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Brownian motion

A reference for the next several lectures is the book Brownian motion by
Mörters and Peres, CUP, 2010.
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Stochastic processes

Definition

Let pT , dq be a metric space.

By a random function or process X “ pXtqtPT indexed by T we mean
a collection of real valued random variables Xt , t P T .

By the finite dimensional distributions (f.d.d.) X we mean the
collection of probability measures µt1,...,tn on Bn, indexed by n and
distinct t1, ..., tn P T , where

µt1,...,tnpBq “ ProbppXt1 , ...,Xtnq P Bq

for any Borel subset B of Rn.
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Finite dimensional distributions

Definition

A collection of finite dimensional distributions is consistent if for any
Bk P B and distinct tk P T , finite n, and permutation π P Sn

µt1,...,tnpB1 ˆ ¨ ¨ ¨ ˆ Bnq “ µtπp1q,¨¨¨ ,tπpnqpBπp1q ˆ ¨ ¨ ¨ ˆ Bπpnqq,

and

µt1,...,tn´1pB1 ˆ ¨ ¨ ¨Bn´1q “ µt1,...,tn´1,tnpB1 ˆ ¨ ¨ ¨ ˆ Bn´1 ˆ Rq.
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Finite dimensional distributions

Definition

Let RT denote the collection of all functions xptq : T Ñ R. A finite
dimensional measurable rectangle in RT is any set of the form
txp¨q : xpti q P Bi , i “ 1, ..., nu for a positive integer n, Bi P B and ti P T .
The cylindrical σ-algebra, BT is the σ-algebra generated by the finite
dimensional cylindrical rectangles.
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Finite dimensional distributions

Theorem

For any consistent collection of f.d.d., there exists a probability space
pΩ,F ,Probq and a stochastic process ω ÞÑ tXtpωq, t P T u on it, whose
f.d.d. are in agreement with the given collection. Further, the restriction
of the probability measure Prob to the σ-algebra FX “ σpXt , t P T q is
uniquely determined by the specified f.d.d.
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Separable processes

Definition

A random process X “ pXtqtPT defined on probability space pΩ,A ,Probq
is said to be separable if there exists a negligible set N Ă Ω and a
countable set S in T such that, for every ω R N, every t P T , and ε ą 0,

Xtpωq P tXspωq : s P S , dps, tq ă εu.

This condition is met if pT , dq is separable and X is almost surely
continuous.
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The Gaussian

Recall that a random variable X is normally distributed with mean µ and
variance σ2 if

ProbpX ą xq “
1

?
2πσ2

ż 8

x
e´

pu´µq2

2σ2 du.
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Gaussian random vectors

Definition

A random vector pX1, ...,Xnq is called a Gaussian random vector if there
exists an n ˆm matrix A and an n-dimensional vector b such that
X t “ AY ` b where Y is an m-dimensional vector with independent
standard normal entries.
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Paul Lévy’s construction

Definition

A real valued stochastic process tBptq : t ě 0u is called a (linear)
Brownian motion with start x P R if the following holds:

Bp0q “ x

For all times 0 ď t1 ď t2 ď ... ď tn the increments Bptnq ´ Bptn´1q,
Bptn´1q ´ Bptn´2q, ..., Bpt2q ´ Bpt1q are independent random
variables.

For all t ě 0 and h ą 0, the increments Bpt ` hq ´ Bptq are normally
distributed with mean 0 and variance h.

Almost surely, t ÞÑ Bptq is continuous.

If x “ 0 then Bptq is standard Brownian motion.
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Paul Lévy’s construction

Definition

We say a stochastic process tX ptq, t ě 0u on pΩ,A ,Probq has property X
almost surely if there exists A P A with ProbpAq “ 1 such that

A Ă tω P Ω : t ÞÑ X pt, ωq has property Xu.
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Brownian motion

Theorem (Wiener, 1923)

Standard Brownian motion exists.
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Brownian motion

Proof.

We construct Brownian motion on the interval r0, 1s as a random
element of C r0, 1s, the space of continuous functions on r0, 1s.

Let Dn “
 

k
2n : 0 ď k ď 2n

(

. We first construct the joint distribution
of Brownian motion on these sets, then interpolate linearly and check
that the uniform limit exists and is a Brownian motion.

Let D “
Ť8

n“0 Dn, and let pΩ,A ,Probq be a probability space on
which a collection tZt : t P Du of independent standard normals is
defined.
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Brownian motion

Proof.

