ON RICCI COEFFICIENTS OF NULL HYPERSURFACES WITH TIME
FOLIATION IN EINSTEIN VACUUM SPACE-TIME: PART II

QIAN WANG

ABSTRACT. This paper is the sequel of [9]. We prove several decomposition results
which are crucial to the proof of the main result in [9].

1. Introduction

In [9] we considered the casual geometry of null cones with time foliation in a (3 + 1)-
dimensional Einstein vacuum space-time and provided a series of estimates on the Ricci
coefficients which are significant for proving the improved breakdown criterion in [8]. The
derivation of those estimates in [9] is based on some decomposition results which were
stated without proof. The purpose of this paper is to give the proofs of these important
decomposition results.

We first review the setup in [9]. Let (M, g) be a (3+1)-dimensional globally hyperbolic
Einstein vacuum space-time foliated by a time function ¢ whose level sets are denoted by
3. Let D and R denote respectively the covariant differentiation and the Riemannian
curvature tensor of the space-time (M, g) and let T denote the future directed unit normal
to 3. We may introduce the lapse function n and the second fundamental form k by

n = (—g(Dt, Dt))"/? and  k(X,Y)=—g(DxT,Y),

where X,Y are vector field tangent to X;. Let g be the induced Riemannian metric on
3+ and let V be the corresponding covariant differentiation. Under transport coordinates
along the integral curves of T, the metric g takes the form

g = —n2dt? + gijdxidxj.

We consider an outgoing null cone H contained in (M, g) with vertex p verifying t(p) =
0. Let S; denote its intersections with ¥; which are assumed to be diffeomorphic to the
standard sphere S?, let N denote outward unit normal of S; in ¢, and let v be the
induced metric on S; whose covariant differentiation is denoted by Y. We denote the
Gauss curvature of S; by K and define its radius by r = /(47)~1| S|, where |S;| denotes
the area of S;. Without loss of generality we may assume H = Up<:<1.5:. Along the null
cone we introduce the null generator vector field L whose integral curves are null geodesics
through p. We introduce on H the null lapse function

a ' = —g(L,T).

By normalizing L we can assume a(p) = 1. Let s be the affine parameter of L which is

chosen such that s(p) = 0 and L(s) = 1. We can define a conjugate null vector field L on

‘H with g(L, L) = —2 and such that L is orthogonal to each S;. In addition we can choose

an orthonormal frame (e4)a=1,2 tangent to Sy such that (ea)a=1,2, e3 = L, es = L form
1
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a null frame. Relative to this null frame we define the null components of R as follows

1
aap = R(L,ea, L,ep), Ba= ER(eA,L,L, L),
p=RILLLIL, o= {R(LLLL),
B,=5R(eaLLL),  ay=R(LesLes).
Moreover, we can define the Ricci coefficients x, x, ¢, ¢, @ via the frame equations
DuL = xapep — CalL, DuL =x, 6B+ CaL,
DLLZQQAGA, DpL =2(aes — 2wl

and introduce the mass aspect functions u by
2

1
= —§D3UX + %(trx)Q — wtry,

where try denotes the trace of y, i.e. try = v*Pyan. We will also use ¥ to denote the
traceless part of x. Similarly we can define trx and X.

Let Trk = g“k;; denote the trace of k. By setting A = —Trk/3, the traceless part of k
can be written as k := k + Ag. Relative to the orthonormal frame {N,ea, A = 1,2}, we
may decompose k along the null cone H by introducing the components

nap = kas, ea = kan, § = knn.
Let 714 denote the traceless part of n. Since (5AB77AB = —J, it is easy to see jap =
NAB + %57,4 B. By definition it is easy to check
v:i=—La) = -Vylogn+3§ — A,
(a=Valoga+ea, [ =Valogn —ea.
For ease of exposition, we will fix the following conventions

e 7t denotes the collection of 7, €, &, Vy logn, ¥ logn, A,
vi=try — 2, Vi=trx — 2, k:=trx — (an) 'antry,
A denotes the collection of x, ¢, ¢, v,

A denotes the collection of A and %, Y loga, 7,

M denotes either Ytry or the pair of quantities (u, 0),
Ry denotes the collection of «, 3, p, o, 3,

e §:=5, %:: 72y, O =y, K=K — %2
where, for a scalar function f, f := |371,\ fSt fdp~ denotes the average of f over S;.
For any Si-tangent tensor field F' we introduce the norm

Ni(F) = |V Fll 2y + IV Fllzey + Ir ™ Fllp2ea)-

We also introduce the curvature flux on H relative to t-foliation
1
R = [ [ an(af + 18 + 16l + o + |3 )due .
o Js,

The main result in [9], see [9, Theorem 1.1], provides a series of estimates on the Ricci
coefficients under suitable assumptions on R(H) and N1(#) through a delicate bootstrap
argument. The basic assumptions in [9] can be reformulated as follows.

Assumption 1.1. (a) C™' < n < C on H for some positive constant C, and
(1.1) R(H) +Ni(ft) < Ro, onH
with Ro sufficiently small.



(b) For some sufficiently small 0 < Ro < Ag < 1/2 there hold

IVIlLee ) < Doy X5 C, Cllnoer2y < Do, Ja—1] < %

We remark that Assumption 1.1 (b) sevres as the bootstrap assumption in [9], and
the proof of [9, Theorem 1.1] is carried out by showing that the estimates in Assumption
1.1 (b) can be improved. The argument in [9] is based on some decomposition results
provided by [9, Propositions 6.2-6.3] without proof. We reformulate these results in the
following theorem.

Theorem 1.1. Let Assumption 1.1 hold.

(1) There holds the decomposition W(na@ = D:P + E, with P and E appropriate S
tangent tensor fields verifying

Ni(P) + [[Ellpo S AG + Ro.

(2) Denote by F either X or . If F = X, let M = Ytry; if F = (, let M = (u,0).
There holds the decomposition

Y (naF) = DiP 4+ E + YD ' (naM)
with P and E appropriate tensor fields verifying
Ni(P) + [ Ellpo £ A3+ Ro,  lim rl[Pllzz =0,
(3) Letp=p—5X-X and & =0 — %)2 AX. There holds the decomposition
an(p,6) =Dep' + € with Ni(p') + ||€ [ po < A + Ro,
where p’ = *Dflg and €' denotes a pair of functions on H.

In the statement of Theorem 1.1, the operator D, denotes % along null geodesics
initiating from p. The operator *D; is defined by *D; : (f, f*) — =Y f + (Vf*)* for any
pair of functions (f, f*). It is the adjoint of the operator D; : F — (divF, curl F') defined
for any S-tangent 1-form F'. We will also need the operator Dy : F' — divF defined for
any S tangent symmetric traceless 2-tensor field F' and its adjoint operator *Dy which
takes S-tangent 1-form F' to the S-tangent symmetric traceless 2-tensor —%E/F\fy, where
L/p\'yab =V aFp+YgFa— (divF)yas. We may refer to [9, Proposition 3.4] for properties
of these operators. For the definition of the norm ||F'||po we refer to [9, Eq. (4.2)].

The main purpose of this paper is to prove Theorem 1.1. Since all the results in [9,
Sections 2-6.1] were derived under Assumption 1.1 only, we may use those results freely.
For the purpose of further reference, we recall the following results which were obtained
in [9] (see (2.67), (SobM1), Proposition 2.7, Remark 2.1 and Proposition 3.2 in [9] for the
derivation):

e Under Assumption 1.1, if Ro > 0 is sufficiently small, there holds
1
(12)  [|Allzaze + IAllLs + Ni(A) + Ir2 M| g2 o + [IM [ 22 + [|Roll 2 S A + Ro,

where ¢, k are regarded as elements of A. Since a™ A with m € N verify all the
estimates for A in (1.2), symbolically we can also denote them as A whenever
there occurs no confusion.
e Under Assumption 1.1, if Rg > 0 is sufficiently small, then for all 1/2 < ap < 1
there hold
(1.3) A" bl Loz S Af + Ro,
(1.4) K, = [A7"(K —r7*)|peer2 S Af + Ro,

g

where A%, a € R, denotes the fractional power of the operator A% = r~2Id — A,
on S, see [9, Section 3.
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2. Sketch of the proof for Theorem 1.1

We will adapt the approach developed in [2] for null hypersurfaces with geodesic foli-
ation. In the case of time foliation, the proof of Theorem 1.1 is rather involved because
of the occurrence of the nontrivial lapse factor “an”. In order to make the proof more
readable, we give a brief outline of the arguments. We will use the structure equations on
the Ricci coefficients which have been collected in [9, Section 2].

We first use Eq.(2.6), Eq.(2.8) and Eq.(2.9) in [9] which give symbolically

div(any) = anM + anf + l.o.t,
Di(anl) = anM — an(p, —5) + l.o.t.

where and in the following we will use l.o.t. to represent lower order terms which are easy
to handle. Thus we can write

V(any) = YD, ' (anM) + VDy *(anB) + YD; ' (l.o.t),

V(an¢) = YDy "(anM) + ¥YD; ' (an(p, —5)) + VD; ' (l.o.t).
The main idea is to prove that there hold the decompositions
(2.1) YD, ' (anB), YD1 ' (an(p, —5)) = D:P + E,
where P and E are appropriate S tangent tensor fields such that

Ni(P) +[|Ellpo S AG + Ro.
According to [9, Eqgs.(2.11)-(2.13)], symbolically we have
(2.2) Di(p,—0) = Di(anp) 4+ l.o.t, DS = "Di(anp,anc)+l.o.t
which enables us to write anf and an(p, —5) as
anB = Dy 'Di(p, —6) + Dy ' (l.ot), an(p,o) ="Dy ' DB+ *Di " (l.o.t)

Hence, we can derive

(2.3) { Y(anf) = YD; ' Di(p, —5) + YD1 (Lo.t),

Y (an(p,0)) = Y*Dy "D + V* Dy ' (Lo.t).
Symbolically, we have from (2.3) that

Y (anB) = D:YD; ' (p,—5) + [YD; ', Del(p, &) + YDy ' (lo.t),
Y (an(p,0)) = D:Y* Dy 'S+ [V D1, Dilf + Y Dy *(lo.t).
Thus, in order to obtain (2.1), we need to prove the following results based on the decom-
position in (2.4):
(1) Denote by P” the two terms YD; ' (5, —&), Y* D1 ' B, there holds

(2.4)

N(P") < Af + Ro.
(+2) Denote by E” the error terms YD; ' (l.0.t) and Y*D; ' (l.0.t) in (2.4), there holds
IE" lpo S A + Ro.

