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Harmonic functions and applications

This lecture follows Mörters and Peres, Chapter 3.
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Harmonic functions

Definition

By a domain we mean a connected open set U Ă Rd . Let U Ă Rd be a
domain. A function u : U Ñ R is harmonic if it is twice continuously
differentiable and, for any x P U,

∆upxq :“
d
ÿ

j“1

B2u

Bx2j
pxq “ 0.

If, instead, ∆u ě 0 then u is subharmonic.
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Harmonic functions

The following theorem relates harmonicity to mean value properties.

Theorem

Let U Ă Rd be a domain and u : U Ñ R measurable and locally bounded.
The following conditions are equivalent:

1 u is a harmonic

2 For any ball Bpx , rq Ă U, we have

upxq “
1

measpBpx , rqq

ż

Bpx ,rq
upyqdy

3 For any ball Bpx , rq Ă U,

upxq “
1

σx ,r pBBpx , rqq

ż

BBpx ,rq
upyqdσx ,r pyq

where σx ,r is the surface measure on BBpx , rq.
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Harmonic functions

Proof.

Either 2 or 3 implies that one may write, for a suitable C8 function g
of compact support,

upxq “

ż

upyqgp}x ´ y}22qdy .

Differentiating g proves that u is C8.

To prove 2 ñ 3, differentiate in the radial direction. To prove 3 ñ 2,
integrate.
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Harmonic functions

Proof.

To prove 3 ô 1, introduce

ψprq “

ż

BBp0,1q
upx ` ryqdσ0,1pyq

and differentiate in r , applying Green’s theorem, to find

ψ1prq “

ż

BBp0,1q

Bu

Bn
px ` ryqdσ0,1pyq “

ż

Bp0,1q
∆upx ` ryqdy ,

which suffices.
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Maximum principle

Theorem (Maximum principle)

Suppose u : Rd Ñ R is a function, which is subharmonic on an open set
U Ă Rd .

1 If u attains its maximum in U, then u is a constant.

2 If u is continuous on U and U is bounded, then

max
xPU

upxq “ max
xPBU

upxq.
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Maximum principle

Proof.
1 A variant of the argument giving the mean value characterization

shows that

upxq ď
1

measpBpx , rqq

ż

Bpx ,rq
upyqdy .

Hence if x is a maximum, then u is equal to this maximum on all
balls containing x . Since U is connected, u is constant.

2 Since u is continuous and U is closed and bounded, the maximum of
u is attained. By the previous part, the maximum is attained on BU.
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Maximum principle

Corollary

Suppose u1, u2 : Rd Ñ R are functions which are harmonic on a bounded
domain U Ă Rd and continuous on U. If u1 and u2 agree on BU then they
are identical on U.
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Brownian motion

Theorem

Suppose U is a domain, tBptq : t ě 0u a Brownian motion started inside
U and τ “ τpBUq “ mintt ě 0 : Bptq P BUu the first hitting time of its
boundary. Let φ : BU Ñ R be measurable, and such that the function
u : U Ñ R with

upxq “ Ex rφpBpτqq1pτ ă 8qs, x P U

is locally bounded. Then u is a harmonic function.
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Brownian motion

Proof.

For a ball Bpx , δq Ă U let τ̃ “ inftt ą 0 : Bptq R Bpx , δqu. The strong
Markov property implies

upxq “ Ex rEx rφpBpτqq1pτ ă 8q|F
`pτ̃qss “ Ex rupBpτ̃qqs

“

ż

BBpx ,δq
upyqωx ,δpdyq

where ωx ,δ is the uniform measure on BBpx , δq. Thus u has the mean
value property, and as it is locally bounded, it is harmonic.
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Dirichlet problem

Definition

Let U be a domain in Rd and let BU be its boundary. Suppose
φ : BU Ñ R is continuous. A continuous function v : U Ñ R is a solution
to the Dirichlet problem with boundary value φ, if it is harmonic on U and
vpxq “ φpxq for x P BU.
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Poincaré cone

Definition

Let U Ă Rd be a domain. We say that U satisfies the Poincaré cone
condition at x P BU if there exists a cone V based at x with opening angle
α ą 0, and h ą 0 such that V X Bpx , hq Ă Uc .
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Poincaré cone

For any open or closed set A Ă Rd , denote by τpAq the first hitting time
of Brownian motion to A,

τpAq “ inftt ě 0 : Bptq P Au.