Define B on D iteratively by Bp1q “ Z1, and for n ě 1 and
d P DnzDn´1,

Bpdq “
Bpd ´ 2´nq ` Bpd ` 2´nq

2
`

Zd

2
n`1
2

.

We claim that this construction satisfies
§ For all r ă s ă t in Dn, the random variable Bptq ´ Bpsq is normally

distributed with mean 0 and variance t ´ s, and is independent of
Bpsq ´ Bprq.

§ The vectors tBpdq : d P Dnu and tZt : t P DzDnu are independent.

The second of these properties is immediate, since Bpdq for d P Dn is
a Gaussian vector on tZs : s P Dnu.
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Brownian motion

Proof.

To check the first property, we will show the collection of increments
tBpdq ´ Bpd ´ 2´nqu for d P Dnzt0u is independent, each being a
Gaussian of the correct variance.

Since this is a Gaussian vector, it suffices to check the pairwise
independence of it’s entries.

For d P DnzDn´1,

1

2

“

Bpd ` 2´nq ´ Bpd ´ 2´nq
‰

depends only on pZt : t P Dn´1q, and so is independent of Zd , with
variance 2´pn`1q. It follows that Bpdq ´ Bpd ´ 2´nq and
Bpd ` 2´nq ´ Bpdq are independent with mean 0 and variance 2´n.
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Brownian motion

Proof.

The previous arguments handles pairs Bpdq ´ Bpd ´ 2´nq and
Bpd ` 2´nq ´ Bpdq for d P DnzDn´1. In all other cases, the intervals
of increment are separated by some d P Dn´1

Let d P Dj with j minimal satisfying this property, so that the two
intervals are contained in rd ´ 2´j , ds and rd , d ` 2´j s.

The increments are built from the independent Gaussians
Bpdq ´ Bpd ´ 2´jq, and Bpd ` 2´jq ´ Bpdq using disjoint variables
pZt : t P Dnq, hence they are independent.
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Brownian motion

Proof.

Define

F0ptq “

$

&

%

Z1 t “ 1,
0 t “ 0,

linear 0 ă t ă 1

and

Fnptq “

$

&

%

2´pn`1q{2Zt t P DnzDn´1

0 t P Dn´1

linear interpolation otherwise

.

Notice that for d P Dn,

Bpdq “
n
ÿ

i“0

Fi pdq “
8
ÿ

i“0

Fi pdq.
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Brownian motion

Proof.

Use

Probp|Zd | ě c
?
nq ď exp

ˆ

´c2n

2

˙

,

so

8
ÿ

n“0

ÿ

dPDn

Probp|Zd | ě c
?
nq ď

8
ÿ

n“0

p2n ` 1q exp

ˆ

´c2n

2

˙

.

This converges for c ą
?

2 log 2, so that there is d P Dn with
|Zd | ě c

?
n only finitely often with probability 1.

It follows that there is a random but almost surely finite N, so that,
for all n ą N,

}Fn}8 ă c
?
n2´

n
2 .
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Brownian motion

Proof.

It follows that, almost surely,

Bptq “
8
ÿ

n“0

Bnptq

is uniformly convergent on r0, 1s. Thus Bptq is almost surely
continuous.

To check the finite dimensional distributions, let t1 ă t2 ă ¨ ¨ ¨ ă tn in
r0, 1s and let t1,k ď t2,k ď ¨ ¨ ¨ ď tn,k in D with limkÒ8 ti ,k “ ti . By
continuity,

Bpti`1q ´ Bpti q “ lim
kÒ8

Bpti`1,kq ´ Bpti ,kq.
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Brownian motion

Proof.

Note limkÒ8 ErBpti`1,kq ´ Bpti ,kqs “ 0 and

lim
kÒ8

Cov pBpti`1,kq ´ Bpti ,kq,Bptj`1,kq ´ Bptj ,kqq

“ lim
kÒ8

1i“jpti`1,k ´ ti ,kq “ 1i“jpti`1 ´ ti q.

The construction of Brownian motion on r0, 1s is completed by the
following proposition.
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Brownian motion

Proposition

Suppose tXn : n P Nu is a sequence of Gaussian random vectors, and
limn Xn “ X , almost surely. If b :“ limnÑ8 ErXns and
C :“ limnÑ8 CovXn exist, then X is Gaussian with mean b and
covariance matrix C .

Proof.

