ON THE GEOMETRY OF NULL CONES IN EINSTEIN-VACUUM
SPACETIMES

QIAN WANG !

ABSTRACT. In this paper we study the geometry of null cones in smooth Einstein vacuum
spacetimes. We provide the L>° estimate for the trace of the null second fundamental form,
as well as estimates for other geometric quantities. This paper is based on the work of
Klainerman and Rodnianski [9, 11, 12].

1. Introduction

This paper is concerned with the geometry of null cones in 3 4+ 1 smooth Einstein vacuum
spacetimes, i.e. 3 + 1 Lorentzian manifolds (M, g) with Ricci flat metrics,

R.3(g) = 0.

Let p € M be a fixed point and let T be a fixed timelike vector at p satisfying (T, T) = —1.
We choose all future null vectors L, w € S?, at p such that (L., T) = —1 and (L,,, L,,) = 0. For
each w € S? let I'(s,w) denote the outgoing null geodesic parametrized by the affine parameter
s with the initial data I'(0,w) = p and %F(O,w) = L. The union of all these outgoing null
geodesics forms a 3-D null cone starting from p which is denoted by H.

We define the vector field L by L := “LT. Obviously L(0,w) = L, and L satisfies
g(L,L)=0 and DpL=0.

The parameter s can be regarded as a function on H verifying L(s) = 1 and s(p) = 0. We
introduce the one parameter flow I'y(w) := I'(s,w). It generates a family of 2-D closed surfaces
{Ss} by S = T'4(S?), which form the geodesic foliation of H. It is clear that each S, is
diffeomorphic to S? for s > 0 sufficiently small. By rescaling the metric g we may assume
without loss of generality that for 0 < s < 1 each slice S, is diffeomorphic to S2. Let H; be the
portion of H when s varies in (0, t]. For simplicity, we still denote by H the portion H;. Every
point ¢ in H can be parametrized by the coordinates (s,w) for which ¢ = I'y(w). We then call
(s,w) the transport local coordinates.

Let D denote the Levi-Civita connection of Einstein vacuum metric g. Let v be the induced
metric on S, and V its induced covariant derivative. At any point ¢ € Sy C ‘H we denote by L
the null vector conjugate to L relative to the S foliation, i.e. (L,L) = —2 and (L, X) = 0 for
all X € T,(Ss). A smooth choice of an orthonormal frame {eq}4=12 in T,(Ss) combined with
L, L forms a null frame associated to the foliation.

We introduce the null components of the curvature tensor R of the spacetime metric g
relative to L and L as follows (see [2, Section 7.3] and [4, Section 3.1.2]):

1
aab = R(L)e(hLaeb)? /6(1 = §R(€a,L7L, L))
1 1
(11) pP= ZR(L7L7L7 L)) g = Z*R(L7L5La L>7

1
ﬁ = iR(eaaéva L)) Qap = R(La eamLa eb)a
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where *R,,,vs = %ew,,\TR’\TA,(; and €., ), are components of the volume element in (M, g). The
total curvature flux Rg is then defined by

[N

Ro = (Il + 18132y + 1913200 + 013230y + 18113270
The geometry of H in particular depends on the null second fundamental form
X(X,Y) = (DxL,Y)

with X and Y being arbitrary vector fields tangent to S;. We will denote try and x the trace
and traceless part of x respectively. Other important geometric quantities are the dual null
second fundament form and the torsion

X(X.Y) = (DxLY) and ((X)= 3 (DxL.L).

We will also use try and ¥ to denote the trace and traceless part of x.
The mass aspect function p is defined by

. 1.
(1.2) p=—div XX —p+ ¢
We are now ready to state the main theorem in this paper.

Theorem 1.1. Consider an outgoing null hypersurface H in a smooth 3+1 Einstein vacuum
spacetime (M, g), initiating from a point p and foliated by the geodesic foliation associated to
the affine parameter s with s|, = 0. Assume that the total curvature fluz Ro is sufficiently
small. Then we have

2
HW’X - - < Ro
Hll e e
and
1 1
A I T
0 Lee 0 Lee
3
sup [tV irx| + ||sup 2 || + |l 2 (1) S Ro,
t<1 L2 t<1 L2
N 2
N + M (@) + 45 (o= 2 ) < R,
IVtrxligo + £ 21llgo + llpllpo S Ro.
2
supt% try + — + supt%|)2| < Ro,
<1 = e <1 e

lirx+ Zlass + 1% a2z, S Ro,
Vet + )llzson S Ro

672t + )l + 17728 o < Ro,
67ty + 2o + 7 llpo S R

The various norms appearing in the statement will be defined in Section 3 (see (3.3)—(3.6)
and (3.20), (3.21)). Throughout this paper we will use the notation A < B to mean A < C'- B
for some appropriate universal constants C'.

In [9, 11, 12] Klainerman and Rodnianski developed systematic methods to prove that,
on truncated null hypersurfaces initiating from a 2-D surface diffeomorphic to S?, within the



radius of injectivity, try can be controlled by appropriate norms of the small initial data and
small total curvature flux Ry. In this work, we extend their result to null cones in smooth
Einstein vacuum spacetimes. Our result shows that try — % can be bounded only by small total
curvature flux before the formation of caustics or geodesic loops. This result is used in [13]
to provide the uniform lower bound on the radius of injectivity of null boundaries in Einstein
vacuum spacetimes. Such lower bound is essential in understanding the causal structure and
propagation properties of solutions to the Einstein equations, and is important in construction
of a Kirchoff-Sobolev type parametrix for wave equations on M (see [14]), which is used in [15]
to prove a large data break-down criterion for solutions of the Einstein vacuum equations.

We will follow the framework of [9] to prove the main theorem by the bootstrap principle.
Since our null hypersurface H initiates from a point, many quantities behave like s™% for some
number a > 0 as s — 0, we have to keep track the weight s* in each step. Note that the Besov
norm estimates (see [9, Proposition 5.11])

IV - D™ Fllpo < [|Fllpo

of the 0-order Hodge operator V - D=1 were used in [9, Section 6] to control the terms such as
the commutator [V, VD~2|R, where P° is a certain Besov norm. However, these estimates
hold true only when some additional terms involving the L+ L2 norm of D~!F is added, ? due
to the limited regularity of Gauss curvature K of each slice Ss. The corrected versions we will
present on the P estimates of the 0-order Hodge operators and on some product estimates add
much complexity to the commutator estimates.

This paper is organized as follows. In Section 2, we recall the structure equations on various
geometric quantities on H and provide the results on the initial data. In Section 3 we present
the complete set of bootstrap assumptions, introduce some important norms and establish
some preliminary estimates. In Section 4, we provide the L? type estimates and the P° type
estimates of O0-order Hodge operators V - D~1. The result on P° estimate, which has special
significance to Section 6, is a correction of [9, Proposition 5.11]. The proof is based on the
unpublished notes of Klainerman and Rodnianski [6]. In Section 5, we prove some important
product estimates. In Section 6, we use the results in Section 4 and Section 5 to fulfill the
decomposition of the commutators. Finally, in Section 7 we use the results in previous sections
to complete the proof of the main theorem.

Acknowledgement This paper is a part of the author’s thesis in Princeton University. The
author would like to thank her thesis advisor Professor Sergiu Klainerman for his guidance and
constant encouragement. The author also thanks Professor Igor Rodnianski for his invaluable
comments to her thesis.

2. Structure equations and initial data

As the starting point we state the results on the behaviors of the main geometric quantities
near the vertex of the null cone which can be obtained by local analysis, see [22, Appendix] for
the proofs.

Proposition 2.1. Near the vertex of the null cone H there hold

(2.1) stry =2+ 0(s*) and stry — -2 ass—0,
1
(2.2) X = —gsU +0(s*) and ¥ —0 ass—0,
1 2
(2.3) C:—ésn—i—O(s ) ass— o0

2In this paper we will use a+ to represent a mumber ¢ > a, and a— to represent a number g < a.
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and
(2.4) sVitrx, sVyx, sdiv(, sV(, sy —0 ass—0.

where U is a symmetric traceless 2-tensor and n is a 1-form, both of which are finite at the
vertez, depending on the curvature tensor in (M,g).

Let v be the canonical metric on the standard 2-sphere S? and let %: s 2vy,. Set a, =

\/7~||’Y<0>‘| and r =r(s) = \/(4m)71]Ss| with |Ss| being the area of Ss. Then
v
(2.5) V= 7O £ 0(s?), s%a,— 1 and g —1 ass—0.

We call v :=r(s) the radius of each leaf S;.

We also state the structure equations of the geodesic foliation (see [2] or [9, Section 2.12] for
the derivations)

(26) Loy = L ()~ [P

(2.7) Vix=—-trx - x —«a

(2.8) Vi (Viry) = —gtrx -Vitry — x - Viry —2x - Vx

(2.9) Vi€ =—trx( —2¢-¢ - f

(2.10) %trxz —%trxtrx—2diva)2-X +2[CP° +2p

(2.11) Vix :7V®Cf%(trx-X +trx-)2)+C<§>(

(2.12) diV)Z:%VtrXf%trxfff(-Cfﬂ

(2.13) curlC:—%f(/\X +o

(2.14) divy = %Vtrx— %trx( +¢-x +8

(2.15) K= —itrxtrg—i— %XX —p

and the renormalized null Bianchi identities

(2.16) Vi=diva+¢-a

(217)  L()+ Strx-p= divB— (Bt 4% (VEC + Ltry-x - CBO)

(2.18) L(&)+gtr><.(}: —curlﬂ-l—C/\ﬂ—l—%f(/\(V@(—(@C)

ViB=-Vp+ (Vo) —2(V&() - (+3(¢-p—(Fo) — trx

(219) F2C- (—trx £ - gty X+ CBO — 4y % ¢

where K denotes the Guass curvature of each leaf S := S5, and
p=p— 3K %, G=o-SXAK, B=B+28-C

moreover, Vm, for any S-tangent tensor field 7, is defined as in [9, Definition 2.9], i.e. the
projection of Dy on each leaf S;.



The transport equation for the mass aspect function p defined by (1.2) takes the form
1

d 3 o
(220)  —ptgtoxp =X (VEQ) + 3

5 . 1 .
trxp 4 2¢ - Viry — 4x - ¢ - ¢+ try|¢)* — Ztrgxﬁ.

3. The bootstrap assumptions

3.1. A preliminary bootstrap assumption. As a preliminary bootstrap assumption, we
require that there exists a sufficiently small positive constant 0 < Ag < 1/2 such that

(3.1) [V][zoe (1) < Ao,

where V(s,w) = trxy — 2. We also set V(s,w) = try + 2, which will be used later.

In the following we will provide some preliminary estimates under (3.1). Recall that for the
induced metric vy := v, on S := S, we have %7 = 2x. Thus %as = tryas. In view of (2.5),
we then get t~2a; = exp (f(f Vsds>. Therefore for 0 < ¢ < 1 there holds [t~ 2a(t,w) — 1| < tA,.
Thus for small Ay we have

1
(3.2) §t2 < a(t,w) < 2%
In view of [9, Lemma 2.26] which says ¢ = Ziry, it is easy to check
d ro 11—
Zlogt =V,
ds 8 s 2

Using (2.5) and integrating the above equation along any null geodesic yields = = exp(s-O(Ag)).
Therefore we get

Proposition 3.1. Under the bootstrap assumption (3.1), the radius r(s) of each leaf Ss and
the affine parameter s are always comparable in the sense that |% — %| S A for0<s<l.

In view of (3.2), we have for any S-tangent tensor F' on H

1
2/| . |F(s,w)|Ps?dw < 1FN (s, < 2/| - |F(s,w)|Psdw,

where |F| denotes the norm of F' under the induced metric v on each leaf Ss.
For S-tangent tensor fields F' on H, we introduce the following norms. For 1 < p,q < co we
define the L{L? norm

1 ¥
(33) 1Pl = | [ (/ |F<s,w>|%2dw> ds
0 |w|=1

and the LPL?° norm

(3.4) |Fllee = ( /wzl (sgpsiw(s,w))p);.

We also define the norms
(3.5) M(F) =t Fligzrz + VL Fllzzr2 + IVF| 22
and

No(F) = [[£72F |l g2z + 1 VL F 202 + €7 VEF | 1212
(3.6) + IVVLF 212 + IV?Fllz212.



On each slice S = S, we have the following Sobolev inequalities for scalar functions f and
tensor fields F (see [12] for the proofs):

(3.7) 1fllz2cs) S UV Fllzrsy + 187 fllags)

(3.8) [fllzeesy S V2 f] 21 s) + vaHLZ(S) + ||372fHL1(S)a

(3.9) ”F”LP(S) S ||VF||L2 ||F||L2 s) + HS” "Fllp2s), 2<p< oo,

(310)  [Flis) S IV2Fllfacs) IV Pl E ) 1l s + 551 F 1)) + IV Fllzags)-

The following preliminary estimates will be used routinely.