Indicate by Czpαq a cone of angle α with base z .

Lemma

Let 0 ă α ă 2π and let

a “ sup
xPBp0,1{2q

ProbxpτpBBp0, 1qq ă τpC0pαqqq.

Then a ă 1 and, for any positive integer k and h1 ą 0, we have

ProbxpτpBBpz , h
1qq ă τpCzpαqqq ď ak

for all x , z P Rd with |x ´ z | ă 2´kh1.
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Poincaré cone

Proof.

Checking a ă 1 is straightforward.

By the strong Markov property

ProbxpτpBBp0, 1qq ă τpC0pαqqq

ď

k´1
ź

i“0

sup
xPBp0,2´k`i qq

ProbxpτpBBp0, 2
´k`i`1qq ă τpC0pαqqq “ ak ,

from which the second claim follows.
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Dirichlet problem

Theorem

Suppose U Ă Rd is a bounded domain such that every boundary point
satisfies the Poincaré cone condition, and suppose φ is a continuous
function on BU. Let τpBUq “ inftt ą 0 : Bptq P BUu, which is an almost
surely finite stopping time. Then the function u : U Ñ R given by

upxq “ Ex rφpBpτpBUqqqs, x P U,

is the unique continuous function harmonic on U with upxq “ φpxq for all
x P BU.
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Dirichlet problem

Proof.

Uniqueness, and harmonicity on the interior have already been
checked, so it suffices to check that the Poincaré cone condition
guarantees that u extends continuously to the boundary.

Let z P BU with cone Czpαq based at z with angle α ą 0 such that
for some h ą 0, Czpαq X Bpz , hq Ă Uc .

By the previous lemma, for some a ă 1, for all positive integers k and
h1 ą 0 we have

ProbxpτpBBpz , h
1qq ă τpCzpαqqq ď ak

for all x with |x ´ z | ă 2´kh1.
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Dirichlet problem

Proof.

Given ε ą 0 there is 0 ă δ ă h such that |φpyq ´ φpzq| ă ε for all
y P BU with |y ´ z | ă δ.

For all x P U with |z ´ x | ă 2´kδ,

|upxq ´ upzq| “ |Ex φpBpτpBUqqq ´ φpzq| ď Ex |φpBpτpBUqqq ´ φpzq|.

This is bounded by

2}φ}8 ProbxpτpBBpz , δqq ă τpCzpαqqq ` ε ď 2}φ}8a
k ` ε

from which the continuity follows.
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Liouville’s theorem

Theorem

Any bounded harmonic function in Rd is constant.
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Liouville’s theorem

Proof.

Let u be harmonic, bounded by M and let x ‰ y . The claim follows on
averaging over balls of radius R centered at x and y , since as R Ñ8, the
proportion that does not overlap tends to 0.
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Functions harmonic on an annulus

Let
A “ tx P Rd : r ă |x | ă Ru, 0 ă r ă R ă 8

be an annulus. A solution u to ∆u “ 0 on A such that upxq “ ψp|x |2q is
spherically symmetric satisfies

0 “
d
ÿ

i“1

`

ψ2
`

|x |2
˘

4x2i ` 2ψ1
`

|x |2
˘˘

“ 4|x |2ψ2p|x |2q ` 2dψ1p|x |2q.

Let y “ |x |2 ą 0 so that this becomes ψ2pyq “ ´d
2y ψ

1pyq. This gives

upxq “

$

&

%

|x | d “ 1
2 log |x | d “ 2
|x |2´d d ě 3

.

Write up|x |q in place of upxq.
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Exit times from an annulus

Theorem

Suppose tBptq : t ě 0u is a Brownian motion in dimension d ě 1 started
in x P A, which is an open annulus A with radii 0 ă r ă R ă 8. Define
stopping times

Tr “ τpBBp0, rqq “ inftt ą 0 : |Bptq| “ ru, r ą 0

We have

ProbxpTr ă TRq “

$

’

&

’

%

R´|x |
R´r d “ 1

logR´log |x |
logR´log r d “ 2
R2´d´|x |2´d

R2´d´r2´d d ě 3

.

