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Concentration of measure

This lecture is drawn from:

M. Ledoux. The concentration of measure phenomenon. AMS 89,
2001.

M. Ledoux and M. Talagrand. Probability in Banach spaces.
Springer, 1991.

N. Alon and J. Spencer. The probabilistic method. Wiley, 2016.
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Chernoff’s inequality

Theorem

Let X1,X2, ...,Xn be jointly independent random variables with mean 0
and such that |Xi | ď 1. Let

X :“ X1 ` ¨ ¨ ¨ ` Xn

and let σ “
a

VarrX s the standard deviation. Then for any λ ą 0,

Probp|X | ą λσq ď 2 maxpe´λ
2{4, e´λσ{2q.

The concentration of measure phenomenon seeks to obtain ‘Gaussian-type’
tail decay in circumstances with less independence.
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Chernoff’s inequality

Lemma

Let X be a random variable with |X | ď 1 and ErX s “ 0. Then for any
´1 ď t ď 1 we have EretX s ď exppt2 VarrX sq.

Proof.

By Taylor expansion, etX ď 1` tX ` t2X 2. Thus

EretX s ď 1` t2 VarrX s ď exppt2 VarrX sq.
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Chernoff’s inequality

Proof of Chernoff’s inequality.

By symmetry it suffices to prove ProbpX ě λσq ď e´tλσ{2 where
t “ minpλ{2σ, 1q.

Use ProbpX ě λq “ ProbpetX ě etλq ď EretX s
etλ

.

Thus

ProbpX ě λσq ď e´tλσ EretX1 ¨ ¨ ¨ etXns

“ e´tλσ EretX1s ¨ ¨ ¨EretXns

ď e´tλσ exppt2pVarrX1s ` ¨ ¨ ¨ ` VarrXnsqq

“ exppt2σ2 ´ tλσq.

The claim follows, since t ď λ{2σ.
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Azuma’s inequality

The following is a martingale variant of Chernoff’s bound.

Theorem (Azuma’s inequality)

Let 0 “ X0,X1, ...,Xm be a martingale sequence, with Fi “ σpX0, ...,Xi q

and ErXi |Fi´1s “ Xi´1. Assume

|Xi ´ Xi´1| ď 1

for all 1 ď i ď m. Let λ ą 0. Then

Prob
“

Xm ą λ
?

m
‰

ă e´λ
2{2.

Bob Hough Math 639: Lecture 22 May 5, 2017 6 / 61



Azuma’s inequality

Proof.

Set α “ λ{
?

m.

Let Yi “ Xi ´ Xi´1, so |Yi | ď 1 and ErYi |X0, ...,Xi´1s “ 0.

By convexity we have

EreαYi |X0, ...,Xi´1s ď coshpαq ď eα
2{2.
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Azuma’s inequality

Proof.

Setting apart one variable at a time,

EreaXms “ E

«

m
ź

i“1

eαYi

ff

“ E

«˜

m´1
ź

i“1

eαYi

¸

EreαYm |X0, ...,Xm´1s

ff

ď eα
2{2 E

«

m´1
ź

i“1

eαYi

ff

ď eα
2m{2.
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Azuma’s inequality

Proof.

Thus

Prob
`

Xm ą λ
?

m
˘

“ Prob
´

eαXm ą eαλ
?
m
¯

ă EreαXmse´αλ
?
m

ď eα
2m{2´αλ

?
m “ e´λ

2{2.
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Edge exposure martingale

Let n ě 1 be an integer and 0 ă p ă 1. The random graph G pn, pq is
a graph on n vertices t1, 2, ..., nu with each edge appearing i.i.d. with
probability p.

Let m “
`

n
2

˘

and let the potential edges be e1, ..., em.

Let f be a function on graphs, and define a martingale X0,X1,X2, ...
by setting X0 to be the expectation of f pG q when graph G is sampled
from G pn, pq.

