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CHAPTER I

Introduction

1.1 Introduction

The field of complex dynamical systems studies the iteration of complex differen-
tiable mappings. The main objects of interest are the orbits of such mappings. For
a given mapping F': X — X, where X is a complex manifold, the orbit of p € X is
defined to be the sequence p, F(p), F?(p) := F(F(p)),....

The simplest orbits are of course those of fixed points, F'(p) = p. The point p is
called an attracting fized point if the modulus of all eigenvalues of F'(p) are strictly
smaller than 1. It is easy to see that p is an attracting fixed point if and only if there
exists a neighborhood N of p such that the orbit of any 2 € N converges to p. The
set of all points z € X whose orbits converge to p is called the basin of attraction of

F at p:
Q={ze X | F"'(z) — p}.

In complex analysis one fundamental question is to describe a given domain,
or more generally a complex manifold, up to biholomorphic equivalence. It turns
out that if the mapping F' is invertible then the basins of attraction are always
biholomorphic to complex Euclidean space.

We may assume that A is diffeomorphic to the unit ball in C* and that F(N) cC



N. Every orbit that converges to p must at some point reach the neighborhood N,
and every orbit that reaches N at some point must converge to p. Hence we have

that

Q=[JF W)

n>0

Thus € is a monotone increasing union of balls, so €2 is diffeomorphic to CF = R2*.

It is harder to show that €2 is also biholomorphic to C*. If F' is an automorphism
of the complex plane then this follows immediately, since all automorphisms of the
complex plane are affine mappings. It is not feasible to give such an argument in
higher dimensions, since the automorphism groups are much larger.

The two dimensional case was solved by Lattes [Latll]. He showed that for any
automorphism F' of a complex manifold of dimension 2 with an attracting fixed point
at p there exists a local conjugation ¢~ 'F¢ = G near p where G is a so-called normal

form. To be more precise, G is equal to either Ly , or F), where

L/\,u . (ar,y) = ()\a:,uy), <>\7:U 7é 0)7

Exg: (z,y) — O, \o(y + 2%), (A # 0,k € N).

In either case the mapping G is an automorphism of C?, and attracts all of C?
to the origin. It follows from the fact that F' and G are locally conjugate that the
basin of attraction of F'is biholomorphically equivalent to the basin of attraction of
G, which is C2.

It can be much easier to choose specific automorphisms and show that the basin
of attraction for these mappings is biholomorphic to C2. In the 1920’s Fatou and
Bieberbach constructed automorphisms of C? that have more than one fixed point,
including at least one attracting fixed point. Of course, the orbits of the other

fixed points cannot converge to the attracting fixed point, therefore it follows that



a basin of attraction of such an automorphism is a proper subdomain of C? that is
biholomorphically equivalent to C2. This discovery showed a fundamental difference
between one dimensional complex conformal equivalences and higher dimensional
biholomorphic equivalences, which at the time came as a complete surprise. Proper
subdomains of C? biholomorphic to C? are now called Fatou-Bieberbach domains,
and such domains have received significant interest.

The question of whether a basin of attraction is always biholomorphic to complex
Euclidean space remained unsolved for quite a while. In the 1950’s Sternberg [Ste57]
showed the existence of a normal form for biholomorphic mappings in any dimension.
In 1988 this result was proved again by Rosay and Rudin [RR88| and they used an

argument similar to that of Lattes to prove the following:

Theorem 1.1. Let ' be an automorphism of a complex manifold that has an attract-
ing fixed point. Then the basin of attraction is biholomorphic to complex Euclidean

space.

We will consider the main ideas of the proof of this theorem more closely in the
next chapter.

We will prove several generalizations of the above theorem to the non-autonomous
setting. In non-autonomous dynamical systems the compositions of a sequence of en-
domorphisms are studied instead of the iteration of a single mapping. For a sequence
of mappings Fi, Iy, ..., the orbit of a point p is defined as p, Fi(p), Fo(Fi(p)), .. ..

Theorem 1.1 naturally suggests the following question:

Question 1.2. Let F, Fs, ... be a sequence of automorphisms of a complex manifold,
all having a single attracting fized point. Under what conditions is the basin of

attraction biholomorphically equivalent to complex Euclidean space.



By basin of attraction, we mean the set of points whose (non-autonomous) orbits
converge to the fixed point.