Lemma 3.1. Let F be an arbitrary S-tangent tensor field on H. Then

1
t*EF‘ V| 2 e < No(F),
(311) LLoe || ”L%Lw ~ 2( )
IFllpspge + [1Fllrsrs + 172 Fll 200 S NiU(F),
1 2 1 2
(3.12) ||t_6_5+§FHL;ng SMF) with2<p<oo,2<q< 7p4

Proof. The proof of the first inequality can be found in [2]. In the following we show the second
inequality in (3.11). Note that it suffices to prove it for scalar functions f. First

t t
2If (W)t < / o\ (s,l*ds + / P - IV L (s,0)|s%ds
0 0

t 3 t t
5( / |f<s,w>|6s2ds) ( [ s wpstas [ |va<s7w>|2s2ds)

Hence, integrating on |w| = 1, we obtain

3 1
(3.13) Iflleszee S U oo (15T fllzzoe + IVEFllE2e0) ™ -
On the other hand, by (3.7) we have on each S that

2
[ e 1 5 ([ 091+ s iisPaa. )
Ss Ss
< V2 + 572 f]?) dAs - YdAs.
S [ (vse sy [

Nl=

Then integrating in s yields

(3.14) IfllLsr) S ||f||LooL4 (s~ Fllzz ey + IV flle20))
Finally we note that

Wl

12 s < | / (51725 + £ ()22

The first term is bounded by N;(f) by using Holder inequality. The second term can be
estimated by taking a test function 0 < 6 < 1 supported in [1/2, 1] with 8(1) = 1 and vanishing
identically at 0 <t < 1/2, and sup,<,<; |¢'(s)| < 1. Since

1
d
150l = [ [ ot

1

3
we conclude [[t7*2f|| 2~ < Ni(f). Combining (3.13) with (3.14), we conclude that the
estimates in the second line of (3.11) hold true. We can prove (3.12) similarly. O

dw S VL fllL200) + 157 fllT200) S NS




3.2. The full set of bootstrap assumptions. In order to provide the full set of bootstrap
assumptions, we introduce the following conventions.

R denotes the full collection of null curvature components «, 3, p, o, (.

Ry denotes the collection of the null curvature components f, p, o, 3.

R denotes the collection of the renormalized null curvature components (p, —5), B.
A denotes the collection V.,x, ¢, V., x N
A denotes the collection of V, X, ¢.

M denotes the collection Vtry, pu.

V A denotes the collection Vtry, Vx, V(.

The bootstrap assumptions we will rely on in this paper are

(BA1) [trx = 2/t perees [[AllLeerzs Ni(A), [Virx|lpzre < Ao,
and
(BA2) [t 2 Al L2 < Ao, [VLAllz2(2) < Ao

where 0 < Rp < Ag < % is a sufficiently small constant. Note that the preliminary bootstrap
assumption (3.1) is a part of (BA1).

In order to complete the proof of Theorem 1.1, by the bootstrap principle it suffices to show,
under (BA1l) and (BA2), that all the inequalities in them still hold true with Ay replaced
by Ag/2 when 0 < Ry < Ay is sufficeiently small. This will be done in Section 7 after the
preparations given in the next three sections.

Lemma 3.2. Under the bootstrap assumption (BA1), the metric %ij (s) on each Ss verifies
weakly spherical conditions, i.e. relative to the transport local coordinates (s,w1,ws) the metric

components ’%j (s) satisfy

° 0
(3.15) |95 () =717 e S o,
(3.16) 10k V35 (5) = 067 Iz, < Ao,
where Ag is a small constant.

Proof. Recall that relative to the transport local coordinates (s,w,ws) on H, Proposition 2.1
says
(3.17) lim f})/ijz ’}/-(Q) and lim Ok ’c;ij: 6;@7-((-))
s—0 v s—0 K
where ¢, 7,k = 1,2. Recall also that the metric v verifies %'yij = 2x;; with 4,7 = 1,2. Conse-
quently,
d o o —9.
s Yii="Yi; V + 257Xy .
Integrating this equation along any null geodesic on H and using (3.17) we derive

o 0
>l Vij =15 g Lo <> sup
i ij

t
’/ ’YijV—&—s_Q)Qijds
0

L

~ o 0
S (HVHL;?CLgC + ||X||L30Lg> > 11 Y5 Ao ree + 1
i

This gives (3.15), by using (BA1) and the smallness of A,.
The proof of (3.16) is similar by noting that

d o o o R
£3k%-j = &ﬂijv + %-jak.v + 25728]6)(”',
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where i,j,k =1, 2. O

On each S := S5 we will use the geometric Littlewood-Paley (GLP) projections Py, introduced
in [12] which take the form

PyF = /OOO my(T)U(T)Fdr

for any tensor field F, where my(7) = 22*m(22*7) for some smooth function m on [0, c0)
vanishing sufficiently fast and verifying the vanishing moment property

/ Tklakzm(T)dT =0, ki+k <N,
0

and U(7)F is defined by the heat flow on (Ss,“o/)
(3.18) gU(T)F - A%U(T)F =0, U(O)F=F.
T

One may refer to [12] for various properties of GLP projections, such as the finite band
property and the Bernstein inequalities, etc, which will be frequently used in this paper.
We will also use the notations

F,:= P,F, F<y:= ZPkF and Fig:= ZPkF
k<0 k>0
for any S-tangent tensor field F'.
Let 0 < 6 < 1, we define the Besov norm Bg,l for tensor fields F' on 2-D surface S by
(3.19) 1Flpg, = > 1@ P2 + [t F| 2,
k>0

We also define the Besov BY and P? norms for S-tangent tensor fields F' on H as follows:

(3.20) [Flge = Z 125t PoF || pserz + 1t F|poo 2,
k>0

(3.21) [Fllpe = Z 12" PeF | 202 + It Fl 212
k>0

By using the heat flow (3.18), we can define the operator A® with a < 0 such that for any
S-tangent tensor fields F

579 .
A°F = 7/ T2 e TU(T)Fdr.
Ta/2) Jy (

The definition of A extends to the range a > 0 by defining for 0 < a < 2m that
AF =A™ (s72[d — A,)™F.
We record the basic properties of A® in the following result (see [12, 20]).

Proposition 3.2. (i) A° = Id and A* - A® = A**® for any a,b € R.
(ii) For any S-tangent tensor field F and any a < 0

s*|A“F|p2(s) S 1F | L2s)-
(iii) For any S-tangent tensor field F and any b > a > 0
allAa a % 1-3
SN Pl pags) S SPIAPFllacs) and [A%Flluags) < IA0F) Fayg) 1Py,
(iv) For any S-tangent tensor fields F and G and any 0 < a < 1
[A“(F - G)r2(s) S IAF | L2(s)[IA“Gll L2 (s) + [[A“F [ L2(5) |AG][ L2 (s)-



(v) For any S-tangent tensor field F there holds with 2 < p < oo and a > 1 — %
[Flze(sy S NIA“F|L2(s)-
(vi) For any a € R and any S-tangent tensor field F
[l Frasy = IA*F|72(5) = ZQ%(LS_Q(LHPICFHQL?(S) +57 2| Peo Fl[ 72
k>0
Under (BA1) and (BA2) we can also derive

Proposition 3.3. Under (BA1) and (BA2), if 0 < Ro < Ay are sufficiently small, then for
all % < a <1 there holds

K, = A (K ~ 7)1z S o,

The proof of Proposition 3.3 is a little involved. Noting that our definition of A% involves
572, by keeping track the powers of s, the argument in the proof of Proposition 4.13 in [9] still
goes through. For details please refer to [22, Chapter 4.3].

Sometimes it is convenient to work with the Besov norms defined by the classical Littlewood-
Paley (LP) projections Ej. Recall that (see [17, 18, 19]) for any scalar function f on R? we
can define

— L ky £ eixf
Bif = gz | €/ F O,

where 7 is a smooth function with support in the dyadic shell {% < €] < 2} and satisfying

Ekezn@_kf) =1 when £ # 0. ) )
Now for any scalar function f on H, we define for any 0 < a < 1 its B* and P norms by

(3.22) 1 £llga ==Y 115 By fllnzerz + 1t fllogrz2,
k>0

(3.23) 1 lpa =Y 125 ) Eifllzrz + 1t fllzL2-
k>0

It is worthy to say a few words about this definition. Recall that the geodesic flow I'y : S —
S, for each s > 0 is a diffeomorphism. Let (U;,n(")) be a finite atlas on S? with charts 5
mapping U; into the unit disc in R?, and let {¢} be a subordinated partition of unity on S?.
Then {¢ o I';1} is a partition of unity on the slice Sy for 0 < s < 1 which will be denoted as

és. Let i == n@ o ;1. The Eif in the above definition is defined as Ej((¢sf) o g 1) on
each Sy and the L2 norms are understood to be the L? norm on R?.

Using Lemma 3.2, (BAl) and (BA2), we can adapt [11, Proposition 3.28] to obtain the
following lemma.

Lemma 3.3. Under the bootstrap assumptions (BA1) and (BA2), there exists a finite number
of vector fields {X;}._, verifying the conditions

X, tVoX|lLgere S 1, [tV(VoX) |25 S 1,
[(V=Vo)X|[r2ree S Ao, VX =0,

where Vo represents the covariant derivative induced by the metric s>y, For appropriate
S-tangent tensor F € L°L2, F € B* if and only if F - X; € B, and

CINNF - Xillge < |Fllge < CY||F - Xil|e, with 0<a <1,
i i
where C' is a universal constant. The same results hold for the spaces P*. Moreover
N(F&X) + ||F®XHL30L,? SMEF) + [|Fllpes 22

where ® stands for either a tensor product or a contraction.
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Lemma 3.3 allows us to define Besov norms for arbitrary S-tangent tensor fields F' on ‘H by
the classical LP projections.

Definition 3.1. Let F be an (m,n) S-tangent tensor field on H and let F7*%"7™ be the local

122"

components of F relative to {X;}._,. We define the B and P* norms of F by

1Fllge = S NFDZ 0 g and [|Fllpa = > |F2 7

1112
where the summation is taken over all possible (i1 -+ -in;j1 -+ Jm)-

a)

Finally we state the following equivalence results between B¢, P% norms and B“, P norms,
whose proof can be found in [22].

Proposition 3.4. Under the bootstrap assumptions (BA1) and (BA2), for arbitrary S-tangent
tensor fields F' on 'H there hold

[Fllge = [ Fllse  and |[Fllpa = [[F||pa

with 0 < a < 1.

4. Elliptic estimates of Hodge operators on H

In view of the structure equations given in Section 2, it is important to consider the following
Hodge operators on 2-surface S diffeomorphic to the standard sphere S%:

e The operator D; takes any 1-form F' into the pair of functions (div F, curl F).

The operator Ds takes any symmetric traceless 2-tensor F' on S into the 1-form div F.
The operator *D; takes the pairs of scalar functions (p, o) into the 1-forms —Vp+(Vo)*
on S.

The operator ’ *Ds takes 1-forms F on S into the 2-covariant, symmetric, traceless

tensors 7%[,}7")/, where

(LEY)ab = VoFy + VaFy — (div F)ya.

For various properties of these operators please refer to [2, 9].

4.1. L? estimates for Hodge operators. In this subsection we will give the L? estimates for
the Hodge operators on H under the bootstrap assumptions (BA1), (BA2) and the smallness
conditions on Rg and Ag.

Proposition 4.1. The following estimates hold on each leaf S = Ss C H:

(i) The operator Dy is invertible on its range and its inverse Dfl takes pair of function
f = (p,o) in the range of Dy into S-tangent 1-forms F with divF = p, curlF = o.
Moreover

VD fliczsy + IIs7' Dy Flleacsy S I lzags)-

(ii) The operator Do is invertible on its range and its inverse Dy ' takes S-tangent 1-
forms F' (in the range of D) into S-tangent symmetric, traceless, 2-tenorfields Z with
divZ = F. Moreover

VD3 Fllzaes) + I Dy ' Flipasy S IF Il s)
(iii) The operator (—A) is invertible on its range and its inverse (—A) ™! verifies the estimate

IV (=A) " fllezes) + IIsT IV (=A) " fllzsy S I lzes)
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(iv) The operator *Dy is invertible as an operator defined for pairs of H' functions with
mean zero (i.e. the quotient of H' by the kernel of *D;) and its inverse *Dl_l takes
S-tangent L? 1-forms F (i.e. the full range of *Dy) into pair of functions (p,o) with
mean zero, such that —Vp + (Vo)* = F, verifies the estimate

IV*Di Fllr2es) S 1F | nes)-

(v) The operator * Dy is invertible as an operator defined on the quotient of H'-vector fields
by the kernel of *Dy. Its inverse *D;l takes S-tangent 2-forms Z which is in L? space
into S tangent 1-forms F (orthogonal to the kernel of D), such that *DoF = Z, verifies
the estimate

IV * D3 Z| 1205y S 12| p2(s)-

As a consequence of (i)-(v), let D=" be one of the operators D7 ', Dy, *Dy* or *Dy*. By dual
argument, we have the following estimate for appropriate ® tensor fields F,

D! divF| p2cs) S I|F|L2(s)-

The proof of this result is essentially the same as the proof of [9, Proposition 4.22]. Note
that in our situation, 0 < s < 1, which is different from [9] where s ~ 1. Therefore we must
keep the weight s~! in some of the estimates, which will be crucial for later applications.

