MAT 319/320

CORRECTION OF PRACTICE MIDTERM 1

Problem 1. Show by induction that for any natural number n > 1 one has 3" >n.

Proof. 1. The proposition is true for n =1 because 3 > 1.

2. Assume that 3" > n: then 3"*t! > 3n =n + 2n > n + 1 because n > 1.Therefore we proved
that 3"t >n+1.

O

Problem 2. Determine the set A of all  in R such that |5.z + 2| <8.

Proof. |5.2 4+ 2| <8 is equivalent to — 8 < 52 + 2 < 8 whic is equivalent to — 10 < 5z < 6, there-
fore the set A is the open interval ( —2,6/5).
g

Problem 3. Is the set B = { S N E ]N} bounded above? bounded below? Does it have a

least upper bound, a greatest lower bound?

Proof. For any n € N one has 0 < < 1 therefore it is bounded above and below. Since it is

1
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nonempty it has a least upper bound and a greatest lower bound (by completeness of R).Since 1
is an upper bound and is in the set B it is also its least upper bound.

Let’s prove now that 0 is the 1nﬁmum of B.Given any ¢ > 0, using the archimedean property
one can ﬁnd an mteger K such that — = <& but then for any n > K, one has:

0<—— 2+1 <3 < < ¢ therefore E =0+ ¢ is not a lower bound of B, hence 0 is the greatest

lower bound of B .
O

Problem 4. Let J,=(1——,2+ ). Prove that (7, J,=[1,2].

Proof. Since [1,2] C J, for any n, one deduces that [1,2]C 77, J

Let’s prove the other direction: let =z € ﬂzozl Jn. We will successively prove that = < 1 and
x > 2 are impossible:

Assume that x < 1. Then by the archimedean property, there is an 1nteger K such that - <
1 —x, but this implies that <1 — &, therefore z ¢ Ji, and thus z ¢ (>

Similarly assume that x > 2, then one can find an integer K such that x> 2+ & and thus
x ¢ Ji and we are done.

O
Problem 5. Prove that (lim ( 5::73) = 5).
5n+3 5n+3—5n—35| | —32 32
Proof. We have 0 < 5’ p— = n+7‘\7-

Thus we can apply our criterion of convergence, because we already know that the sequence
( %) converges to zero. O

2n+1

Problem 6. Find the limit of \/ 77,2+5) (s

+2).

Proof. Let’s break the proof into several steps:

.(1+

2+5) converges to 1:



Indeed, since we have 0 < n21+5 < % — 0, we know that (n21+5) converges to zero
which gives the result.
2n+1 .
2. <n2—+7+ 2) converges to 2:
2n+1 _ 2n 1 2n 3

+ +H<2ri=3 0

Because for any n>1 we have 0< — —

n24+7 n247 n2+7\ﬁ

oo 2n 41
one deduces by our convergence criterion that (7;17

gives the result.

) converges to zero, and this

3. By the product theorem, one deduces that (1+ ﬁ)(%—i— 2) converges to 1.2=2.
Since for any n € N one has that (1 + n%ﬁ)(f;j; +2) > 0 and converges to 2, one
knows that \/(1 + #)(i’;—j; +2) converges to /2.
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