In the second chapter we will give the background necessary for this thesis. We
also show how the above question is motivated by a question about stable manifolds.
A stable manifold is a generalization of a basin of attraction to the case where there
is not a fixed point. Instead of studying the set of points whose orbits converge to
a given point, one studies the set of points whose orbits converge to a given orbit.
It turns out that there is a strong relationship between stable manifolds and non-
autonomous basins of attraction: a stable manifold is biholomorphic to the basin of
attraction of a sequence of automorphisms of C*, where k is the dimension of the
stable manifold. We will see in the next chapter that a stable manifold is always

biholomorphic to complex Euclidean space if the following conjecture holds:

Conjecture 1.3. Let F}, Fy, ... be a sequence of automorphism of Ck. Assume that
there exist a,b € R with 0 < a < b < 1 so that for any z in the unit ball and any

n € N the following holds:
al|z]] < [|F.(2)]| < bl|z]].

Then the basin of attraction of the origin is biholomorphic to CF.

The above conjecture is the main focus of this thesis.

In the third chapter we give several examples of basins of attractions of sequences
of biholomorphic mappings. The examples show that a basin of attraction of a
sequence of biholomorphic mappings is not biholomorphic to C* unless some as-
sumptions are made on the rate at which different orbits converge to the attracting
fixed point. We also give strong sufficient conditions on the rate of convergence of the

orbits for the basin of attraction of a sequence of automorphisms to be biholomorphic



to C*.

One natural question to ask is the following: Given a single automorphism with
an attracting fixed point, is the basin of attraction of a sequence of automorphisms
biholomorphic to C* if all the automorphisms in the sequence are close enough to the
original automorphism? In Chapter 4 we prove that this is indeed the case. Besides
methods from the proof of Theorem 1.1, the proof of this result relies on two other
ingredients. The first is the non-autonomous dynamics of matrices and the second
is the actions of polynomial mappings on the space of polynomial mappings of some
bounded degree.

In the fifth chapter we show that given any sequence of automorphisms with a
common attracting fixed point, the basin of attraction is biholomorphic to C* if the
mappings are repeated often enough. For this result to hold, one needs a different
definition of basin of attraction that we will call {r;}-calibrated basin of attraction.
This definition and the precise statement of the result are given in Chapter 5. The
proof of this result relies heavily on the methods used in the proof of Theorem 1.1. For
each of the given automorphisms, we will consider a local holomorphic conjugation
to an automorphism that is in normal form. However, for the argument to hold we
need that the conjugation mapping is a global automorphism. It follows from an
interpolation result by Forstneric [For99] and Weickert [Wei97] that we may assume
the conjugations to be global automorphisms.

In the sixth chapter we will study Fatou-Bieberbach domains and their boundaries.
Stensgnes [Ste97] showed that there exist Fatou-Bieberbach domains whose bound-
aries are smooth and hence of dimension 3. Wolf [Wol00] constructed for any A in the
interval (3,4) a Fatou-Bieberbach domain whose boundary has Hausdorff dimension

h. Thus the only open questions are whether there exist Fatou-Bieberbach domains



whose boundaries have Hausdorff dimension either exactly 4 or strictly smaller than
3. We will construct Fatou-Bieberbach domains whose boundaries have dimension
4 as basins of attraction of a sequence of automorphisms of C2. To show that these
basins are biholomorphic to C? we will use two theorems presented in the earlier
chapters.

The last chapter is not directly related to the other chapters, although it also deals
with non-autonomous complex dynamical systems. We will define several ergodic
theoretical properties for the non-autonomous case and show that these properties
hold for compact sequences of holomorphic self-maps of P*. The objects we will try
to generalize are ergodic and mizring measures. Roughly speaking, these measures
say something about how orbits starting at different parts of the space get mixed up.

In the non-autonomous case, it would be too restrictive to assume that there
exists one measure that is invariant with respect to the whole sequence of mappings,
so instead we will introduce invariant sequences of measures. It turns out that there

exist quite natural generalizations of mixing and ergodicity for such sequences.



CHAPTER II

Background information

2.1 Non-Autonomous Notation

Throughout this thesis we will use the product notation for a composition of
mappings, for example fg instead of f o g and f? instead of f o f, and we will write
™ instead of (f~1)".

Let f1, fa,... be a sequence of endomorphisms of a complex manifold X. We will

write f(n) for the composition of the first n mappings:

f(n):fnfl

We think of f(n) as the mapping that takes us from stage 0 to stage n. When z € X
is fixed we will often write z, for f(n)(z). We will denote the mapping that takes us

from stage m to stage n by f(m,n):

f(m7n> = fnfn—l o fm+1-

We let Aut(C*) be the group of holomorphic automorphisms of C*, and write
Auto(CF) for the subgroup of those automorphisms that fix the origin. We write
O(CF) for the set of holomorphic functions ¢ : C¥ — C.