Let Xi be determined by deciding whether e1, ..., ei belongs to G ,
then taking the expectation of f pG q where the remaining edges are
random.
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Vertex exposure martingale

Let f be a function on graphs as before, and let X1 “ Erf pG qs when
G is sampled from G pn, pq

Define martingale X1, ...,Xn by letting Xi be the conditional
expectation in which all edges between vertices j , k ď i are
deterministic, and all other edges are random.
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The chromatic number of a random graph

The chromatic number χpG q of a graph G is the least number of colors
needed to color the vertices of G so that no edge is monochromatic.

Theorem (Shamir and Spencer, 1987)

Let n ě 1 and 0 ă p ă 1. Set c “ ErχpG qs when G is sampled from
G pn, pq. Then

Prob
“

|χpG q ´ c | ą λ
?

n ´ 1
‰

ă 2e´λ
2{2.
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The chromatic number of a random graph

Proof.

Let f pG q “ χpG q be the chromatic number, and let c “ X1,X2, ...,Xn

be the corresponding vertex exposure martingale.

The bounded difference condition applies, since a single vertex can be
given a new color.

Hence the result follows from Azuma’s inequality.
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Azuma’s inequality variant

The following slight generalization of Azuma’s inequality is sometimes
useful.

Theorem (Azuma’s inequality variant)

Let 0 “ X0,X1, ...,Xm be a martingale sequence, with differences
Yi “ Xi ´ Xi´1. Assume that }Yi}8 ă 8. Let

a “

˜

m
ÿ

i“1

}Yi}
2
8

¸
1
2

.

Let λ ą 0. Then
Prob r|Xm| ą λs ă 2e´λ

2{p2a2q.

The proof is essentially the same.
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Khintchine’s inequality

Let ε1, ..., εn be i.i.d. Rademacher random variables (˘1 with equal
probability) and let α1, ..., αn be real constants. By independence,

E

»

–

ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

i“1

εiαi

ˇ

ˇ

ˇ

ˇ

ˇ

2
fi

fl “

n
ÿ

i“1

α2
i .

Khintchine’s inequality gives the following approximate orthogonality in Lp.

Theorem (Khintchine’s inequality)

For any 0 ă p ă 8, there exist positive finite constants Ap and Bp

depending on p only such that for any finite sequence pαi q of real numbers,

Ap}αi}2 ď

˜

E

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

i

εiαi

ˇ

ˇ

ˇ

ˇ

ˇ

p¸ 1
p

ď Bp}αi}2.
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Khintchine’s inequality

Proof.

Rescale so
ř

i α
2
i “ 1.

By the variant of Azuma,

E

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

i

εiαi

ˇ

ˇ

ˇ

ˇ

ˇ

p

“

ż 8

0
Prob

˜ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

i

εiαi

ˇ

ˇ

ˇ

ˇ

ˇ

ą t

¸

dtp

ď 2

ż 8

0
expp´t2{2qdtp “ Bp

p .
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Khintchine’s inequality

Proof.

By Jensen, it suffices to prove the lower bound p ă 2

1 “ E

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

i

εiαi

ˇ

ˇ

ˇ

ˇ

ˇ

2

“ E

¨

˝

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

i

εiαi

ˇ

ˇ

ˇ

ˇ

ˇ

2p{3 ˇ
ˇ

ˇ

ˇ

ˇ

ÿ

i

εiαi

ˇ

ˇ

ˇ

ˇ

ˇ

2´2p{3
˛

‚

ď

˜

E

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

i

εiαi

ˇ

ˇ

ˇ

ˇ

ˇ

p¸2{3
¨

˝E

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

i

εiαi

ˇ

ˇ

ˇ

ˇ

ˇ

6´2p
˛

‚

1{3

ď

˜

E

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

i

εiαi

ˇ

ˇ

ˇ

ˇ

ˇ

p¸2{3

B
2´2p{3
6´2p .
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Metric examples

Definition

Let pX , dq be a finite metric space. We say pX , dq has length at most ` if
there exists

an increasing sequence

tX u “X 0,X 1, ...,X n “ ttxuuxPX

of partitions of X , with X i a refinement of X i´1

positive numbers a1, ..., an, with ` “
`
řn

i“1 a2
i

˘
1
2 , such that if

X i “ tAi
ju1ďjďm

then for all Ai
j ,A

i
k contained in some Ai´1

p there exists a bijection

φ : Ai
j Ñ Ai

k such that dpx , φpxqq ď ai for all x P Ai
j .