Using the formula (2.15) for the Gauss curvature K of S and the bootstrap assumptions
(BA1) and (BA2) we can easily obtain

Proposition 4.2. For K := K — s there holds | K||12(2) S Ao.
For later applications, we will use the renormalized Gauss curvature
(4.1) K=K-r2
which, in view of Proposition 3.1, Proposition 3.3 and Proposition 4.2, verifies
(4.2) K2y S Ao and K, = ||A7GK”L§ S Ao

forany%<a<1.
Using Proposition 3.3 and Propositon 4.2 and following the similar argument in [9] we can
obtain (see [22])

Lemma 4.1. For appropriate S-tangent tensor field F' there hold
No(D7'F) SNI(F) and Ni(VD™'F) S N(F).

4.2. Elliptic P° estimates of Hodge operators on H. In this subsection we provide P?
estimates for O—order Hodge operators. We begin with a few preliminary estimates which are
frequently used in Section 6.

Proposition 4.3. Let D be one of the operators Dy, Dy and *Dy. Then for 1 < p < 2 and any
S-tangent tensor F' on H there holds

_ _2
D™ Fllzzes) S 15”7 Fllzocs).
Proof. From (3.9) and Proposition 4.1 we infer for p’ > 2 satisfying % + ﬁ =1 that

2

2o, S O A | i
|5 D gy S IV D Fll iy s~ D Fll sy + s~ D Flla(s) S 1Pz

We then complete the proof by duality. O

3By “ appropriate” , we mean the tensor F such that div F is in the space where D! is well-defined.
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Lemma 4.2. Let D denote one of the Hodge operators D1, Da, *D1 and *Ds, let D' denote
the inverse of D. For PyF with Py being the GLP projections associated to the heat equation
(8.18) there hold for k > 0

ID PPl 27 MsFll: and [[PD s 272 EF .

Proof. The first inequality can be proved by using the finite band property and Proposition 4.1.
The second can be proved by a dual argument with the help of the first one and the Sobolev
inequality. O

The following result follows from the second estimate in Lemma 4.2 immediately.

Proposition 4.4. Let D! denote either Dfl, *Dfl, D;l, then for appropriate S-tangent
tensor fields F on 'H and any 1 < p <2,

(4.3) 1D Fliso S 115 Fllpge 2
Moreover for 0 <6 < % and ﬁ <p<L2,
(4.4) ID7 Fllpo £ 16777 Fllp s
In order to state the next result succintly, we introduce the notation
K(1+7.k) = (2k8—1)(1+’v) + 2k8—1”K”23 + (2k8—1)1+'y(1—9)||K”i’é7

where v > 1/2, k € N and 0 is a number slighly greater than 1. For simplicity, the last terms
in K(1++,k) can be ignored in applications.

Lemma 4.3. For any smooth S-tangent tensor field F' and 0 < v <1
[PeVATF|[p2 S K1+, k)|Fllrz and [[AYVPF[|rz S K (147, k)| F|rz.

Proof. Recall (see [12, Section 10]) the Bochner identity combined with finite band property
gives for 2 < p < oo that

P —2
I92PiGllza < 255 2 PLGllzz + | K| (2855 | PG 2
(45) 246K 2 PGz

By Proposition 3.2(iii), combining (4.5) with the finite band inequality, |[VPyG||r2 < 287 | PG| 2,
we conclude the second inequality holds true for any 0 < v < 1. The other one follows by du-
ality. O

Now we are ready to state the main result on the elliptic P? estimates on Hodge operators.

Theorem 4.1. Let D denote either D1, Dy or their adjoint operators *Dy and *Ds. Then for
any S-tangent tensor fields & and F' satisfying DE = F and any % >0 >0,

_ 1—
(46) IV€lpe S 1 Fllpe + Aol DL, 2 1Py,
where 1 —o > q > vy and a > 4.

The estimate (4.6) was stated in [9] where the second term on the right hand side is not
included. The proof of the corrected version is based on the unpublished notes of Klainerman
and Rodnianski [6]. To prove Theorem 4.1, we rely on the following two propositions.
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Proposition 4.5. Let F' be an S-tangent tensor field. Then for any 1 > v > 9 > %, where

1s determined by the condition that IV(WO < 00, we have the following estimate for k,m >0
| PeV P F 23y < 270 0mR) 2= 2m =M 1471 P P 2
+ 2min(m,k)2—(1—'y) max(m,k) K’Yo ||t_’YPmF||LfLi

—|m—k %
(4-7) + 2 | ‘||K||z2(H)Kvo”PmFHL%L2~
For low frequency terms, the following estimate holds
1PV P<o Fll 22y S 27 F 1t PeoF |l 2 gy + 27 7R K [t Peo F L2 a0

(45) + 2R L Ko IPoF 2

Proposition 4.6. Let F' be an S-tangent tensor field and D be the corresponding elliptic Hodge
operator. Then for k,1 > 0,

|PeD ™ PF | 25y S 27 027 g | BLF| s
(4.9) + 27 max(bDg= (= max(k) 2=V I PP 2 (s),
where 1 > v > vy > % and vy is determined by the condition that K’Yo < 00.
We first give the proof of Theorem 4.1 by assuming Proposition 4.5 and Proposition 4.6.

Proof of Theorem 4.1. 1t suffices to consider the case 0 = 0. For the case 1/2 > o > 0, by
taking ¢ < 1 — o we can follow the same argument.

According to the definition of ||[VD™!F||po and Proposition 4.1, we only need to estimate
> k>0 IPkVD 1 F|| 12(3). Using Proposition 4.5 we have

|1 PVD 20y S Z | PV Py D F| 2 30) + || PuV (P<oD ™' F) || 12(3) = Hi + L.

We first estimate the high frequency terms
H, S Z 2min(m,k:)272|m7k:\ ||t71PmD71FHL2(’H)

+ Z 2min(m,k)27(177) rnaux(m,k)j{'YO ”tf'meIDle”LQ(H)
+ K IE gy D 27| PuDT R o

1 > 2 ot 3
= AV + K AP + K’YOHKsz('H)AEﬂ g

We first estimate the term A,(:’). Note by interpolation we can easily obtain with £ + l—gq =

1—
2
— _ _ 1—
”PmD 1F”L%L2 5 HPmD 1F||%gL§”Pm,D 1F||L2EZH)a
t x

then by Lemma 4.2,
3 —(1=q¢)m ||y~ - _ —
YA S 2 I DR L [#F |l S IDT I 1 1F | 2y
k m

Now we define
Aggll) _ Z 2min(m,k)272\m7k| HtilpmpillglF”LZ(H)a

A’(j) — Z 2min(m,k)27(17'y) max(m,k) ||t77Pm,D71PlFHL2(H)-
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We use the GLP projections to decompose F' and ignore the low frequency terms,* then we

infer
S AN AY wmd Y AP YAl
k k.l k k.l
Therefore, it suffices to establish the following estimates

(4.10) S AD S |PF|ae  and ZAEj SIPF| 2
k

We estimate the term A(ll) with the help of Proposition 4.6.
Aggll 5 Z 2mln(m k)2 2|m— k|2— max(m, 1)2 |m— l|H1:)lF||L2

m

+ Z gmin(m,k)g—2m—k|g—max(m,l)9—(1—v) max(m.l) ||t1_’YP[FHL2(’H)

S 2R 9= 2mH B o gy

m
S 27 PLF 2 gy

The first estimate in (4.10) now follows after summing over k. The second estimate in (4.10)
can be proved similarly.
As to low frequency terms Ly, taking L? norm with the help of (4.8), we infer

1PV (P<oD ™' F)l| 212 S 27"t PeoD ™ Fl oy + 270 RK [t PeoD ™ Fl 230

—k ol 1
+ 27K %||P<OD Fll,

By elliptic estimates and interpolation again, we can get the desired result. O

In order to give the proofs of Proposition 4.5 and Proposition 4.6, the following lemma is
crucial.

Lemma 4.4. Let S be a weakly regular surface with Gauss curvature K satisfying the condition
K,, < oo for some 1l >~y > % Then for any smooth S-tangent tensor F, 1 > ~v > v and
k > 0, there hold

(4.11) A (EF)|20s) S Kvo (IVFl L2y + (I Fllp2(sy)-
For m,l > 0 there hold

(4.12) A (K P F)|r2es) S Kvo2™s | P Fllp2(s)
and

(4.13) [P (KD~ PF) 125y S Kro 2™ | PLF | 25y,

where D is an elliptic Hodge operator.

We remark that the IV(,YO in Lemma 4.4 and Proposition 4.5 should be replaced by K'% + Ao,
2

where the presence of Ag is due to the difference =2 — s=2 which is relatively trivial in the
calculation. We can simply ignore Ag, however, without hurting the proof of Thereoem 4.1.
Proof. We first show (4.11). It is clear that
(4.14) [AT(E - F)llrz S IATV(K - F)llzz + |r72 = s72[[ATVF 2.
Due to Proposition 3.1 and Proposition 3.2 (ii), for any 0 < s <1

P2 = s 2|ATF 2 S AollsTVF| 12,

4The low frequency are the terms simliar to A;:l) amd A](j) with [ in the expressions replaced by < 0. These
terms are actually much easier to estimate. We omit the detail.
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which obiously is a lower order term. Hence, it only remains to estimate the first term on the
right hand side of (4.14). By Proposition 3.2
(4.15) A - F)|72 = Y 272 ||s" Pu(K - F)|[72 + ||s” P<o(K - F)7.

m>0

In order to estimate the low frequency term s7||P<q(K - F)||Lz, we use Proposition 3.2 to
obtain for any appropriate S tangent tensor field G,

(s7P<o(K - F),G) = (K - F, P<oG) < [AT° K|z - [|s A (F - P<oG)| 12

S Koo (87| A F| 22 [AP<oGl| 12 + 8™ | AF | 12 | A™ P<o Gl 2)

S Koo [AF |22 |Gl -
Hence

|57 Peo(K - F)llz2 S Koo (IVFllzs + s~ [ F]l2):
In orde{ to estimatevthe first term on t%le right hand side of (4.15), by the GLP decomposition
we write K =Y, P?K :=3 K, + K<, then
(4.16) 1P (K - F)llzz <Y I1Pw(Kn - F)llpz + [ Pn(K<o - F)llr2-
neN

For any 2 < p < oo let p* satisfy 1% + p% = 1. We will employ the finite band property, the
weak and sharp Bernstein inequalities for the GLP projections, the Sobolev inequalities and
the Young’s inequality. For the low frequency in (4.16), we choose p such that % < 79, then for
any appropriate tensor field G

(Pn(K<o- F),G) = (K<o - F, PnG) < | K<oll 2| Fll 2 | PGl e

. 2m _ 2m 1—% _ % _
SIK<ollzz2% s~ (IVEIl " 5T Fli 22 + 17 Fll2) Gl zz.-
Therefore
(4.17) S 25 P (Reo - F)llzz S Aol VF 2z + s~ Fllza).

m>0

Now it remains to estimate ||Pm(K'nF)HL§ When m > n, we choose p; such that p% <v—7.
Then

Hpm(f(n ’ F)”Lg

<2 M|V(E - F)llze €277 (I98all i F Nz + 1Kl IV FL 2

Cmdn2n _ - >
ST K2 (IVFllzz + s~ Flizz) + 27| Kall 2 |V Fl 2
—m4n+22 o —
S22 Kl (IVF N2 + s~ Fllzz).
When m < n, choose p2 such that 1 — p% <7 —". Then
1P (Ko - F)llz2 = 27" 8%| Pu(AK,, - F)| 12
<272 |Py div (VK - F)|lpz + 272" 8% P (VK - VF)| 12
5 2—2n+msHvKn . FHL? + 2—2n+%85/4”vkn . VFHL%
—2n+m % —2n43m -
<2 2n+ SHVKHHL?”FHL? 4 92+ 85/4||VF||L§||VKn”L§

_2n . 1-2 =2 .
S 2w K2 lIVF a7 (s FI 2 A+ 23|V F 2| Kol 2

~

m— 22 —
S 272 | K|z (IVFllzz + lIs7 Fllr2)-
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Therefore, by using Proposition 3.2 (vi), we obtain

Y 2SPu(K Bl

m,n>0
< 30 2T e m 0= s ([T F |2 + (|t F 12)
m>n>0
+ Z 2(17%77+W)n2(1_7)(m_n)57_%HQ_'YMS%KTLHL?E(HVFHLg+||5_1FHL§)

n>m>0
SEKq(IVFr2gsy + 17 Fllz2cs))-

The proof of (4.11) is thus complete.
Now (4.12) follows by applying (4.11) to P,,F' and using the finite band property. In order
to show (4.13), we write

Pn(KD'PF)= P, (KD 'PF)+ (s 2 -7 %P, D 'PF.