We will denote the ball of radius R centered at p by B(p, R), or B(R) when p = 0,

and for simplicity we will write B for the unit ball.



2.2 Complex Dynamical Systems in Several Variables

The complex differentiable maps that have received the most attention in complex
dynamical systems are without question quadratic polynomials in the complex plane.
Any quadratic polynomial is conjugate to a function f. = 2% + ¢ with ¢ € C, so to
study the dynamical behavior of quadratic polynomials it is sufficient to study the
mappings f.. The Julia set of f., denoted by J., is defined as the set of all z € C for
which the family {f" | n € N} is not a normal family in any neighborhood of z. For
instance, for fy(z) = 22 it is easy to calculate that the Julia set is exactly the unit
circle. The set of all constants ¢ € C for which the Julia set of f. is connected is called
the Mandelbrot set. The connected component of the interior of the Mandelbrot set
that contains 0 is called the main cardioid of the Mandelbrot set. It can be shown
that f. has an attracting fixed point if and only if ¢ lies in the main cardioid of the
Mandelbrot set. We will recall more results concerning the Mandelbrot set in the
third section of this chapter.

In higher dimensions, the space of degree 2 polynomial endomorphisms is so large
that it is very hard to get results like those in one dimension. However, in dimen-
sions two and higher there exist polynomial mappings that are invertible and not
linear. A complete classification of polynomial automorphisms in two complex vari-
ables was given by Friedland and Milnor [FM89]. It turns out that any polynomial
automorphism of C? is conjugate to an affine mapping, an elementary mapping £,

or a composition of (generalized) Hénon mappings H, where

E(z,w) = (az — p(w), fw), and

H(z,w) = (p(2) — oaw, 2),

with a, f € C\ {0} and p a polynomial. The dynamical behavior of affine mappings



is quite trivial, and it is not hard to understand the dynamical behavior of elemen-
tary mappings either. Therefore the only polynomial automorphisms of C? that are
dynamically interesting are compositions of Hénon mappings, and the simplest ones
are the Hénon mappings themselves.

Several of the results presented in this thesis rely upon dynamical properties of
Hénon mappings, so we recall some of these properties here (see for instance [BS91]
and [BS92| for more details).

For R > 0 one defines:

vV ={(z,w) € C* | 2] > wl,|2| > R},

Vo ={(z,w) €C* | Jw| > |z, [w| > R},

and

V={(z,w) € C*| |z], [w| < R}.

One can choose R large enough such that the following properties hold:

(2.1) FVHcvt,

(2.2) FY(V)cVv.

The orbit of z € C? converges to infinity in positive time (or negative time) if and
only if for some n € N one has that F"(z) € VT (resp. F7"(z) € V7). The partition
of C? given by the sets V, VT and V™ is called a filtration for F', and it describes the
global dynamics of the mapping F'.

Next we recall the definitions of the Julia sets of a Hénon mapping f. We define

the sets K™ and K~ as

K* ={zeC?| {f*"(2)}is bounded}.
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Figure 2.1: Filtration for the Hénon mapping

It follows from the filtration properties discussed in Chapter 2 that z € K if and
only if f*(z) € V for all n large enough.
We define the forward and backward Julia sets J* and J~ as J* = 9K*, and the

Juliaset as J=J"TNJ".

2.3 Basins of Attraction: The Method of Rosay and Rudin

We will use the methods used by Rosay and Rudin [RR88] in the proof of Theorem
1.1 for several of the results in this thesis, so we present the proof of this theorem in
some more detail in this section.

A mapping G = (g1, ,gx) : CF — C* is called a lower triangular polynomial
mapping if there exist constants s; € C and polynomial mappings hs, ..., ks with

h;(0) = 0 such that ¢1(2) = s;2; and

95(2) = 8525 + hj(z1, -, zj-1),

for every j =2,...,k. If 0 < |s;| < 1 for every j then G is a polynomial automor-
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phism of C* with an attracting fixed point at the origin.

Let F be an automorphism of C* with an attracting fixed point at p € C*. Let
denote the basin of attraction as in the introduction. Without loss of generality we
may assume that F”(p) is a lower triangular matrix, with diagonal terms Ay, ..., A
that satisfy |A;| > -+ > |\g]. It was shown in [RR88] that there exists a lower
triangular polynomial mapping G, and for every d € N a polynomial mapping ¢, =

Id + h.o.t. so that
(2.3) ¢aF oy = G+ O(||2]1%).