For any x R Bp0, rq, we have

ProbxpTr ă 8q “

#

1 d ď 2
rd´2

|x |d´2 d ě 3
.
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Exit times from an annulus

Proof.

Let T “ Tr ^ TR . We have

upxq “ Ex rupBpT qqs “ uprqProbxpTr ă TRq`upRqp1´ProbxpTr ă TRqq

so

ProbxpTr ă TRq “
upRq ´ upxq

upRq ´ uprq
.

Letting R Ñ8 gives the second part.
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Recurrence and transience

Definition

A Markov process tX ptq : t ě 0u with values in Rd is

point recurrent if, almost surely, for every x P Rd there is a (random)
sequence tn Ò 8 such that X ptnq “ x for all n P N
neighborhood recurrent if, almost surely, for every x P Rd and ε ą 0,
there exists a (random) sequence tn Ò 8 such that X ptnq P Bpx , εq for
all n P N.

transcient if it converges to infinity almost surely.
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Recurrence and transience

Theorem

Brownian motion is

Point recurrent in dimension 1

Neighborhood recurrent, but not point recurrent in dimension 2

Transient in dimension d ě 3.
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Recurrence and transience

Proof.

The case d “ 1 may be deduced from d “ 2.

When d “ 2, fix ε ą 0 and x P Rd . By the previous theorem, the
stopping time t1 “ inftt ą 0 : Bptq P Bpx , εqu is almost surely finite.
Iterating proves the neighborhood recurrence at the point x .

This proves the neighborhood recurrence in general since the topology
has a countable base.

Point recurrence does not hold, because a.s. Brownian motion has no
area.
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Recurrence and transience

Proof.

When d ě 3 define event

An :“ t|Bptq| ą n, all t ě Tn3u.

Note that Tn3 ă 8 with probability 1.

For n ě |x |
1
3 ,

ProbxpA
c
nq “ Ex

”

ProbBpTn3 q
tTn ă 8u

ı

“

ˆ

1

n2

˙d´2

.

The RHS is summable, so by Borel-Cantelli, occurs only finitely often
with probability 1.
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Dvoretzky-Erdős test

Theorem

Let tBptq : t ě 0u be Brownian motion in Rd for d ě 3 and
f : p0,8q Ñ p0,8q increasing. Then

ż 8

1
f prqd´2r´

d
2 dr ă 8 ô lim inf

tÒ8

|Bptq|

f ptq
“ 8 a.s.

Conversely, if the integral diverges, then lim inftÒ8
|Bptq|
f ptq “ 0 a.s.
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Dvoretzky-Erdős test

We use several lemmas from homework.

Lemma (Paley-Zygmund inequality)

For any non-negative random variable X with 0 ă ErX 2s ă 8,

ProbpX ą 0q ě
ErX s2

ErX 2s
.

Lemma (Borel-Cantelli)

Suppose E1,E2, ... are events with

8
ÿ

n“1

ProbpEnq “ 8, lim inf
kÑ8

řk
m“1

řk
n“1 ProbpEn X Emq

´

řk
n“1 ProbpEnq

¯2
ă 8.

Then with positive probability infinitely many of the events take place.
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Dvoretzky-Erdős test

Lemma

There exists a constant C1 ą 0 depending only on the dimension d such
that, for any ρ ą 0, we have

sup
xPRd

Probxpthere exists t ą 1 with |Bptq| ď ρq ď C1ρ
d´2.
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Dvoretzky-Erdős test

Proof.

Calculate

Probxpthere exists t ą 1 with |Bptq| ď ρq ď E0

«

ˆ

ρ

|Bp1q ` x |

˙d´2
ff

ď ρd´2
1

p2πq
d
2

ż

Rd

|y ` x |2´d exp

ˆ

´
|y |2

2

˙

dy .
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Dvoretzky-Erdős test

Proof of the Dvoretzky-Erdős test.