(t3) Let C(R) denote either [YD; ', Di](p, —&) or [Y*D; ', D¢]B, there holds the de-
composition

C(R)=D:P' + F'
where P’ and E’ are appropriate S tangent tensor fields such that
NU(P') +|E |po S AF + Ro.



In view of these results, the decomposition (2.1) follows with P = P'+P"” and E = E'+E".
It is much easier to show that the P° norms of the two terms YD5 ' (I.0.t) and YD; ' (l.o.t)
are bounded by A + Ro. Thus Theorem 1.1 (2) is obtained.

Next we sketch the proof of Theorem 1.1 (1). We use the Hodge system given by
Eq.(2.7) and Eq.(2.16) in [9] which symbolically can be written as

div¢ = —p + L(ad + 2a\) + L.o.t
(2.5) = .
curl( = —5.

Hence Y (an¢) can be expressed as

Y(an¢) = VD7 (Di(ad + 2aN)) + VD; ' (an(p, o)) + YD; ' (lo.t)
= DYD;  (ad + 2a)) + [YD; ', Di](ad + 2a))
(2.6) + YD1 (an(p, o)) + YD1 ' (Lo.t).
Therefore, if we can prove the following decomposition results:

(1) There holds the decomposition ¥YD; *(an(p,0)) = D;P + E with P and E appro-
priate S tangent tensors such that

Ni(P) + 1| Ellpo S A3 + Ro.
(12) The P° norm of the term YD; ' (l.0.t) is bounded by A% + Ro. Moreover
N1 (VD1 (ad + 2a))) S A + Ro.
(13) For the commutator in (2.6), there holds
VD7, Di](ad +2a)\) = Dip+e
with p and e appropriate S tangent tensors such that
Ni(p) + llellpo S AF + R,

then Theorem 1.1 (1) is obtained with P = P + p+ YD; *(ad + 2a)\) and E = E + e.

The main purpose of Section 3 is to derive the decomposition for commutators, i.e.
(13) and (13), see Proposition 3.2. The preliminary estimates established in the proof of
(13) and (3) will also imply Theorem 1.1 (3), (1), (2), ({1), (12) and all related error
estimates. In Section 4, we will rely on the results in Section 3 and the structure equations
on Ricci coefficients to complete the proof of Theorem 1.1.

3. Error estimates
Recall a few elliptic estimates that have been proved in [9].

Proposition 3.1. Let D be one of the operators D1, D2 and *D1. Then for 1 < p < 2
and any S-tangent tensor field F' on H there hold

_ _2
(3.1) 1D Fllz2(sy S P77 Flliocs),
(3.2) 1D Flipo < IIF*" % Fl 2 0.

Theorem 3.1 (Hodge-elliptic P?-estimate). Let D denote either D1, D2 or their adjoint
operators *D1 and *D2. Then for any S-tangent tensor fields & and F satisfying DE = F
and any 0 < o < 1/2,

(3.3) IV¢llpe S IIFlpe + AOHD_IFH"LngHFlﬁ%Zg’
where 1/2 < ap < qg<1—o0 and b > 4.

We will employ the following conventions:
e R denotes either the pair (5, —&) or B
e DR denotes either Dy (5, —&) or Dy '8
e D?R denotes either D; 'D; ' (p, —5) or Dy '*D; 'S
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D~ "D, R denotes either *D; "D, 3 or Dy ' Di(p, —5)
Co(R) denotes [Dy, Dy *](p, —&) or [Py, *D; '3
D~ *D; R denotes Dy "Dy ' Di(p, —5) or Dy "*Dy ' Dy
D~ 'Co(R) denotes D3 '[Dy, D1 '](p, —&) or Dy '[Dy, Dy 1B
F denotes D' R or (ad + 2a)). !
D~ F denotes either D~2R or Dy '(ad + 2a)).
We will frequently employ the Sobolev type inequalities (Sob), (SobM1), (SobM2) and
(SobIn), which can be found in [9, Section 2.3].

3.1. Commutation formula. We will study error terms which arise from commuting D;
with Hodge operators. Regard ¢ also as an element of A, for any S tangent tensor field F’
the commutator [D;, Y]F and its good part can be written symbolically as (see [1, Lemma
13.1.2]) for the derivation)

(3.4) [Dt,W]F:a”((A+%)Y7F+(A+%)~A-F+B-F>,
(3.5) [Di, Y], F = an ((A+%)Y7F+(A+%)‘A-F>.

Due to the nontrivial factor “an” in (3.4), the treatment in [7, Section 6] has to be
modified. We rewrite equations [9, (2.11)-(2.13)] as

(3.6) L(p,—6) =Dif+r 'R+ A-R,
(3.7) Y.8="Di(p,o) +r 'R+ AR,
where

R:=Ro+YA+A - A+r'A
Corresponding to (3.6) and (3.7), we introduce the error terms
(3.8) Err:=Dy'Dy(p,—5) —anf and Err = *Dflptﬁ —an(p,o).
Denote by § either Err or Err. Symbolically, § has the form
F=D "an(r 'R+ A-R)}.
We then infer from (3.6) and (3.7) the symbolic expression
(3.9) D 'D:R = anRo + §.
By using (3.2) with p = 4/3, (3.1) with p = 2, and (1.2) we infer that

(3.10) 18lpo S NP2 ARl s +1R]2 S AF + Ro.

We will consider the commutators
(3.11) C’(R) = (C1(R),C2(R),C3(R))

given in [2, Definition 6.3] which, by using the above conventions, can be written symbol-
ically as

Ci(R) =YD '[D:, DR,
Co(R) = V[D:, D "D 'R,
C3(R) = [D:, Y]D*R.

The purpose of this section is to prove

IFor simplicity, we use (ad + 2a)) to denote the pair of quantities (ad + 2aX, 0).



Proposition 3.2. There hold the following decomposition for commutators,
C(R) = D:P + E,
[Di, YD; '](ad + 2a)\) = Dy P’ + E',

where P, P’ and E,E’" are S tangent tensor fields verifying

Ni(P) + Ni(P') + || Ellpo + || [po S AG + Ro.

lim (7| Pll s ) + 7| Pl s)) = 0.
3.2. Proof of Proposition 3.3: Part I. In order to prove Proposition 3.2, let us consider
the structure of commutators. We first use (3.4) to write
(3.12) C2(R), Y[D:, Dy '(ad + 2a)) = Y[Dy, D~ '], F + YD '(anp - D' F),
(3.13) C3(R), [Di, YDy ' (ad + 2aX) = [Dy, Y]yD ' F +anB - D' F,
where, for any S tangent tensor F', we set
(3.14) Dy, D gF =D "(an(A+r"") - YD 'F +an(A+r"")- A-D'F).

The terms Y[D, D]y F and [D:, Y],D~'F are the “good” parts in the corresponding
commutators and will be proved to be P° bounded, see (3.17)-(3.20) below. The terms
VD Y (anB-D7'F) and anB- D' F in (3.12) and (3.13) can not be bounded in P° norm
and will be further decomposed in Section 3.7 with the help of the results established in
Sections 3.4-3.6.

Proposition 3.3. For the error terms Co(R), C1(R), C2(R), C3(R), etc, there hold
3.15) ICo(R)|lpo S AF + Ro,
(R

(

(3.16) IC1(R)lpo < AG + Ro,

(3.17) C2(R) = VD '(anf - D °R) + err,

(3.18) C3(R) = anB-D 2R+ err

(3.19) Y [D:, D7 ')(ad + 2aX) = YD~ '(anB - D' (ad + 2a))) + err
(3.20) [D:, YDy ' (ad + 2a)) = anf - D~ (ad + 2a)) + err

with

lerr|lpo < AF + Ro.

We will prove (3.16) in Section 3.4. In this subsection we will establish (3.15) and
(3.17)—(3.20) according to the following two steps.
Step 1. We first prove (3.15). In view of (3.4),

(3.21)  Co(R)=D “an{(A+r YYD 'R)+(A+r ") -A-D'R+8-D'RY).

Using (3.2) with p = 4/3, [9, Proposition 3.4], also with the help of (1.2) and Holder
inequality, we can estimate the various terms in (3.21) to get

(3.22) ICo(R)[lpo S Af + Ro + Ao - Ni(DT'R).
By the definition of Ni(D~'R) and [9, Proposition 3.4] it follows that
Ni(DT'R) S Ro + A5+ D' DeRl| 2.2 + |Co(R)l| 2.2
While it follows from (3.9), (3.10) and (1.2) that
ID™'DiRl|z < I3llpo + llanRoll2 S Af + Ro.

Combining the above three inequalities and using the smallness of Ay we obtain (3.15).
In the above proof, together with [9, Lemma 3.1] and (1.2) we have also verified the
following
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Proposition 3.4.