The convergence guarantees that the set of affine transformations defining
the Gaussian vectors converges.
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Brownian motion

To construct Brownian motion on R, take an independent sequence
B0,B1, .... of Brownian motions in C r0, 1s and glue them together,

Bptq “ Bttupt ´ ttuq `

ttu´1
ÿ

i“0

Bi p1q, t ě 0.
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Invariance properties of Brownian motion

Lemma (Scaling invariance)

Suppose tBptq : t ě 0u is a standard Brownian motion and let a ą 0. The
process tX ptq “ 1

aBpa
2tq : t ě 0u is also a standard Brownian motion.
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Invariance properties of Brownian motion

Proof.

Continuity of paths, independence and stationarity of increments are
preserved by scaling.

Note X ptq ´ X psq “ 1
a pBpa

2tq ´ Bpa2sqq is normal with mean 0 and
variance

1

a2
pa2t ´ a2sq “ t ´ s.
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Invariance properties of Brownian motion

Theorem (Time inversion)

Suppose tBptq : t ě 0u is a standard Brownian motion. Then
tX ptq : t ě 0u defined by

X ptq “

"

0 t “ 0
tB

`

1
t

˘

t ‰ 0

is also a standard Brownian motion.
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Invariance properties of Brownian motion

Proof.

The finite-dimensional distributions pBpt1q, ...,Bptnqq of Brownian
motion are Gaussian random vectors characterized by ErBpti qs “ 0
and CovpBpti q,Bptjqq “ ti for 0 ď ti ď tj .

tX ptq : t ě 0u is also a Gaussian process with mean 0. The
covariances are given for t ą 0 and h ě 0 by

CovpX pt ` hq,X ptqq “ pt ` hqt Cov

ˆ

B

ˆ

1

t ` h

˙

,B

ˆ

1

t

˙˙

“ tpt ` hq
1

t ` h
“ t.

It follows the law of Brownian motion agrees with

pX pt1q,X pt2q, ...,X ptnqq, 0 ď t1 ď t2 ď ¨ ¨ ¨ ď tn.
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Invariance properties of Brownian motion

Proof.

By the agreement in law,

lim
tÓ0,tPQ

X ptq “ 0, a.s.

Thus, by continuity, limtÓ0 X ptq “ 0 a.s.

This proves the a.s. continuity of X ptq on r0,8q.
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Invariance properties of Brownian motion

Definition

The Ornstein-Uhlenbeck diffusion tX ptq : t P Ru is defined by
X ptq “ e´tBpe2tq.

This process is time reversible in the sense that tX ptq : t ě 0u and
tX p´tq : t ě 0u.
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Law of large numbers

Theorem (Law of large numbers)

Almost surely, limtÑ8
Bptq
t “ 0.

Proof.

Let X ptq be the time-reversal of Bptq. The statement is equivalent to
limtÓ0 X ptq “ 0 a.s..
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Modulus of continuity

Theorem

There exists a constant C ą 0 such that, almost surely, for every small
h ą 0 and all 0 ď t ď 1´ h,

|Bpt ` hq ´ Bptq| ď C

c

h log
1

h
.
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Modulus of continuity

Proof.

Recall

Bptq “
8
ÿ

n“0

Fnptq

where Fn is piecewise linear.

For c ą
?

2 log 2 there exists a random N P N such that, for all
n ą N,

›

›F 1n
›

›

8
ď

2 }Fn}8
2´n

ď 2c
?
n2

n
2 .
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Modulus of continuity

Proof.

By the mean value theorem, for t, t ` h P r0, 1s

|Bpt ` hq ´ Bptq| ď
8
ÿ

n“0

|Fnpt ` hq ´ Fnptq|

ď h
l
ÿ

n“0

›

›F 1n
›

›

8
` 2

8
ÿ

n“l`1

}Fn}8 .

For l ą N, this is bounded by

h
N
ÿ

n“0

›

›F 1n
›

›

8
` 2ch

l
ÿ

n“N

?
n2

n
2 ` 2c

8
ÿ

n“l`1

?
n2´

n
2 .
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Modulus of continuity

Proof.

Choose h sufficiently small so that the first term is bounded by
b

h log 1
h , and so that l defined by 2´l ă h ď 2´l`1 satisfies l ą N.

This causes the remaining terms also to be bounded by a constant

times
b

h log 1
h .

Bob Hough Math 639: Lecture 17 April 13, 2017 33 / 61



Modulus of continuity

Theorem

For every c ă
?

2, almost surely, for every ε ą 0 there exist 0 ă h ă ε and
t P r0, 1´ hs with

|Bpt ` hq ´ Bptq| ě c

c

h log
1

h
.
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Modulus of continuity

Proof.