The length of a metric space is always at most its diameter.
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Metric examples

Theorem

Let pX , dq be a finite metric space of length at most `, and let µ be the
uniform probability measure on X . For every 1-Lipschitz function F on
pX , dq and every r ě 0,

µ

ˆ"

F ě

ż

Fdµ` r

*˙

ď e´r
2{2`2

.
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Metric examples

Proof.

Let Fi be the σ-field generated by X i , and set Fi “ ErF |Fi s, which
is a martingale sequence with F0 “

ş

Fdµ.

Let B “ Ai
j , C “ Ai

k be distinct atoms of Fi contained in a single

atom Ai´1
p of Fi´1.

Thus Fi is constant on B,C , and

Fi |C “
1

|C |

ÿ

xPC

F pxq “
1

|B|

ÿ

xPB

F pφpxqq

so that |Fi |C ´ Fi |B | ď ai by the 1-Lipschitz property.

The conclusion follows from the variant of Azuma’s inequality.
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Metric examples

Consider the symmetric group Sn on n letters, given the metric, for
σ, π P Sn,

dpσ, πq “
1

n
#ti : σpiq ‰ πpiqu.

Let Xi be the partition consisting of sets

Aj1,...,ji “ tσ P Sn : σp1q “ j1, ..., σpiq “ jiu.

If B,C P Xi satisfy B,C Ă A P Xi´1 then B and C differ only at
place i , given by ji , j

1
i , say.

Let φ be the relabeling that swaps ji and j 1i in the image of the
permutation, so that we may take all ai “

2
n and ` “ 2?

n
. Note that

the diameter is 1.
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Metric examples

We obtain the following corollary for the symmetric group.

Theorem

Let µ be the uniform probability measure on pSn, dq. For any 1-Lipschitz
function F on pFn, dq and any r ě 0,

µ

ˆ"

F ě

ż

Fdµ` r

*˙

ď e´nr
2{8.
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Metric examples

Example

Let F pσq be the number of transpositions pi , jq required to reach
permutation σ from the identity. F is n-Lipschitz, as may be seen by
moving one coordinate into correct position at a time. Hence

µ

ˆ"

F ě

ż

Fdµ` r

*˙

ď e´r
2{8n

so F is concentrated at a scale of
?

n about its mean.
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Talagrand’s inequality

Consider (finite) probability spaces pΩi ,Σi , µi q
n
i“1 with product

measure P “ µ1 b ¨ ¨ ¨ b µn on X “ Ω1 ˆ ¨ ¨ ¨ ˆ Ωn.

Consider weighted Hamming metrics. Let a “ pa1, ..., anq P Rn
`,

|a|2 “
n
ÿ

i“1

a2
i

and

dapx , yq “
n
ÿ

i“1

ai1pxi ‰ yi q.
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Talagrand’s inequality

Given a non-empty set A Ă X and x P X define a distance

DApxq “ sup
|a|“1

dapx ,Aq.

Let

UApxq “ ts “ psi q1ďiďn P t0, 1u
n : Dy P A, yi “ xi if si “ 0u.

Let VApxq be the convex hull in r0, 1sn of UApxq. Note that
0 P VApxq if and only if x P A.
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Talagrand’s inequality

Lemma

We have
DApxq “ dp0,VApxqq “ inf

yPVApxq
|y |.
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Talagrand’s inequality

Proof.

If dp0,VApxqq ď r , there exists z P VApxq with |z | ď r . Let a P Rn
`

with |a| “ 1. Then

inf
yPVApxq

a ¨ y ď a ¨ z ď |z | ď r .