The only monomials 2% = 21" - - - z;* that can appear in the j-th coordinate function
of the polynomial mapping G are those for which A{*--- )\?i 1 = A;. In particular
we have that if |\|> < [A\x| then G = F'(p).

Since G'(0) = F'(p), we have that |s;| = |\;| < 1 for every j. The following

lemma was proved in [RR88]:

Lemma 2.1. For every compact K C C*, there exists an N € N such that for every
n > N one has G"(K) C B. Also, there exists a v > 1 such that for any w,w’ € B

and every n € N, one has that
IGT"(w) = G ()| < 4" lw = w']|.

This means that in some sense the mapping G behaves very much like a linear
mapping with an attracting fixed point, and in particular the basin of attraction for
G at the origin is all of C*.

The last step in the proof is to show that for d large enough the maps V¥, =
G ¢4 F" converge locally uniformly to a biholomorphic mapping from € to C*. Let

K CC Q, and n large enough such that F"(K) lies in a small neighborhood of p.
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Notice that for any z € K we have
Uor1(2) = Un(z) = GG 9al" 1 (2)) = G (0aF " (2)),
so it follows from Lemma 2.1 that
(2.4) 1W011(2) = Un(2)| SAMIGT GaF™(2) = daF™(2))]-

It now follows from Equation (2.3) that if d is chosen large enough then the right
hand side of Equation (2.4) is smaller than Ca™, with @ < 1 independent of K
and C' > 0. It follows that the sequence ¥, is a Cauchy sequence, and converges
uniformly on K to a holomorphic mapping W that extends to all of 2.

It is a well known fact that the uniform limit of a sequence of biholomorphic
mappings is either injective or degenerate everywhere. In this case we have that
U (0) = I for all n € N, so ¥ is biholomorphic. Also, the limit mapping satisfies the

functional equation GU = WF. As F () = , the functional equation gives us

As G attracts all of C* to the origin, it follows that ¥(2) = C* which completes the

proof.

2.4 Stable Manifolds

We will now show how one could solve an open conjecture about stable manifolds
by studying basins of attraction of sequences of automorphisms.

The definition of the basin of attraction still makes sense in the case that p is a
fixed point that is not attracting. If the modulus of one or more of the eigenvalues of
F'(p) equals 1 the situation is very difficult and we will not discuss it here (but see

for instance the work of Ueda [Ued86], Abate [Aba02], Weickert [Wei98] and Hakim
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[Hak98]). A periodic point p of order d is called hyperbolic if none of the moduli of
the eigenvalues of (F'¢)'(p) are equal to 1. In the case of a hyperbolic periodic point
p we may as well replace F' with F'¢ so that p is a fixed point.

Let p be a hyperbolic periodic point and assume that there are [ eigenvalues of
F’(p) whose moduli are strictly smaller than 1 (corresponding to the “attracting”
directions), and k — [ eigenvalues whose moduli are strictly larger than 1 (the “re-
pelling” directions).

For € > 0 define
Qe) ={z€ X | d(F"(2),p) < € ¥n € N}.

If we choose € small enough then the dynamics of F' in the e-neighborhood of p is
very similar to the dynamics of the map F’(p). It is not hard to see that an orbit

that stays in B(p, €) must actually converge to p. Therefore we have that

(2.5) Q= JF Q).

n>1

One can show that for € small enough €2(¢) is a holomorphic graph over the tangent
space T,(§2) near p ( see Theorem 9.3.2 in [MNTUO00]). It follows from (2.5) that
) is a complex manifold of dimension [. Hence F|q is an automorphism of Q with
an attracting fixed point at p and the basin of attraction (which is equal to ) is
biholomorphic to C'.

The definition of the basin of attraction does not make sense if the point p € X is
not fixed by F', but instead we can study the set of all points whose orbits converge

to the orbit of the point p. This set is called the stable set, and denoted by
(2.6) Wi={z¢e€ X [d(F"(z), F"(p)) — 0}.

As we have seen above, the situation of a periodic point is not really different from

the case of a fixed point, but when p is not periodic the situation is far more difficult.
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An automorphism F' of X is said to act hyperbolically on a compact invariant set
K C X if there exists a continuous splitting of the tangent bundle T'(X)|x = E*® EY,
(E® and E" consist of the stable and unstable directions) with the following three
properties:

(i) E; and B have constant rank for all p € K, say [ and k — [.

(i) dF(E,) = E},) and df (E}) = E} ) for all p € K.

(iii) there exist positive constants C' and p, with p < 1, so that, for all p € K and

all n >0

(2.7) |dF™

< Cp" and |dF"|gu| > Ctp.