(3.23) IDT'DuR| 2 S Ro + A,
(3.24) I[De, DR 2 S Ro + AL,
(3.25) N(F) S Ro+ A3,
(3.26) M(YD'F) SRo+ A3,  No(D'F) SRo+ AG,

where F denotes either DR or (ad + 2a)).
Step 2. We will prove (3.17)-(3.20). Let us first establish the following

Lemma 3.1. Denote by D' one of the operators among Dl_l, D;l and *Dl_l. For any
St tangent tensor H and b > 4 there holds

(3.27)  |r P D T @YD H)l| e S NPT EDIIC + Cllpge s + Ny (r 2D H),
Proof. Using [9, Proposition 3.4] and Proposition 3.1,
Ir=' 5D @nY DT H)| 012
S| F (1D (Y (@)D H)| + D7 Y (anD T H))) [

1_1 _ R
Slr 272V (an)D H| s + lr 8D H |y 0

LYLy
By using (Sobln), we obtain
™Y (@)D H| g S 28D T H gy |V (an) e s
SNM(DTH)|C+ ¢l

and [|[r=' 8D H|| 2 S Ni(r~/2DTVH). Thus (3.27) follows. o

b
LbL

The proof of (3.17)-(3.20) can be completed by using (3.25) combined with the following
result.

Lemma 3.2. Denote by D! either Dl_l or Dz_l. For appropriate S-tangent tensor field
F' there hold

(3.28) I[De, Y1~ Fllpo + V[P, Dilo Fllpo < Ny (F),
(3.29) 1D, YD~y Fllpo S Ni(F).
Proof. Observe that

I1De, YD g Fllpo S I[Dr, V1D~ Fllpo + VD™, Delg Fllpo,

it suffices to prove (3.28) only.
In view of (3.4) and [9, Eq.(4.6)] we first derive for 4 < b < co that

I[Pe, ¥1aD ™ Flipo S Ni(YDF) (Ir2 ¥ (anA) 22 + I~ FanAllp,2 )
(3.30) + No(DT'F)(JlanA - Allpo + |~ 2anAl|po)
(3.31) + Ir tanY D F || po.
By [9, Eq.(4.10)] and (1.2), we obtain
Ir " anAllpo S A+ Ro, [lanA- Allpo S AoNi(A) S AF + Ro.

Then the term in (3.30) can be bounded by (A3 + Ro)N2(D™'F).
We next consider the term in (3.31). In view of [9, Eq.(4.4)] and Theorem 3.1,

—1 -1 —1 —1py-1 —1 1
Ir™"anY D™ Flipo S [Ir™" Fllpo + Aollr D™ FII7, 2 Ir™ Fll 12y



From Proposition 3.1 and (SobM1) it follows that
I D Fll gz S IFl0s S N (F),
By using [9, Eq.(4.12)], we deduce
[r " an VD Fllpo < NI(F) + AoNi(F).
By (1.2), it is easy to check
2% (anA)| 212 + 7~ F anAl Lo < A+ Ro.

Consequently, we conclude that
(3.32) I[P, Y1sD ™" Flipo < (AF + Ro)(Ni (VD' F) + No(D™'F)) + N (F).
We then infer from (3.32) and [9, Lemma 3.1] that
(3.33) I[P, Y1sD ™" Flipo S Ni(F).

Next, we prove for S-tangent tensor fields F' on H the inequality
(3.34) D6, D™ g Fll oz S NL(F)  with 4 < b < 0.

Indeed, by using Proposition 3.1 with p = 4/3, (SobM1), (1.2), (3.27) and [9, Lemma 3.1]
we can derive with the help of (3.14) that

IDe D o Fllgypa < IP/2A-YD 2|, a0 + [#/24- A-D7F|

rbrd Lbrd/®
D @D E) s + A Dy

S Al L2 IVD ™ Flpeo
1D Flluers x (IA- All gz + Ilir 2 Ally,2)
+N(rTVPDTIF) + AoNL (D)
SNIU(YD 'F) + No(D'F) S N (F).
The combination of (3.34), (3.33) and (3.3) gives

I[P, DilgFllpo S P2, ¥1sD ™ Fllpo + Aoll[De, D1 Pl o - 1D, V1D F ¢
SM(F).
where in the above inequalities, b >4 and 1/2 < ¢ < 1. O

3.3. Proof of Proposition 3.3: Part II. We will complete the proof of Proposition
3.3 by studying error type terms in Proposition 3.6. Let us first prove a useful result,
Proposition 3.5.

We start with the following result whose proof will be given in the Appendix, where
Py, denote the geometric Littlewood-Paley (GLP) projections and Fy := PyF. For the
definition and basic properties of GLP projections Py we refer to [9, Section 4] and [3, 4].

Lemma 3.3. For any S-tangent tensor field F' and any 2 < q < oo, we have for k > 0
the inequalities

(3.35) Ir =375 PuF | apa S 27 2F 7 AL (F),
(3.36) 1P~ Fill o S 27 9 NG (F).

Proposition 3.5. Let D™' denote either Dy' or *Dy'. For any S-tangent tensor fields
F and G on H there holds

IF= 2D (anF - Y6 012 S M(FINI(G),  with 4 <b < oo.
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Proof. This result is analogous to [7, Proposition 6.5] which was proved with the help
of the GLP decomposition 3", P? + U(co) = Id and the inequalities in [7, Lemma 5.1,
(6.25), (6.26)]. In view of Lemma 5.1 in the Appendix, all these key inequalities are still
available for the current situation. Thus, according to the argument in [7, Page 310], we

need only to establish for Z,,, := HrfinD*l(anFn . WGm)HL?Iﬂ the estimate 2
> Tinm SMF)N(G).
l,m,n>0

We can achieve this by repeating the argument in [7, Pages 310-311] except for the case
l<n<m.
When | < n < m, we write

anFy, - YGum = Y(anFy - Gn) — Y(an)Fy, - Gm — an¥V Fy, - G,

thus we need to consider the three terms

T - = 1™V PED ™ (@nY Fo - G| a2

L =l F PPD T Y (anFn - Gl 12

T = 1™ P PP~ (Y (@n) F - Gon)ll o1
Using C~! < an < C and following the same procedure in [7], we can get
(3.37) Y T+ Tinm) SNUFNL(G).

0<l<n<m
For the term Z3,,,, by using [9, Lemma 4.3] with p = 4/3 and [9, Proposition 4.1(1)]
together with (SobM1), and (3.36), we obtain
_1 .
Ilsn'm = HT b }DZQD l(an(< +£)Fn : Gm)HLi’Lz(H)

S22 rE b (C 4 QanFy - G|

4/3
oLy

L1
272 [r2 " F - Gl 2| Allgera

N

A

L, 141
24 [ Gl g | Pl

27 FNUG) - M),

Therefore Y0y Zinm < N1(G)N1(F). The proof is complete. O

m
b

N

Let D be one of the operators D1,"D; or Ds. In the following result, we use Proposition
3.5 to estimate the error type terms.

Proposition 3.6. For S-tangent tensors G on H verifying N1(G) < oo, set
E(G):=7"'"D  (anA-G) or D" '(anA-A-G),
E(G) ;=D "(anVA-G) or D' (an¥YG - A).
Then for 4 < b < oo there holds
I &G Iz + I P E(G)lpyra S (AF + Ro)N(G).
Proof. Using Proposition 3.1 with p = 4/3, (SobM1) and (1.2), we obtain
[r= 3D (anA - A G)llppa S Ir? FA-A-Gll
< (A5 + Ro)*Mi(G).

2
4/3 < ||A||L§°Lg ||G||L§Lg

2Since the estimates for low frequency term can be treated similarly, we will omit the details.
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Similarly, using also (SobIn) we have
BT G 1 1
Ir D" @nA - G)llpue S IFFA - Gllgue S I Allysa G oo s
S (AG + Ro)N1(G).
For & (G), we infer from Proposition 3.5 and (1.2) that
I 5 &2(G)llprz SN (GINI(A) S (AF + Ro)N(G).

We thus obtain the desired estimates. ]
By analyzing the expression of 8 and Co(F) := [D;, D™'|F, we have

Corollary 3.1. For any S-tangent tensor field F' and 4 < b < oo there hold

(3.38) Ir= 5D (@nB - F)ll 2 S Ni(F)(A + Ro),

(3.39) I Co(F)ll o1z S Mi(r~ 2D F).

Proof. Using the Codazzi equation (see [9, Eq.(2.6)])
anf = anY A +an(A-A+r""A),

we infer
D YanB - F) = & (F) + &(F).

Whence (3.38) follows from Proposition 3.6.
Similarly, using (3.4) we can write

Co(F)=E(D'F) + E&(D'F) + 77 'D H(anVD ' F).
For the last term, using (3.27) with H = F, we infer
Ir= 5D @YD F) e S Ni(rT 2D F)(AD + Ro + 1),

The desired estimate then follows from Proposition 3.6. ]

Proof of (3.16) in Proposition 3.3. Let D~* denote either Dy * or Dy *. From Proposition
3.1, (3.39) and (3.25) we derive for 4 < b < co that

(340) [P DT Co(R)erz ST FCo(R)llpyrs S Ni(r2DTIR) S A+ Ro.

Observe that C1(R) can be written symbolically in the form C1(R) = YD 'Co(R). By
using the Hodge-elliptic estimate (3.3) with 1/2 < ¢ < 1 and 4 < b < o0, (3.15), (3.24)
and (3.40), we obtain

IC1(R)llpo < [ICo(R)lpo + Aol D™ Co(R)[]y .5 ICo(R)II ¢

L2(H)
S AS+Ro+ Ao D Co(R)| (A +Ro)' ™7 S A+ Ro.

q
b
LyLE

This is the desired estimate. ]

3.4. A preliminary estimate for (p,o). Given a scalar function f, we recall that f
represents its average over S;. The following result gives the estimates on p, &, p and &.

Lemma 3.4.