Then (4.13) follows by estimating the first term as we did for || Py, (K - F)||2 in the above and
applying Proposition 3.1 and Proposition 4.1 to the second term. O

Now we are ready to prove Proposition 4.5 and Proposition 4.6.

Proof of Proposition 4.5. We may assume F' is a 1-form without loss of generality. By duality
we can assume that & > m. Then from the finite band property we have

[PV P Fllp2re S 272 [ P AV P, Fl| 212
We denote by R the Riemann curvature tensors on 2-surface (Ss, ). Then
Rovea = (YacTbd — YaaVoe) K and R,y = Y K.
Note that the commutation formula
Va(AF;) = A(VaFi) + Ve(RigocFa) = BgoVaFi + R
Then we have || PtV Py F| 212 S A1 + Az, where

V. Fy.

idac

Ay =22 <||t2P;€VAPmF||L3L3 n ||kame||LgLi) :
Ag =272 |P PV (K P F) | 212 + 272 |* P (KV P F)| 1212
It is easy to see
A S 272(k7m)||PkVPmF||LfL§ + 272k+m‘|t71PmFHL,?L§
S22 [t Py F 22
In order to estimate As, it follows from Lemma 4.3 and Lemma 4.4 that
[ PeV(KPnF)|2 S K147, k) |[A(KPnF)llzz S 2™s ' K(1+7,k)|[PnF | 2 Ky
Thus, by a standard dual argument, we obtain for any appropriate S-tangent tensor field G
(Pe(K - VP, F),G) = (P div(K - PG), P F) < || P div (K - PG| 2 | P F| 22
ST K (L4 3o m) Ko, | PG 2 | PP 2
S 2™ R (14 9, k) Koy [ P F 12 |Gl
The last inequality is derived by using k& > m. Hence,
Az S 27 UTRM K 67T P F 22 4+ 27 K,

ol

%

The proof of (4.7) is complete by combining the estimates of A; and As. The inequality (4.8)
can be proved similarly. O
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Proof of Proposition 4.6. For the case k > [, we use the finite band property for GLP projec-
tions, the representation formula A =*DD 4+ K 4+ t72Id and (4.13) in Lemma 4.4 to obtain

|PeD™ PiF || 25y S 272 | Pl AD ™ P F || 12s)
S 27| PP DPF | 2(sy + 272 | Po(KD ™' PF) || 12y + 27 | PkD ™ PiF || p2s)
S 272 PF|| pa(s) + 27 MO K| PP || 2 gy 4+ 272N P || 2 s

Then the desired estimate follows for this case.
In order to show the result for the case 0 < k < [, we note that

(4.18) |PD " (KPF) |2 S 240 Ko, | Pl
which follows from (4.13) in Lemma 4.4 by a dual argument. Similar as above, we may use the
representation formula A = D*D + K to complete the proof. O

5. Product estimates in Besov norms

We will provide a series of product estimates in Besov norms which are of fundamental
importance for the later applications.

5.1. Non-sharp product estimates. The following non-sharp product estimates will be used
in Section 6.

Proposition 5.1. For any S-tangent tensor fields F and G,

(5.1) IF - Gllpo S NUF) (It 5 Cllerz + [t VG 212) with a > 4
(5.2) IF - Gllpo S No(t/2F) |Gl po,
(5.3) IF - Gllpo S N1 (2 F) (VG p2re + |Gl s r2)-

Before giving the proof, we recall the notion of Nj—envelopes of tensor fields introduced in
[11].

Definition 5.1. For a given S-tangent tensor field F and a sufficiently small € > 0 we define
its N1-envelope (of order €) to be any sequence of positive real numbers N1[Fy] satisfying

MIE] S 2" FIN [, for any kK,
(5.4) S O MIF? ~ Ny (F)?
k
By the same way as in [11, page 31-33], we can obtain the following result whose proof can
be found in [22].

Lemma 5.1. For any smooth S-tangent tensor field F there always exists an envelope Ni[Fy]
such that

(i) For 2 < q < oo, there hold the dyadic Gagliardo-Nirenberg inequalities
11 C1p1 _ _
(5.5) 7270 Fllpore S 272" «"Mi[Fi), ([t Frllpare <27 F2Ni[F).
(ii) For all ¢ with 1 < q < 2 sufficiently close to 2,

(5.6) ||t%_%+VLFkHL;’L§ S M[Fy].
(iii) For any 2 < ¢ < 4,
(5.7) 15V Fill o s S 2807 DN [F.

(iv) For any 2 < g < oo,

1

(5.8) 16273 Byl papee S 2XGTDN[F].
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Remark 5.1. The above dyadic inequalities can be adapted to low frequency terms F<g = P<oF,
for instance

[#7F Peolligns SMF), 7 Feollzee S Mi(F)

|5V Feollgrs SM(F), 2<q<4

|27 % Feollpors SM(F), 2<q<oc.

Now we are ready to prove Proposition 5.1.

Proof of Proposition 5.1. In what follows we will prove (5.1) only. (5.2) and (5.3), which have
been stated in [9] without proof, can be proved in a similar but easier way (see [22, Section
5.2]). We will frequently use Lemma 4.1, (5.7), (5.5), (5.4) and (3.12).

We choose A and b such that

1—-X A 1
a 2 b’

2
2<b<4, —<A<1, and
a+2

where % + b% = % This is always possible for a > 4. Moreover

1 1
(5.9) 5 A <0

We will use the notations
1 _1 _ 1 _1 _
I = 2 VGl 2o It Gligres T = 2 VG a1+ Gl 2

Clearly, by interpolation and Bernstein inequality

1,1 1 _ 1 _ _
(5.10) 1552V G|y 2 S 42 VGl Jagr It~ VGl oy, S 207010
and
(5.11) =3 G ez S 27NN, (631975 G e S 20757V,

Similarly, we have
(5.12) |54 2VGeollppere ST 4572 Gollppe e ST
Now we prove (5.1). We begin with expanding F' - G by GLP decomposition as
F-G=F.0-Gso+ D(F,G),
where
l)(F‘7 G) = Fgo . GSO + FSO -Gso+ Fso - GSO.
We first estimate ||[Fsq - Gsol|po. Set % + qi* = % with ¢ < 4, by the Holder inequality and
Lemma 5.1 we obtain
1_2y, _2n
1En - Gullzegy S 1FmllperallGullpere < 207927 MFL]| VG 212,
Summing over m,n > 0 gives
[Fs0 - Gsollzzon) S Nl(F)“tl/QVGHLz(H).
It remains to consider the following high frequecy terms

Pe(Fao-Gso)= Y Pu(Fm-Gn)+ Y Pu(Fn-Gh)

k>n,m>0 k<n,m

03+ Y )Pu(Fa - Gu) = AF + AL+ AL

n<k<m m<k<n
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Step 1. Estimate of A¥. By finite band property and the weak Bernstein inequality of GLP
projections, we have

(5~13) ”A]lg”LfLi < Z 2_2kl|t2PkA(Fm ’ Gn)HL?L?E § Z (A:m + 2%16an)

k>n,m>0 k>n,m>0

where for m,n,k > 0,

Al — 9= 2kt2max(mn)| By (F, - Gu)llpzrz: and By = [t2V F,, - VG"”L

4.
273
iLas

Using (5.10) and (5.7),

(514)  Bun STV s |2 VG| e p S 2079 mH NN (B I
As to AF . by weak Bernstein inequality, (3.12), (5.10) and (5.11)

Ak, < o 2maxmm) |15 =5 =G | (|65 0TE Gl| e o
(515) 5 2—2k+2 max(m,n)—&-(%—%—%)m2(1—)\—q%)njv’1 (F)Hﬁ

Due to (5.9), choosing g > 2 such that %— % < % < A, combining (5.13) with (5.14) and (5.15),
we conclude
1 1
D AT zze SME)[E2 VGl p2zz + 17+ Gllper2)-
k>0

Step 2. Estimate of A5. Using the weak Bernstein inequality and (5.5), we have

k—

ko, m—n
||Pk(Fm ) Gn)HL?LE ,S 22 Ht 1/2Fm||Lt°°L§ ||Gn||LfL§ 5 2 Nl [Fm]”tl/QVGHLfLi'

Summing over k < m,n for the respective case, we conclude
1
D ANz SMP)[[2VG 22
k>0
Step 3. Estimate of A5. We first consider the case n < k < m by using finite band property
1Pe(Em - Gu)ll L2z S 272 [ Pe(AFy, - Gl 212
S 27| PNV (VEn - G2z + 1P Pe(VEy - VGl 212)
<272 (2 |tV Fyy - Gl 2z + 2% Buun)
For the first term, using Hoélder inequality, (3.12), (5.10) and (5.11), it can be bounded by

2—2m+k||t1—%va||LgLé ||t%GnHL§’*LQ4C < gm2mtkt (- Hm+g—Anpn g A

Combined with (5.14), it implies

|1Pe(Fr - Ga)llz2re S (2*2m+k+(1*%)m+%*)\n i 2—2m+§+(17%)m+n7)\n)./\/1 [F,, ]I

n*

Summing over n < k < m gives

> P(Fa - Go)llzzre SNE) (12 VG| 22 + 177 Gllzgr2)-

n<k<m
It remains to consider the last case m < k < n. With 1 < p < 2 and 1% + % = 11;, we have
from the finite band property and the weak Bernstein inequality that
|Pe(Fn - Go)llzz S 25 D8 3| B Gollpe < 286005 | Bl Gl 22

< 2HG Dm0 B 12 [V G 2.
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By using (5.5) and (5.4), we infer
D PP Galllzzrs £ Do 262G T N2V G 120

n>k>m n>k>m
1
SN[t VG| L2z -
Therefore

S 14 zz: SMP)([E2 VG L2gz + 1t Gllrgr2).
k>0
Step 4. Finally we need to show for the low frequency term D(F,G) that

(5.16) ID(E,G)|lpo S NU(F)([EEV G 2o + 175Gl o r2)

The estimates for F<g - Gsg and Fy - G<o can be derived by adapting the arguments in step
1 and step 3. While the estimate for F<y - G<o can be obtained by using Bernstein inequality
and Holder ineqality. We omit the details. (]

5.2. Transport product estimates. The main purpose of this subsection is to provide the
transport-product estimates. We will always assume the bootstrap assumptions (BAl) and
(BA2). In the following theorems, k > 0 is a given number.

Theorem 5.1. Assume that the S-tangent tensor fields W, F and G satisfy the transport
equation VW + %W =V_LF -G along H and limg_,o s|W| =0. Then

Wliso < N1(F) - (N(G) + (|Gl e 22)

Theorem 5.2. Assume that the S-tangent tensor fields W, F and G satisfy the transport
equation Vi W + %W =F -G along H and limg_q s|W| =0. Then

[Wligo S [1Fllpo(NU(G) + 1G] e 12)-

Theorem 5.3. For any pair of S-tangent tensor fields G and W such that W satisfies the
transport equation of the form VW + %W = F along H , there holds

G- Wllpo < (lm W[5, (s) + 1 Fllpo)(NU(G) + Gl 12)
The proof of these results can be carried out by using the reduction argument given in [11,
Lemma 4.13]), that is, it is enough to prove these results for the scalar transport equations,

with W being a scalar function. After this reduction, the results follow immediately from the
sharp trace inequalities which in our situation take the following forms.