Ep

If F" acts hyperbolically on K and p € L then we can define the local stable set

of p as follows:
Wie) ={z € X [d(F"(z), F"(p)) < € Vn € N}.

We have that

Wy = J F(W;(e),

n>1

similarly to the case of a hyperbolic fixed point.

Again one can show that for small e the local stable set W7(¢) is a holomorphic
graph over EJ near p, making W a complex manifold. The set W} is called the
stable manifold of F through p (similarly one can define the unstable manifold,
usually denoted by W').

The following natural conjecture was posed by Bedford [Bed]:

Conjecture 2.2. Let F' be an automorphism of a complex manifold X, and suppose
that F acts hyperbolically on a compact invariant subset K of X. Then for every

p € K we have that W is biholomorphic to complex Euclidean space.
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It was proved by Jonsson and Varolin [JV02] that Conjecture 2.2 holds almost
everywhere with respect to any invariant probability measure supported on K.

One may be able to show that Conjecture 2.2 holds by solving a related prob-
lem in non-autonomous dynamics. Fix a complete Riemannian metric d(-,-) on X.
Following [JV02] we define

W= | | W
pEK

as well as

Ei(e) :={v € Ej | |v]| < e} and E*(¢) == | ] E3(e).

For p € K let dist,, be the distance on W} associated to the metric on X. For z,y in
W we define dist(x, y) = dist, (v, y) if 2,y € W for some p € K. If z € W and y €
W for some p # g € K, then we define dist(z,y) = dist,(z, p) + d(p, q) + dist,(q, y).
Similarly we define a distance on E*: dist(v,w) = [[v — w| when v,w € E and
dist(v, w) = [[v|| +d(p, ¢) + ||w|| when v € E; and w € E;. When we talk about the
topologies on W* and E* then we mean those induced by the distances dist(-, -).

Recall Proposition 1.1 of [JV02]:

Proposition 2.3. There exist € > 0 and a continuous mapping x : E*(e) — W?*
which maps each E;(e) biholomorphically into W, maps the zero vector 0, € E; to

p € W, and satisfies d(x

E;)Op - ZdE;

By replacing F' with a high iterate of F' if necessary, we may assume that C' =1
in Equation (2.7), and identify E$(e) with the unit ball in C* for every p € K. Let

Po = P, P1, P2, ... be the orbit of p € K. Then the map

fa(z) =x "o Foy,

maps E5  (€) biholomorphically into Ej (€). Therefore we may take the f;s to

be biholomorphic mappings from B into B that fix the origin and are uniformly
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attracting, i.e. there exist real numbers a,b with 0 < a < b < 1 such that
allz|| < || fu(2)]] < bllz]]

for every n € N and every z € B.

Recall the definition of the tail-space of the sequence { f,} from [FS04]: let Sy,
be the set of all sequences (z;, zj11,---) with 2z, = f(zp—1) forn=7+1,54+2,....
Define an equivalence relation ~ on Sy by (2j, 2j+1,--+) ~ (wi, wigq,---) if and
only if z, = w, for some n € N. The tail space of the sequence {f,}, is the set
Qry = Syy,) equipped with the equivalence relation ~.

We define a map ® : W — €,y as follows:

For z € W, let n € N be large enough such that F"(z) € W} (e), and let
®(z) be the equivalence class of (x 1F"(z), x ' F""1(z),---). It is not hard to check
that this definition of ® is independent of the choice of n and gives a well-defined,
biholomorphic mapping from W onto ¢y 3.

It follows from [FS04] that €y, is biholomorphic to the basin of attraction of a

sequence of automorphisms {F,} of C! that satisfy
allz|| < [[Fa(2)]] < bll=],

for every n € N and every z € B. This means that Conjecture 2.2 can be answered

positively by proving the following:

Conjecture 2.4. Let Fy, F,, ... be a sequence of automorphisms of C* that fix the
origin. Suppose that there exist a,b € R that satisfy 0 < a < b < 1, such that for

every n € N and every z € B we have:
allz|| < [[Fu(2)] < bl|=]-

Then the basin of attraction of the sequence Fi, Fy, ... is biholomorphic to CF.
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2.5 Fatou-Bieberbach Domains and Dimension Theory

Recall that a Fatou-Bieberbach domain is a proper subset of C? that is biholo-
morphically equivalent to C2. Stensgnes [Ste97] recently showed that there exist
Fatou-Bieberbach domains whose boundaries are C*° smooth. She does not con-
struct these Fatou-Bieberbach domains as basins of attraction, but rather as the set
of points where a sequence of biholomorphic mappings converges.