Define events

An “ tthere exists t P p2n, 2n`1s with |Bptq| ď f ptqu.

We have

ProbpAnq ď Probpthere exists t ą 1 with |Bptq| ď f p2n`1q2´n{2q

ď C1pf p2
n`1q2´n{2qd´2.
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Dvoretzky-Erdős test

Proof of the Dvoretzky-Erdős test.

Convergence of the integral is equivalent to convergence of

8
ÿ

n“1

´

f p2nq2´n{2
¯d´2

ă 8.

By Borel-Cantelli, the events An happen only finitely often with
probability 1. This holds replacing f with a constant multiple, so

lim inf
tÒ8

|Bptq|

f ptq
“ 8

with probability 1.
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Dvoretzky-Erdős test

Proof of the Dvoretzky-Erdős test.

Now suppose
8
ÿ

n“1

´

f p2nq2´n{2
¯d´2

“ 8.

and assume, as we may, that f ptq ă
?
t.

For ρ P p0, 1q, consider the random variable Iρ “
ş2
1 1p|Bptq| ď ρqdt.

One has
C2ρ

d ď ErIρs ď C3ρ
d .
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Dvoretzky-Erdős test

Proof of the Dvoretzky-Erdős test.

Estimate

ErI 2ρ s “ 2 E

„
ż 2

1
1p|Bptq| ď ρq

ż 2

t
1p|Bpsq| ď ρqdsdt



ď 2 E

„
ż 2

1
1p|Bptq| ď ρqEBptq

ż 8

0
1p|B̃psq| ď ρqdsdt



.

Given x ‰ 0, let T “ inftt ą 0 : |Bptq| “ xu and use the strong
Markov property to obtain

E0

ż 8

0
1p|Bpsq| ď ρqds ě E

ż 8

T
1p|Bpsq| ď ρqds

“ Ex

ż 8

0
1p|Bpsq| ď ρqds
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Dvoretzky-Erdős test

Proof of the Dvoretzky-Erdős test.

Thus

ErI 2ρ s ď 2Cρd E0

ż 8

0
1p|Bpsq| ď ρqds ď C 1ρd`2.

It follows that

ProbpIρ ą 0q ě
ErIρs

2

ErI 2ρ s
ě C 2ρd´2.

Choose ρ “ f p2nq2´n{2. By Brownian scaling and monotonicity of f ,

ProbpAnq ě ProbpIρ ą 0q ě C 2
´

f p2nq2´n{2
¯d´2

so
ř

n ProbpAnq “ 8.
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Dvoretzky-Erdős test

Proof of the Dvoretzky-Erdős test.

For m ă n ´ 1,

ProbrAn|Ams ď sup
xPRd

ProbxpD t ą 1 with |Bptq| ď f p2n`1q2p1´nq{2q

ď C1pf p2
n`1q2p1´nq{2qd´2.
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Dvoretzky-Erdős test

Proof of the Dvoretzky-Erdős test.

Thus

lim inf
kÑ8

řk
m“1

řk
n“1 ProbpAn X Amq

´

řk
n“1 ProbpAnq

¯2

“ 2 lim inf
kÑ8

řk
m“1 ProbpAmq

řk
n“m`2 ProbpAn|Amq

´

řk
n“1 ProbpAnq

¯2

! lim inf
kÑ8

řk
n“1pf p2

n`1q2p1´nq{2qd´2
řk

n“1pf p2
nq2´n{2qd´2

ă 8.

We thus get ProbpAn i .o.q ą 0, so it is 1 since it has a 0-1 law. Since

we can replace f with εf , lim inftÒ8
|Bptq|
f ptq “ 0 a.s.

Bob Hough Math 639: Lecture 19 April 20, 2017 38 / 68



Occupation measures

Theorem

Let tBpsq : s ě 0u be a linear Brownian motion and t ą 0. Define the
occupation measure µt by

µtpAq “

ż t

0
1ApBpsqqds, A Ă R Borel.

Then a.s. µt is absolutely continuous with respect to Lebesgue measure.
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Occupation measures

Proof.

It suffices to check that

lim inf
rÓ0

µtpBpx , rqq

measpBpx , rqq
ă 8, µt ´ a.e. x P R.