(3.41) 25+ |r2a|
3 _

(3.42) P25+ |r
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Proof. By [2, Eq. (41)], i.e.
d 3
. Lot tixp=F
(3.43) 2Pt

where F' = divf — %X ~a+ (¢ +2¢) - B, the transport equation for p can be obtained as
follows

50 =907 [ )

= —antrx(an)flﬁ + r72(an)71 / (VLp + trxp) andpi~y
s

— _ 1
= —(an) 'antrxp + (an) ™" <—§antrxp + anF),

and

d 3 3T3

£(T p) = Ta”trx(an)_lﬁ

- 1
+73 {_(an)lantrxﬁ + (an)*1 <_§antrxp + anF) }

- %man)—lm +r*(an)'ankF.

Integrating the above identity in ¢ and noting limy_,o rp = 0 for any 6 > 0, we can obtain
3 _3 t 3 1— —_— /
rzp(t)y=r"2 / r (—iantrx - Osc(p) + anF) dt.
0
In view of [9, Eq.(2.23)], (1.2) and [9, Proposition 2.2], we obtain

s [t
7’_5/
0

By integration by part on S = S;, we can obtain

_3
2

S ||p||L2(’H) S Ro.

rantrx - Ose(p)| < [rOsc(p)ll 31 Il 20,7

r’anF = / (an(divﬂ — 1)2 ~a) +an(¢+2¢) - ﬂ) dpiy
s 2= -
1.
= [Lan(p = G-y, = [ and- Rodp.

Hence by (1.2)

_3
<1 3 20,0l (M)A - Roll s

_s (! 13— 1,/
ro2 rankEdt
0

< Rollz2lIrAllpgere S Af + Ro.

Following the same procedure as above, we can obtain the same estimate for & in view of
[2, Eq. (42)]. Note that

(3.44) R XA S P2 A2z S (A3 + Ro)?

The estimates (3.42) then follows from (3.41) and (3.44). O
Proposition 3.7. For 4 < b < oo there hold

(3.45) Ir= 2D (an(p, —6)) |1z < AF + Ro,

(3.46) Ir= =2 D7 (an(p, —0))ll oz S AT + Ro.
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Proof. Let H= (p— p,— +&). In view of D1D7 H = H,

Dy (an(p, —5)) = Dy ' (anD1Dy ' H) + Dy ' (an(p, —5)).
By Proposition 3.1,

I~ =2 D7 @n(, —5)) prz < llr® " Fan(s, —5)llpppa -
Hence, in view of (3.42) and (1.2),

1734 (@n(5, ~5)llsguz S I an(, )by lran(3, )1 Es
(3.47) < A%+ Ro.
By Leibnitz rule, Proposition 3.1 and (Sobln), we have
P8 2D (@n DDy ) e S I 2Dy DuanDy )|y e
+lr~# =2 D7 (¥ (an) D5 H)| o
Slr= P E DT H o + 77 (¢ + QDT H|

4/3
Loy

_ 1
SN(DTH) + lr 7Dy Hl o2 1€+ Cllge s
SMN(DTH)(1+ A+ Ro) S A5+ Ro
For the last two inequalities, we employed (1.2) and (3.25).

In view of the estimate for £1(A) in Proposition 3.6, (3.46) can be obtained by com-
bining (3.45) with the estimate for r =D~ (anA - A). O

3.5. LYL?2 estimates for D™1EF. For arbitrary S-tangent tensor field F', we denote by
EY either [Dy, Dy '|(p,—&) - F or Err - F. In what follows, we will establish estimates
for ||D71E1G\|L2L2 with 4 < b < oo, which will be employed for the Hodge-elliptic P°
estimates of error terms arising in the decomposition procedure in Section 3.7.

Proposition 3.8. Let D denote either D1 or Da. For appropriate S-tangent tensor fields
F and 4 < b < oo there holds the estimate

(3.48) Ir DT ES | o1a S (A3 + Ro)N:(F).

More precisely,

(3.49) =2 D (Brr - F) e S (A3 + Ro)Ni(F),
(3.50) Ir= 3 D7 ([P, DT (5, —~6) - F)l oz S (AF + Ro)N(F).

where Err is defined in (3.8).

In order to prove Proposition 3.8, in view of [9, (2.11) and (2.12)] we may use the error
type terms introduced in Proposition 3.6 to rewrite (3.8) as

(3.51) Err = D7 antrx(p, —5)) + E1(A) + E2(A).

Proof of Proposition 3.8. (3.50) can be obtained by using Proposition 3.1, (3.39), (3.25)
and (SobM1) as follows,

1 ~ 1_1 -«
|[r=*D 1(CO(R) ) F)”Lng Sirz bCU(R)HLZt’Lz,HF”LfOL‘; S (A(Q) + Ro)N1(F).

~

Similarly, by using Proposition 3.6, we have for ¢ = 1,2 that
1 11
lr= 2 DTHE(A) - F)llpyre S P2 P E( A lpyallFllngors S (AF + Ro)N(F).

~

Thus, in order to prove (3.49), in view of (3.51) it remains to show

It D (D5 (antex(p, ~6)) - F) | zs < Ni(F)do.
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For this estimate, we proceed as follows. Let H = (p — p, —& + &), then H = D, Dy ' H.
Thus
1 1
lr= 2 D™Dy (antrx(p, —5)) - F) oz S Ir" 2D~ (Dy (antex D1y H)F)l| b2
1 — —
+[lr" 2 D7 (Dy (antrx (5, —5)) - F)llerz

By I and I we denote the two terms on the right of the above inequality. Using Propo-
sition 3.1, (SobM1), (SobIn) and (3.25) it yields

i _ I _
I < |lr=* D™ (antexD ™ H - F)| gz + lr” 2D (Dy (Y (antrx)Dy ' H) - F)|l 12
I _141 _
Slr D H - Fllgyge + e 22D (V(antex) D H) gy 2 [|F |l e r
1 _1 .
SIFl e sl D Hll gy s + 175 ¥ (@) sz 1D Hll e 3 1F L oo
SNU(F)NL(D™H) S (AF + Ro)N1(F),
where we employed
11 1 -2 2
lr>~ 2 ¥ (antex) |l oz < llr® ¥ (antrx)|| o2 [V (antr)| 72 S AG + Ro.
By Proposition 3.1, (3.47) and (SobM1), we also have

11 .
I S |lr= 3 "2 D7 antrx(p, =)oz llFllLgora

3_1 -
S 2" v antrx(p, —6)| o2 1 ge s

3_1 o <
S8 (5, =)y 2 N ()
< (A§ + Ro)Ni(F).
The proof is complete. O
3.6. LYL2 estimates for YD~ 'F. We will establish the following

Proposition 3.9. Denote by D™ F either D™2R or Dy (ad+2a)). For4 < b < oo there
holds

1 -
[r~* DD 1]:HL$L§ < Ro+ AL

We will prove Proposition 3.9 by considering two cases: F = D™*R or F = (ad + 2a)).
Case 1: F = D7'R. We denote by D™'F either Dy ' Err or *D7*Err. To prove
Proposition 3.9, we will rely on (3.52) in the following result.

Proposition 3.10. Let § = (Err, E’;}) with Err and Err given by (8.8) and let 4 < b <
00. There hold

(3.52) Ir= D Fll bz S AF + Ro,
(3.53) VD™ 3llpo S A + Ro.

Assuming (3.52), now we prove Proposition 3.9.

Proof of Proposition 3.9 for Case 1. In view of the formula
DD ?R=[D;,D "D 'R+ D '[D;,D"'|R+ D °D;R,
we only need to show for 4 < b < co that
(3.54) IF= % [De, DD R o2 S AS + Ro
(3.55) IF= 3 D7 Dy DR o S A+ Ro
< A2+ Ro.

~

1 -~
(3.56) I+~ D DRl .
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The estimate (3.55) was proved in (3.40). By using the fact that Ni(r 2D *R) <
N2(D72R) < A2 + Ro, the estimate (3.54) follows from (3.39) with F = D~ 'R.

It only remains to prove (3.56). Consider first the case D™D, R = D, "Dy ' Ds(p, —5).
By anf = Y (anA) +an(A-A+r~1A) , (SobM1) and (1.2),

s D~ (@nB)ll sz S lIr” P DN (W (anA) +an(A- A+ A))|| e
Slr b Allygs + 1l 5 A Al
SNi(A) + Ni(4)? < A + Ro.
Then by (3.52), we obtain
IF=F D (Err + anB) | opz < A3+ Ro.
In view of the definition of Err in (3.8), we have

< Ag—l—Ro

~

(3.57) Ir= P D™D, ~5)l 012
Using *D; 'D: = an(p,0) + Err, Proposition 3.7 and (3.52),
Ir = D=2DiBl 1y S I F DT (ano, o)) lugsz + I D Sl p e
(3.58) S AT+ Ro
With the help of (3.57) and (3.58), we thus obtain (3.56). O
To prove Proposition 3.10, we will rely on the following result.

Lemma 3.5. Let D' denote one of the operators Dfl, D;l or *Dfl. For any appro-
priate S-tangent tensor field G there holds

(3.59) 1D~ (anp - G)pprz2 S A" pll e L2 N1 (G)
where 1/2 < ap < 1 and 4 < b < 0.

