MATH 322, SPRING 2019 MIDTERM 2, PRACTICE PROBLEMS

ROBERT HOUGH

Problem 1. Prove that each two-tensor on R" has a unique representation
as a sum of a symmetric 2 tensor and an alternating 2 tensor.

Solution. The generic 2 tensor on R" may be written

g CiiT; Q Xj.

1<4,5<n
Write

1 1
ZT; T; = —\T; €, €, €T; —\Z; T, — T, ;).
@) =52 @+ 1 @) + 5 (11 @ 7 — 1; ® 17)

This expresses x; ® x; as the sum of a symmetric and alternating tensor. The
general claim now holds by linearity.

The representation is unique, since if a 2-tensor h has a representation
h = fi + g1 = fo + g2 where f1, fo are symmetric and g¢q, go are alternating,
then fi — fo = g2 — g1 is both alternating and symmetric. Acting by a
permutation of sign —1, fi — fo = —(g2 — g1), so both are 0.

Problem 2. Let o : R? — R* be given by a(x,y) = i % . Calculate do

Y
y3
and V (da).
Solution. We have
3¢2 0
| 22y 2P
de(.Z’, y) - yQ 2$y
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and, hence,

9zt 4+ 42y +yt 223y + 2207
t _
d&(xay) dOd(J?,y) - ( 2$3y + 2£Uy3 1,4 + 4:1:2y2 + 9y4 .

It follows that
V(da) = /(924 + 4222 + y*) (24 + 42292 + 9yb) — (223y + 223)2.

Problem 3. Let a = 21+ 29+ ... + x, and let w = ngzl(—l)jxl A ANZjA

--- Az, where the hat indicates that z; is omitted. Calculate o A w.

Solution. Recall that, in a tensor x;, Ax;, A---Az;,, if any index is repeated,
the wedge product is 0. Hence, expanding the two sums,

n

A

aAw=Y (=1 z; Aoy Ao AZj A Ay,
j=1

Moving x; into the missing slot requires j — 1 transpositions, so
(—1)ja:j/\x1/\---/\£j/\---/\xn:—:Ul/\xQ/\---Aa:n
and, hence, a Aw = —nxi A--- A x,.

Problem 4. On midterm 1, a coordinate patch o was defined from an
open neighborhood U of 0 in R*5 to a neighborhood of the identity in
the orthogonal group O, = {M € R™" M'M = I}. Let this coordi-
nate patch be a : U — V. Let O be any orthogonal matrix, and define
ao:U—-0-V={O-M:MecV}byap(z)=0-a(z).
a. Prove that V(da) = V(dap). Deduce that the volume of V and O -V
are equal.

b. Show that the same is true for a%(z) = a(z) - O.

This says that the volume form V(df3) on the orthogonal group is left and
right translation invariant, and hence is a scalar multiple of Haar measure.

Solution. Recall that, since O is orthogonal, its rows are orthogonal, so

i (1 i=y
ZlOimij—{O Z;é]
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and its columns are orthogonal, so

- 1 =y
a. Let a(z) = a;;(z) with 1 < 4,57 < n be an n x n orthogonal matrix.

Let N =12 ( D The matrix
Mo (z) = (do(z)) do(z)

is an N x N matrix with entries

da(z);
Z] 1,]
ké_ Z 6£Uk (9%’( 7

5,j=1

and V (da(z)) = det(M,(z))2. By matrix multiplication,

- Z Oi,ra(£>rj
r=1

and, hence,

It follows that

dao ()i, Oco(z)i
Moo (2)ke = Z Dy L s

ij—l

)Tl 80&( )T2
o Z ZZO“HOH‘Q s J D J-

i,j=17r1=11r=1

Summing over ¢ selects r; = ry = r, say, so that

da(x)
E ?“j )
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Hence V(dap(z)) = V(da(x)) since the M matrices are equal. Simi-
larly,

9a°(x)i; <= Oc(a)iy
ka _Z:; 8$k OT’j

and the argument works as before, although the summation over j is
now used to select r; = rs.

Problem 5. Let S" ! = {z € R" : ||z|][ = 1} be the unit sphere in R".
Parameterize the part of the unit sphere in the first octant by ao : U — V,
where U = {z € R”;, ||z]|2 < 1} and

>0 >
( o
)

alz) =

Tn-1
2 2
\\/1_5’71_"'_5%—1

Let A: U x R.g — RZ; be defined by

txl
tCIJ'Q
Az, t) = :
txn—l
t\/l —a? = =2k
a. Show that
1
V(da) =

and V(dA) = t" 1V (da).
b. Show that
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by squaring and switching to polar coordinates. Then calculate

1 o0 22
t) = — e~ T du.
= [ )

Using this or otherwise, calculate the moments of the Gaussian distri-

bution,
1 o o2
M, = — cFe 7 dx,
" V2T /_Oo

My, = 0if k is odd and My, = 22

. Using this or otherwise, calculate the moments of the coordinates of
the sphere S" 1,

fS'H xlde
V(Sk1)

by first doing the same calculation for

my —

and switching to the parameterization of R%, given in part a. You may

express your answers in terms of the Gamma function, which is defined
for R(s) > 0 by

F(s)z/ e "5 dx.
0

Solution.

