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APRIL 17

Solve problems 1 and 2, and two of problems 3-5. Each problem is worth 25
points.
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Problem 1. Express in elementary alternating tensors

(x1 + 2x2 + 3x3) ∧ (x1 ∧ x2 + x2 ∧ x3 − 3x1 ∧ x3).

Solution. We use the distributive property of the wedge product. Since an
alternating tensor with repeated index is 0, the wedge product is

x1 ∧ x2 ∧ x3 − 6x2 ∧ x1 ∧ x3 + 3x3 ∧ x1 ∧ x2 = 10x1 ∧ x2 ∧ x3.
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Problem 2. Let α : R2 → R3 be defined by α(x, y) =

 x+ y
x2 + y2

x3 + y3

. Calculate

Dα and V (Dα).

Solution. The derivative is Dα(x, y) =

 1 1
2x 2y
3x2 3y2

, and hence

Dα(x, y)tDα(x, y) =

(
1 + 4x2 + 9x4 1 + 4xy + 9x2y2

1 + 4xy + 9x2y2 1 + 4y2 + 9y4

)
.

Hence,

V (Dα) =
√

(1 + 4x2 + 9x4)(1 + 4y2 + 9y4)− (1 + 4xy + 9x2y2)2.
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Problem 3. Let e1, ..., en, f1, ..., fn be the standard basis vectors on R2n =
Rn × Rn, and let x1, ..., xn, y1, ..., yn be the dual basis. Given an alternating
form g, define

g∧1 = g, g∧(i+1) = g ∧ g∧i.
Let

ω = x1 ∧ y1 + x2 ∧ y2 + · · ·+ xn ∧ yn.
Calculate ω∧n. Partial credit will be awarded for calculating small n cases.

Solution. We’ll show

ω∧n = n!x1 ∧ y1 ∧ · · · ∧ xn ∧ yn = (−1)
n(n−1)

2 n!x1 ∧ · · · ∧ xn ∧ y1 ∧ · · · ∧ yn.
The second equality holds since, to sort the altenating tensor into the given
order, x2 passes over one y index, x3 passes over two, x4 passes over three,

etc, for a total of 1 + 2 + · · ·+ (n− 1) = n(n−1)
2 sign changes.

To prove the first equality, write

ω =
n∑
j=1

xj ∧ yj.

Hence, by linearity of the wedge product,

ω∧n =
n∑

j1,j2,...,jn=1

xj1 ∧ yj1 ∧ xj2 ∧ yj2 ∧ · · · ∧ xjn ∧ yjn.

The wedge product vanishes if there is a repeated index, so those non-
vanishing terms have j1, ..., jn a permutation of 1, 2, ..., n. To sort such an
alternating tensor into the order x1 ∧ y1 ∧ · · · ∧ xn ∧ yn, an even number of
swaps are made, since both x and y terms must be swapped. Hence each
permutation obtains a positive term of x1 ∧ y1 ∧ · · · ∧ xn ∧ yn for a total of n!
terms.
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Problem 4. Given a basis e1, e2, ..., en for Rn with dual basis x1, x2, ..., xn,
define the elementary k symmetric tensors by

xi1 ∨ xi2 ∨ · · · ∨ xik =
∑
σ∈Sk

(xi1 ⊗ xi2 ⊗ · · · ⊗ xik)σ.

Prove that

{xi1 ∨ · · · ∨ xik : 1 ≤ i1 ≤ i2 ≤ · · · ≤ ik ≤ n}
form a basis for symmetric k tensors on Rn, and hence deduce that symk(Rn)
has dimension

(
n+k−1

k

)
. (Hint: how does the proof in the case of alternating

k tensors change if the tensors are symmetric?)

Solution. Define an operator on k tensors, S : Lk(Rn)→ Lk(Rn) by

Sf =
1

k!

∑
σ∈Sk

fσ.

If f is symmetric, then Sf = f . Also, for any k tensor f , and any τ ∈ Sk,

(Sf)τ =

(
1

k!

∑
σ∈Sk

fσ

)τ

=
1

k!

∑
σ∈Sk

(fσ)τ

=
1

k!

∑
σ∈Sk

f τ◦σ = Sf.

Hence, Sf is symmetric. Similarly,

S(f τ) =
1

k!

∑
σ∈Sk

(f τ)σ

=
1

k!

∑
σ∈Sk

fσ◦τ = S(f).

It follows that if f = xi1 ⊗ · · · ⊗ xik and if g = xiσ(1) ⊗ · · · ⊗ xiσ(k) for some
permutation σ ∈ Sk, then Sf = Sg.
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Let f be a symmetric tensor in Sk, and write

f =
∑
I

bIxi1 ⊗ · · · ⊗ xik.

