MATH 307, FALL 2020 MIDTERM 1 SOLUTIONS

SEPTEMBER 28

Each problem is worth 10 points.
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Problem 1.

;) and the line

w-(3) ()

a. Determine the distance between (

1
b. Determine the distance between the point | 0 | and the plane 2z +
-1
4y 4+ z = 0.
Solution.

a. This is equal to the distance between g and the line through 0,

__3
(gi) The a unit vector orthogonal to the line is u = < 1 ); and

hence the distance to the line is g U= 7.
2

b. A unit vector orthogonal to the plane is given by u = \/Lﬁ 41, and
1

hence the distance to the plane is
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Problem 2.
1 2
a. Find the length of the vectors | 0 | and | 1 | and the angle between
—1 0
them.
1
b. Calculate the angle between | 2 | and the plane 2z + 3y — 2z = 0.
0
Solution.
1 2
a.Letu= | 0 |,v=|(1]. Then |u| = V2, |v| = V5 and u-v = 2.
-1 0
: _wv _ 2
The angle between them satisfies cos = Rllo] = Jio°
2
b. Let w = | 3 | which is perpendicular to the plane. Thus the angle
—1
1 2
with the plane is 5 — 6, where 0 is the angle between | 2 | and | 3
0 —1
We have
6 = cos !

5 -
)
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Problem 3.

a. Calculate

det

W= O N
O = = O
W O O N
_ o~ O

b. Calculate the inverse matrix of the matrix

O A~ -
(el \V)]
_ o W

Solution.

a. Subtract the third column from the first, then the first from the second,
and second from fourth to conclude

2020 0020\
0101 0101
det {1 1 g g =det|{1 1 g ¢
3031 \0 0 3 1/
0020\
P U
— 11000
\0 03 1)
/0020\
0100

= det 1000 = —2.
\0 03 1)
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b. By row reduction

™M N \ /3_7U_71
| — 3m_7_|_ _
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The last matrix is the inverse.
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1 3 0
Problem 4. Calculate the area of the triangle with vertices [ 1], 10|, (O
1

1 3
Solution. Two sides of the triangle have vectors u = [ 1| and v = 0) :
0

1
0
The area is 3|u X v|. Notices that u x v = w x v where w = | 1 | with w,v
1

orthogonal, so the area is 3|v||w| = \%
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Problem 5.
cost 1
a. Find the tangent line to y(t) = [ sint | at [0
t 0
b. Sketch the curve between 0 <t < 27.
Solution.
—sint 0
a. We have v/(t) = | cost | which, at ¢t = 0 has 4/(0) = [ 1]. The
1 1
1
tangent line is thus | ¢ | with ¢ € R.
t

b. The graph is the segment with 0 <t < 27 of the picture

r(t) = costi +sintj + tk

1

—
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Problem 6.
a. Determine the velocity and acceleration of the trajectory
t2
x(t) = | 2t
2
0
b. Find the closest points of this curve to | 0
0
Solution.
2t 2
a.vt)=12|,a(t)=10
0 0
b. This distance is vt* + 4t2 + 4, which is minimized at ¢ = 0. Thus the

0
closest point is | 0
2
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