Proposition 5.2. For any S-tangent tensor fields F' and G of the same type, there holds

(5.17) Htl/ot sV F - Gds ) SNLU(F)NL(G),
B
and for any scalar functions F and G there hold
(5.18) I P Gas £ (M@ + ez 1
(5.19) | Fds S G(G)+ 1617 Pl

One can follow essentially the method in [11] to complete the proof. One can also find a
proof in [22] by combining the GLP theory and classical LP theory through an equivalence
argument. We thus omit the proof.
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Theorem 5.4. Let F' be an S-tangent tensor field which admits a decomposition of the form
VF = V1 P+E with tensor fields P and E of the same type. If |s°~ F| and |sV F| are uniformly
bounded when s — 0, then

[ F||Lee 2 S N1(F) + N1(P) + || B po.
Proof. We set o(t fo |F|?ds, then V¢ = |F|?. Due to [9, Proposition 5.1] we have
(5.20) el ) S NIVellso + 1t ol poe L2
It is easy to see
(5.21) [t llieere SNFlloerz - 18 Fllzape-

We now estimate ||V||go. In view of the commutation formula [V, V]e = —x - Vi, we
know V¢ satisfies the transport equation

1 1
(5.22) ViV + Vo =2F-VF -2V -Vp —x-Ve.

In order to apply Theorem 5.1 and Theorem 5.2, we need to show lim,_,q s|Vy| = 0. By the

weakly spherical regularity of (.5, ’Y) proved in Lemma 3.2, we only need to show lim,_o 2 5= =0
under the transport coordinate (s,ws,ws), where ¢ = 1,2. Note that

we infer

&p

(5.23)

t
F)ds| < sup |s° F~|sVaF‘/ s 1 Tds|.
0<s<t Ows 0

From the conditions on F', we conclude |8“’ | = 0ass—0.

Now we substitute the decomposition VF = VP + E into (5.22) and use Theorem 5.1 and
Theorem 5.2 to conclude

IV ¢llso S N(P) + [Ellpo) (N (F) + I Fllz 1z ) + (N (A) + [ Allz 12 ) [ Vellpo-
This inequality, together with (BA1) and the fact |Vo|lpo < [[Vo||go yield
IVellso S NL(F) + [[Fll e £2) (N1 (P) + [ Elpo).
Combining the above inequality with (5.20) and (5.21), we get
1N o 2 S NL(E) + 1Pl s £2)NL(P) + | Ellpo) + | Fll gz 167 Fllpz e

which implies the desired result. (]

In Theorem 5.4, we require F' to satisfy certain initial conditions. Note that we will only
apply this theorem to Y and ¢ to derive their L%°L? estimates. For F' = x and ¢, in view of
Proposition 2.1, there hold [s°~F| — 0 and |sVF| — 0 when s — 0. Thus the initial conditions
in Theorem 5.4 are satisfied. In Section 7 where the calculations for [[X|[ o2 and [|||poc 2 are
carried out, we will not mention the initial condition any more.
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6. Error estimates

In this section, we study various kinds of error terms which arise from commuting V; with
Hodge operators. Recall that we have introduced the conventions R, R, Ry, A, A and VA
in Section 3. Then the null Bianchi equations (2.17), (2.18) and (2.19) can be symbolically
written as

(6.1) L(p,—6)=D1f+s 'R+ A-R
(62) VLQZ*’Dl(p7O')+S_1R+A-R,
where

R:=Ry+VA+A-A+s 1A
It follows easily from (BA1) and (BA2) that
(6.3) Rl 27 < Ro + Ao.

We will also use the commutation formulas given in [9, Proposition 2.16] which symbolically
can be written as

(6.4) Vi, VIF=(A+s Y - VF+(A+s Y- A-F4+3-F
for any S-tangent tensor field F'. When F are scalar functions, the right hand side is simply
(A+s71) - VF.

In the remaining parts of this paper, we will employ the following conventions:
e R denotes either the pair (5, —&) or 8
e D!R denotes either D; ' (p, —5) or *D; '3
e D~2R denotes either Dy ' - Dy ' (p, —5) or Dy -*Dy '3
D~V R denotes either *D; 'V 3 or Dy 'L(p, —5)
Co(R) denotes [V, Dy ')(p, —5) or [V, *D; '3
. D*2 ViR denotes D, ' - Dy 'V (p, —5) or Dyt - *Dy VL3

. L. Co(R ) denotes Dy ! [VL,Dfl](p', —&) or Dfl . [VL,*Dfl}é
In this section we will consider the commutators
(6.5) C(R) = (C1(R), Ca(R), C5(R)).

given in [9, Definition 6.3] which, by the above conventions, can be written symbolically as

Ci(R) =V D' -[VL, DR,

Co(R) = V[V, DY D!

Cs3(R) = [V1,V]-D2R.

Corresponding to (6.1) and (6.2), we introduce the error terms

(6.6) Err:=D;'Vi(p,—5) - and Err:= *DyVLB — (p,0).
Let

R,

Fy = (Err, E\ﬁ“)
Then symbolically F; has the form
F=D'(s'RIA-R).
Consequently we infer from (6.1) and (6.2) the symbolic expressions
(6.7) D7'VLR =Ry + F\.
By using (4.4) with # = 0 and p = 2, Proposition 4.1 and the Holder inequality we infer that
(6.8) IFillpo S A3+ Ro.
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Now we are ready to state the main results in this section. The first one is

Proposition 6.1. For the error terms Co(R), C1(R), C2(R) and C3(R) there hold

(6.9) ICo(R)[lpo < AF + Ro,
(6.10) IC1(R)[lpo < AF + Ro,
(6.11) Cy(R) =V -D (B -D2R) + err,
(6.12) C3(R) = B-D2(R) +err
with

lerrllpo < AF + Ro.

We remark that the terms V-D~1(8-D2R) and 3- D~ 2R in Cy(R) and C5(R) can not be
bounded in PY norm. The next main result provides tools to deal with such terms.

Proposition 6.2. All the commutators C(R) can be expressed as follows
C(R)=V.,P+E,
where P and E are tensors verifying
Ni(P) + [ Ellpo S AF + Ro.

We mention that the above two results have been proved in [9]. The proofs in [9], however,
rely on the following Hodge-elliptic PY estimate and product estimate (see [9, (196),(190)])

IV- D' Fllpo S |Fllpo, and [[F-Gllpo SNU(F) - (IVGlizrz + 1Gllezr2),

for appropriate tensor fields F' and G. Unfortunately, these inequalities are not quite accurate
since some terms were missed. Instead we will use the corrected versions (4.6) and (5.1). The
presence of the terms in L¢L2 norms in these corrected inequalities requires us to modify the
proof in [9, Section 6.12] by establishing L¢L? estimates for some commutators, which add
much complexity.

6.1. Proof of Proposition 6.1: Part I. We first note that by (3.11), the Holder inequality
and the Sobolev inequality, we can obtain from (BA1) and (BA2) that

||5_1A||L2(H)> ||VA||L2(H)a ||AHL§°L§7 ”AHLng‘a ||VtrX||L§L$° S Ao,
(6.13)
1A~ Allagrey, 1A~ All 2+ S A3, [VEAlL222 S Do,

In this subsection, with the help of Proposition 4.3 and Proposition 4.4, we will prove (6.9),
(6.11) and (6.12).
We first prove (6.9). We use (6.4) to write

(6.14) Co(R)=D Y ((A+s )NV -D'R)+(A+s 1) - A-D'R+3-D'R),

Then, by using (4.4) with § = 0 and p = %, Proposition 4.1 and the Holder inequality we can
estimate the various terms in the above equation to get

(6.15) ICo(R)llpo S A +Ro + Ao - Ni(D7R).
By the definition of N;(D~'R) and Proposition 4.1 it follows that
M(D'R) SRo+ A5+ ID'VLR| 212 + [|[Co(R) | 22
While it follows from (6.7) and (6.8) that
ID™' VLRl L2z S IDT'ViRllpo S AF + Ro.

Combining the above three inequalities and using the smallness of Ay we obtain (6.9).
In the above proof, together with Lemma 4.1 we have actually verified the following
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Proposition 6.3.

(6.16) ID™'VLR| 212 S Ro+ AG,

(6.17) IV, DRl 212 S Ro + A,

(6.18) N(DT'R) < Ro + A,

(6.19) Ni(V-D?R) SRo+ A5,  Nao(D2R) S Ro+ A}
In order to prove (6.11) and (6.12), we first use (6.4) to write

(6.20) Cy(R)=V -V, D Y,D'R+V-DY(3-D2R)

(6.21) C3(R) = [Vy,V],-D?R+3-D*R

where

Vi, VIgF = (A+s ") - VF+(A+s ") - A-F
Vi, D 'yF =D '((A+s ") - VD 'F+(A+s')-A-D'F).

are the “good” parts in the corresponding commutators consisting of those terms not involving
the curvature 3. Then the proof can be complete by using (6.18) and the following result.

Lemma 6.1. For appropriate S-tangent tensor field F', there hold
(6.22) VL, VIgD Fllpo SNi(F)  and ||V - [V, D™ F|lpo S N:i(F).
Proof. Noting that the simple inequality

[Ellpo < IV E 23y + 1F [ L2 (30)
for any S-tangent tensor field F. By Proposition 5.1 with a > 4 and Lemma 4.1 we then have

1192, 91,07 Fllpo S MU(VDF) (13 V All e + 16 Allerz)
+ ([t D Fpo + No(DTUF) (A - Allpo + ||t Allpo)
S Nl(VDle) +N2(D71F)

This proves the first inequality. In order to prove the second inequality, in view of (4.6), it
suffices to show for appropriate S-tangent tensor fields F' there holds °

(6.23) VL, D gFllLer2 SNi(F) with 4 <a < oo,

which can be proved, by using Proposition 4.3 with p = 4/3, Proposition 4.1, (3.11), (6.13) and
Lemma 4.1, as follows:

IV, D g Fllars S [IE/2A- VD*lFHLng/3 +[[E2A- A DilFHLng/s
+ |t DTIVD T g + |[tTY2A D*1F||L?Lﬁ/3
SAlLe2 IV - D7 Fllpgepa + || A+ All g2 1D F | oo pa
+ VD Fllpsrz + | Al ez |t/ 2D F| oo pa
SMNo(D7HF) + Ni(VDTHF)
SMNi(F).

5We will improve the right hand side of (6.23) to be N1 (D~1F) in the next section.
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6.2. Proof of Proposition 6.1: Part II. In order to complete the proof of Proposition 6.1,
it remains only to prove (6.10). Observe that Ci(R) can be written symbolically in the form

Ci(R) =V -D'Cy(R).
We then obtain from the Hodge-elliptic estimate (4.6), (6.9) and (6.17) that
IC (B) 7o S ICo(R)llpo + Aol DT Co(R) ] 12 ICo(R) | 2
SAF+Ro+ AOHDACO(R)HQW (A +Ro)' 9,

where 790 < ¢ < 1and 4 < a < cc.
We will complete the proof of (6.10) by establishing the following

Proposition 6.4. For 4 < a < oo there holds
1 =
[t7a D™ Co(R) |2 S AF + Ro-
Before proving Proposition 6.4, let us state the following two useful results.

Proposition 6.5. Let D! denote either Dl_l or *Dl_l. Then for any S-tangent tensor fields
F and G on H there holds

[t~ e D" HEF - VG)|| o2 SNUFINL(G),  with 4 < a < 0.
Proof of Proposition 6.5. By the GLP decomposition we first write
t"eD N F-VG) =t~ «D Y(Fsao-VGsg) + L(F,G)

where L(F,G) denotes low frequency terms. For the high frequency terms, we use the GLP
decomposition again and ignore the low frequency part ), , P, we only need to consider

1= Zl m 7L>OIZTL?’)’L7 where
T i= [t75 D™ (PaF - VPG 112

We will estimate such terms by considering several cases. When [ < m < n, by using Lemma
4.2 we obtain

(6.24) Tinm S 2G| 2 7% PyF - VPGl e

where 2 > p > 1 is sufficiently close to 1.
Let p* be such that p% + % = ]%. By using Lemma 5.1 and the Sobolev inequality it is easy
to derive that
1

(6.25) |G E D P e S 20T MR

(6.26) 1t'/2V PGl o2 S 2% N1 (G,

Using both of them together with Hélder inequality, it follows from (6.24) that
T S 272D 40— —500n [Fo NG ).

Thus we can obtain

o<i<m<n

as long as 1 — % — p% < 0, which is possible when p is sufficiently close to 1.
When m < I < n, by using Lemma 4.2 with 4/3 < p < 2, (6.25), (6.26), and defining p* by
pi* + % = %U we obtain

Tinm S 27 O[5 72 P F - VPGl o

< 25D G =TT NG [G N1 [Fal.-
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We can choose p sufficiently close to 4/3 so that 3 — % — L1 < 0. Then we have

> Tipm SN(GINA(F).
o<m<li<n

When [ < n < m, we note that
P,F-VP,G=V(P,F-P,G)—-VP,F-P,G,
thus we need to consider the two terms
b i= [t EPD (VP - PGl 151
T2\ = |tT* PDTIV(P,F - PuG)| e 2

Inm
Observe that by the same method for establishing ZO<l<m<n Tinm, we can obtain
Z Illnrn ,SNl(F)Nl(G)
o<l<n<m

For 72, we have from Proposition 4.1, (5.5) and (5.8) that

Inm

_1 (1 _1 1 _1
Il2nm§ ||t “’(PnF'PmG)”L;fLi 5 ||t G 2)PnF||Lg/Lgo||t( a” 2)PWGHLg”Lg

1

< 27w =G T N [FL VL [Goe]
where % + % = é Summing over [ < n < m gives
S 2. SMFN(G).
0<l<n<m
When m > [ > n, we can follow exactly the same way as for the case | < n < m to obtain
0<n<l<m

Finally when [ > m and [ > n, we derive by Lemma 4.2, (6.26) and (5.8) that

1

Tinm S 275 P F - VPGl perz S 274275 PGl pg 1= |t/2V Py Fl| o 12

~

< 9 BFmE =D AL [FL N (Gl

which yields
Y Tim SNIF)N(G).