Then
f = Sf =

∑
I

bIS(xi1 ⊗ · · · ⊗ xik).

This shows that the elementary symmetric tensors span.
To check that the elementary symmetric tensors are linearly independent,

calculate

xi1 ∨ · · · ∨ xik(ej1, ..., ejk) =
∑
σ∈Sk

xi1 ⊗ · · · ⊗ xik(ejσ(1), ..., ejσ(k))

=

{
n1!n2! · · ·nr! I = J

0 I 6= J

where n1, ..., nr are the multiplicities of the indices in I. Hence if

f =
∑
I

bIxi1 ∨ · · · ∨ xik = 0

then
0 = f(ej1, ..., ejk) = n1! · · ·nr!bJ = 0

so bJ = 0 for all J .
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Problem 5. For p > 0 define the `p norm on Rn by ‖x‖pp = xp1 + · · · + xpn.
Define Bn,p(t) = {x ∈ Rn

>0 : ‖x‖p < t}. Let α : Bn−1,p(1) × (0, t) be the
coordinate patch

α(x, s) =


sx1
sx2

...
sxn−1

s(1− xp1 − · · · − x
p
n−1)

1
p

 .

a. Calculate

V (Dα) =
sn−1

(1− xp1 − · · · − x
p
n−1)

p−1
p

,

and, hence,

V (Bn,p(1)) =
1

n

∫
x∈Bn−1,p(1)

1

(1− xp1 − · · · − x
p
n−1)

p−1
p

.

b. Determine V (Bn,p(1)) by calculating
(∫

R>0
e−x

p

dx
)n

in two ways. Ex-

press your answer in terms of the Gamma function, which is defined in
<(s) > 0 by

Γ(s) =

∫ ∞
0

e−xxs−1dx.

Solution.

a. We calculate, for d = (1− xp1 − · · · − x
p
n−1)

1
p ,

Dα(x, s) =


s 0 · · · 0 x1
0 s · · · 0 x2
... . . . ...
0 0 · · · s xn−1

−sx
p−1
1

dp−1 −sx
p−1
2

dp−1 · · · −s
xp−1
n−1

dp−1 d

 .

Since Dα is n× n, V (Dα) = | detDα|. In the determinant, pull out a
factor of s from each of the first n− 1 columns, and a factor of d−(p−1)
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from the last row, to obtain

V (Dα(x, s)) =
sn−1

(1− xp1 − · · · − x
p
n−1)

p−1
p

×

∣∣∣∣∣∣∣∣∣∣
det


1 0 · · · 0 x1
0 1 · · · 0 x2
... . . . ...
0 0 · · · 1 xn−1

−xp−11 −xp−12 · · · −xp−1n−1 1− xp1 − · · · − x
p
n−1


∣∣∣∣∣∣∣∣∣∣
.

The latter determinant is 1, since row operations can be performed to
clear the last column to the standard basis vector en. Using α with
Bn−1,p(1)× (0, 1) as a coordinate patch for Bn,p(1) gives the volume of
Bn,p(1) as∫

Bn−1,p(1)×(0,1)
V (dα) =

∫
Bn−1,p(1)×(0,1)

sn−1

(1− xp1 − · · · − x
p
n−1)

p−1
p

.

Applying Fubini’s theorem and integrating s from 0 to 1 gives the
claimed formula.

b. First substitute u = xp, du = pxp−1dx to calculate∫ ∞
0

e−x
p

dx =
1

p

∫ ∞
0

u
1
pe−u

du

u
=

1

p
Γ

(
1

p

)
.

It follows that(
1

p
Γ

(
1

p

))n
=

(∫ ∞
0

e−x
p

dx

)n
=

∫
Rn>0

e−x
p
1−···−xpndx

=

∫
Bn−1,p(1)×(0,∞)

sn−1e−s
p

(1− xp1 − · · · − x
p
n−1)

p−1
p

= nV (Bn,p(1))

∫ ∞
0

sne−s
p ds

s
.
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After the same change of variables as before, the last integral is

1

p

∫ ∞
0

u
n
p e−u

du

u
=

1

p
Γ

(
n

p

)
.

It follows that(
1

p
Γ

(
1

p

))n
= V (Bn,p(1))

n

p
Γ

(
n

p

)
.

or

V (Bn,p(1)) =

(
1
pΓ
(
1
p

))n
n
pΓ
(
n
p

) =
Γ
(

1 + 1
p

)n
Γ
(

1 + n
p

) .


