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Introduction

Let K be an algebraically closed field with char K # 3, {Y1,...,Y,} a set of
indeterminates over K, and let R,, = K[Y1,--+,Y,]/(fn), where f, = Y2 +.. .+
Y,2. In this paper we consider graded maximal Cohen-Macaulay modules over
R,, that have no free direct summands; for simplicity, we call these standard
mazimal Cohen-Macaulay (MCM) modules (over R,). In particular, we are
interested in the question of the existence of such modules with bounded number
of generators. For example we prove the following result in Theorem 3.1 :

Theorem 0.1 For a positive integer q, if n > 2q, then there exist no standard
mazimal Cohen-Macaulay modules that are generated by q elements.

Because of this result, we focus on the the function p(R,) of n, defined to be
the minimum of the number of generators of standard MCMs over R,,, especially
for small values of n. Indeed we are interested in obtaining nice families of
standard MCMs, especially for such values of n. Of course our approach is based
mainly on Eisenbud’s theory of (reduced) matrix factorizations [Eis], but we also
use substantially his insight into the rdle played by determinants [Eis, (6.4)]. We
were also inspired by Yoshino’s theory of tensor products of matrix factorizations
[Yosl]. Our main results in this direction give the following information (see
1.1,3.2, 3.3, 3.5, 3.6 and 3.8).

T(heore)m 0.2 (7’) M(RQ) =1, M(RS) =2, M(Rél) =2, M(RS) =4, :u(Rn) 2
W(Rn—1).

(ii) u(]l%n) >n/2 forn > 1.

(#1i) Suppose n > 3 and p(Rp—1) < u(Ry). Then 2u(Ryn—1) > pu(Ry).
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A result of Bruns, given in [He-Kii, (3.4)] proved very useful in giving a more
complete version of parts of our work (see 3.3(b) and 3.8 below). We would like
to thank J. Herzog for bringing this paper to our attention. It uses a wide
variety of sophisticated techniques to obtain interesting results on the rank and
minimal number of generators of maximal Cohen-Macaulay modules, but in a
different direction to our investigations.

While we have to content ourselves with presenting nice families of standard
MCMs with few generators in case n = 3 and 4 (see 2.1, 2.2, 3.8 and 3.9), in the
case n = 3 we can classify completely isomorphism classes of standard MCMs
with two generators in a particularly satisfying way (see 1.1).

Proposition 0.3 There is a bijection between the isomorphism classes of stan-
dard MCM modules over Rs with two gemerators and points of the projective
plane cubic X§ + X3 + X3 =

This results calls to mind the very general work of Kahn [Ka], but the bi-
jection in our situation is quite simple and direct.

For general background, see [Br-He] and [Yos2].

1 Two-generated standard maximal
Cohen-Macaulay modules over Rj3

To describe such modules is equivalent, by the work of Eisenbud [Eis|, to de-
scribing the reduced 2 x 2-matrix factorizations of f3 over K[Y7, Ys, Y3] with ho-
mogeneous entries. That is, we wish to find 2 x 2-matrices ¢ and v, with entries
homogeneous forms of positive degree from K[Y7, Y, Ys5], such that ¢-¢ = f5-Is,
I5 being the 2 x 2 identity matrix. Then det ¢ - dett = f2 and since f3 is ir-
reducible we see that det¢ = detty = f3. In fact we see that ¢ =adj(¢), the
adjoint matrix of ¢, so that it suffices to find such ¢ with det ¢ = f3.

Let A = [A1 : A2 : A3] be a point on the curve X C P2 with equation f3 = 0.
After a suitable change of coordinates if necessary,we may suppose that A3 # 0
and so may take A3 = 1. Thus A3 +A3+1 = 0. Then f3 = (Y = \3V3) + (Y5 —
A3YP) = (Vi = MY3) (Y7 + M Y1 Y3 + AYF) + (Yo — AoY3) (Y5 + AoYoYs + A3YY),
that is, f3 = det ¢) where

¢ o Yl — )\1Y3 Y2 - )\2Y3
AT (VR YoV +A3YY) Y2 AMYIYs +ATYR )

We can now give the main result of this section. Although it is reminis-
cent of Kahn’s general correspondence [Ka|, the correspondence it presents is
particularly immediate and direct.