Proof. In view of ||Y7(Cm)\|LgL;>° < A3 +Ro and an < C, we can adapt the proof for [7,
Lemma 4.4] to derive for any S tangent tensor fields F' the estimates
(3.60) IA™(anp - Fa)llr2csy S 1A pllze 1227 [ PP L2 s),
where 1 > a > ag > 1/2.
By using [9, Proposition 3.1(3)], [9, Lemma 4.3] and a duality argument we can obtain

(3.61) ||1D71AaPlFHL2(S) S 2(71+Q)l7“17a||F||L2(5)~
In view of [9, Proposition 3.1(3)] and (FBB) in [9], we also have
(3.62) IA*PRG 2 S IVPRGIZ2 IPG 2% < 2" || PaGl 2.
Set Qny := D~ P2 (anp - P2G), with I,n € N. We now prove
(3.63) D 1uillzrre S IAT bl e L2 N1 (G),
1,n>0

and lower frequency terms can be treated similarly.
We first prove (3.63) for the case 0 < n < I. With the help of (3.61) and (3.60),

[Qnllzz S 2702 AT Lo 12 || PuGl 2.
Taking L? norm for 4 < b < co and using (3.35) in Lemma 3.3 it yields
192l o2 < 270727 E T AT || e 12 N (G).
Since we can choose ap < a < % + %, we deduce

S 192ullpre S 1Al e 12 AR ().

o<n<li
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For the case 0 < I < n, we pair §2,,; with any S tangent tensor F' satisfying || || 2(s) <
1. By using (3.60), [9, Lemma 4.3] and (3.62) we obtain

(Qui, F) = (P2G,anpP* D' F) = (A*P2G, A" *(anpP?* D' F))
< IAPRG 2 AT pllpgo 22 IR DT F 1
S 27T ATO Bl e 2 | PaGll 2.
Hence, by (3.35) in Lemma 3.3
190l oz S 27 GFRMmOFEEE AT 5| e 1o N ().
Consequently 37, [QnillLpz2 < [A7°p|| o L2 N1(G) and (3.59) thus follows. O
We are ready to prove Proposition 3.10.

Proof of Proposition 3.10. (3.53) can be derived by using (3.52), Theorem 3.1 and (3.10).
Now we prove (3.52). By setting F' =1 in (3.49) we obtain for 4 < b < oo that

< A+ Ro.

~

1
5Dy Brr .

Thus we only need to consider Dl:lef\ﬁ" Recall the definition of Err given in (3.8). In
view of [9, (2.13)] we can rewrite Err symbolically as
(3.64) Err =*Dy* (antrxB +anA- (YA+A- A+ T‘_IA)) + Dy Yan(¢ - p - o).
By Propositions 3.1 and 3.6, we have

Ir= P D2 (anA - (YA + 17" A+ A A))| 12 S A+ Ro,

where D=2 denotes D7 **D; . In order to complete the proof of (3.52), in view of (3.64)
we need to derive the estimates on

Ji = [lr" D (antrxB)| o
o= |lr "D (ang* 5| oz
Js = |r~ 5D (ang - PlLrz-
Since 8 = *D1*Dy ', we may use Proposition 3.1, (SobIn), (1.2) and (3.25) to derive
DS e P D7 ((Dilantrx* Dy ' 8)) = Y (antr) Dy ' B) oy s

4/3
Loy

_1 _ 3_1 _
< |t F (antrx* Dy 1@)‘|L2Lg + |[r2 7 ¥ (antrx)* Dy lé”
Ll Sl 1
Slrm Dy lé”ngLg +|r' 7Dy 1§||L3L§H7“2W(“”“X)HLgOLg
_ 1
SMEZ DT B)(Ir2 Y (antr) |2 +1) S AF + Ro.

In order to estimate J2, we use [9, (2.9)] to write & = curl{. Thus by using Propositions
3.1 and 3.6, we can obtain

1
Jo=|r"*D 152(C)HL§L3, SMI(ON(C) S (AF +Ro)>.
Finally, by using Proposition 3.1 and (3.59), we have
1 L 1 - .
Ja S I D@ Oll sz S I D (@ Oll s
SNUOIAT*pll e r2 S (AF + Ro)?,
where we used (1.2) and (1.3) to obtain the last inequality. O

Case 2: F = (ad + 2a)). We give a slightly stronger result than Proposition 3.9 for
Case 2.
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Proposition 3.11. For 4 < b < oo there holds
(3.65) IF=2 =3 DD (a8 + 200) | o2 S A + Ro.
Proof. 1t is easy to see

Ir™ P DD (a0 + 2aN) gz ™2 P DT Di(ad + 200 a1
(3.66) + ™27 Dy, Dy )(ad + 200) | o s
By [9, Eq.(2.7) and Eq.(2.16)], we have
(3.67) an¢ = Dy 'Di(ad + 2aX) — Dy (an(p, &) + Dy terry
where, symbolically, err; := an(ajttrx + A - A). Therefore

11
[r=2" "Dy 1Dt(a5+za)‘)”L’3Lg
_11 11 .

(3.68) Slrmzmv(and)ll ez + 77272 Dy H(an(p, ) Ler2
(3.69) + 772Dy err iz

By (SoblIn) and Proposition 3.7, the two terms on the right of (3.68) can be bounded by
N1(Q)+ A3 +Ro < A% + Ro. For the term in (3.69), in view of [9, Eq.(2.23)] and (Sobln)

we may use Proposition 3.1 and (1.2) to deduce
Ir=2 =3 Dy err |l o pz S IIr% Ferri | poga

Sl bagtrxll s + 172 P A Al gy
Sl 2 5 lpre + 1A Allgers

(3.70) SN + A2 s S A3+ Ro.

Thus we obtain

(3.71) IF=2 =5 D7 Dy(ad + 200) | o1z < AT + Ro.

Repeating the derivation of (3.39) and using [9, Lemma 3.1], we have

IF= 2~ [D7Y, D] (ad + 2a0)|Lyr2 S (A5 + Ro)Ni(r™ "Dy (ad + 2a)))

S (A5 +Ro)Ni(agt) S (AF + Ro)*.
Therefore (3.65) is proved. O

For the term err; := an(agttry + A- A) appearing in the proof of the above proposition,
we have the following simple but useful estimates.

Lemma 3.6. For err; := an(ajttry + A - A) there hold the estimate

(3.72) [lerr||po + ||Y7Dflerr1||po < AL + Ro.

Proof. By using [9, Eq.(4.10)] and (1.2), we have
(3.73) lanA - Allpo < AoNi(A) < Ad+ Ro
(3.74) la®ntrxgtllpo S Niagt) S AF + Ro.

Thus the first inequality of (3.72) follows immediately. The second one in (3.72) follows
from the combination of (3.73), (3.74), (3.70) and Theorem 3.1. O
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3.7. Decomposition for commutators. In order to complete the proof of Proposition
3.2, it remains to decompose the “bad” terms

anfB-D ' F, VD (anB - D' F),

which have not been treated in Proposition 3.3, where F represents either D' R or (ad +
2a)). We will complete this step by applying Theorem 3.2 below to F = D~!F which, in
view of (3.26) and Proposition 3.9, satisfies the assumptions in this result.

Theorem 3.2. Assume that F is an S-tangent tensor field of appropriate order on H
1
verifying Na(F) < oo and ||T_FWLFHLEL’L2 < 0o with 4 < b < co. Then we have

(i) There exists a 1-form Eqy such that?
(3.75) anf =D;D "R+ Ey with | Eo|po < A+ Ro

(ii) There ezists a decomposition anf-F = D:Q + E, where Q and E are tensor fields
of the same type as anf - F satisfying

(3.76) lim [|Q|ge =0
t—0
and the estimates
1
(B77)  M(Q) S ANa(F), [ Ellpo < 8o (Na(B) + I B Py )
(iii) There exist tensor fields Q and E wverifying (3.77) and
(3.78) lim [|Q|Lee < o0
t—0
such that
(3.79) VYD '(anB - F) = D:Q + E,
where D denote either D1 or D.
Proof. In view of (3.8), we have
(3.80) anf = D;D" 'R+ Co(R) + Err.

This proves (i) with Ey := Err + Co(R) which, in view of (3.10) and (3.15), satisfies
[Eollpo < AF + Ro.
Next we prove (ii). We have from (3.80) that

anB-F = (DD 'R+ Err + Co(R)) - F = Dy(D; 'R - F) + EY + EF,
where
Ef = —Di'R-D,F and EY := (Err+ Co(R)) - F.
By using [9, Eq.(4.7)], (3.15) and (3.10) we have
(3.81) IElpo S Na(F) (I[Errilpo + ICo(R)Ipo) S (AF + Ro)Na(F).
By using [9, Eq.(4.6)] and (3.25) we also have
IEP o0 S Ni (DT R)(Ir™ ¥V . F | ora + 72 YDuF || 212)

S (Ro+ A)WNa(F) + 7 P Y L Fll 112)-
Now we set
(3.82) Q1:=D;'R-F and E,:=Ef +EY.
From the above estimates it follows that

_1
IEr[lpo S (AF +Ro)N2(F) + [lr~ 2 Y Fllpyz2)-

3In Theorem 3.2 and the following proof, R = (5, —&) and Co(R) = [Ds, Dy '1(p, —&).
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In order to estimate N1(Q1), we consider ||E1| 2 first. By using Holder’s inequality,
(Sob) and (SobM1), we can obtain

IEC N2 = IDT'R- Y Fllr2 SID ' Rllpgora IV L Fll 21
1 _1
SNUD T R)(IVDLFl| 2 + [Ir™ 2V L Fl|12),
and by using ||E1GHL2(H) < |EY ||po and (3.81) we can obtain

IEY |22 S (A8 + Ro)N2(F).

~

Therefore

(3.83) Bz S (AD + Ro)Nz(F).
Now we show

(3.84) N(Q1) S Na(F) (AL + Ro).

By (Sob), (SobM1) and (3.25) we have
P Q12 gy SID T Rllpgorallr™ Fllpzra S (A5 + Ro)Na(F).
With the help of D,Q1 = anf - F — Eq, (3.83), (1.2) and (SobM2), we can obtain
IVLQillzz S 1B Fligzrz + 1Bl L2 S (A5 + Ro)Na(F).

Similar to [2, Section 6.12], we get \|Y7Q1||L?L% < (A3 4+ Ro)N2(F). Hence (3.84) follows
and the proof of (3.77) is complete.