Since
inf

yPVApxq
a ¨ y “ inf

sPUApxq
a ¨ s “ dapx ,Aq

this proves DApxq ď r .
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Talagrand’s inequality

Proof.

To prove the reverse direction, let z P VApxq such that
|z | “ dp0,VApxqq ą 0 and let a “ z

|z| .

Let y P VApxq. Then for θ P r0, 1s, θy ` p1´ θqz P VApxq so

|z ` θpy ´ zq|2 “ |θy ` p1´ θqz |2 ě |z |2.

Letting θ Ñ 0, py ´ zq ¨ z ě 0, so

a ¨ y ě |z | “ dp0,VApxqq.

Hence
DApxq ě dapx ,Aq “ inf

yPVApxq
a ¨ y ě dp0,VApxqq.
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Talagrand’s inequality

Theorem (Talagrand’s inequality)

For every measurable non-empty subset A of X “ Ω1 ˆ ¨ ¨ ¨ ˆ Ωn, and
every product probability P on X ,

ż

eD
2
A{4dP ď

1

PpAq
.

In particular, for every r ě 0,

PptDA ě ruq ď
e´r

2{4

PpAq
.
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Talagrand’s inequality

Proof.

Without loss of generality, let pΩ,Σ, µq be a prob. space and let
P “ µn be the n-fold product on X “ Ωn.

The proof is by induction. The case n “ 1 amounts to the inequality

PpAqp1´ PpAqq ď
1

4
ă e´1{4.

To make the inductive step, let A P Ωn`1 and let B be the projection
to Ωn, forgetting the last coordinate.

For ω P Ω let Apωq be the section of A along ω
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Talagrand’s inequality

Proof.

Given x P Ωn and ω P Ω, write z “ px , ωq.

If s P UApωq then ps, 0q P UApzq. If t P UBpxq then pt, 1q P UApzq.

Hence if ξ P VApωqpxq and ζ P VBpxq and 0 ď θ ď 1 then
pθξ ` p1´ θqζ, 1´ θq P VApzq.

By convexity,

DApzq
2 ď p1´ θq2 ` |θξ ` p1´ θqζ|2

ď p1´ θq2 ` θ|ξ|2 ` p1´ θq|ζ|2.

so
DApzq

2 ď p1´ θq2 ` θDApωqpxq
2 ` p1´ θqDBpxq

2.
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Talagrand’s inequality

Proof.

By Hölder’s inequality and the induction hypothesis, for fixed ω P Ω,

ż

Ωn

eDApx ,ωq
2{4dPpxq ď e

p1´θq2

4

ˆ
ż

Ωn

e
D2

Apωq
{4

dP

˙θ ˆż

Ωn

eD
2
B{4dP

˙1´θ

ď e
p1´θq2

4

ˆ

1

PpApωqq

˙θ ˆ 1

PpBq

˙1´θ

“
1

PpBq
e
p1´θq2

4

ˆ

PpApωqq

PpBq

˙´θ

.

Use infθPr0,1s e
p1´θq2

4 u´θ ď 2´ u, so

ż

Ωn

eDApx ,ωq
2{4dPpxq ď

1

PpBq

ˆ

2´
PpApωqq

PpBq

˙

.
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Talagrand’s inequality

Proof.

Use up2´ uq ď 1 and integrate in ω to find

ż

Ωn`1

eDApx ,ωq
2{4dPpxqdµpωq ď

1

PpBq

ˆ

2´
P b µpAq

PpBq

˙

ď
1

P b µpAq
.
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Longest increasing subsequence

Consider points x1, ..., xn P r0, 1s.

Denote by Lnpx1, ..., xnq “ Lnpxq the length of the longest increasing
subsequence, that is, the largest p so that there exist
i1 ă i2 ă ... ă ip with

xi1 ă xi2 ă ¨ ¨ ¨ ă xip .

When U1, ...,Un are i.i.d. uniform on r0, 1s, LnpU1, ...,Unq has the
same distribution as the longest increasing sequence in a random
permutation.
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Longest increasing subsequence

Lemma

Given s ě 0, let A “ As “ tx P r0, 1s
n : Lnpxq ď su. We have

s ě Lnpxq ´ DApxq
a

Lnpxq.