Let c ă
?

2. For integers k , n ě 0, define

Ak,n “

!

Bppk ` 1qe´nq ´ Bpke´nq ą c
?
ne´

n
2

)

.

We have

ProbpAk,nq “ ProbpBp1q ą c
?
nq ě

c
?
n

c2n ` 1

1
?

2π
e´

c2n
2 .

Using en ProbpAk,nq Ñ 8 as nÑ8 and 1´ x ď e´x ,

Prob

˜

č

0ďkďen´1

Ac
k,n

¸

.
“ p1´ ProbpA0,nqq

en Ñ 0.
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Modulus of continuity

Theorem (Lévy’s modulus of continuity)

Almost surely,

lim sup
hÓ0

sup
0ďtď1´h

|Bpt ` hq ´ Bptq|
b

2h log 1
h

“ 1.
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Modulus of continuity

Given natural numbers n,m, define Λnpmq as the collection of intervals

rpk ´ 1` bq2´n`a, pk ` bq2´n`as

for k P t1, 2, ..., 2nu, a, b P t0, 1
m , ...,

m´1
m u. Set Λpmq :“

Ť

n Λnpmq.

Lemma

For any fixed m and c ą
?

2, almost surely, there exists n0 P N such that,
for any n ě n0,

|Bptq ´ Bpsq| ď c

c

pt ´ sq log
1

t ´ s
, @ rs, ts P Λmpnq.
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Modulus of continuity

Proof.

Let X be standard normal. By union bound,

Prob

˜

sup
kPt1,...,2nu

sup
a,bPt0, 1

m
,...,m´1

m
u

|Bppk ´ 1` bq2´n`aq ´ Bppk ` bq2´n`aq| ą c
a

2´n`a logp2n`aq

¸

ď 2nm2 ProbpX ą c
a

logp2nqq

ď
m2

c
a

logp2nq

1
?

2π
2np1´c

2{2q.

The bound is summable, so that the result follows by Borel-Cantelli.
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Modulus of continuity

Lemma

Given ε ą 0 there exists m P N such that for every interval rs, ts Ă r0, 1s
there exists an interval rs 1, t 1s P Λpmq with |t ´ t 1| ă εpt ´ sq and
|s ´ s 1| ă εpt ´ sq.
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Modulus of continuity

Proof.

Choose m sufficiently large so that 1
m ă

ε
4 and 2

1
m ă 1` ε

2 .

Given rs, ts Ă r0, 1s, pick n such that 2´n ď t ´ s ă 2´n`1 and

a P
 

0, 1
m , ...,

m´1
m

(

so that 2´n`a ď t ´ s ă 2´n`a`
1
m .

Pick k P t1, ..., 2nu such that pk ´ 1q2´n`a ă s ď k2´n`a and
b P

 

0, 1
m , ...,

m´1
m

(

.

Let s 1 “ pk ´ 1` bq2´n`a so that

|s ´ s 1| ď
2´n`a

m
ď
ε

4
2´n`1 ď

ε

2
pt ´ sq.

Choose t 1 “ pk ` bq2´n`a. Then

|t ´ t 1| ď |s ´ s 1| ` |pt ´ sq ´ pt 1 ´ s 1q| ď εpt ´ sq.
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Modulus of continuity

Proof of Lévy’s modulus of continuity.

Given c ą
?

2, pick 0 ă ε ă 1 sufficiently small so that
c̃ :“ c ´ ε ą

?
2. Let m P N as in the previous lemma.

Choose n0 P N sufficiently large so that, for all n ě n0 and all
intervals rs 1, t 1s P Λnpmq, almost surely

|Bpt 1q ´ Bps 1q| ď c̃

c

pt 1 ´ s 1q log
1

t 1 ´ s 1
.
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Modulus of continuity

Proof of Lévy’s modulus of continuity.

Applying the previous upper bound on modulus of continuity

|Bptq ´ Bpsq| ď |Bptq ´ Bpt 1q| ` |Bpt 1q ´ Bps 1q| ` |Bps 1q ´ Bpsq|

ď C

d

|t ´ t 1| log
1

|t ´ t 1|
` c̃

c

pt 1 ´ s 1q log
1

t 1 ´ s 1

` C

d

|s ´ s 1| log
1

|s ´ s 1|

Taking ε ą 0 sufficiently small, the leading constant can be made
arbitarily close to c .
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Hölder continuity

Definition

A function f : r0,8q Ñ R is said to be locally α-Hölder continuous at
x ě 0, if there exists ε ą 0 and c ą 0 such that

|f pxq ´ f pyq| ď c |x ´ y |α, @y P Bεpxq.