a. Calculate

]ﬁ—l
da(z) = __ 2 :
V1= lzll3
From the formula, V(X)? = Y, det(X[)? it follows that

n—1 IJ ) 2
V(da(g))2 =1+ <det ( o ))
j=1 1—||z[|3
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where I7_| indicates the (n —1) X (n — 1) identity matrix with jth row
deleted. This proves

lzll3 1

1—zl}  /1— [z

V(da(z)) = \/1 +

Next, calculate

t- In—l T

dA(z,t) = —ta! — 212 |-
" (ﬁ V! '—'2>

This is an n X n matrix, so V(dA(z,t)) = |det(dA(z,t))|. Since the

first n columns are scaled by ¢, and pulling out a factor of - 1” E from
22

the bottom row,

V{dA(z, 1)) = det(f_ng : >|

1= lzl3

Vv1—|z]
tn—l
= ———— |det (In_% O)|
V1= lz][3 —z 1

where the next to last line follows from performing column operations
in the determinant.

b. We have
o0 2 2 2 9
(/ e_gd:ﬂ> :/ e 7 dxdy
—00 RZ
2w oo 2
:/ / e 2rdrdd = 2.
0 0
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xt——

Similarly,
t
f) \/ 2 /
e L [T e, &
=e e r=ce
V2T J-xo
@)" " and exchanging the summation and inte-

Z;.LOZO n!

Expanding e
gration, which is justified by absolute convergence
1 1 > v
——/ (xt)'e” 2 dx

n=0 )
since the odd n terms integrate to 0 by symmetry. Since the power
series have infinite radius of convergence, equating coefficients
(2n)!
Man = 2nm!

c. We have
1 lzll3
Mk = = / ZL‘]fe_ ng
(27)2 Jgrn
since integration in each x;, j > 1 integrates to 1. Using the parametriza-

tion of part a.,
. / / (tz1)re > ;g LdtdV (z)
2 zesSn—1 Jt=0
o 2 dt
= - / 2hdV () / t" e :
(27T)2 zesn—1 0 t
Substituting u = ¢2, so = 5 logu = logt and, hence, ;d“ = %, the second
wdu _ NS (n—;—k‘) |

integral is
1 > ntk _u

u 2 6 2 —

0 Uu
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2k)! 2k 2k 1
MQk‘ = ( ) =9 -5 _1F <n + > 0 / x%de(g),
! 2 (2m)2 Jyegn

_ Jonr 23FdV (2)
fsn—l dV ()
_ (@K T(5)
- 2%EIT (2 + k)
(2Kk)! 1
COREIEE ) (B k—1)

The odd moments vanish by symmetry.

mog

Problem 6. Let eq,eo,...,e, be the standard basis vectors in R”, and let
X1, ..., Ty be the dual basis. Given an elementary alternating k form,

a=T; NTjy, N+ Nxy,
define the dual elementary alternating n — k form by letting 71, ..., jn_x be
the complementary indices in {1,2,...,n}, so {iy,....ix} U {j1, -, jnr} =
{1,2,...,n} and defining

o =exj NNz,
where the sign € is chosen so that aAa® = 21 A---Ax,. Note that z1A---Ax,
has dual form 1. Extend duality linearly, so if

then

a. Prove that
(@, 8) = (@ AB7)
defines an inner product on A*(R") which makes the elementary k
forms an orthonormal basis.
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b. Given an n x k matrix M with column vectors vy,...,v; € R", with

entries v; = Z?Zl mjiej, let the dual form be ¢; = Z?Zl myixj. Let
wzél/\ég/\---/\ék.
Prove that
V(M) = (w,w) = (wAw)",
where V(M) denotes the k-dimensional volume of the parallelpiped
spanned by the column vectors of M.
Solution.

a. Note that a A §* is an alternating n form, hence is a multiple of x; A
<+ AN Xy, so (a A f*)* is a scalar. Since both the wedge product and
dual are linear, (a A 5*)* is a bilinear form. Let

o= Zcmil N Ny,
If I # J then z;; A--- Ax;, and (z;, A--- Axj;)* have some index in
common, so that
(iy N--vai ) ANy Ao AN, )" =0,
and, hence,
aNa’ = ZC[CJ(LUil Nz )N (T, A Awj)" = Zc%a:l/\---/\xn
I,J I

so (a, ) = > 3. This proves that (,) is non-degenerate, and that the
elementary alternating forms are an orthonormal basis for this inner
product.

b. We expand

n n
wzﬁl/\'--/\ﬁk: E mil,lxil/\--ﬁ\ E mg, ki,

11=1 =1

n
= E My, 1My kT4, JANEIEEAN Ly

i1yein=1
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Applying a permutation so that each set of indices is in order, and
collecting the product according to the elementary alternating k form,

this is
W= Z Z sgn(a)mia(l),l MG kT N AT
I oSy
= Z(det M[)SBil JANEEEAN L,
I
and, hence,

ol = _(det Mp)* = V/(M)?
I
by the Pythagorean theorem.

Problem 7. Let T : R” — R" be an invertible linear map, which acts on the
standard basis eq, ..., e, by

n
TGZ': E m;;€;.
J=1

Let x4, ..., x, be the dual basis to ey, ..., ¢e,. Prove
T*(xy A -+ - ANay) = det(myj)zg A= A xp.
Solution. Since T%*(z1 A---Ax,) is an alternating n form, T*(z1 A---Ax,) =

c(xy A -+ ANxy,). Hence

c=T(x1 N Nxy)(er, ..., en)
=z A ANay(Teq, ..., Tey,)

n n n
S WAEEIAW 74 E M1, €, E M2y €Ciyy * * * E My, €i,

11=1 19=1 in=1

n
= E mul---mmnxl/\---/\a:n(el-l,...,ein).

i1 eeyin=1

Those tuples with a repeated index among i1, ...,%, evaluate to 0, and the
remaining ones are a permutation of 1, 2, ..., n, with evaluation on x1A---Ax,
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equal to the sign of the permutation. Hence

c= Z SEN(0)Mig(1) - - Mig(n) = det(my;).

oES,

11



