+1/Fn + SU]Fn_l/Fn — []. —+ Fn_l/Fnl'}

n— oo n— 00 (Fn+1/Fn + 37)2
Cfotalot—[1+o07'2] o1
N (0 +x)? (0 + )2

11



(Extra Credit)
Using the definition of the derivative prove the following:

(2 points) Prove the power rule.

(1 point) Prove the product rule.

(1 point) Prove the quotient rule.

(1 point) Prove that d/dz[sin x] = cosz.

Use the pages on the back of this test only to write your proofs. Grading is all
or nothing for extra credit.

Solution:
All of the above proofs are in the book.
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