We refer to α ą 0 as the Hölder exponent and to c ą 0 as the Hölder
constant.
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Hölder continuity

Theorem

If α ă 1
2 then, almost surely, Brownian motion is everywhere locally

α-Hölder continuous.

Proof.

This follows as a consequence of Lévy’s bound on modulus of
continuity.
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Monotonicity

Theorem

Almost surely, for all 0 ă a ă b ă 8, Brownian motion is not monotone
on the interval ra, bs.

Bob Hough Math 639: Lecture 17 April 13, 2017 45 / 61



Monotonicity

Proof.

Fix an interval ra, bs.

If Bpsq is monotone on ra, bs then for each subdivision
a “ a1 ă a2 ă ... ă an`1 “ b into n subintervals rai , ai`1s, the
increment Bpai`1q ´ Bpai q has a common sign.

By independence, this happens with probability 2 ¨ 2´n. Letting
nÑ8, the probability of monotonicity on ra, bs is 0.

The conclusion holds for all intervals ra, bs, a ă b simultaneously by
taking a union over those intervals of rational endpoints.
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Hewitt-Savage 0-1 Law

Recall the Hewitt-Savage 0-1 Law.

Theorem (Hewitt-Savage 0-1 Law)

If E is an exchangeable event for an independent, identically distributed
sequence, then ProbpE q is 0 or 1.
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Deviations

Proposition

Almost surely,

lim sup
nÑ8

Bpnq
?
n
“ 8, lim inf

nÑ8

Bpnq
?
n
“ ´8.
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Deviations

Proof.

By Fatou’s lemma,

ProbpBpnq ą c
?
n i.o.q ě lim sup

nÑ8
ProbpBpnq ą c

?
nq.

By scaling, the limsup is equal to ProbpBp1q ą cq ą 0.

Let Xn “ Bpnq ´ Bpn ´ 1q, which is an exchangeable sequence, and
note

tBpnq ą c
?
n i .o.u “

#

n
ÿ

j“1

Xj ą c
?
n i .o.

+

so that Bpnq ą c
?
n i .o. with probability 1.
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Derivatives

Definition

For a function f , define upper and lower right derivatives

D˚f ptq “ lim sup
hÓ0

f pt ` hq ´ f ptq

h
,

D˚f ptq “ lim inf
hÓ0

f pt ` hq ´ f ptq

h
.
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Derivatives

Theorem

Fix t ě 0. Almost surely, Brownian motion is not differentiable at t.
Moreover, D˚Bptq “ 8 and D˚Bptq “ ´8.

Proof.

Given standard Brownian motion B, let X be the time inversion. Then

D˚X p0q ě lim sup
nÑ8

npX p1{nq ´ X p0qq ě lim sup
?
nX p1{nq “ lim sup

nÑ8

Bpnq
?
n
.

This is infinite, and the reverse bound is similar. To obtain the bounds at
t ‰ 0, translate by t.
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Derivatives

Theorem (Paley, Wiener, Zygmund, 1933)

Almost surely, Brownian motion is nowhere differentiable. Furthermore,
almost surely, for all t,

D˚Bptq “ 8, or D˚Bptq “ ´8.
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Derivatives

Proof.

Suppose there is t0 P r0, 1s with

lim sup
hÓ0

|Bpt0 ` hq ´ Bpt0q|

h
ă 8,

so that there is a constant M with

sup
hPp0,1s

|Bpt0 ` hq ´ Bpt0q|

h
ď M.

It suffices to prove that this holds with probability 0 for any fixed M.
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Derivatives

Proof.

If t0 is contained in
“

k´1
2n ,

k
2n

‰

for n ą 2, then for all 1 ď j ď 2n ´ k,

ˇ

ˇ

ˇ

ˇ

B

ˆ

k ` j

2n

˙

´ B

ˆ

k ` j ´ 1

2n

˙ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

B

ˆ

k ` j

2n

˙

´ Bpt0q

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

B

ˆ

k ` j ´ 1

2n

˙

´ Bpt0q

ˇ

ˇ

ˇ

ˇ

ď
Mp2j ` 1q

2n
.