By (3.82) and (SobM2) we have
(3.85) 1Qullee < IFlleee DT Rllege S 72 D7 Rllae Na(F).

Since N2(F) < oo and limy—o | Dy ' R||Lee < 00, we can obtain (3.76) by letting ¢ — 0 in
(3.85). This completes the proof of (ii).

Finally we prove (iii) by using the iteration procedure in [2, Section 6.12]. Let Qo :=
DF, then we can apply (ii) to construct recursively two sequences {Q;} and {E;} of
S-tangent tensor fields such that

(3.86) anB-D'Qi_1 = DiQ; + Ei,

where D! denote either D' or Dy ! and

(3.87) Ni(Qi) < C(AG + Ro)N2(D ™' Qi-1),

(3.88) |Eillpo < C(AF+Ro) (No(D ' Qict) + I VD Qial gz ) -

Such Q; and E; = EP + EF can be constructed as in the proof of (ii). Then fori =1,2- -,
(3.89) Qi=D;'R-D'Qi-1,  Qo=DF,

(3.90) Ef .= —D'R-D,D'Qis1,  Ef :=(Err+Co(R))-D 'Qi_1.

In particular, @1 and E; are given by (3.82).
With the above definitions of Q) and Ej, we have from (3.86) that

WDfl(anﬂ - F) = D:Qr + WDil(DtQk) + Ex,

where
(3.91) Qr=YD Qi+ ...+ Qr1)+ Q2+ ...+ Qy,
Ex = [YD ', Dilg(Q1 + . + Que1) + VD (1 + ... + Ey)
By using [9, Lemma 3.1], it is easy to see from (3.87) that
(3.92) N1(Qr) < (C(AS +Ro)) " Na(F).

Moreover we have
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Proposition 3.12. For {Qi}7=, and {E,}72, constructed above there hold

(3.93) |‘T7%WLD71Q7€||L’§L£ S (AS+Ro)N2 (D™ Qi—1) + IV 2D ' Que—t Iz p2)s
(3.94) VD Exlpo S lIBkllpo + (A5 + Ro)N2(D ™' Qu—1) + VLD Qu—1ll 1o 12)-

We will prove this result at the end of this section. We observe that [9, Lemma 3.1],
(3.93), (3.87) and (3.88) clearly imply

(3.95) IBellpo < (C(AF +Ro))* (Na(F) + lIr B YL Fll gz )
It then follows from (3.92), (3.94), (3.95) and (3.29) that
Ni(@Qk = Qj) SN2(F) D (C(AT+Ro))™ S (C(AF + Ro)) N2 (F)

j<m<k-—1
and

1B = Byllpo < (Na(F) + [r ¥ YL Fll ) S (CLAS +Ro)™

j<m<k—1
; _1
< (O(A3 4+ Ro)Y (Na(F) + I BV L Fl 1y 2).

Therefore {Q} forms a Cauchy sequence relative to the norm N (-), while {E} forms a
Cauchy sequence relative to the P° norm. Denote by Q and E their corresponding limits,
we have

Ni(Q) S (A +Ro)N2(F) and  [|Ellpo S (AF + Ro) (Na2(F) + ||T7%WLFHL?L%)'

By using [9, Proposition 3.4] we can see
VD™ (anf - F) = DiQk — Eillz2 = VD™ (D:iQx)ll 2 S N1 (Qu)-
Letting k — +o00, by (3.92) we get
||Y7D_l(anﬁ F) = D@ — EHL%L?; =0.

Hence YD (anB - F) = D:Q + E. This completes the proof of (3.79) in (iii). Tt remains
to derive (3.78) whose proof is deferred to the Appendix. |

We conclude this section with the proof of Proposition 3.12.

Proof of Proposition 3.12. We first prove (3.94). By using (3.3) we have for 4 < b < oo
and 1/2 < g < 1 that

VD™ Ekllpo S | Ekllpo + (A3 +R0)||DflEk||ngLgHEkHlLEq~
Thus it suffices to show for 4 < b < oo that
1 _ _
(396) I D Eell s S (A5 + Ro) (Ma(D7'Qur) + IV 2D Qe gz ) -

By the constructions of Qx and FEy, it suffices to show it for k = 1. In view of F1 =
ES 4+ EP, this can be accomplished by applying Proposition 3.8 for Hr_%D_lElGHL?Lg
and the estimate

1 1.1 13
[r=*D 1E:{3||L§L§ Slrz7 v Bl a8 S 1IDY 1RHL?°L§||D75F||L’;L§

<MD R)IDFll 2 S (A3 +Ro) IV Fll e
which follows from Proposition 3.1, Holder inequality, (SobM1) and (3.25).
In order to prove (3.93), we first note that

_1 - _1 - i
(3.97) [r=*Y.,D leHLng Slr e [0y, D I}QkHLi’Lg"'HT 'D IDtQk”Lng-

b
LbL
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By using (3.39) and (3.87), the first term on the right side of (3.97) can be estimated as
1 1 1
||r bOO(Qk)”Lng SNi(r 2D 'Qr) S N2(r2D ' Qr)
SNU(Qk) S (A5 + Ro)N2(D™ ' Qu-1),
while by using (3.86), (3.96) and (3.38), the second term can be estimated as
i 1 .
Ir 3 DD Qull sz S I D (@B D Qs — Billup

S P D7 anB - D7 Qu-1)llgopz + P P DT Bkl o
S(AF + Ro)Na (D' Qi) + ||VLD71Q7€*1”L?L§)‘

Therefore (3.93) is proved. O

4. Proof of Theorem 1.1
We first prove Theorem 1.1(3). We use (3.7) and set

p = *Dflﬁ, e = [*Dl_l,Dt}é—E‘\rJr—kanA-A.

Note that (3.15) implies ||[Ds, "Dy R|lpo < A% 4+ Ro. This together with (3.10), [9,
Eq.(4.10)] and (1.2) gives the decomposition result in Theorem 1.1 (3). In the following
we will give the proof of Theorem 1.1 (1) and (2).

4.1. Decomposition for YV (na¢). From (3.8) we have

YD1 (an(p, o)) = YDy "Dy "D — YDy ' Err

=D, YD R+ C(R) + YD '3.

By Proposition 3.2, there exists P and E such that C(R) = D,P+E. Let P=P+YD 2R
and E = YD7'F + E. Tt follows from (3.26) and (3.53) that

YD1 (an(p,0)) = DeP + E, Ni(P) + | E|lpo S Aj + Ro.
In view of (3.67), we obtain

Y (an¢) = YD; H(Dy(ad + 2aN)) + VD; *(an(p, o)) + ¥YD; ‘erry,
(4.1) =DYD; ' (ad + 2a)) + [YD; ', Di](ad + 2a)) + YDy ‘erry + D, P + E.

According to Proposition 3.2, there exists P’ an E’ such that
[VD; ', Di](ad + 2a\) = Dy P’ + E', with N1(P') + ||E'||po < Af + Ro.
Let P” = P' + YDy (ad + 2a)), we conclude that
DyVD; ' (ad + 2a)) + [VD; ', Di](ad + 2a)) = D P" + E'.
By (3.26) we have Ni(P") < Aj + Ro. Hence we obtain the decomposition
Y (an¢) = D:Ps + Es,

where F3 = E'+YD; 'err1+F and P; = P”+P. Applying Lemma 3.6 for || YDy ‘err1||po,
we can conclude from the above estimates that

| Esllpo < AF + Ro, Ni(P3) < Af + Ro.
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4.2. Decomposition for Y (nax). We first have from [9, Eq.(2.6)] that
div(any) = %anvtrx + %antrx{ —anf + andx
=anM + anA-A+r 'an¢ — anf
Since (3.8) gives anf = Dy 'Dy(p, —5) — § with § = Err, we can obtain
div(any) = anM + anA - A+ r~"'anC — Dy 'Di(p, —6) + §
which implies
any = —Dy "Dy ' Di(p, —6) + Dy ' (F +anM + anA - A+ 'an().
Setting D72 = Dy "Dy ! and D™ = D5 ', we obtain after taking covariant derivatives
(4.2) V(ang) = =YD *D;R+ F + YD '(anM),
where F = YD Y (§ +anA- A+ r tan¢) and M = Yitry.
By using (3.53) and [9, Eq.(6.2), Eq.(4.9)] we obtain
(4.3) IFlleo S A3+ Ro.
For the first term on the right hand side of (4.2), we may use the notations in (3.11) to
write
YD *Di(R) = D(YD *R) + C(R).
where, by Proposition 3.2, there exist tensors P’ and E’ so that C(R) = D:P' + E’ and

(4.4 Ni(P)+ 1B lpo S A% +Ro, T vl P[5 = 0.
Thus (4.2) becomes

(4.5) Y(any) = D;P + YD '(anM) + E

where P = YD 2R+ P’ and E = F + E’. By using (3.26),(4.3) and (4.4)
(4.6) Ni(P) + |[Ellpo £ AG + Ro,  lim 7| Pz = 0.

4.3. Decomposition for Y (an¢). By using [9, Eq.(2.8) and Eq.(2.9)] we have

div(an() = an¢ - ¢ — anp — anp + %a2n5trx,
curl (an¢) = and + an(¢ +¢) A ¢,

which symbolically can be written as Di(anl) = anA - A — an(w,0) — an(p, —&) +
an(adtry, 0). Hence

an¢ = =Dy "(an(p, —5)) + Dy '(anA - A) — Dy (an(p,0)) + Dy '(an(r~ ' A,0)).
Let J be the involution (p,0) = (—p,0) and let §F = Err given by (3.8). Then
Y(an¢) =YD; ' -J - "Dy D+ VD - J-§ — YDy H(anu,0)
+ YDy ' (anA - A) + YDy ' (r~'anA,0).
Set D2 =Dy -J-*D; ! and D™ = D;!. By using (3.11) we get
Y(an¢) = DiYD B+ C(R) + YD '(anM) + F,
where M = (p1,0) and F = YD (§ + an(A- A+ r~'A)). By (3.53) and [9, Eq.(6.2)],
we can derive ||F|lpo < AZ + Ro. In view of Proposition 3.2, we have C(R) = D,P + E
for some S tangent tensor fields P and E. LetE = E+ F and P =P + WD_QQ, we thus
obtain
V(an¢) = D;P + YD '(anM) + E
and
(4.7) Ni(P) + ||E||po < A§ + Ro, lim 7| P e = 0.
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5. Appendix

In this section we will first prove Lemma 3.3 and derive a few useful consequences. We
then use these results to complete the proof of (3.78) in Theorem 3.2. We will frequently
employ inequalities (FB), (FBB), (FBD), (FD), (WB) and (SB) in [9].