By Fatou and Fubini,

E

ż

lim inf
tÓ0

µtpBpx , rqq

measpBpx , rqq
ď lim inf

rÓ0

1

2r
E

ż

µtpBpx , rqqdµtpxq

“ lim inf
rÓ0

1

2r

ż t

0

ż t

0
Probp|Bps1q ´ Bps2q| ď rqds1ds2.
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Occupation measures

Proof.

Use

Probp|Bps1q ´ Bps2q| ď rq “ Prob

˜

|X | ď
r

a

|s1 ´ s2|

¸

ď
2r

a

|s1 ´ s2|

which implies that

lim inf
rÓ0

1

2r

ż t

0

ż t

0
Probp|Bps1q´Bps2q| ď rqds1ds2 ď

ż t

0

ż t

0

ds1ds2
a

|s1 ´ s2|
ă 8.
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Occupation measures

Theorem

Let U Ă Rd be a non-empty bounded open set and x P Rd arbitrary.

If d “ 2, then Probx -a.s.,
ş8

0 1UpBptqqdt “ 8.

If d ě 3, then Ex

ş8

0 1UpBptqqdt ă 8.
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Occupation measures

Proof.

It suffices to show this for balls, and by translation, for balls centered
at 0. Let U “ Bp0, rq.

First consider d “ 2 and let G “ Bp0, 2rq.

Let S0 “ 0 and, for all k ě 0, let

Tk “ inftt ą Sk : Bptq R Gu, Sk`1 “ inftt ą Tk : Bptq P Uu.
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Occupation measures

Proof.

By the strong Markov property

Probx

ˆ
ż Tk

Sk

1UpBptqqdt ě s
ˇ

ˇ

ˇ
F`pSkq

˙

“ ProbBpSk q

ˆ
ż T1

0
1UpBptqqdt ě s

˙

“ Ex

„

ProbBpSk q

ˆ
ż T1

0
1UpBptqqdt ě s

˙

“ Probx

ˆ
ż Tk

Sk

1UpBptqqdt ě s

˙

.

These variables are i.i.d. with positive mean, so the conclusion follows
by the strong law of large numbers.

Bob Hough Math 639: Lecture 19 April 20, 2017 44 / 68



Occupation measures

Proof.

Now let d ě 3. Write pp¨, ¨, ¨q for the transition kernel of Brownian
motion. By Fubini’s theorem,

E0

ż 8

0
1Bp0,rqpBpsqqds “

ż 8

0
Prob0pBpsq P Bp0, rqqds

“

ż 8

0

ż

Bp0,rq
pps, 0, yqdyds

“

ż

Bp0,rq

ż 8

0
pps, 0, yqdsdy

“ σpBBp0, 1qq

ż r

0
ρd´1

ż 8

0

ˆ

1
?

2πs

˙d

e´
ρ2

2s dsdρ

“ C

ż r

0
ρd´1ρ2´ddρ ă 8.
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Occupation measures

Proof.

To handle a general starting point x , let T be the stopping time for
Brownian motion started at 0 and stopped the first time it reaches a
sphere of radius |x |. Then

Ex

ż 8

0
1Bp0,rqpBpsqqds “ E0

ż 8

T
1Bp0,rqpBpsqqds

ď E0

ż 8

0
1Bp0,rqpBpsqqds ă 8.
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Transient Brownian motion

Definition

Suppose that tBptq : 0 ď t ď T u is a d-dimensional Brownian motion and
one of the following three cases holds:

1 d ě 3 and T “ 8

2 d ě 2 and T is an independent exponential time with parameter
λ ą 0,

3 d ě 2 and T is the first exit time from a bounded domain D.

Say D “ Rd in cases 1 and 2. We refer to these three cases by saying that
tBptq : 0 ď t ď T u is a transient Brownian motion.
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Transient Brownian motion

Theorem

For transient Brownian motion tBptq : 0 ď t ď T u there exists a transition
density p˚ : r0,8q ˆ Rd ˆ Rd Ñ r0, 1s such that, for any t ą 0,

ProbxpBptq P A, t ď T q “

ż

A
p˚pt, x , yqdy , @A P BpRdq.