In particular,

DApxq ě
u

?
s ` u

whenever Lnpxq ě s ` u.
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Longest increasing subsequence

Proof.

Let I Ă t1, 2, ..., nu with |I | “ Lnpxq such that if i , j P I with i ă j
then xi ă xj .

Choose a supported on I with value a|I ”
1?
Lnpxq

to find that there

exists y P A such that J “ ti P I : yi ‰ xiu satisfies

|J| ď DA

a

Lnpxq.

It follows that pxi qiPI zJ is an increasing subsequence of y , which
proves the first part of the lemma.

The second part of the lemma follows from DA ě
Lnpxq´s?

Lnpxq
since

u ÞÑ u´s?
u

is increasing in u ě s.
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Longest increasing subsequence

Theorem

Let mn be a median of Ln “ LnpU1, ...,Unq, so PpLn ą mnq ď 1{2 and
PpLn ă mnq ď 1{2. For every r ě 0,

PptLn ě mn ` ruq ď 2e´r
2{4pmn`rq

PptLn ď mn ´ ruq ď 2e´r
2{4mn

so, in particular, for 0 ď r ď mn,

Ppt|Ln ´mn| ě ruq ď 4e´r
2{8mn .
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Longest increasing subsequence

Proof.

Let A “ tx : Lnpxq ď mnu and let B “ tx : Lnpxq ě mn ` ru.

By Talagrand’s inequality,

ż

B
eD

2
A{4 ď

1

PpAq
ď 2.

DA ě
r?

mn`r
on B, the first bound follows.

Now let A “ tx : Lnpxq ď mn ´ ru and B “ tx : Lnpxq ě mnu so that
DApxq ě

r?
mn

on B, so

1

2
ď PpBq ď

e´r
2{4mn

PpAq
.
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Lipschitz functions

Definition

Let X “ Ω1 ˆ ¨ ¨ ¨ ˆ Ωn. We say that a function F : X Ñ R is 1-Lipschitz
in the sense of Talagrand, if for every x P X there exists a “ apxq such
that, for every y P X ,

F pxq ď F pyq ` dapx , yq.
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Talagrand’s inequality for Lipschitz functions

Theorem

Let P be a product probability measure on the space X “ Ω1 ˆ ¨ ¨ ¨ ˆ Ωn,
and let F : X Ñ R be 1-Lipschitz in the sense of Talagrand. Let mF be a
median for F , so that PpF ě mF q,PpF ď mF q ě

1
2 . Then, for every r ě 0,

Ppt|F ´mF | ě ruq ď 4e´r
2{4.
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Talagrand’s inequality for Lipschitz functions

Proof.

Let A “ tF ď mF u.

By the 1-Lipschitz property, for each x there exists a “ apxq such that

F pxq ď mF ` dapx ,Aq ď mF ` DApxq.

Hence, by Talagrand’s inequality,

PptF ě mF ` ruq ď PptDA ě ruq ď
e´r

2{4

PpAq
ď 2e´r

2{4.

To bound the lower tail, argue similarly, replacing mF with mF ´ r .
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Suprema of linear functionals

Let Y1, ...,Yn be independent random variables taking values in r0, 1s

Let

Z “ sup
tPT

n
ÿ

i“1

tiYi

where T is a finite family of vectors t “ pt1, ..., tnq P Rn.

Let σ “ suptPT |t|2.
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Suprema of linear functionals

Let X “ r0, 1sn with P the product measure of the laws of the Yi ,
and, for x P X , F pxq “ suptPT

řn
i“1 tixi .

Given x “ px1, ..., xnq P X , let t “ tpxq achieve the supremum of
F pxq. Then, for all y P X ,

F pxq “
n
ÿ

i“1

tixi ď
n
ÿ

i“1

tiyi `
n
ÿ

i“1

|ti ||xi ´ yi |

ď F pyq ` σ
n
ÿ

i“1

|ti |

σ
1pxi ‰ yi q.