Before we state the next result we recall the definitions of Hausdorff dimension
and upper box dimension. Let K be a subset of R", for simplicity we will assume
that K is compact. For € > 0 we write . for the set of all coverings {B;} of K with

balls of radius at most €. For A > 0 we define
J(K) = inf > " (diam(B;))", and

pn(K) = lim 95 (K).

e—0
wn(K) is called the Hausdorff measure of K (of dimension h).

The Hausdorff dimension of K, written as dimy(K), is defined as the unique value
h > 0 such that pp (K) =0 for all A’ > h and pp (K) = oo for all 0 < b’ < h.

A different concept often used to measure the dimension of sets is called upper
box dimension. Instead of covering the set K with balls of radius at most €, let B, be
the set of all coverings of K with balls of radius exactly e. The definition of ~; (K)
is exactly the same, so

7i(K) = € inf #{Bi}.
The limit of ;5 (K') as € — 0 does not necessarily exist, but the upper box content

of K (of dimension h) is defined as

A(K) = limsup 7 (K).

e—0
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Again, the upper box dimension of K, written as dimp(K), is defined as the
unique value h > 0 such that 7, (K) = 0 for all A’ > h and 7, (K) = oo for all
0<h <h.

The Hausdorff (or upper box) dimension of a non-compact set is the supremum
of the Hausdorff (resp. upper box) dimensions of all its compact subsets.

While the upper box dimension of K may in general be larger than the Hausdorff
dimension of K, for many sets the two concepts of dimension agree. Upper box
dimension is often used instead of Hausdorff dimension because it is better suited
for computer approximations.

Wolf [Wol00] proved the following result:

Theorem 2.5. For any h € (3,4) there exists a Hénon mapping f(z,w) = (aw, az+
w?+c) such that the boundary of the basin of attraction of the unique attracting fived

point of f has Hausdorff dimension h.

In fact, it follows from the proof of Theorem 4.1 in [Wol00] that the dimension of
JT is equal to h near any point p € JT.

The proof of Theorem 2.5 relies on the work of Fornaess and Sibony ([FS92]), who
studied the dynamics of Hénon maps of the form f.,(z,w) = (2* 4 ¢+ aw, az) where
¢ is in the main cardioid of the Mandelbrot set and the constant a > 0 is very small.
The complement of the forward Julia set of f., consists of exactly two connected
components, called Fatou components, namely the basins of attraction of the unique
attracting fixed point and a point at infinity. The idea is that as a approaches 0,
the dynamics of f., becomes similar to the dynamics of the map f, : C — C defined
by fe(z) = 2% + ¢. It turns out that the intersection of the Julia set of f., with
the w = 0 plane is very close to the Julia set of the map f.. So an estimate on the

dimension of the Julia set of f,, can be obtained by the use of the following theorem
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by Shishikura ([Shi98]:

Theorem 2.6. There ezists a residual (hence dense) subset S of the boundary of the
main cardioid of the Mandelbrot set such that the Hausdorff dimension of the Julia
set of f. is equal to 2 for any c € S. As a consequence, the Hausdorff dimension of
the Julia set of a polynomial f. with c in the main cardioid of the Mandelbrot set can

be arbitrarily close to 2.

Wolf uses the last part of the Theorem 2.6 to obtain Hausdorff dimension arbi-
trarily close to 4 in the proof of Theorem 2.5. The theorem is then obtained by
showing that the dimension can also be arbitrarily close to 3, and a continuity argu-
ment about the dependence of the Hausdorff dimension of J}:a as a function of the

parameters a and c.



CHAPTER III

Examples and Counterexamples

3.1 Basins not biholomorphic to C*

More generally than Conjecture 2.4 we can ask if the basin of attraction of a given
sequence of automorphisms of C¥ with a common attracting fixed point at the origin
is biholomorphic to C*. It is easy to see that in general the answer to this question

1S no:

Example 3.1. Let {f,,} be a sequence of automorphisms of C* given by f,,(2) = ¢,z
with ¢, € (0,1), and assume that II,enc, > 0. We have that f(n)(z) = Il;<,¢; - 2,

so the basin of attraction of the sequence fi, fa, ... is {0}.

Example 3.2. Let {f,} be a sequence of automorphisms of C? given by f,(z,w) =
(32 + 2w, 3w) for n even, and f,(z,w) = (3z,2z + sw) for n odd. It is easy to see
that 0 is an attracting fixed point for every f,. However, for n even the mapping
fofno1 = (4%2 + w,z + iw) has a hyperbolic fixed point at the origin, with one
repelling and one attracting direction. Therefore, the basin of attraction of the

sequence fi, fa, ... is one dimensional, and in particular not biholomorphic to C2.