Define

Ωn,k :“

"ˇ

ˇ

ˇ

ˇ

B

ˆ

k ` j

2n

˙

´ B

ˆ

k ` j ´ 1

2n

˙ˇ

ˇ

ˇ

ˇ

ď
Mp2j ` 1q

2n
, j “ 1, 2, 3

*
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Derivatives

Proof.

By independence of increments and the scaling property,

ProbpΩn,kq ď Prob

ˆ

|Bp1q| ď
7M

2
n
2

˙3

.

Thus

Prob

˜

2n´3
ď

k“1

Ωn,k

¸

ď 2np7M2´n{2q3 “ p7Mq32´n{2.

This is summable in n, so that by Borel-Cantelli, only finitely many
Ωn,k occur with probability 1.
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Bounded variation

Definition

A right-continuous function f : r0, ts Ñ R is a function of bounded
variation if

V
p1q
f ptq :“

k
ÿ

j“1

|f ptjq ´ f ptj´1q| ă 8

where the supremum is over all k P N and partitions
0 “ t0 ď t1 ď ¨ ¨ ¨ ď tk´1 ď tk “ t. If the supremum is infinite f is said to
be of unbounded variation.
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Bounded variation

Theorem

Suppose that the sequence of partitions

0 “ t
pnq
0 ď t

pnq
1 ď ¨ ¨ ¨ ď t

pnq
kpnq´1 ď t

pnq
kpnq “ t

is nested, in the sense that one point is added at each step, and the mesh

∆pnq :“ sup
1ďjďkpnq

tt
pnq
j ´ t

pnq
j´1u

converges to 0. Then, almost surely,

lim
nÑ8

kpnq
ÿ

j“1

pBpt
pnq
j q ´ Bpt

pnq
j´1qq

2 “ t

and Brownian motion is of unbounded variation.
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Bounded variation

Lemma

If X ,Z are independent, symmetric random variables in L2, then

ErpX ` Z q2|X 2 ` Z 2s “ X 2 ` Z 2.

Proof.

By symmetry of Z ,

ErpX ` Z q2|X 2 ` Z 2s “ ErpX ´ Z q2|X 2 ` Z 2s.

It follows that ErXZ |X 2 ` Z 2s “ 0, which suffices.
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Bounded variation

Proof of variation theorem.

To deduce the unbounded variation from the mean-square claim we
use the Hölder property. Let α P p0, 1{2q, and let n be such that
|Bpaq ´ Bpbq| ď |a´ b|α for all a, b P r0, ts with |a´ b| ď ∆pnq.

Then

kpnq
ÿ

j“1

|Bpt
pnq
j q ´ Bpt

pnq
j´1q| ě ∆pnq´α

kpnq
ÿ

j“1

pBpt
pnq
j q ´ Bpt

pnq
j´1qq

2.

Define Xn :“
řkpnq

j“1

´

B
´

t
pnq
j

¯

´ B
´

t
pnq
j´1

¯¯2
. Let

Gn “ σpXn,Xn`1, ...q and

G8 :“
8
č

k“1

Gk Ă ¨ ¨ ¨ Ă Gn`1 Ă Gn Ă ¨ ¨ ¨ Ă G1.
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Bounded variation

Proof of variation theorem.

We show that tXn : n P Nu is a reverse martingale, i.e. that almost
surely,

Xn “ ErXn´1|Gns, n ě 2.

If s P pt1, t2q is the inserted point, apply the lemma to the random
variables Bpsq ´ Bpt1q, Bpt2q ´ Bpsq and F the σ-algebra generated
by pBpsq ´ Bpt1qq

2 ` pBpt2q ´ Bpsqq2. Thus

ErpBpt2q ´ Bpt1qq
2|F s “ pBpsq ´ Bpt1qq

2 ` pBpt2q ´ Bpsqq2.

Hence

E
”

pBpt2q ´ Bpt1qq
2
´ pBpsq ´ Bpt1qq

2
´ pBpt2q ´ Bpsqq2

ˇ

ˇ

ˇ
F
ı

“ 0

so Xn is a reverse martingale.
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Bounded variation

Proof of variation theorem.

Thus limnÒ8 Xn “ ErX1|G8s a.s.

We have ErX1s “ t

The variance is bounded by

lim inf
nÒ8

ErpXn ´ ErXnsq
2s “ lim inf

nÒ8
3

kpnq
ÿ

j“1

pt
pnq
j ´ t

pnq
j´1q

2

ď 3t lim inf
nÒ8

∆pnq “ 0.

Thus the limit is t a.s.
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