5.1. Proof of Lemma 3.3. We will regard « and ¢ as elements of A. By using (1.2) and
[9, Lem 2.8], or more precisely the estimates

KLz +118ll2r2 +N1(A) S Af + Ro,

we can adapt the approach in [4, Lemma 5.3] and [6, Chapter 9] to derive the following
estimates for the commutator [Py, D;] where P, denote the GLP projections.

Lemma 5.1. For any S tangent tensor fields F' and any q < 2 sufficiently close to ¢ = 2,
there hold

(5.1)  |r® 7 [Pe, DeF||pagz + 27 r2 TV [Py, DA Fllgra S 27 FTA(E),
(52) 2 [PeDF gz + 27 P2 V[P D Fll e S 27 N(E).
Now we are ready to prove Lemma 3.3.

Proof of Lemma 3.3. The result is trivial when ¢ = 2. So we only need to consider the
case ¢ > 2. It is easy to see

_1_1 1 2 1 =2
I3 PuFll s S I PPl 2o 2 PFILL
By integrating along an arbitrary null geodesic through the vertex of H we have
I PeF e e S P 2ol PeFllage + [ [Pey DAF - PoFllgy 1
(5.3) + I PeF | Za o
Let 1 < ¢’ < 2 be such that 1/¢' + 1/q¢ = 1. With the help of Lemma 5.1 we can obtain

— 1_1 1
7= [P, DF - PiF | iy S [lr? [P, D] F| 2P| par2

_1_
L‘tz/Li Il
k 1 1
(5.4) S22 NU(F)|lr™ a2 PeF | g
Combining the above estimates it yields

_1_1 — 2 -1
I3 PP S I PoF N0 (1Pl 2 ™ PhFllLs 2

I3 11 _ 9 _
(5:5) + 2 BN B P g + I P2 )

. . . 1/2-1/q
This together with (FB), gives for any 0 < a < PYoES}

1

Ir= 2" PPl gy £ 27T (14 27 N(E).

which in particular implies (3.35).
In order to derive (3.36), we combine (5.3), (5.4) and (3.35) with 2 < ¢ < oo, and use
(FB) to obtain

2 PPl pgepz S 27 2FAL(E).
With the help of (Sob) and (FBB) we have
“ig < iy 1 “i-ipd “3-ig
e Fellgra SNr2 " e VEl a2 llr 2" @ Full Loy, +lr 2« Frllrgrs
k 11
S@2+Dlr 2 aPeF| a2
which together with (3.35) gives (3.36). O
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Lemma 5.2. Let D~' denote one of the operators D;l, D;l and *D;l. Then for appro-
priate S tangent tensor field G and k > 0 there hold

%27%'/\/—1(6;)7
_ _k 1 i
(5.7) IVD ™ PEGllzers S NG (1427202 |IK1 2, ).

(5.6) D™ PG| pger2 S

Proof. By using [9, Lemma 4.3] and (3.35) we can obtain (5.6). Now we consider (5.7).
For any S tangent tensor fields F', we define

I1F g = IYFllL2(s) + Hr_lFHL?(S)-
By the Bochner identity in [3] there holds
2 3 -
IV°Fllez S IAF|L2 + 1K Flizz + K12 IV Fllea + 7 1 Fllg,
and by Sobolev embedding (see [3, Section 4] or [6, (3.38)]) we have
1 2 1 p—1
(5.8) IFllege SreIVFILIFNS +1F iz, 2<p<oo
It is easy to observe from [1, page 38] that symbolically
(5.9) A ="DD+ (K +r °Id).
Hence with 2 < p < oo,
2 * P i -
(510) 1Y Fllzz < I"PDF gz + 1Kz 7 Flly + 1Kl 2 IV Fllez + 7 1F -
Applying this inequality to F = D' H and using [9, Proposition 3.4] it yields
25— * o G B -
IV"D ' Hllr2 S IFPHIlez + K7 r7= D™ Hllgs + Kl 2 IVD ™ Hl 12
+r DT H
* s - -
S I"PHlz + IKIZ r7 1 Hllg + (1K oz + 77 ) I1H ] s

Now we set H = PZG. Tt then follows from (FBB) and [9, Proposition 3.4 and Lemma
4.3] that

IY*D7 PEGrz S I"PPEG L2 + (IK]lez + 1~ DIIPEG] 2
S (@ 4 1r 1K) ) 1PG 2.
With the help of (Sob), [9, Proposition 3.4] and (3.35), we derive
IYD PEGILs < IV° D BEGI L VD PEGIE, + 1 * |¥D T PiGlLs
<2 B K E)N(O)
which is the desired estimate. O

5.2. Proof of (3.78) in Theorem 3.2. We first prove (3.78) by assuming the following
two results in which the definition of the Besov norms B3 ; can be found in [9, Eq.(4.3)].

Lemma 5.3. Denote by DG one of the terms DflG, D;lG and *DflG’ for appropriate
S tangent tensor G. Let F =D 'R-D™'G, we have

IV Fllag, S Ni(G) (A3 +Ro +cor? (ID7 Rl + 1Rl 2 + 2|V Rll))

where co depends on |[rK||Ls + K, -
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Lemma 5.4. Let D~ denotes one of the operators Dy', Dy and *Dy*. For S tangent
tensor H, there hold
- N 1
(5.11) IYD " Hllpy, < I"DHlpg, + I Hlluz +cor? Nu(H),
- . 1
(5.12)  IVD ' Hlrze < |'DH||pg, + (cor” + DIV Hl|z + | Hllzz + cor? Ni(H)).

where co is depending on the quantity r||K|[Lee + K., +1“HY7KHL3, and 0 > 0 is very close
to 0. :

Let {Q:} be the sequence of S-tangent tensor defined in the proof of Theorem 3.2. We
set Q@ => 2, Qi and Q=VYD'Q. Itis easy to see Q = Q+Q—Q: since Q is the limit of
the Cauchy sequence {Q} contained in (3.91). Since (3.76) implies lim;0 [|Q1]zec = 0,
(3.78) can be proved by establishing

(5.13) m Qe =0, and  lim ]z < oo
In view of (3.89), we have from (SobM2), [9, Lemma 3.1] and (3.92) that
1Qillze < D1 Rlles 1D Qicrllege S r2 11D Rl Na (D™ Qi)
SrENIQi-) DT Rllzge S 7% (C(AS +Ro)' ™ Na(F)||IDT B ngs-
Summing over i > 1, we have for sufficiently small (A3 + Ro) that
QI S r*Na(F) Dy Rz

Noting that lim;—o ||D; ' R||Lee < 0o and Na(F) < 0o, we obtain lim;—o ||Q||zee = 0.
It remains to prove the second part of (5.13). By (5.12) we have

(5.14) 1@l < I¥Qlag, + (eor” +1) (I¥QIz +11Qlzz +cord M(@)) -

Recall the definition of Q; in (3.89). For each Q; = D'R. D~ 'Q;_1, we use Lemma 5.3
to obtain

1 1 = - .
IV Qillsg, S coNi(Qi-1)r? (1D Rlluze + |1Bllsz +7°I DR )
+N1(Qi71)(A§ + Ro).

In view of (3.92), summing over i > 1 gives

HVQHB%1 < Z HWQ'L‘|B%1

1>1
Se Y (C(AF+Ra) T Na(B)r® (D Rllzge + 1Rl 2 +7° DRI )
i>1
+Z AO+R0 i 1N2( )(A(2)+'Ro)
i>1

Hence
IYQlsg, S coNa(F)r? (D7 Rllugs + IRz + 7 IDRllo )
(5.15) + Nao(F)(A§ + Ro).
By (3.89), (SobM1), [9, Lemma 3.1], (3.92) and (3.25), we also have
1Qillzz S IDT RlIa D™ Qicalls SNU(D T R)r N1 (D71 Qi)
SN(Qi-1)(A] + Ro) S (C(A] +Ro))' ™ (AF + Ro)Na(F).
Therefore

(5.16) QL2 S (A5 + Ro)N2(F).
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It is easy to derive from Q@ = 3_,5, Q: and (3.92) that
(5.17) M(Q) S (AF + Ro)Na(F).
Thus, in view of (5.14), we can combine the estimates (5.15), (5.16) and (5.17) to obtain
lim Q1 < N2(F)(A3 +Ro) < oo
which is as desired.
Proof of Lemma 5.3. We first estimate ||WF||L§ We have
IYFllz = V(D'R-D'G)||.2
SIVD ' Rz D7 Glleee + 1D Rl [V DTGl pa -
From (SobM2), (SobM1), [9, Proposition 3.4 and Lemma 3.1] and (3.25) it follows
IV FllLz < 72 Rz N2 (D7 G) + Mu(DT RIN(YD™'C)

S (r¥ IRl + NU(DTR)) M)

< (PP IRl 2 + A%+ Ro) ML (G).
Next we prove

(518) Y IPY D RD Gz S cli(G)rd (I Rl + 1Rlloz + IV Rlliz ) -

k>0

To this end, we employ the GLP decomposition to write G = > P2G+P<oG+U(0)G.
For simplicity of presentation, we will consider only the high frequency term Zm>0 P2G.
The other two terms can be treated similarly as in Case 2.