Proposition 1.1 The correspondence ® : A — ¢y defines a bijection between
the points of the curve X and the isomorphism classes of standard mazximal
Cohen-Macaulay modules over Rs having two generators.

Proof: Suppose that A\, M are two distinct points on X. After a suitable change
of coordinates if necessary, we may suppose that A3 = A\ = 1 (in an obvious
notation). Then the Fitting ideal Fit; (¢, ) is the ideal (Y7 —A1Y3, Ya— o Y3, Y2+
AMY1Y3+ /\%3/32, Y22 +AYo Y3+ )\%Y}?), i.e. Fitl((b,\) = (}/1 —AMY3, Y5 —AY3, Y}?)
It follows almost immediately that Fitq(¢x) #Fit1(éx). Thus @ is injective.
Now let A be a 2 x 2 matrix with entries homogeneous forms in K[Y7, Ys, V3]
of positive degree such that det A = f3; then A and its adjoint matrix adj(A)
form a matrix factorization of a standard maximal Cohen-Macaulay module M
over R3 having two generators. After elementary transformations on A (which
correspond to isomorphisms on M) we may suppose

A= ( CCL Z ) , dega =degb=1,degc=degd = 2,
with a = Y7 — 11Y3, b = Yo — uoY3 for py,ue € K. Since det A = fs,
fa(p1, p2, 1) = 0; that is, p3 + p3 + 1 = 0 and therefore p = [pg @ po @ 1] is
a point on X. For the surjectivity of @, it is enough to show that A and ¢, are

equivalent, that is, they define the same maximal Cohen-Macaulay module M.
Set ¢/ = —(YZ + pu2YoYs + pdY3) and d' = Y2 + 1 Y1 Y3 + p3YZ2. Then

ad’ — b’ = f3 = ad — be,

so a(d—d") = b(c— ). By unique factorization in K[Y7, Y2, Y3], we deduce that
d—d =bl, c—c = al for some linear form | € K[Y7,Y>,Y3]. Thus ¢, arises
from A by an elementary row operation, and so they are equivalent. m

See also [OP, 7.7], where the decomposition
Y+ Y3+ Y7 = (Y1 + Yo + Y3)h + 31 Yo Y3,

with h = Y2 + Y2 + Y? — Y1Ys — Y1V3 — Y5V, gives a graded reduced matrix
factorization (¢', 1) over Rj of size 2 such that det ¢’ = f3.

2 Three-generated standard maximal
Cohen-Macaulay modules over Rj

As in the first section, we see that a three-generated standard maximal Cohen-
Macaulay module M over R3 corresponds to 3 X 3 matrix ¢ of homogeneous
forms of positive degree in K[Y7,Ys, Y3] such that det ¢ equals f3 or f2; the
matrix factorization is given by (¢,adj(¢)) in the first case (see [Eis, Section 5



and 6] for a general discussion). If necessary, replacing M by its first syzygy
module, we may suppose that det ¢ = f3. Since ¢ is 3 x 3, we deduce that the
entries ¢;; of ¢ are linear forms. If one row or column of ¢ consists of linearly
independent linear forms, then it is easily seen that after elementary row and
column operations we may write

i Y2 Y3
o= Yo a b |, veK\{0},
vYs ¢ d

for some linear forms a, b, ¢, d.