In the Examples 3.1 and 3.2 there exist orbits that approach the attracting fixed
point arbitrarily well but do not converge to the origin. This situation cannot happen

in the setting of Conjecture 2.4 because the constant b < 1 gives an upper bound for

20
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the rate at which orbits that have reached the unit ball converge to the origin. The

following result (from [For04]) shows that this condition is not sufficient:

Theorem 3.3. Let aj,aq, ... be complex numbers such that 0 < |a,| < 1 and such
that |ans1| < |an|" for some fized t > 2. For j € N let f; be a polynomial automor-
phism of C* defined by f;(z,w) = (2> +ajw, a;z). Then the basin of attraction of the

sequence f1, fa, ... is not biholomorphic to C2.

It is shown in [For04] that the basin of attraction in Theorem 3.3 is an example of
a so-called short C2, i.e. an increasing union of holomorphic balls whose Kobayashi
metric vanishes identically but that is not biholomorphic to C2.

Theorem 3.3 suggests that to ensure that a basin of attraction is biholomorphic
to C*, there should also be a lower bound for the rate at which orbits converge to
the origin. In Conjecture 2.4 we have such a lower bound because of the constant
a>0.

For the following theorem, recall that  is defined as {z € C? | f(n)(z) — 0}.

Theorem 3.4. Let f; € Auto(C?) be defined by fi(z,y) = (2* + a;jy,a;x) where
a; € (0,1) for every j € N and aj — 1 as j — oo. Then § is not open, and in

particular not biholomorphic to C2.

Proof. Let Q. be the set of points in C? whose orbits converge to infinity. Since
the constants a, converge to 1 as n — oo, there exists one filtration, as defined in
Section 2.2, which works for all the mappings f;. For instance we may assume that
a, > 3 for all n € N, and then R = 4 will suffice for the definition of D, V" and
V~. This means that if z € Q, then there is some z, = (x,,y,) such that |z,| > 4

and |z,| > |yn|. Also if z = (z,y) with |z] > 4 and |z| > |y|, then we have that
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| fu(2)]] > ||z|| + 1. Therefore

Qo= J F0)7" ({z= (2,9) € C* | J2] > 4, ]| > [y]}),

n>0

and in particular, 2., is open.
Let z = (z,y) € RY := {((z,y) € R? | 2,y > 0}. We write | z||; for z+y. Assume
that z, does not converge to 0. Then there exists an ¢ > 0 such that ||z,[|; > € for

arbitrarily large n € N. Take j so large that for all n > j we have

1 1
(an)*(1+ 162) > 1+ 562,

and let n > j with ||z,||1 > €. Notice that
fosafui1(zn) = (€7 + An1Yn)? + Gng2ln i1 %0, Gn g2l + Ao 1Y),
and therefore
| fot2frri(za)lli = a2 Y2 + ango®lh 4 anyotnr (20 + Yn)

> Mmin(ani1, Gny2)? (T + Yo + 22 + y2)

: 1 1
> min(ang1, anga)*(L+ 7€) 2] > (14 =€) 2]
Thus ||z,||1 converges to infinity and z € Q, so

R2 = (QNR2) U (Qe NRZ).

We have that Q. NR2 is a nonempty relatively open subset of R?, which means

(2N R?%) is a proper relatively closed subset of R? . Since 0 € Q, it follows that €2 is

not open. O

3.2 Basins biholomorphic to C*

In the previous section we have seen several examples of sequences of automor-

phisms that have basins of attraction not biholomorphic to C*. Fortunately, none
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of these examples satisfy the conditions in Conjecture 2.4. In this section we will

present some examples of basins of attraction that are biholomorphic to C*.

Example 3.5. Let f, € Autg(C*) be defined by f.(z,w) = (a,w + 2% a,2), and
assume that there exist a,b € R such that 0 < a <a, <b < 1 for all n € N. Then
the conditions in Conjecture 2.4 are satisfied. It is a result due to Fornaess [For04]

that in this case the basin of attraction of the sequence fi, fo,... is biholomorphic

to CF.

It is relatively simple to prove Theorem 1.1 in the case where the eigenvalues

Aty ..o, A of F'(0) satisfy the equation
(3.1) AP < I,

for any i,5 € 1,...k. In this case, the normal form of F'is just the linear mapping
F’(0), and the sequence of mappings F’(0)~" o F™ converges uniformly on compact
subsets of the basin of attraction to a biholomorphic mapping from the basin of
attraction onto CF. A similar argument can be used in the case of a sequence of

automorphism that satisfies a condition like Equation (3.1):

Theorem 3.6. Let fi, fo,... € Autg(C*) and let a,b € R satisfy 0 < b?> < a < b < 1.