I>m,l>n

Thus we conclude Z < N7 (F)N1(G).
It remains to show

IL(F, G)l[Lgrz S NM(F)M(G)

for low frequency term L(F, G), which can be done similarly. Since the argument is much easier,
we omit the details. O

Lemma 6.2. For S-tangent tensor fields F' on H there hold
(6.27) [t AT DT Fllrz S 1 Flle
(6.28) ||f€A76*D1_1FHL§L§ SF e+ za

where 1 <b< oo and 0 < e < 1.
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Proof of Lemma 6.2. To show (6.28), by duality and ignoring lower order terms, we only need
to show for appropriate tensor field G,

(6.29) [t~ D PA™ Gl S 27F(1+ [[tE]|72) 1G]l 2,

where 0 < § < 1 is close to 0, then summing over k¥ > 0 and integrating in ¢.

We decompose Dl_lPkA’eG using ) P12 = Id. Since PlDl_lPkA*EG are not scalar functions,
to which we can not apply sharp Bernstein inequality, we use the following curvature dependent
estimates, ([12, Section 10])

(6.30) |PH|pe <2 (1 4+ 27" tK | 72) | PiH]| L2, 1> 0
and

(6.31) 1P<oH || <t (1 + [t ) 1|2

From (6.31), we infer

(6.32) 1t P<oDy ' PrA™ Gl g £ 27 F 8 (1L + (LK 1) 1P Gl 2

When [ > 0, it follows from (6.30) that
|PDT A Gl S 2471 (1 + 2K [0 )| PADT PA— G 2.
Using (4.9) we have
[t DT PA Gl e S 202 1H (1 4 20K )| PGz

Summing the above inequality over I, k > 0, combined with (6.32), gives (6.29).

To show (6.27), the difference is that P*D; ' P,A~¢G are scalar functions, to which, instead
of using the inequalites (6.30) and (6.31), we employ the sharp Bernstein inequality ([12, Section
10]) which does not involve ||K||p2. Thus we can derive that

(6.33) [P Dy P A G e S 27 R PG e

Summing over [ and k, we obtain

(6.34) |t~ DT A Gl S Gz

Then (6.27) follows by a standard dual argument. O

Note that by using Proposition 3.2 (iii), for appropriate S-tangent tensor fields F' on H,
(6.35) [t TADT Rz S ||Flz2 with 0 <a <1,

By duality, the above estimate implies the following inequality for any appropriate S-tangent
tensor field F' on H

(6.36) [t DA |2 S (1F e
With its aid, we infer from Lemma 6.2 the following result.

Corollary 6.1. Let F' be an appropriate S-tangent tensors on H. Then on each leaf Sy there
holds

(6.37) 1D3 "Dy Fllzz < ItF s
Moreover, on 'H there holds

(6.38) ID7 D Fll s < I1Fl e
where 1 < b < 0o.

Let D be one of the operators Dy, *D; or Dy. We will use Proposition 6.5, Lemma 6.2 to
estimate the error type terms in the following result.
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Proposition 6.6. For S-tangent tensors G on 'H verifying N1(G) < oo, set
E(G):=s'DHA-G) or D7HA-A-G),
E(G):=D Y A-VG), & :=D YA -A-A), & :=s'D 1A A,
where for 3, D denote either D1 or *Dy1. The following estimates hold
It E0(G)llzgrz + 1t = E2(G)llzgrz £ AoM(G)
A Ellgrz + 1 F Eallrre + 117 D Eallugrz S AF
where 4 < a < 00, 0 <e < 1.
Proof. For £&(G) =D (A A-G), we can use Proposition 4.3 to get
=5 EU(Dlngre S N7 7 A A- Gl pars S NAIRe 4 lIG g 2s S ANIUG).
When & (G) = s 1D~}(A - G), by Proposition 4.1 and (3.12)
|72 DA O)llzgre S N7 A Gllrers < 1475 Allgra |Gl s
S N(AM(G) S AoNL(G).
For &(G), we infer from Proposition 6.5 that
It % E2(G)lLg 22 S MUGINI(A) S AN (G).
In order to estimate &3, we use (6.28) and the simple inequality
(6.39) 1675 Fllgoe S IVLFllyoy + It Fllzyzr with p > 1
combined with the Leibnitz rule, Holder inequality and (6.13) to get
[ A Esllere SIA-A- Al oy S IVL(A-A- Dllgypy + 675 A-A- Ay
SIVLAl2rzlA- Allzzre + VLAl 22 |A - All 2 + AG
< Ap.

For &;, we use Proposition 4.3 with p > 1 sufficiently close to 1 together with Holder
inequality to get

I Eallere S 6275 A- Allpry S5 All g e 672 Al o2,
view of the inequality (6.36), we have [[t7'D™'&s]|Lar2 S AG. O
By analyzing the expression of 3 and Co(F) := [V, D™ '|F, ¢ we have
Corollary 6.2. The following inequalities hold for any S-tangent tensor F,
(6.41) [ D7 (B F)llcere S M(F)A
(6.42) [t 4 Co(F)llug 2 < Ni(t#DLF)

where 4 < a < 00.

6Using Proposition4.4 and Hélder inequality, we can get the simple result

(6.40) ICo(F)lI1 12 SIFllL2 (-
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Proof. Using Codazzi equation (2.12), i.e. 3=VA+ A- A+ s 1A, we infer
DB F) =& (F) + &(F).

Whence (6.41) follows from Proposition 6.6.
Similarly, using (6.4) we can write

Co(F) =& (D 'F)+ &(D'F) +t'D7'VD'F.
For the last term, using Proposition 4.1, we infer
[t * DD Fl|gr S E DT gz S M(EEDTUF).
The desired estimate then follows from Proposition 6.6. (]
Proof of Proposition 6.4. Combining Proposition 4.3, (6.42) and (6.18) we derive
[t 5D Co(R)llgrz < 1877 Co(R)Lerz SM(HEDTR) £ Af+ Ry
as desired. 0

6.3. L¢L? estimates for D~!E{. For arbitrary S-tangent tensor field F', we denote by E¢
either [V, Dy *](p, —&)-F or Err-F. In what follows, we establish L¢ L2 estimates for D~'E¢,
which are important for the Hodge-elliptic P° estimates involved in the decomposition proce-
dure in Section 6.5.

Proposition 6.7. Denote by D either Dy or Do, for appropriate S-tangent tensor fields F', the
following estimates hold

(6.43) |73 D7 (Brr - F)llzgiz S (A + Ro)Na(F)
(6.44) |75 D7 (Ve D )P ~0) - F)lgrz < AN (F).
where Err is defined in (6.6) and 4 < a < co.

In order to prove Proposition 6.7, we may use the error type terms introduced in Proposition
6.6 to rewrite (6.6) as

(6.45) Err =Dy (s R) + E1(A) + E2(A) + &3,
We first assume the following lemma which will be used to treat the term &s.

Lemma 6.3. Let D denote one of the operators Dy, Dy or *D1. For appropriate S-tangent
tensor fields W and F' there holds

(6.46) DY (W - F)llpsre S [[t2 A=W o 2 Na(F),
where 0 < € < 1.
Proof of Proposition 6.7. (6.44) can be obtained by using Proposition 4.3 and (6.42) as follows,
[+ D Co(R) - F)llagrz S 16275 Co(B) g2z |1 Fllzers € Ni(F) .
In the same manner, we can easily check
[t D (E(A) - F)llzere + 175D (E(A) - F)llLgzz S AFNL(F).
Thus to prove (6.43), in view of (6.45), we only need to show
|72 DT (DT R) + &) - F)llzgrz S Na(F)(AS + Ro).
Using Proposition 4.3, we infer
[t D (DT R F)llgez SN1¢2 4D R Fl g pars S 1Dy Rl 167275 Fllogre
S NUDT R)NA(F).
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Using Lemma 6.3 and Proposition 6.6, we derive
1 11 1 cx—e
[t7a D™ (E - F)llperz S 162778 AT Es| o2 Na(F) S AFNa(F).
The proof is thus complete. O

Proof of Lemma 6.3. We will show (6.46) by using GLP decomposition. For simplicity, we
ignore the low frequency terms. Note that D™'(W - F) = Y7, ., BD~' (W, - F). After
dropping the low frequency terms, we consider the following terms

I= 3 |BD ' (Wy-F)llz, IT= Y |[BD " (Wy-F)L2-

0<k<n 0<n<k

By using Lemma 4.2, Proposition 4.1 and the finite band property we have
1P (W, - F)ll2 S 272" |[t° D™ (AW, - F)|| 12
<27 ([P P D div (VW - F)|lp2 + [P PeD™H(VW, - VF)||12)
<27 (J29W, - Fllpz + 252513 WW, - VP 1z ).
Then by the finite band property and (3.11) we obtain with zi + % = % and 1 <p<4/3
|PeD™H (W F)lzz S 272 e |27 3 Wz 4% F e
+ 272Gk en o= By |43 BV F e
Summing over 0 < k < n, we conclude for 0 < e < 1,
LS [#2 AWllgz (It 2 Flloge + 4377 VE 1ge)-
Taking L} norm of I, noting ||t%_%VF||L?oLg* < Na(F) and using (3.11), we infer
(6.47) Il S Na(E)[£2 AW || gz
As to II, by the finite band property and (3.11) we infer for £k > n > 0
|PeD™ (W B[z S 27* W - Fllzz 27812 Wall s 1t F o
S22 W1 16 F g
Summing over k > n > 0, then taking L} norm and using (3.11) we conclude for 0 < € < 1,
1120l < 1E5 AWl g 22 No(F).
Combine the estimates of I and IT, we get (6.46) as desired. O

6.4. L¢L? estimates for VD 2R. We will establish the following result which will be used
in the next subsection.

Proposition 6.8. The following estimate holds
_1 o5
[t72V D72 Rl| ez S Ro + AF,
where 4 < a < 0.

To prove Proposition 6.8, we will rely on the following estimate of D~'F;, which will be
justified at the end of this subsection. ”

Proposition 6.9. For Fy = (Err, E\r/r) with Err and Err given by (6.6), there holds
(6.48) [t 5D Rz S AF+ Ro,
where 4 < a < 00.

7By D_1F1, we denote either D;lErr or *D;lﬁf.
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Using Hodge-elliptic P? estimate (4.6), Proposition 6.9 and (6.8), we can obtain
Corollary 6.3. For Fy, = (Err, Err) there holds
(6.49) IV D Fyflpo < A2+ Ro.

Now we will show Proposition 6.8 by assuming Proposition 6.9 first.

Proof of Proposition 6.8. In view of the formula
VD 2R= [V, D YD 'R+D V., D R+D 2V.R,

we only need to show

(6.50) ||t7%[VL7pfl]Dflé||Lng S AF+Ro
(6.51) It =D Ve, DY Rl|psrz S AF + Ro
(6.52) [t7= D2V R| g2 S A%+ Ro.

By using the fact that N; (t~2D2R) S No(D2R) S A2+ Ry, (6.50) follows from (6.42) with
F=D7'R. (6.51) was proved in Proposition 6.4. Thus it only remains to prove (6.52).
We first verify (6.52) for the case D2V R = Dy D'V (p,5). Tt is clear that

VLD Bl SV D BNz + 1D VieBllLige.

Applying (6.40) to the commutator and applying (2.16) and Proposition 4.3 to the other term,
we obtain ||V D™'8| 12 S Af 4+ Ro. Then by (6.48) and (6.39), we obtain

[t~ = DY Err + )| psrz S A2+ Ro.

In view of the expression Err = Dy 'V (p, —&) — 3, (6.52) is proved in this case.
Next, for the case R = 3, we estimate the L¢L2 norm of the term D_ZVLQ. Using

*DIVLB = (p,0) + Err,
we obtain
It D 72V L Bllugre < 72 D7 ((5.6) + Err)llzre + 1'% Eall g s
By Proposition 6.6, the second term is bounded by AZ. The first term is bounded by
|75 D Rllsgez + =D Brrllyre.
It is bounded by AZ + Rg by using the inequality ||t_5’D_1RHLgL3 <M (t2D7'R), (6.18) and
(6.48). We conclude ||'D_2VL§||L;7L5 S A+ Ry. O
We will rely on the following two results to prove Proposition 6.9.