Since det ¢ = fs it is easy to see that ¢ = a1Y] + asYs — v~ 'Y3, b =
b1Y1 +b2Ys +b3Y3, c =c1Y1 + Yo +c3Y3 and d = d1 Y] — Y5 + d3Y3, where the
a;,bi,c;,d; € K and satisfy the following identities:

(1) a1d1 — blcl = 1, (11) —a1 + d1a2 - b102 - b261 = O,

(111) ards — ’Ufldl —biez — bger = 0; (IV) —d3 + ¢co + vby = 0;

(V) —di1 — byco — as = 0; (Vl) —vag 4 ¢3 + vby = 0;

(vil) —va; — bgez — v~ tdz = 0; (viii) v~! + agdz + ¢1 + vby — bacz — bzcy = 0.
(These follow on equating coefficients of Y2, Y2V, Y2V, Y2Y3, V1YE, YoY2
Y1Y# and Y;Y>2Y3, respectively.)

From (iv) we have d3 = co + vba, from (vi) we have ay = v~ lcz + b3, from
(vii) a1 = —v~2d3 — v~ tbzes, from (viii) ¢; = bacg + bgea — v~ — aads — vby,
and from (v) dy = —ag — bace. On substituting into (i), (ii), (ili) we get three
equations h;(v,ce,c3,b1,b2,b3) = 0, i = 1,2,3, in six variables (the details are
left to the reader). Hence we have:

Proposition 2.1 Each point (v, ca, c3,b1,b2,b3), v # 0, of V(hy, ha, h3) C A%
yields a 3-generated standard mazimal Cohen-Macaulay module over Rs.

Remark 2.2 (a) A nice instance of such matrices is given by the family

Y Y Y3
¢u7j = Y2 _U_1YE’> _u}/I
vYs wTlY; =Y,

where u,v € K \ {0} satisfy —uv+u~t +v~1 =0.

(b) It would seem to be a messy task to characterize isomorphism classes of
the MCM modules given by 2.1, in contrast to the more satisfactory situation
presented in 1.1.

(¢c) It is possible for ¢ to have dependence in a row or column (and then in each
row and column). For example, for ¢ given as follows:

0 —-(Y1+Ys) Y3
¢ = }/3 0 Yl —|—(.¢J}/2 )
Yi + w?Ys Y3 0



where w € K satisfies w® = 1, we have det ¢ = f3.
We could present a variant of 2.1 for ¢ of this sort (details are left to the
interested reader).

We now recall a basic result of Eisenbud (see [Eis, (6.4)]), which we specialize
to our situation.

Lemma 2.3 A standard mazimal Cohen-Macaulay module over Rz given by a
graded reduced q X ¢ matriz factorization (¢,1) has rank k (and requires exactly
q generators) if and only if det ¢ = fX and Fit1(¢) C ( ¥,

So we quickly deduce the following result.

Proposition 2.4 A 3-generated standard mazximal Cohen-Macaulay module M
over Ry given by a graded reduced 3 x 3 matriz factorization (¢,1)) has rank one

if det(¢) = f3 and rank two if det(¢) = f2.

Proof: If det ¢ = f3, then det ) = f3, so by 2.3 Qf, (M) has rank 1. The short
exact sequence
OHQ}{s(M)HRgﬂMHO

then forces M to have rank 2.
If det ¢ = f3, it follows immediately from 2.3 that rank M =1m

So, in particular, the MCM modules given in 2.1 and 2.2 have rank one and
so are Ulrich modules in the sense of [He-Kii].

3 Minimal number of generators of
maximal Cohen-Macaulay modules over R,

As before, let R, = K[Y1,...,Y,]/(fn), where f, = 31" | V3, and let ¢ be a
positive integer.

Theorem 3.1 Ifn > 2q, then there does not exist a standard maximal Cohen-
Macaulay module over R, such that is generated by q elements.