It follows that σ´1F is 1-Lipschitz in the sense of Talagrand, by
choosing a “ apxq “ σ´1p|t1|, ..., |tn|q.
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Suprema of linear functionals

We obtain the following corollary.

Corollary

Let tYiu
n
i“1 be independent random variables taking values in r0, 1s, let T

be a finite family of linear functionals on Rn bounded in `2 by σ, and let

Z “ sup
tPT

n
ÿ

i“1

tiYi .

Let mZ be a median of Z . Then, for every r ě 0,

Ppt|Z ´mZ | ě ruq ď 4e´r
2{4σ2

.
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First passage percolation

Theorem

Let G “ pV ,E q be a graph. Let pYeqePE be i.i.d. random variables
(passage times) taking values in r0, 1s. Let T be a set of subsets of E .
Given T P T , let YT “

ř

ePT Ye . Define

ZT “ inf
TPT

YT “ inf
TPT

ÿ

ePT

Ye .

Let D “ supTPT |T | and let m be a median of ZT . Then, for each r ą 0,

Ppt|ZT ´m| ě ruq ď 4e´r
2{4D .

The set T could be taken to be a collection of paths connecting a pair of
vertices x , y . ZT is then the lowest cost path among these.
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Further applications

Talagrand’s method may also be used to prove concentration for the
traveling salesman problem, and minimum length spanning tree for random
collections of points in r0, 1s2.
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Concentration in Gauss space

Definition

Denote γNpdxq “ p2πq´N{2 expp´|x |2{2qdx the Gaussian measure on RN .
Define the usual Lipschitz norm of a real function f on RN ,

}f }Lip “ sup

"

|f pxq ´ f pyq|

|x ´ y |
: x , y P RN

*

.

We say a function is Lipschitz if it has finite Lipschitz norm.
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Concentration in Gauss space

Theorem

Given Lipschitz function f , let

Ef “

ż

RN

f pxqdγN .

For any t ě 0,

γNp|f ´ Ef | ą tq ď 2 expp´2t2{π2}f }2Lipq.

With more care, the constant 2
π2 can be replaced with 1

2 in the exponential.
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Concentration in Gauss space

Proof.

Let f Lipschitz on RN , so f is a.e. differentiable and satisfies
|∇f | ď }f }Lip.

Shifting by a constant, assume
ş

fdγN “ 0.

By convexity

γNpf ą tq ď expp´λtq

ż

exppλf qdγN

ď expp´λtq

ż ż

exprλpf pxq ´ f pyqqsdγNpxqdγNpyq.
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Concentration in Gauss space

Proof.

Given x , y P Rn, let

xpθq “ x sin θ ` y cos θ, x 1pθq “ x cos θ ´ y sin θ

so that

f pxq ´ f pyq “

ż π{2

0

d

dθ
f pxpθqqdθ “

ż π{2

0
x∇f pxpθqq, x 1pθqydθ.

By Jensen, γNpf ą tq is bounded by

expp´λtq
2

π

ż π
2

0

ĳ

exp

„

λπ

2
x∇f pxpθqq, x 1pθqy



dγNpxqdγNpyqdθ
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Concentration in Gauss space

Proof.

For fixed θ, the distribution of pxpθq, x 1pθqq is the same as the
distribution of x , y . Hence

γNpf ą tq ď expp´λtq

ĳ

exp

„

λπ

2
x∇f pxq, yy



dγNpxqdγNpyq

ď expp´λtq

ż

exp

ˆ

λ2π2

8
|∇f |2

˙

dγn

ď exp

ˆ

´λt `
λ2π2

8
}f }2Lip

˙

.

Choose λ “ 4t
π2}f }2Lip

to obtain

γNpf ą tq ď expp´2t2{π2}f }2Lipq.
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Log Sobolev inequalities

Definition

Given a probability space pΩ,Σ, µq and a non-negative measurable f ,
define it’s entropy

Entµpf q “

ż

f log fdµ´

ż

fdµ log

ż

fdµ

where
ş

f plog 1` f qdµ ă 8 and 8 otherwise.