Lemma 6.4. Let D! denote one of the operators Dl_l, DQ_I or *Dl_l. For any appropriate
S-tangent tensor field G there holds

(6.53) DK - G)|lzer2 S KyoNi(G)  with 4 < a < o0,

where o > 1/2 is close to 5.

Proof of Lemma 6.4. Set Q,; := D~ (K - P,G), it suffices to prove
Z Qa2 S KyyNi(G).

,n>0

We first consider the case n > > 0, by (4.18) we have
19millz2 S 2" PaGllLa Ky with 5 > 9.
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Due to (5.5), we infer for v > v that

_1_1
1Qnillpgrz < 20727 DN [Gy] Ky,
Since 7 < 3 + 1 can be achieved when v > o > & are sufficiently close to 1, we obtain
D 1uillzeze € NU(G) K.
n>l

Next, we consider the case 0 < n < I. Combine (4.12) with the fact that for S-tangent tensor
fields F
|PD M ATF s S 20 B,

we infer
Q|22 S 20| PG| 2 K-

Since v < % + %, following the same treatment as for the case n > [ we derive

Z ||in||LgL§ § Z 2(_1—~_W)l—‘_%_%-/'\/’1 [Gn][{“m 5 Nl(G)Kvo'

n<l n<l

Lemma 6.5. For S-tangent tensor fields G, the following estimate holds
(6.:54) IIVe. DT DTG s S PP Gz with p>2

Proof of Lemma 6.5. In this proof and the next one, we denote by D=2 the operator Dl_l*Dl_l.
In view of

Vi, D?|G = Co(*D;'G) + Dy ' Co(G),
it suffices to estimate HCO(*'DflG)HLng and ||DflCO(G)||L%L2. From (6.40) it follows

(6.55) ICo(* DT G)llrirz S I"PT Gllz 2

Then we can obtain (6.54) by combining (6.55) with the following estimate
(6.56) IDT Co(G)llnirz S 1D Gllpz e,

where p > 2.

In order to prove (6.56), we use the commutation formula [V, V]e = x - Vo for scalar

function to write
Dy 'Co(G) =D 2 ((A+ s )V*Dy'G).
Noting that by Proposition 4.3 and Proposition 4.1,
D72 VDT O)lpiz S MGz
it remains to estimate |[D~2(A - V*D;'G)| rirz- Clearly, we have the following identity.
(6.57) DA -V*'D{'G) =D ?(V(A-*D;'G) — VA - *D'G).
The first term of (6.57) can be estimated by using Proposition 4.3 and Proposition 4.1 as follows
ID™*V(A- "D G)llpiz S IEA-*DT Gllpire S NAllLzro- 10D Glczre
N AOH*DflGHL%Lg,

where % + 1% = % and p is close to 2. To derive the last inequality , we employed Sobolev

inequality [[Allz2pe < IVAllz2z2 + [t All 22 S Ao
Using Proposition 4.3, we infer
1Dy DI (VA DGy S 72 DG VA e S Aol "Dy Gz,

where % + % = 1% and px is close to 1. Thus (6.56) is proved. ]
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Now we are ready to prove Proposition 6.9.

Proof of Proposition 6.9. By letting F' = 1 in (6.43), we can obtain ||t7iD2_1Err||Lng <
A% + Ro. Thus we only need to consider Dflﬁvrr.
Recall that

(6.58) Err="D (s 1B+ A - (VA+A-A+s A+ D7 (C-p—Co+ V).
By Proposition 6.6, we have
6.59 i D2 (A (VA+ 1 A+ A A))||pore < A2 with 4 < a < oo,

t T ~Y O

which allows us to renormalize the curvature terms p, o and 3. It remains to estimate the
following three terms:

U= [t75D2C P)lperz, V= t75D2(C*0) lpere, W=t s D 2(VP)|pera-

By (2.13), clearly & = curl{. Thus we obtain V = ||t_%D_152(C)||LgLi SN0
Now we consider the term Y. By (2.15), we have

(6.60)  US[TEDTA((K 4172 =572 Ollggrz + 75D (A (A A+ 17 4)) |1y 12

By using (6.59) the second term on the right hand side of (6.60) can be bounded by AZ. Due to
(6.53), Proposition 3.1 and Proposition 4.1, the first term can be bounded by (K., +Ag)N;(C),
whence U < A2 follows.

To estimate W, using (6.39), it suffices to show

(6.61) IVeD2(VE)Lir2 S AF + Ro.
Note that
IV2D2 (VB a1z < ID>Vo(VB)lizzz + 11V DAV 1y = Wi + W
First, by (6.54) and (6.39), we can estimate W, as follows
Wa S IDT (VB agzr S IVBlliaes + 10 DT (VB)l 2z < AoRo,

where we employed Proposition 4.3 to obtain the last inequality.
It remains to prove Wy = ||D72VL(VQ)HL}L§ < A%+ Ry. Set

W = ID2(ViV - B)liza, W =IID2(V - Vi)l 2,

clearly W; < Wl(l) + Wl(Q).
By (6.38), we infer

WY VLY - Bl ey SUBluzrz BV LV s pa -
According to (2.6), tVLV = A+1tA- A, by (6.13), [[tVLV || 2+ 2 S Ag. Thus Wl(l) < AgRo.
Finally, using (6.2) we deduce
WP SIDT D (VDo) iy + 1 D3V Bllggie
(6.62) + DT DTNV - (A R)) I gz
The last term on the right hand side of (6.62), in view of (6.38), can be bounded by
[V - A Rl vy SV - All g2+ 12 | Bll 222 S AF + Ro.

The second term can be treated similarly. At last, we estimate the first term on the right hand
side of (6.62) with the help of the formula

(6.63) *Dy(V(p,0)) = V*Di(p,0) — pVV + (aVV)*.
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Using (6.38), we obtain
IDT* DT (=pVV + (0VV) )iz SItpVV [Ipae gy + [H@VV) 1
S RollVVLer2 S Rolo.
Combined with
DT DDy (Ve 0)) iz S 1V (p,0)llzizz S AoRo,
which is obtained by Proposition 4.3, we conclude
DT DT (VI Di(p,0) iz S AoRo.

Therefore, W£2) < A%+ Ro. We complete the proof of Proposition 6.9. O

6.5. Decomposition and correction estimates for Cy(R) and C3(R). In this section we
will prove Proposition 6.2. To this end, according to Proposition 6.1, it remains to consider the
“bad” terms 3-D 2R and V-D~(3-D~2R). We establish the following result which, together
with (6.19) and Proposition 6.8, immediately completes the proof of Proposition 6.2.

Theorem 6.1. Assume that F' is an S-tangent tensor field of appropriate order on H verifying
Ny (F) < o0 and Ht*%VLFHLng < oo with 4 < a < co. Then we have

(i) There exists a 1-form Ey such that®
(6.64) B=Vr -D 'R+ Ey with |Eolpo < A2+ R

(ii) There exists a decomposition 3-F =V P+ E, where P and E are tensor fields of the
same type as B - F with the estimates

(6.65) Ni(P) £ BoNa(F). |[Ellpo < Ao~ (Na(F) + [t VL F]|grz)-
(iii) There exist tensors P and E verifying (6.65) so that
(6.66) V-DY3-F)=V,P+E.

Proof. In view of (6.6), we have
(6.67) B=D;'VLR=Vr D 'R+ Co(R)+ Err.

This proves (i) by noting that Ey := Err + Co(R) satisfies || Eo||po < A2 + Ro in view of (6.8)
and (6.9).
Now we prove (ii). We have from (6.67) that

B-F=(ViD'R+ Err +Co(R)) - F=V(Dy'R-F)+ EP + E,
where
EP .= —D'R-V,F and EF:=(Err+ Cy(R))-F.
By (5.2), (6.9) and (6.8) we obtain
IEY po S Na(F) ([|Err|po + [[Co(R)|lpo) S AoNa(F).
By (5.1) and (6.18) we have
1B [po S MDD R)(It™* Vi FllLerz + [ VVLF| 1312)

(6.68) S (Ro+ AN (F) + [t VL P pera).
Now we set
(6.69) P :=D;'R-F and F,:=EP+EF,

8In Theorem 6.1 and the following proofs, R = (5, —&) and Co(R) = [VL,Dl_l](p, —&), since the other case
in our convention will not come up here.



from the above estimates we have
1
[ E1]lpo S AoN2(F) + [t e VL F|rarz).

In order to estimate Ny(P1), let us estimate ||| p2(3 first. By using Holder’s inequality
and Sobolev inequalities, we can obtain

IECIL2(y = IDT'R-VLF | 1230) S ID 7 Rl pgepa [VLF || 21
SMDR)([VVLF || 20y + [t EVLF || 220y,

and by using ||[EC||r2() S |EY |l po we can obtain || E¢ (|12 < AgN2(F). Therefore

(6.70) 1 EillLecny S AgNs(F).
Now we show
(6.71) Ni1(Pr) S Na(F)(Ag + Ro).

With the help of Vi, P = 8- F — E; and (6.70) we can estimate ||VLP1HL$L5 as follows
IVLPilzr2 SB- Flirzr: + 1Bl 22 S (Ro + Ao)N2(F).
Similar to [9, Section 6.12], we get [[VPi|[2z2 < (AZ + Ro)N2(F). Therefore (ii) is proved.

Finally we prove (iii) by using the iteration procedure in [9, Section 6.12]. Let Py := DF,
then we can apply (ii) to construct iteratively two sequences of S-tangent tensor fields {P;}
and {E;} such that

(6.72) B-D'P_y =V.P +E;
and
Ni(P;) < CAGN2(D™P,_y),
|Eillpo < CA0 (No(D™ Piot) + £+ VLD P lzgrs )

Such P; and E; can be constructed as in the proof of (ii), in particular, P; and E are given by

(6.69).
By using Lemma 4.1 it is easy to see that
(6.73) Ni(P) < (CAQ)FN(D7IPy) = (CA) Ny (F).

Moreover we have
Proposition 6.10. For {P;}°, and {E,}2, there hold
(6.74) [t~ =V LD  Pill gz S Ao(N2(D ™ Pocy) + VLD~ Peca |l g re),

(6.75) IV - D' Exllpo S [|Ekllpo + Ao(No(D ™' Pecy) + [[VLD Pt er2).
We will prove this result at the end of this section. We observe that (6.74) and Lemma 4.1
clearly imply
(6.76) |Eillpo < (C80)* (Na(F) + £ # VL Fl gz ).
We note that
V-DYB-D'P) =V -DNVLPii1 + Epp1)
=V(V-D'Py)+[V- DL VL|Pey1 +V-D L EL,
=Vi(V-D ' Poy1) +B-D ' Pop1 +V-D (3D Pypa)
+ VL,V -D ) yPii1 +V - D Epy.
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where, for any appropriate S-tangent tensor field F,
Vi, VD ,F =V, V],D'F+V-[V,,D'],F.
This together with the definition of P and Ej implies
VD N3 F)=V.P.+V D (VLP) + Ey,

where

Po=V-DYPi+..+Py)+Po+..+ P

E,=[V-D ' VL]y(Pi+ ..+ Po1)+ V- -D HE1 + ... + Ey)

+Ey+ ...+ E;

It follows from (6.73), (6.75), (6.76) and (6.22) that

N1 (P — Pj) < Na(F) Z (CA)™ S AgNo(F),
Jj+1<m<k

and

1By — Ejllpo < (Na(F) + [t 5 VLFllpgra) Y. (CAg)™
J+H1<m<k

S Ag(No(F) + [t 3V LF| pera),

Therefore { P}, } forms a Cauchy sequence relative to the norm N (), while {E}} forms a Cauchy
sequence relative to the P° norm. Denote by P and E their corresponding limits, we have

NU(P) S DpNo(F) and || Ellpo S Do (Na(F) + [t VL F || 12)-
We also observe that for sufficiently small Ag,
VDN (B F) = Vi Py — Epllpzr2 = IV - DN (Vi Pi)ll 202 < Ni(Py).
Letting &k — 400, we get
VD3 F) = VP —El| 212 =0,

Hence VD~ 1(3- F) = VP + E. This completes the proof of (iii).
Now we conclude this section by proving Propsition 6.10. We first prove (6.75). By using
(4.6) we have

_ _ 1—

VD Ellpn S [1Eullpo + Aol D Eulld, 12 1Bl 2ty
where 4 < a < oo and 1 > ¢ > 9. Thus it suffices to show for 4 < a < oo that
(677) ||t_%D_1Ek||L‘;Li 5 Ag (NQ(D_lpk_l) + HVLD_lpk—lHL‘;Li) .

