
HW5: 

16-(i) surjective, and injective. 

ଵ݂
ିଵሺݔሻ ൌ ݔ ൅ 1 

(ii) injective, surjective. 

ଶ݂
ିଵሺݔሻ ൌ ݔ

ଵ
ଷ 

(iii)By drawing the graph, we find out that it is not injective. For example, ଷ݂ሺ0ሻ ൌ ଷ݂ሺ1ሻ ൌ 0. So the 
inverse does not exist. But it is surjective.  

(iv) We easily find out that ସ݂ሺݔሻ ൌ ሺݔ െ 1ሻଷ. As the function ݃ሺݔሻ ൌ  ଷ is surjective and injective, so isݔ
ସ݂. And we have  

ସ݂
ିଵሺݔሻ ൌ ݔ

ଵ
ଷ ൅ 1 

(v)It does not assume negative numbers, so it is not surjective. But it is increasing, so it is injective. 

ହ݂
ିଵሺݔሻ ൌ  ሻݔሺ݊ܮ

(vi) Injective, and surjective(check it for both negatives, positives, and zero). 

଺݂
ିଵ ൌ ቐݔ

ଵ
ଶ               ݂݅        ݔ ൐ 0

െሺെݔሻ
ଵ
ଶ    ݂݅        ݔ ൑ 0

 

 

 

18-We want to show that for each ݖ א ܼ, we can find an ݔ א ܺ, such that ݂݃݋ሺݔሻ ൌ  .ݖ

As ݃ is surjective, there is a ݕ such that ݃ሺݕሻ ൌ  such ݔ Moreover, as ݂ is also surjective, we have an .ݖ
that ݂ሺݔሻ ൌ ݃ሺݕሻ. Now, it`s done, as ݂݃݋ሺݔሻ ൌ  .ݖ

 

19- Note that f(x) is a surjection. That means, for each ݕ א ܻ, we ca find a  ݔ א ܺ, such that ݂ሺݔሻ ൌ  .ݕ

Also  note that we do not claim that x is unique. So, for each y, we can pick up one of such x`s, call it 
,ଵݕ ሻ. As f(x) is a function, no two distinct y`s, sayݕሺݔ  ଶ, cannot have a common inverse image. So weݕ
can have a fuction g(x), taking each  ݔ to ݔሺݕሻ. 

݃: ܻ ՜ ܺ 

՜ ݕ  ሻݕሺݔ 



 That is the function we sought for. As for each ݕ א ܻ  we have ݂݃݋ሺݕሻ ൌ ݂ሺ݃ሺݕሻሻ. But by the definition 
of g(y), it is in the preimage of y. So ݂൫݃ሺݕሻ൯ ൌ  .ݕ

 

20-  

(i) ݕ א ݂ሺܣଵሻ. This means there is an ݔ א ݕ ଵ such thatܣ ൌ ݂ሺݔሻ. Noting that ܣଵ ك  ଶwe findܣ
out that  ݔ א ݕ ଶ. Soܣ ൌ ݂ሺݔሻ א  ଶ, and this completes the proof, because every element ofܣ
݂ሺܣଵሻ is also in ݂ሺܣଶሻ. 
But take the function ݂ሺݔሻ ൌ ,|ݔ| ଵܣ ݀݊ܽ ൌ ሾ1,2ሿ, ଶܣ ൌ ሾെ2, െ1ሿ.  Obviously, ܣଵ  and ܣଶ 
have the same images, yet their intersection is empty! 
If we add the condition that f(x) be one-one, we can be sure that each set has a unique pre-
image, because each point has a unique pre-image.  
Note that if the converse is true, f(x) must be injective. Because we can take ܣଵ  and ܣଶ to be 
ሼݔଵሽ and  ሼݔଶሽ. Note that ݂ሺሼݔଵሽሻ ൌ ݂ሺሼݔଶሽሻ ฺ ሼݔଶሽ ൌ ሼݔଵሽ means f(x) is injective. 

(ii) Again, take ݕ א ݂ሺܣଵ ת ݔ׌ ଶሻ that meansܣ א ଵܣ ת ,ଶܣ .ݏ ,ݐ ݂ሺݔሻ ൌ  ଵ andܣ  As x is in both .ݕ
ሻݔଶ, ݂ሺܣ א ݂ሺܣଵ ת  .ଶሻܣ
Again look at the aforementioned example, in (i). 

(iii) Assume ݕ א ݂ሺܣଵ ׫ ݔ׌ ଶሻ. Thenܣ א ଵܣ ׫ ,ଶܣ .ݏ ,ݐ ݂ሺݔሻ ൌ  ଶ. So itsܣ ଵ orܣ So x is in either .ݕ
image is contained in at least of of ݂ሺܣଵሻ or ݂ሺܣଶሻ. That means ݕ א ݂ሺܣଵሻ ׫ ݂ሺܣଶሻ. 
Conversely, if  ݕ א ݂ሺܣଵሻ ׫ ݂ሺܣଶሻ, ݔ׌ א ,ଵܣ .ݏ ,ݐ ݂ሺݔሻ ൌ ݔ׌ OR ݕ א ,ଶܣ .ݏ ,ݐ ݂ሺݔሻ ൌ  That .ݕ
means  ݔ׌ א ଵܣ ׫ ,ଶܣ .ݏ ,ݐ ݂ሺݔሻ ൌ ݕ :That`s what we wanted .ݕ א ݂ሺܣଵሻ ׫ ݂ሺܣଶሻ. 
  

 