This is homogeneous of degree 1.
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Log Sobolev inequalities

Definition

We say a Borel probability measure µ on Rn satisfies a logarithmic Sobolev
inequality with constant C ą 0 if, for all smooth enough functions f ,

Entµpf
2q ď 2C

ż

|∇f |2dµ.
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Log Sobolev inequalities

Abbreviate γ the Gaussian measure on Rn.

Theorem

For every smooth enough function f on Rn,

Entγpf
2q ď 2

ż

|∇f |2dγ.
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Log Sobolev inequalities

Proof.

Let pPtqtě0 denote the Ornstein-Uhlenbeck semigroup, which has
integral representation

Pt f pxq “

ż

f pe´tx ` p1´ e´2tqyqdγpyq, t ě 0, x P Rn.

Let f be smooth and non-negative, satisfying ε ď f ď 1{ε.

Since P0f “ f and limtÑ8 Pt f “
ş

fdγ,

Entγpf q “ ´

ż 8

0

d

dt

ˆ
ż

Pt f log Pt fdγ

˙

dt
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Log Sobolev inequalities

Proof.

We have Pt “ etL where L “ ∆´ x ¨∇. The second order differential
operator L satisfies, for smooth f , g ,

ż

f pLgqdγ “ ´

ż

∇f ¨∇gdγ.

Hence

d

dt

ż

Pt f log Pt fdγ “

ż

LPt f log Pt fdγ `

ż

LPt fdγ

“ ´

ż

|∇Pt f |
2

Pt f
dγ.
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Log Sobolev inequalities

Proof.

Calculate, from the integral representation,

∇Pt f “ e´tPtp∇f q ñ |∇Pt f | ď e´tPtp|∇f |q.

By Cauchy-Schwarz,

Ptp|∇f |q2 ď Ptpf qPt

ˆ

|∇f |2

f

˙

.

Combining these steps,

Entγpf q ď

ż 8

0
e´2t

ˆ
ż

Pt

ˆ

|∇f |2

f

˙

dγ

˙

dt “
1

2

ż

|∇f |2

f
dγ.

The conclusion follows on replacing f with f 2 and letting ε Ó 0.
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Log Sobolev inequalities

We can now use the Log Sobolev inequality satisfied by Gaussian measure
to obtain the sharper constant in Gaussian concentration.

Theorem

Let F be a 1-Lipschitz function on Rn. Then

γ

ˆ"

F ě

ż

Fdγ ` r

*˙

ď e´r
2{2.
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Log Sobolev inequalities

The following argument is due to Herbst.

Proof.

Let F be a 1-Lipschitz function, satisfying |∇F | ď }F }Lip “ 1 a.e.

Assume, as we may, that
ş

Fdγ “ 0.

Consider f 2 “ eλF´λ
2{2. We have

ż

|∇f |2dγ “
λ2

4

ż

|∇F |2eλF´λ
2{2dγ ď

λ2

4

ż

eλF´λ
2{2dγ.
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Log Sobolev inequalities

Proof.

Let Λpλq “
ş

eλF´λ
2{2dγ. By log-Sob,

ż
„

λF ´
λ2

2



eλF´λ
2{2dγ ´ Λpλq log Λpλq ď

1

2
λ2Λpλq.

which rearranges to

λΛ1pλq ď Λpλq log Λpλq ô λ
Λ1pλq

Λpλq
ď log Λpλq.

It follows that Hpλq “ log Λpλq
λ if λ ą 0, Hp0q “ Λ1p0q

Λp0q “
ş

Fdγ “ 0

satisfies H 1pλq ď 0. Hence Λpλq ď 1.

Bob Hough Math 639: Lecture 22 May 5, 2017 60 / 61



Log Sobolev inequalities

Proof.

We’ve checked, for all λ,
ż

eλFdγ ď e
λ2

2

Hence PpF ě rq ď e´λr`λ
2{2. Choosing λ “ r proves the claim.
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