Integrate:

Calculus Solutions: Chapter 6.7

Aaron Peterson, Stephen Taylor

1b. fos(sc — 2)4/3dx

Solution:

Let u=x— 2.

3 3 3
/ (a:—2)4/3:/ uBdu = Zu"/? == ==
0 0 7 =0 7 0

Then du = dx and we find

3 3

3(1, _ 2)4/3

1d. f32(4 — ) /3dx

Solution:
Let u =4 — z. Then du = —dx and we find

2 2 3 2 3 2
/ (4—x)Y3dx = —/ ut3du = Zut/? = —(4—x)*?

—2 —2 4 w2 4 o

1f. [3zva? + 9dx

Solution:

Let u = 22 + 9. Then du = 2zdxr — dx = %' Substituting into the original

integral we find

/337\/de=g/ul/g=u3/2+C=(ﬂc2+9)3/2+C

ih. [ rde

Solution:

Let u = 22 + 1. Then du = 2zdx — dx = g—;. Substituting into the original

integral we find

T

1 1 1
/mdx:§/u_1du:§1n|u\+C:§ln|x2+1|

3

9.31/3 _

22/3

+C

3

O



15, [ Y2l

22/5

Solution:
Let u =1+ 235 Then du = £27%%dz — dx = 32?/°. Substituting into the
original integral we find

/\/1+x3/5 5/u1/2du

10 372 10 3/513/2
poTE 3 +C = 9(1+x )E+C
Integrate:
2b. [sinz cos® zdx

Solution:
Let v = cosz. Then du = —sinaxdxr — dx = — csc xdu. Substituting into the
integral we find

1 1
/sinxcostdx = —/quu = —§u3+C’: —§C053$+C

2d. foﬂ/4 tan z sec? zdx

Solution:
Let utanz. Then du = sec? zdr — dx = cos? xdu. Substituting into the
integral we find

/4 /4 1 /4
/ tan z sec® zdx = / udu = ~u?
0 0 2

=0

2f. [ <Yy

Solution:
Let u = \/z. Then du = 127%/2dz — dx = 22'/2du. Substituting into the
integral we find

/Cojffdx:2/cosudu:2sinu+C’:2sin\/E+C’



2h. [tanzdz

Solution:
Applying the definition of tangent and the Fundamental Theorem we find

i d
/tanxdx:/Smxdm:/@(—ln|cosx|)dxzln\cosx|+C

COST

2j. [ sin(az)dx

Solution:

n(ar)de = [ (2 cosaz) )de =~ cosaz + C

sin(az)dz = | — , cos(az) |dr = —— cosax
Integrate:
3b. f03 e?r—1
Solution:

3 3 3,
/ ezw*ldac:e/ e*dr = —e®®| = (¥ 1)

3d. face*ﬁ/?’dx

Solution: ,
Let u = —%-. Then du = —%xdm —dr = —%du. Substituting into the
integral we find

—z2/3 :_§ u :_§ u :_§ —z2/3
/me dx 2/6 du 26 +C 26 +C

3f. [10-%dy

Solution:

d/ 10°% 1030
—3x _ Il -
/10 d‘”‘/m( 31n10> 3m10 T



2 VE
A
Solution:
Let u = \/x. Then du = %x_l/de — dx = 22'/?du. Substituting into the
integral we find

/Qeﬁd 2/2 Uy = 2t
€T = (& U = Ze
1 VT 1

3h. [ Srda

3g. dx

2

r=1

Solution:
Let u =1+ e®. Then du = e*dr — dx = e~ *du. Substituting into the integral
we find

/ ¢ ,,dz:/ufldu:1n\u|+0:1n\1+ex|+c
1+4+e®

3j. [—f—dx

zlnx

Solution:
Let w = Inz. Then du = %dm — dx = xdu. Substituting into the integral we
find

1
/ dz = /ufldu =In|ul =1n|lnz|
zlnzx

O
31 f%dﬂf
Solution:
/ %dz - /%(tanfl e”)dr =tan"'e® 4 C
O
30. [ ) g,
Solution:

Let v = In(ax). Then du = %dx — dx = zdu. Substituting into the integral we
find

/Mdaz = /udu = %uQ +C = %(ln(ax))2 +C

X



Integrate:

4a. f ﬁdl‘
Solution:

Let u = x — 4. Then du = dx and x = u + 4. Substituting into the original
integral we find

4

. %(w 42 48z — )24 C

4b. [3zv/x + 5dx

Solution:
Let w = 2 + 5. Then du = dx and * = u — 5. Substituting into the original
integral we find

/3:E\/x + 5dz = /3(u75)u1/2du = 3/(u3/275u1/2)du = gu5/2710u3/2+0

g(a; +5)%2 —10(z +5)%2 1 C

4d f m+5

Solution:
Let u =2 + 5. Then du = dx and x = u — 5. Substituting into the original
integral we find

/ I dx:/u_5du:/1—§du=u—5ln\u|+C=(x—|—5)—|—ln|x—|—5|+C
T+5 U U

O

af. [ 239 — 22dx

Solution:
Let u =9 — 22. Then du = —2xdz — dv = —g—;‘, and 22 = 9 — u. Substituting
into the original integral we find

1 1
/333\/9—x2dx = —§/x2u1/2du= —5/(9—u)u1/2du



Give the general solution of the differential equation.
d
d _ T

Solution:
Separating variables, we find

5a.

8 ke

Integrating we have

Solving for y we conclude

y==xv-224+2nz|+C

5b. % =z cos(z? +1)

Solution:
Separating variables we find

y2dy = x cos(z? + 1)dx
Integrating we find

. 1
V=5 sin(1 4 2%) + C,

Solving for y we conclude

1/3

y = (Z sin(1+ 2?) + C)

Give the general solution of the differential equation and the particular

solution satisfying the given boundary conditions.
6a. sec xg—z = y2esin? y(0) =2

Solution:



Separating variables we find

dy :
— = cos ze® P dx

Y
Integrating we find

Solving for y we have

_ 1/3
y — (365111(13 + C)

Since y(0) = 2 we find

2:(3+c)1/3ﬂc:5

Thus the solution to the initial value problem is
y= <3esina: + 5)

6b. LA — 4 0)=0

tan— 1 z dr 1+x2° Y

Solution:
Separating variables we find

Integrating we find

Solving for y we find

y = [6(tan" ' z)2 + CO]/3

Since y(0) = 0, we find ¢ = 0. Thus the solution to the initial value problem is

y = [6(tan"" 2)]'/°



Derive the formulas, either directly by substitution or indirectly by
differentiating the right-hand side.

We differentiate the right side of each equation in the following and note the
result is exactly the integrand of the left side.

7. [ axlbdz =1lnjaz+b/+C

Solution:

d 11 laz + b 1 a 1
— [ - Inl|ax = —. =
dr \ a a ar+b ax+b

7d. fﬁdmzsin71§+0ifa>0

Solution:

d (s' . :17> 1 1 1 a 1
R 1n — = —_-—- = — . =
dz a a /1—(z/a)?2 a VaZ—-22 a2- 22

7f. [ cot(ax)dr = L1n|sin(az)| + C

—
Solution:

a4 (i In| sin(ax)|) _ 1 acos(az) _ cot(az)

dx a sin(ax)

13. Now that we know

4
dzx

(") = e

we can prove

Coef—1
lim =
x—0 X

1

Do so. (Now all the differentiation and integration formulas we have derived
have been proven formally).

Solution:

We apply L’ Hopital’s rule to find

T
et —1 .
lim =lime* =€’ =1
x—0 x€X x—0