Moreover, for all t ě 0 and a.e. x , y P D, p˚pt, x , yq “ p˚pt, y , xq.

For the proof, see MP p. 79.
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Transient Brownian motion

We make the following convention regarding transition kernels for
transient Brownian motion.

1 d ě 3 and T “ 8:

p˚pt, x , yq “ ppt, x , yq.

2 d ě 2 and T is an independent exponential time with parameter
λ ą 0:

p˚pt, x , yq “ e´λtppt, x , yq.

3 d ě 2 and T is the first exit time from a bounded domain D:

p˚pt, x , yq “ ppt, x , yq ´ Ex rppt ´ T ,BpT q, yq1pT ă tqs.
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Green’s function

Definition

For transient Brownian motion tBptq : 0 ď t ď T u we define the Green’s
function G : Rd ˆ Rd Ñ r0,8s by

G px , yq “

ż 8

0
p˚pt, x , yqdt.
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Green’s function

Theorem

If f : Rd Ñ r0,8s is measurable, then

Ex

ż T

0
f pBptqqdt “

ż

f pyqG px , yqdy .

Proof.

Fubini gives

Ex

ż T

0
f pBptqqdt “

ż 8

0
Ex rf pBptqq1ptďT qsdt “

ż 8

0

ż

p˚pt, x , yqf pyqdydt

“

ż ż 8

0
p˚pt, x , yqdtf pyqdy “

ż

G px , yqf pyqdy .
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Green’s function

Theorem

If d ě 3 and T “ 8, then

G px , yq “ cpdq|x ´ y |2´d , cpdq “
Γpd{2´ 1q

2πd{2
.

Proof.

Calculate

G px , yq “

ż 8

0

1

p2πtq
d
2

e´
|x´y |2

2t dt

“
|x ´ y |2´d

2πd{2

ż 8

0
sd{2´2e´sds “

Γpd{2´ 1q

2πd{2
|x ´ y |2´d .
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Green’s function

Theorem

If d “ 2 and T is an independent exponential time with parameter λ ą 0,
then

G px , yq „ ´
1

π
log |x ´ y |, |x ´ y | Ó 0.

See MP. p.81.
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Green’s function

Theorem

In all three cases of transient Brownian motion in d ě 2, the Green’s
function G : D ˆ D Ñ r0,8s has the following properties:

1 G is finite off and infinite on the diagonal ∆ “ tpx , yq : x “ yu.

2 G is symmetric, i.e. G px , yq “ G py , xq for all x , y P D.

3 For y P D the Green’s function G p¨, yq is subharmonic on Dztyu. In
cases 1 and 3 it is harmonic.

This is immediate in the case d “ 3. In the remaining cases, see MP, pp.
82-84.
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Green’s function

Lemma

If d “ 2, for x , y , z P R2 with |x ´ z | “ 1,

´
1

π
log |x ´ y | “

ż 8

0
pps, x , yq ´ pps, x , zqds.
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Green’s function

Proof.

For |x ´ z | “ 1, we obtain

ż 8

0
ppt, x , yq ´ ppt, x , zqdt “

1

2π

ż 8

0

ˆ

e´
|x´y |2

2t ´ e´
1
2t

˙

dt

t

“
1

2π

ż 8

0

˜

ż 1{p2tq

|x´y |2{p2tq
e´sds

¸

dt

t

“
1

2π

ż 8

0
e´s

ż 1{p2sq

|x´y |2{p2sq

dt

t
ds “ ´

log |x ´ y |

π
.
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Harmonic measure

Definition

Let tBptq : t ě 0u be a d-dimensional Brownian motion, d ě 2, started in
some point x and fix a closed set A Ă Rd . Define a measure µApx , ¨q by

µApx ,Bq “ ProbpBpτq P B, τ ă 8q, τ “ inftt ě 0 : Bptq P Au

for B Ă A Borel.