Case 1: k < m. By using (FBB) and (5.6) we can obtain

15 _ _3m 1 1=
IPY(D ' R-D ™Gz S 2" 2 12 Ni(G)ID 7 Rl|nze -
Thus

SS IRV TR-D T G2 S TENU(G) DT R e

k>0m>k
Case 2: k > m. We decompose further that

(5.19) PY(D'R-D'Gm) = BY(D_ P+ P<o)(D™'R-D 'Gy).

n>0

For simplicity we consider only the high frequency terms, and the low frequency terms
can be treated similarly. We can adapt the proof for [7, Proposition 4.5] to obtain for any
S tangent tensor field F and 1 > a > ap > 1/2 the inequality

HPICWF%FHLE 5 (2min(k,n)272\n7k|7171 + 2min(k,n)27(17a) max(k,n)KaOrfa
—|k—mn a
(5.20) + 27 KN K ) IPaF 2
Let Zom = [|[Pa(D™'R- D 'Gm)|| 12, we have
IPT PP R-D7 G2
S (2min(k,n)272|n7k\,’n71 + 2min(k,n)27(lftx> max(k,n)Kaorfoc

—|k—n| «a
(5.21) + 27 K5y K ) T
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Now we estimate Z,,. We first consider the case n > m > 0. By [9, Proposition 4.1(3)]
we have

Tom 2272 |PaA(DT'R-D G I12
<2272 (|ADT R D7 Gl + | Pa (YD R YD Gon)ll 12
+ 4D G - DR 12 ).
By using (5.6) and (5.9) we can obtain
|IAD™'R- D™ 'Guml12
S (IV Rl + 1Kl [P Rllze + 72D Rllzze) 27 % 12 MU(G).
With the help of (WB), [9, Proposition 3.4] and (5.7) we also have
IPA(YD 'R YD G)llzz < 280 2 | WD R 12| VD ' G 1s
S 28 3Rl Mi(G) (1427 2Kz )
Furthermore, by employing (5.9), (FBB) and (3.35), (5.6), we have
|AD ™ G - DR 2
SID7 Blleg (IPDGollzz + 1K l|s D7 Gz + 721D Gl
(

m 3m
2

SID T Rl (2% 772 + 1K™ % rd 407227 % ) M(0),

Therefore

m 1

Tom ST°27"MNUG) (217 3D Rlluge +2% 7 2| Rll oy (1427 % 72| K1)

3m

- _ 3 1~ _3m 3
(5.22) +IYRlre2” 2 r2 + [|K|l e || D Rl 27 2 7“2)-

Combining this with (5.21) and summing over k,n,m > 0 for the cases k > n > m and
n > k > m, we thus obtain

> |PY P (D™ R-D " Gm)ll 2

k,n,m>0,k>m,n>m
1 1 = ) )
S coMi(@)r? (1D Rlleg + | Rllz2 + 7|V Rl )

with co depending on [|r*K||re + K, + K]z -
It remains to estimate Z,n, when k > m > n. By (5.6) we have

(5.23) Tum SIIDT'R-D ' Gz 27 FrEM(G)ID Rl
This together with (5.20) gives
(5.24) 3 IPoYPAD ™ R-D ™ G|z < coNi(G)r2 || D R e

k,n,m>0,k>m>n

The proof is thus complete. O
In order to prove Lemma 5.4, we need the commutation formula for [¥, A]F for any S

tangent tensor F' which symbolically is given by (see [3] or [7, page 300])

(5.25) V,A|[F=VY(K -F)+ K -VF.

Proof of Lemma 5.4. Assuming (5.11), we first prove (5.12). For simplicity we set H =
YD~ 'H. We have from [4, Proposition 3.20 (x)] that

(5.26) 1Al D2 PeH 2+ co(IY Hllzz + 7~ Hl 1),

k>0

where co depends on K[|z, and 6 > 0 is very close to 0.
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In view of (5.11), the first term on the right of (5.26) can be bounded by
(5.27) |llsy, S I"DHllsg , + 1 Hllz +r ol ().

We then estimate |V H||.2. By applying (5.10) to F = D~'H and using [9, Proposition
3.4] and (SobM1) we can obtain

- _ 1
(5.28) IVHI L2 S I"PH| 2+ '|H| 12 + 7% coNi(H),
with ¢o depending on || K[|z .

Combining (5.28), (5.27) and (5.26) and using [9, Proposition 3.4] we thus obtain (5.12).
Next we prove (5.11). Using the GLP projections, we need to prove

(5.29) S 2 Y BYPLD  Hl|Le < |*DH| gy + [|Hll 12 + cor> Ni(H),
k,m>0 '

(5.30) 3 25T PYPoD T Hl gz S (I HI|z, + cor? Ni(H),
k,m>0

where ¢o depends on ||KHL§ + 7'||Y7K||L§ + 7| K|l
The proof of (5.30) is similar to the treatment in Case 1 for

Tiom := 2"~ | kY PR D™ H|| 2.

Thus we will give the proof of (5.29) only.
Case 1: k > m. By (FD) we first have

(5.31) Tim <277 (||PWAP%D”HHL5 + ||Pk[A,W]P%D*1H||Lg) :

Let us denote the two terms on the right by Z.,, and 7, respectively. In view of (5.9),
(FBB) and [9, Lemma 4.3] we have

Tim S 27" r||PYPo.("DH + KD~ 'H + v >D ™" H)|| 12

~

(5.32) S 2" MNP DH |z + 27 || Hl| 1z + 27 (| PY P (K - DT H) 12

We only need to consider the last term of (5.32) which, by using (5.20, can be estimated
as

27kT||PkVP31(K'ID71H)”L% < (273\m7k| + Zf\m—k\Qf(lfa)kKaorlfa
(5.33) + Z‘kz"k‘m‘ruznigzao)||Pm(KD‘1H)HLg-
For the last two terms, in view of k > m, (SobM2) and [9, Lemma 3.1], we have

Z (2—\m—k|2—(1—a)kKa0T1—a + 2—k2—\k—m"/“||K||%%Kao) HPM(K'D_lfI)HLgT

k>m

(5.34) < Koy (M IS ) 1Kz 2 N ().

~ Z2aq

Let us decompose K = 3" P2K + K. Tt is easy to derive by Gauss-Bonnet Theorem that
K = 0. Now consider the high frequency term only for the purpose of simplicity. With the
help of [9, Proposition 3.4], the proof contained in [7, pages 299-300] implies for m,n > 0

_ — 3 m—n _
(5.35) 1P (B, D7 H) g2 $ 273 PuK s (1D Hlle + 1H 2 )
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Therefore the first term on the right of (5.33) can be estimated as follows

> D 2P (K, DT H) |12

k>mn>0

—3|m—k|—2|m—n —
<3 Y2 K (1D H e + I H L )

k>m n>0
1
11K g, P 2N ()

where we employed (SobM2), [9, Lemma 3.1] and (SobM1) to obtain the last inequality.
It is easy to check by (FB) that ||K|[go < || K|z2 +7||VK] 2. Consequently,

2,1 ™~

> T SI"DH| g, + cor2 Ni(H).

k>m

Now we consider Z2,,. With the help of (5.25), (SobM2), (FBB) and [9, Lemma 4.3
we can obtain

~

12, <270 (HPm(K CPZDTUH)|| 3 + || Po(K - WP,?LD_lH)HLi)
S 27 (I Kl |PAD ™ Hllogs + | Kl IV P D Hllrz
+r 2PV PAD T H) 13 )
S 27 (PIVENgr i Ne(D ™ H) 4+ | Kl [ Hl oz + 77 [ Hllzz ) -
Using [9, Lemma 3.1]and (SobM1) we then get

1 —
S Th S (P Kz + 7l Kllee ) r3 N (H) + 77 [H] g2

k>m>0

Case 2: k < m. In this case we have from (FD) and (FBD) that
Tim < 28727 | Y APLD ' H|| 12
< 2" (|BAY PLD ™ Hllu + | PelY, A1PD ™ H]|sz )
(5.36) <27 Y P Y PLD T H |2 + 28| PV, AP DT H |2

Let us denote by Zj,, the first term in the line of (5.36) and by Z7,, the second term.
Consider 7, first. By (FBB), (FD) and (5.9) we have

Tim S 2770 PR DT H g S 28T PLADT H 12
S 27 (1P DHI g + | PAKD T )l + 7| PAD ™ Hllrz ).
From (FB), [9, Proposition 3.4], (SobM2) and [9, Lemma 3.1] it follows
IP2ED ™ Bl 27" (IVKl2 1D Hlloge + 1K e I1H] 12 )
(5.37) s riNH) (1Kl + 1K ) -
Using [9, Lemma 4.3] we then obtain
Tl 27 (P2 DH| g + 7727 ™[ H] 13 +27 " ANV IV KLz + [ Klls)) -
Therefore

* — 1
(638 Y The S I"DHlsg, +r 1Hlluz + 2N ) (FIVE] 2 + ol s )

k,m>0,k<m
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Now consider Z7,,. in view of (5.25) we have

T S 257270 (1P (KPLD ™ H)llss + | PL(KY PAD ™ H)ll 2

~

—|—r_2|\PkY7PiD_1H||L§)‘

By (FBB) and [9, Lemma 4.3] we can derive

T S22 (1K o= | Iz + 25 2 H 12 ) -

Using (SobM1) we thus obtain

— 1
Y. i St Hz +r2N(H) - rl|K] g

kE,m>0m>k -
Therefore
S Tim SV Hllgz + cor2Ni(H)
k,m>0,m>k
where ¢y depends on 7(|| K||re + [V K]l L2 ). O
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