Proof: Suppose that there is such a module M, given by a reduced graded
matrix factorization (¢, 1) of size q over K[Y7,...,Y,]; note that we may assume
that g is the minimal number of generators, since decreasing ¢ preserves the
hypothesis and conclusion. Suppose that ¢ = (a;;), ¥ = (bj;). Then we have
fn= Z?Zl a;;bj; for each 4, 1 <4 < ¢. Since dega;;, degbj; > 1 and deg f,, = 3,
we see that for each ¢,j, one of a;;,b;; has degree one and the other has degree
two. Hence we may write f,, = > 7 | o;3; for some linear forms «; and quadratic
forms ;. Carrying out elementary transformations on the «;, we may write

fn= 22:1 ol 3] for some ¢ < ¢, where o, ..., a} are linearly independent of the



form of =Y; — 7; with ~; linear forms in Y;yq,...,Y, (1 <i<¢%).
Setting Y; = v, 1 < i < t, we get the identity

t n
Yoot Y -0
=1

i=t+1

But n > 2t, since n > 2q > 2t, so this is impossible. m

Following 3.1, if A is a graded Cohen-Macaulay ring, we set
w(A) = min{u(M) | M a standard MCM A-module},

where p(M) denotes the minimal number of generators of M.
Corollary 3.2 Forn >1, u(R,) > n/2.

Proof: This follows immediately from 3.1 and the next remark 3.3(a). m

Remark 3.3 (a) Note that u(R2) = 1 since there exist cyclic standard MCM
modules over Ro, by the reducibility of fo. Since fs is irreducible, u(Rs) > 2,
so u(Rsg) =2 by 1.1.

(b) W. Bruns has proved the following interesting result (see [He-Kii, (3.4)]):
Suppose that M is a non-trivial MCM-module over a hypersurface ring R with
isolated singularity. Then 2- rank M +1 > dim R.

So, in our context, this gives the following fact:

If M is a standard MCM R,, — module, then rank M > (n —2)/2.

In particular, p(M) > (n — 2)/2, since u(M) > rankM ; this gives a weaker
result than 3.2. On the other hand by a result of Herzog-Kihl (see [He-Ki,
(1.8)]) we get p(M) > 3- rank M /2 for all standard MCM R,,-modules M and
so w(M) > 3(n — 2)/4, which is stronger than our 3.2 for n > 8.

The main result of this section (see 3.5 below) gives information on the
growth of u(R,,) with n. But first we have a preparatory lemma.

Lemma 3.4 Letn > 3 and let q be a positive integer. Suppose that there exists
no standard maximal Cohen-Macaulay R, —module generated by q elements, but
that there exists a standard mazimal Cohen-Macaulay R,,_1 —module minimally
generated by q elements. Then there exist families of indecomposable standard
mazimal Cohen-Macaulay modules over R, of rank q that are minimally gener-
ated by 2q elements.

Proof: Let o € K with o® # 1 and consider the ring R, =

K[Y1,..., Yo 1]/(fao1 — @®Y,3 ). Since clearly R, ~ R, _; as K-algebras, it
follows from the hypotheses that there exists a standard MCM R,-module M,
that is minimally generated by ¢ elements. Let (¢, %) be the corresponding



matrix factorization over K[Y1,...,Y,_1].

Then
Q/ﬁ\ _ ¢ (Yo + Yn+1)Iq
“ *(YnQ — YY1 + er+1)]q (G )

,(7}\ _ ( (0 _(Yn +KL+1)IQ )
“ (Ynz - YnYn+1 + Yr?—&-l)lq ¢

yields a reduced graded matrix factorization of a standard MCM module N, over
Ay, where Ay = K[Y1,..., Y1)/ (Ffus1 — @®Y,2 1), Thus P, := No/ (Vo1 —
aY,_1)N, is a standard MCM module over A, /(Y,+1—aY,—1) = R, minimally
generated by 2q elements. If P, were decomposable (as standard MCM module),
then P, would have as direct summand a standard MCM module generated by
q (or fewer) elements, contradicting our hypothesis.

It remains to show that rank P, = q.

