Calculus Solutions: Chapter 3.2

Aaron Peterson, Stephen Taylor

1.Differentiate the following functions
a) f(z) =a°

Solution: Applying the power rule, we have

f'(z) = 5a*

b) f(x) = 22*

Solution:
Applying the power rule, we have

f'(z) = 823

c) fx) =277

Solution:
Applying the power rule for negative integers, we have

fl) = ~T727"

d) f(x) = —5273

Solution:
Applying the power rule for negative integers , we have

f'(z) = 1527*

e)y=6

Solution:
Applying the derivative of a constant rule we have



f) y=28nm

Solution:
Applying the derivative of a constant rule we have

y =0

g)y=212+32—-6

Solution:
Applying the power rule and linearity of the derivative operator we have

y =4x+3

h) y = 32° — 5z — 20

Solution:
Applying the power rule and the linearity of the derivative operator we have

y =15z* -5

i) g(z) = 2% + 272

Solution:
Applying both the positive and negative power rules and linearity we have

g (z) =2x 2273

i) ge) =% +5 2~

Solution:
Applying both the positive and negative power rules and linearity we have

g (z) = 322 + 3274



k) g(z) = 2z(x — 3)

Solution:
Applying the power rule and linearity we have

g(x) = 2x(z — 3) = 22% — 6z
g (x) =42 -6

D) g(w) = 23 (4a + 3)
Applying the power rule and linearity we have
g(x) = 23 (42 + 3) = 42 + 323
g (x) = 162 + 922

2. Differentiate the following functions

Solution:
a) f(z) = (22 + 3z +1)(28 +279)

Solution:
Expanding f(z) and applying both the positive and negative power rules, we
find
flx) =20 +32% + 2% + 270 + 3277 4+ 278
f(x) = 102° + 2728 + 827 — 6277 — 21278 — 82 ~°

b) f(z) = (22° — 422) (3210 + 2?)

Solution:
Expanding f(z) and applying the power rule we find

fz) = 62" — 122" + 227 — 424
f'(x) = 90z — 1442 + 142° — 1623

¢) f(z) = (2 +1)?

Solution:
Expanding f(x) and applying the power rule we find

f(z) =42 +4z +1
f'(z) =8z +4



d) f(2) = (2 +1)?

Solution:
Expanding f(x) and applying the power rule we find

f(z) =1+ 6z + 122* + 823
f(x) = 6 + 24z + 2427

e)y= 2x1—1

Solution:
Applying the quotient rule we find

, (Re-1)41) - L@2z-1) 2

(22 —1)2 (22— 1)2

f)y=(zt+22-1)""!

Solution:
Applying the quotient rule we find

r 43 + 2x
Vo Tt o)

8)y=7h
Solution:
Applying the quotient rule we find

, (w+1)—2 1
YT w1 T @ty

2_
h)y =53
Solution:

Applying the quotient rule we find

,_2332—6:5—1—2
v= (2z — 3)?



D) g(z) = 7%
Solution:
Applying the quotient rule we find
,_ 2@+ 1)
@2 1p

225 —x—1

J) g(ﬂ?) = 244z

Solution:
Applying the quotient rule we find

2t + 1623 4 22 4+ 22+ 4

/

g(:l?)— $2(4+$)2
k) g(z) = 5
Solution:
Applying the quotient rule we find

N ac
g (37) - (C+b17)2
1) g(z) = zziaz
Solution:
Applying the quotient rule we find
a? — g2

g'(z) = (a2 + 22)2

m) F(z) = x(x + 1) (2% + 1)

Solution:
Expanding and applying the power rule we have

Flz)=a*+2>+2% +
F'(z) = 42® + 322 + 22 + 1



n) F(z) =(x —a)(z —b)(z —c¢)

Solution:
Expanding and applying the power rule we have

F(z) =2 — (a+ b+ ¢)z® + (ab + ac + be)x — abe
F'(x) = 32% — 2(a + b+ c)x + (ab + ac + be)

4. Find the second derivative
a)y=212+3z—-6

Solution:

Applying the power rule we find
y =4x+3
y// — 4
b) y = 32° — 5z — 20
Solution:
Applying the power rule we find
y' =152* — 5
y" = 60a3
c) f(z) = 22"
Solution:
Applying the power rule we find
7(a) = 8a°
f(x) = 2422

d) flz) =27
Solution:
Applying the power rule for negative exponents we have
J'(@) = =727
f(z) = 5627



e) g(x) = F

Solution:
Applying the quotient rule we find

oy 2@+ 1)
g ( ) - (1,2 — 1)2
423 + 122
g"(l‘) - (532 — 1)3
f) 9(x) = 5o
Solution:
Applying the quotient rule we find
ac
g'(w) = (bx + ¢)?
2abc
9"(v) = - (bxr +¢)3
Find a formula for £ (z)
5a. f(r) = 4=
Solution:
By the quotient rule we find
-1
f(w) = (x+a)?
2
f”( )_ (:17+a)3
6
f///( ) _ _(x - a)4
24
JP(@) = (x4 a)®



5d. f(z) = 2"

Solution:
By the power rule we compute

f'(x) = kakt
f(x) = k(k — 1)2F2
f"(x) = k(k — 1)(k — 2)2*3
@ (@) = k(k —1)(k — 2)(k — 3)z**
Thus we identify the pattern to be

k!
(n) — k—n
=gy
Thus we note for 1 < k
, k!
(2) _ : k—1
A T
For i = k we find
1O (@) = K
For ¢ > k we have
fO(@) =0

6. Find an equation of the line tangent to the given curve at the given point

We note that the slope of the tangent line to a curve at a point is equal to its
derivative there.

a)y=a%—x,(1,0)

Solution:
Calculating f’(z) = 322 — 1, we find /(1) = 2. Thus the tangent line has the
form

y=2x+b

since (1,0) is a point on the line

0=24+b—-0bb=-2

Thus the desired line is given by the equation

y=2xr—2



b) Yy= 1,72, (717 1)

Solution:
Calculating f'(z) = —2273, we find f/(—1) = 2. Thus the tangent line has the
form

y=2xr+5b
since (—1,1) is a point on the line
1=-240—-0=3
Thus the desired line is given by the equation
y=2xr+3

0) fla)=3"— 1, (1,2)

Solution:
Calculating f'(x) = 1223 + 272, we find f/(1) = 13. Thus the tangent line has
the form

y=13x+b

since (1,2) is a point on the line

2=134+b—0b=-11
Thus the desired line is given by the equation

y =13z —11
O
2
d) f(z) = 5, (2,4)
Solution: ,
Calculating f/(z) = %, we find f/(2) = 0. Thus the tangent line has the
form
y=>
since (2,4) is a point on the line we note b = 4.
Thus the desired line is given by the equation
y=4
0O



Find the rate of change
8b. of the volume of a sphere with respect to its radius.

Solution:
We note the formula for the volume of a sphere in R? is given by

Vr)= §7r7’3

Thus the rate of change of volume with respect to the radius of the sphere is

d
— = 4nr?
o Vir) r

which is also the equation for the surface area of a sphere.

8c. of the volume of a cube with respect to its edge.

Solution:

We note the formula for the volume of a cube in R? is given by
Vie)=¢e?

where e is the edge length of the cube. Thus the rate of change of volume with
respect to edge length is given by

a
de
Note that this is half the surface area of the cube.

V(e) = 3e?

O

17. Derive formula (3.14) for the derivative of the product of three functions.

Solution:
Formula (3.14) states for three functions f(z), g(z), h(x)

(fgh)' = f'gh+ fg'h+ fgh'
Applying the product rule to f and gh we find

(flgh])" = f(gh)' + ghf" = f(gh' + hg') + ghf' = f'gh+ fg'h + fgh’

which is the desired result.

10



18. Derive formula (3.15) for the derivative of the product of four functions.
Solution:
Formula (3.15) states

(wowz) = v'vwz + w'wz + vvw'z + vowz’

We apply the product rule to the functions u and vwz to find

(ufpwz]") = w(vwz)" +vwzu’ = u(v'wz + vw'z + vwz') + vwzu’
= vvwz + w'wz + vow'z + vwwz’

which is the desired result.

O

19. Can you write a formula for the derivative of the product of n functions?

Solution:
Based on the preceding two examples, we infer the derivative of the product of
n functions f1, fo,..., f, is given by

(fiferfu)=Ffifo ot fifo ot fifo- [

25. Prove that the nth derivative of a polynomial function of degree n is a
constant. What is the (n 4 1)th derivative of the same polynomial?

Solution:
Let f(x) = ap + a12 + agz? + - - + a,a™.
Then
f(x) = a1+ 2a02 + -+ + nayz" !
f"(x) = 2as + - +n(n — 1)apz" >
f™(z)=nn-1)(n-2)---2-12° =nl

Thus the n-th derivative of a polynomial of degree n is constant. The
(n + 1)th derivative is 0 since the derivative of any constant is 0.
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