By the construction of P, and E}, it suffices to show it for ¥ = 1. To this end, in view of
By = E¢ + EE, we can complete the proof by using Proposition 6.7 and the estimate

N 1_1 —1 75
[t=2 D EP Loz < I3 “E1B||LgL§/3 S R poepa VL F |l Lor2
S (A5 +Ro)IVLF| Ler2

which follows from Proposition 4.3 and Hélder inequality.
In order to prove (6.74), we first note that

(6.78) [t~ eV D Pyl pare St [Vi, D Pl perz + |t 5D VL Pl pere.
By using (6.42), the first term on the right hand side of (6.78) can be estimated as
It7% Co(Pe)llngre S Mi(t™2D 71 Py) S No(t2D7 ' Py) S Ni(P),



37

while by using (6.72), (6.77) and (6.41), the second term can be estimated as
[t~ "DV Pyllpere St *DHB - D Py — By perz
SIEEDTH B DT Pe)llagng + 175D Bl e
S AgNo (DT Per) + VLD P ngr2)-
Therefore (6.74) is proved. O

7. Proof of main result, Theorem 1.1

In this section, we prove the main result, Theorem 1.1, based on the bootstrap principle. In
addition to (BA1) and (BA2), we also make the following auxiliary bootstrap assumption

(BA3) |A- Allpo < A,

In order to complete the proof of Theorem 1.1, it suffices to show that all the inequalities in
(BA1), (BA2) and (BA3) still hold with A replaced by Ag/2 when 0 < Ry < Ay are sufficiently
small.

7.1. Estimates for try and {. Step 1. Recall (2.6) and Proposition 2.1, for V := try — 2 we
have

(7.1) VLV = —gvf%v% |X|> and V =O(s) as s — 0.
Integrate the equation along any null geodesic and using (BA1), we obtain
(7.2) e = Zlzzers S 1800 2z + IV s r < A3
Moreover, by using (BA1), (3.11) and the Holder inequality, we also get from (7.1) that
(7.3) IVeViiczre ST Ve + 1V zre + X2z S AS
Step 2. Estimates for Viry. First we have from (5.2) that

B=Di'L(p,—5)+F with F, = Err.

This together with (2.12) gives
X=-Dy;'Dy'Vi(p,—6) + Dy Py + Dy H(Viry + A- A+ s71().

Set D=2 =Dy D! and D! = D, !, we obtain after taking covariant derivatives
(7.4) VX=-V-D?V,(R)+F+V-D'M,

where F =V -D Y F + A- A+ s71() and M = Vitry.
We claim that

(7.5) |Fllpo < A3+ Ro.

Indeed, by (6.49), Theorem 4.1, the non-sharp product estimate, Proposition 6.6, Propostion
4.1, (3.11) and the bootstrap assumptions we have

[F]lpo < lls™ €llpo + AF + Ro.
It remains to estimate ||s71([|po. In view of (1.2) and (2.13), we have the Hodge system
(7.6) div(=—p—p+I[Cf, curl¢=5.
Thus it follows from Proposition 4.1 that
s~ ¢llpo < IV¢llz2o) + 17 ¢l 20y S el gy + [ RllL20) + 1A - All 22
(7.7) < Jlullzz + AF + Ro.
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In order to estimate ||| z2(3), we use (2.20), which symbolically can be written as

d 3 ~ 1. _
—u+—-pu=x-V(+-R+ A-R.
ds s s

Using lims_gsp = 0 given in Proposition 2.1, and integrating the above equation in s, we
derive

t
lellzeeo < 6 / S(A-VA+s R+ A R)ds| ez

SIHA-VA+A-R)lzrs + Rl 222
S Al L2 VAl L2z + IRl L22) + Al oo 2 |1 Rl 23y S Af + Ro.

Therefore ||s~1¢||po < A2 + Ro, and the claim (7.5) is proved.
Now we come back to (7.4). By using the notations in (6.5), we can write

V-D2VL(R) =VL(V-D2R) + C(R).

where, by Proposition 6.2, there exist tensors P’ and E’ so that C(R) = VP’ 4+ E' and
N1(P') + ||E'||po < A3. Thus (7.4) becomes

(7.8) Vi=VP+V-D'M+E
where P =V -D 2R+ P’ and E = F + E’, both of which satisfy, by using Corollary 6.19 and
(7.5),
Ni(P) + ||E|lpo S Af + Ro.
By combining (7.8) with (2.8) we obtain
3 3
VLM+EM:A-(VLP+V-D*1M+E)—§V-M

Since Proposition 2.1 implies limg_g sM = 0, we can apply Theorem 5.1, Theorem 5.2, (BA1)
and (7.10) to obtain

[M]|go S (Mi(P) + [V - D™ M]|po + || El|lpo + AF) ( 1(4) + ”A”LgoLf)
(7.9) < Ao (V- D' M|lpo + A + Ro) -

Thus we need to estimate |V - D~'M||po. To this end, using lim, .o sM = 0 we derive from
(2.8) that

t
M2 S Ht [t vaas
0

SIVA-Allpzry S AG
LiLg

while, by Proposition 4.3 we have
D™ M| perz SIEM]|Lore S 1M |20 S AF.
Therefore we infer from Theorem 4.1 that
(7.10) IV - D Mllpo S [M]lpo + A3,
Since || M||po < ||M]|go, we obtain from (7.9) and (7.10) that
(7.11) M50 < Do(|M][|50 + AF + Ro).
Using the smallness of Ay we get
(7.12) |Mllgo + [ Mlpo + |V - D~ M lpo < A2 + Ro.

From the above argument, by setting E = E 4+ V - D~'M we obtain from (7.8) the decom-
position

(7.13) VY=ViP+E and Ni(P)+|E|po < AF+ Ro.
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Step 3. Estimates for N1(X) and ||X||po 2. In order to estimate N;(x), we first use Propo-
sition 4.1 and (2.12) to get
It M2z + IVRIL2zz S 18lr2zz + IVtexlp2zz + 1A+ Allpzrz + ¢l e
<SRo+ Ag
We then use (2.7) to obtain
IVexllezre SV - Xllz2z2 + Ht_lf(HLng +Ro S Af + Ro.

Therefore
(7.14) Ni(%) S Ro + A2,
Using Theorem 5.4, (7.13) and (7.14) we have
(7.15) IRl 2z S Ni(R) + N (P) + [ Ellpo € Af + Ro.

In view of (7.2), (7.3), (7.12), (7.14) and (7.15), we verify for small Ry that the bootstrap
assumptions (BA1) for try and x hold true with Ag replaced by Ag/2.

7.2. Estimates for p and V(. We first decompose V( as we did for Vx. By using (7.6) and
(2.19) we derive symbolically that

.1
¢=D;'-J*DN(Vif+ SRo)+ Dyt J - Fr =Dy (p, 0) + Dy (A - A).

where J is the involution (p,0) — (—p,0), Ry =  and Fy = Err is given by (6.6). Set
D2=D;'-J-*D;' and D' = D}, by using (6.5) we get

. . 1
V(=VL(V-D?B)+C(R)+V -D'M+F+ ;VD‘QRO.

where M = (u,0) and F =V -D7L(F; + A- A). By (7.5) we have ||F|po < A2+ Ro. In view
of Proposition 6.2, we can write V(, for some tensors P and F, in the form
(7.16) V¢(=VP+V -D'M+E with N(P)+|E|p, <A+ Ro.
Using (2.20) we see that M satisfies
d 3
M+ M =A-(VLP+V-DIMAE)+s ' p+V-p+ A (A- A+ M),

While by using (6.2), (BA3), and noting that ||[V,* Dy |R||po < A3 + Ro, we can find two
tensors p’ :=* D; '3 and ¢’ such that

(7.17) (p,6) =Vrp +e with N (p) +|€|lpo < A2+ Ro.
Thus there exist two tensors P and E such that

(7.18) VM + gM =A-V.P+ é(va’ +e)+A- (V- DM+ E).
with

Ni(P) SRo+ A} and [|Bllipo S Ro + A3+ [ M]po.

We first claim that
1t 1t
—/ $?Vip'ds|| —/ s?e'ds < A2+ Ro.
t3 0 PO t3 0 PO

Indeed, for the first term in 7.19, we recall that p’ =* Dflé, then
(720) T s~ 0 llsg, SMG) S AF+ Ro, 150 llpe SNG) S Ro + A3

(7.19)
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Applying Proposition 3.4 to the first term in (7.19), with the help of (7.20) we derive

I 1/t 1/t
Hﬁ/o SQVLp/dSH”PO S kzo ||Ekt—2/0 SQVLp/dSHL%Li + ||t3/0 SQVLp/dSHL%Li
>

t
S Z{HEk(p/ - ;ii%p/)”LfLﬁ, + ||Ekt_2/ sp'ds||pzp2 } + IVLp |22
k>0 o

I R
S Z 1 Exp'| 22 + Z Hfg/o sEp'ds| L2 + lg% s 1p/||1§<2{1 +IVep'liLzre
k>0 k>0

<1679 o + 1900 ez + lim 1579 g, < Ro+ A
The second term in (7.19) can be estimated similarly.
By the definition of u, Proposition 4.3 and Proposition 6.6, we have for 4 < a < oo,
1D ullere SID'(p+A-A+ div()llLare
SN(DTIR) + Ni(Q) + [Itall gz S AF + Ro.

Thus, in view of (4.6), ||V - D~ M||po < |M|po + A3 +Ro. Now we can apply Proposition 5.2
to (7.18) to get

IMllpo S (IM]lpo + A2+ Ro)Ag + A2 + R,
Since R < A < 1/2, we conclude that
(7.21) |Mllpo, [V - DM o, | M |2 ey S AZ + R,
Following the same manner as above, we can get
(7.22) 1#/2pll0 < A2+ Ro.
Using (2.20) and noting su — 0 as s — 0, we can easily get
(7.23) [#1/2M || 2 pee S Ro + A

Similar to the estimates for N1 (X) and [|X[| o 2, we may use (2.9), (7.7) and (7.16) to derive
that

(7.24) Ni(Q) + [I€] oo 2 < Ro+ AS.

In view of (7.21)—(7.24) we verify for small Ry that the bootstrap assumptions (BA1l) and
(BA2) for ¢ and p hold true with Ag replaced by Ag/2.
7.3. Estimates for try and x. It follows from (2.10) that
d 1 1 1
(7.25) SV A4V ==V V4 2u+ -V + 45,
ds s 2 s
Recall that lims_g sV (s,w) = 0 given in Proposition 2.1, we infer

1/t 3 1
Wiz S 13 [ o0V V4ot TVhdslien
0

SV -Vligzre + 186l 2z + IVIiezze + lellrzre < A+ Ro.
and

— 1 t %) 1
I e % Vi [ oV bt VNl
0

SV -Vligzre + 16l2r2 + 1VIzzre + lullzzre < AF+ Ro.
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Recall also the decomposition (7.17), we may use Proposition 3.4 and (BA3), ignoring the
low frequency terms, to get

¢
1tV || po < Z ||Ek% / Vtsu+sV-V+s(Vip' +e)ds| 22
k>0 0
S lpo + lle'llpo + [V [lpo + IV Yl po + flullpo
<A+ Ry.
Similarly we can obtain
[t12V ][50 S AF + Ro-
From (7.25) it is easy to see
IVLV 21y S AF + Ro.
Using (2.11) we can derive

1728 L2 e SUVCIL20) + 1N ez + A - AllL2 e + 1 All L2y S AF + R,

17" R 20 S IVCI L2y + I¢llLee e + |4~ AllL2(a) + [t Al 22y S A5 + Ro
and
IVLX 2y S AF + Ro.

In order to derive the Besov norms of x, we employ (7.16) to (2.11) to get

1 . . 2. ~
5 XA VX = —X) + (B¢

With the help of lim,_.o [x | = 0 given by Proposition 2.1, integrating the above equation in
s, and using Proposition 3.4 and Lemma 3.3, we obtain

172X Nlso S 1A - Allgo + s~ R0 + 1El50 + 1t Pllgo + lIt7/2Pl| go
< A+ Ro.

Similarly, we can obtain

1
(7.26) VLX + ;X = —(VLP +E)

[t X lpo S A + Ro.
The above argument shows that for small R the bootstrap assumptions (BA2) for try and
X hold true with Ag replaced by Ag/2. B
It remains to show the justifcation of (BA3). By following the argument in [9, p.524] we can
obtain

1
14 Allpo S A3+ AoRo < 343,

provided that Ry is sufficiently small relative to Ag. We omit the details.
The proof of Theorem 1.1 is therefore complete.
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