First note that rank M,+ rank Q}m (M,,) = q, because of the exact sequence

OHQ}%Q(MQ) — R1 — M, — 0.

Let p C A, be a graded relevant prime ideal containing Y;,, ¥;,11, a¥;,—1 (recall
that n > 3). Since a3 # 1, fu41 —a®Y;3_| has an isolated singularity at the ori-
gin, so by the Auslander-Buchsbaum formula, (N, ), is free; hence pu((Ny)p) =
rank (Ng)p.

Thus, setting p = p/(Ya, Ynt1),

M((Na)p) = M((Na/(ym YnJrl)Na)p) = M((Ma)ﬁ @ (Q}%a (Ma))ﬁ)

= M((Ma)ﬁ) + N((Qha (Ma))ﬁ) =rank M, + rank Qlllza (Ma) =4,

since {Y,,, Y41} is a regular sequence in A, and f,,_; —a3Y,3_; has an isolated
singularity at the origin, so that (M), and (Q; (Ma)); are free over (Rq)p.
Similarly,

U((Na)p) = p((Na/(Yng1 — aYn—1)Na)p) = u((Pa)p) = rank P,,

since (P, )pr, is free over (Ry,)pr, . B

We can now give the main results of this section:

Theorem 3.5 Let n > 3 be such that u(R,) > p(Rn—1). Then there exist
families of standard indecomposable mazximal Cohen-Macaulay modules over R,
of rank p(R,—1) minimally generated by 2u(R,—1) elements. In particular, in
this case pu(Ry) < 2u(Rp—1).

Proof: This follows immediately from 3.4. m



Remark 3.6 (a) The inequality u(R,) < 2u(R,—1) is sharp, since for example
w(R3) = 2 while u(Rg) = 1.

(b) Clearly p(Ry) > u(Rp—1) for all n. For if N is a standard MCM R,, —
module with W(N) = t, N being presented by a graded matriz factorization (¢, 1)
of size t over R, then N := N/Y,N is a standard MCM R,,_1 — module with
w(N) =t, N being given by the matriz factorization (¢,1), where the overbar
denotes reduction modulo Yy, .

Remark 3.7 Suppose in the statement of 3.4 that we drop the hypothesis about
R, having no standard MCM modules generated by q elements. Then, following
the constructions in the proof of 8.4, by work of Yoshino [Yos1], if M, is inde-
composable over R, then N, is indecomposable over A,. But it is not clear if the
latter would force Py := No/(Yni1 — aYn_1)Ng to be indecomposable over R,,.
This may be true for generic a. However if (¢,1) is a g-matriz factorization of
an indecomposable MCM R,,_1-module then

¢ Xl v XA
X1, v )\ X, ¢
gives a 2q-matriz factorization of an indecomposable standard MCM R,,-module
by [Yosl].

Remark 3.8 Note that u(Ry4) = 2. As in Section 1, the decomposition
fa= M+ Ya) (V) = V1Yo +Y5) + (Vs + Ya) (V5 = YaYa + 1Y)

yields a 2-generated standard MCM R4 — module. As u(Ry) < p(Rs) by 8.1, it
follows from 3.5 that 3 < u(Rs5) < 4. However, if u(Rs) = 3, then, as in 2.4,
there exists a standard MCM Rs-module of rank one. This contradicts 3.3(b).
Hence p(Rs5) = 4.

Remark 3.9 There exists 3-generated standard MCM Ry4-modules. Take

Yi+Y, Y, Y3
¢ = }/2 _U_l}/?, —U(}/l + p2Y4)
vYs u= (Y1 + pYy) -Y,

where p,u,v € K\ {0} satisfy

PP =1p#1;
—ww+u "+ =0;
—uwv+u" o p = 0;

that is, u® = p(1+4 p) and v = —u/(1 + p).
Then det ¢ = f4, so (¢, adj(¢)) give a reduced graded matriz factorization over
K[Yla}/’Q7Y3aY4]'
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