µApx , ¨q is the distribution of the first hitting point of A, and the total
mass of the measure is the probability that a Brownian motion started in x
ever hits the set A. If x R A, µApx , ¨q is supported on BA.
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Dirichlet problem

Theorem

If the Poincaré cone condition is satisfied at every point x P BU on the
boundary of a bounded domain U, then the solution of the Dirichlet
problem with boundary condition φ : BU Ñ R can be written

upxq “

ż

φpyqµBUpx , dyq, x P U.

This is a restatement of our earlier solution of the Dirichlet problem.
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Harnack principle

Theorem (Harnack principle)

Suppose A Ă Rd is compact and x , y are in the unbounded component of
Ac . Then µApx , ¨q is absolutely continuous with respect to µApy , ¨q.
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Harnack principle

Proof.

Given B Ă BA Borel, the mapping x ÞÑ µApx ,Bq is a harmonic function on
Ac . If it vanishes at y P Ac then this is a minimum, so the maximum
modulus principle implies µApx ,Bq “ 0 for all x P Ac , as needed.
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Polar and nonpolar

Definition

A compact set A is called nonpolar if µApx ,Aq ą 0 for some (all) x P Ac .
Otherwise it is called polar.
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Poisson’s formula

Theorem (Poisson’s formula)

Suppose that B Ă BBp0, 1q is a Borel subset of the unit sphere for d ě 2.
Let ω denote the uniform distribution on the unit sphere. Then, for all
x R BBp0, 1q,

µBBp0,1qpx ,Bq “

ż

B

|1´ |x |2|

|x ´ y |d
dωpyq.
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Poisson’s formula

Proof.

We first consider the case |x | ă 1.

Let τ denote the first hitting time of BBp0, 1q.

It suffices by density to check for smooth f

Ex rf pBpτqqs “

ż

BBp0,1q

1´ |x |2

|x ´ y |d
f pyqdωpyq.

Thus it suffices to check that the RHS is a solution to the Dirichlet
problem with boundary value f .
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Poisson’s formula

Proof.

One may check by differentiating that for all y P BBp0, 1q,

x ÞÑ
1´ |x |2

|x ´ y |d

is harmonic on the open ball Bp0, 1q. This proves the harmonicity.

To prove the extension to the boundary first consider f ” 1 and check

I pxq “

ż

BBp0,1q

1´ |x |2

|x ´ y |d
ωpdyq “ 1.

Indeed, I is harmonic on the interior, satisfies spherical symmetric,
and has value 1 at 0.
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Poisson’s formula

Proof.

For general f , and y P BBp0, 1q,

ˇ

ˇ

ˇ

ˇ

ˇ

f pyq ´

ż

BBp0,1q

1´ |x |2

|x ´ z |d
f pzqdωpzq

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ż

BBp0,1q

1´ |x |2

|x ´ z |d
pf pyq ´ f pzqqdωpzq

ˇ

ˇ

ˇ

ˇ

ˇ

.

Note that 1´|x |2

|x´z|d
dωpzq is a probability measure on the boundary

which is a summability kernel for δy as x Ñ y .
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Poisson’s formula

Proof.

If |x | ą 1 we use inversion in the unit sphere. One can check that

u : Bp0, 1q
c
Ñ R

is harmonic if and only if its inversion

u˚ : Bp0, 1qzt0u Ñ R, u˚pxq “ u

ˆ

x

|x |2

˙

|x |2´d

is harmonic.
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Poisson’s formula

Proof.

Given smooth f , define harmonic function u : Bp0, 1q
c
Ñ R,

upxq “ Ex rf pBpτqq1pτ ă 8qs.

Thus u˚ is bounded and harmonic, and hence has a unique extension
to a harmonic function at 0, also.

The harmonic extension is continuous on the closure, where it agrees
with f , which gives the claimed formula.
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Harmonic measure

Theorem

Let A Ă Rd be a compact, nonpolar set, then there exists a probability
measure µA on A given by

µApBq “ lim
xÑ8

ProbxpBpτpAqq P B|τpAq ă 8q

for B Ă A Borel. Moreover, if Bpx , rq Ą A and ωx ,r is the uniform
probability measure on its boundary then

µApBq “

ş

µApa,Bqdωx ,r paq
ş

µApa,Aqdωx ,r paq
.

See MP pp.87 – 91.
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