If for every n € N and every z € B we have
allz|| < [[Fa(2)]] < bll=],
then the basin of attraction of the sequence {f,} is biholomorphic to C*.

The proof of this theorem can be found in [Wol04]. Notice that the hypotheses in
Conjecture 2.4 are identical to those in the above theorem, except for the condition
b? < a. This is a very strong restriction and it makes the above theorem less inter-

esting from a dynamical point of view. However, Theorem 3.6 is extremely useful in
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the construction of Fatou-Bieberbach domains, as we shall see in Chapter 6 (but see

also [Wol04]).



CHAPTER IV

Basins of Attraction of Slightly Perturbed Mappings

4.1 Small perturbations

Let F be an automorphism of C* with an attracting fixed point at the origin, and
let N be a small neighborhood of the origin contained in the basin of attraction with
F(N) cc N. As we have already noted in earlier chapters, we have the following
equality:

Q=[JFW),

neN
which we might as well use as the definition for the basin of attraction, €.

If the mapping F is slightly perturbed (to, say, F) then 0 might no longer be a
fixed point. However, for small enough perturbations we still get F (N) CC N, so
the basin of attraction of F' is equal to |J, .y F~"(N), which makes this definition in
some sense more stable.

Now let fi, fo, . . . be a sequence of automorphisms of C? that all satisfy f,,(N) CC

N. For this chapter only we define the basin of attraction of fi, fs,... as the set

(4.1) U rm) =t ).

neN
The main result of this chapter is the following generalization of Theorem 1.1:
Theorem 4.1. Let F' be an automorphism of C* which has an attracting fived point

at the origin. Then there exists an € > 0 such that for any sequence fi, fa,... of

25
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automorphisms that satisfy ||F(z) — fu(2)|| < € for alln € N and z € B, one has

that the basin of attraction of the sequence fi, fa, ... is biholomorphic to CF.

If we choose e small enough, there exists a small neighborhood N of 0 with
fo(N) CcC N for all n € N. Notice that the definition of the basin of attraction is
independent of the choice of N, as long as N is sufficiently small. Also notice that if
the maps f, do fix the origin, the basin of attraction defined in (4.1) is exactly the
same as the usual basin of attraction.

In the next section we will introduce the main ingredient in the proof of Theorem
4.1, namely Theorem 4.5, which is interesting in its own right. In the third section
we will prove that Theorem 4.5 implies Theorem 4.1 and in the last two sections we

will prove Theorem 4.5

4.2 Lower Triangular Form

Recall the following result (called QR factorization) from linear algebra:

Theorem 4.2. Let A be a n X n matrix with complex coefficients. Then there exists

a unitary matriz U such that UA is lower triangular.

It follows that for any automorphism F' € Autg(C¥) we can find a unitary matrix
U € Uk(C) such that (U o F)(0) is lower triangular. If F’(0) is already lower

triangular then we say that F' is in lower triangular form.

Remark 4.3. Given some sequence Fy, Iy, ... € Autg(C*) we can find unitary matri-
ces Uy, Us ... such that U; F}, UgFgUfl, UgFgU{l, ... are all in lower triangular form.
If all the maps F), are attracting at the origin, we define Fn = UnFnUn:ll. Since
F(n) = U,F(n), the basin of attraction of the sequence {F,} is exactly equal to
the basin of the original maps, so we may assume our original maps were already in

lower triangular form.
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Let F' € Autg(C*) be in lower triangular form. We will say that F is correctly
ordered if F'(0) has diagonal entries (from upper left to lower right) Ay, ..., \x that

satisfy the following condition:
A1l < Al

for [ < j and any 7. Note in particular that |\;] < 1 for every j, and that |\;]* < |\
for j > 1. Note also that if the eigenvalues satisfy the ordering 1 > |A\q| > -+ >
|Ak| then F is correctly ordered, but for F' to be correctly ordered the sequence

A1l ..., |A\k| may fail to be decreasing by a relatively small amount.

Definition 4.4. Let F C Auto(C*) be a family of correctly ordered automorphisms.
We say that F is uniformly attracting if there exist a,b € R with 0 < a < b < 1 so

that for every F' € F and every z € B,
allz| < [[F(2)|] < bl[=]-
Additionally we require that there exists a uniform £ < 1 such that
(4.2) [ Adl[Aj] < €I,
for [ < j and any 1.
At the end of this chapter we will prove the following theorem:

Theorem 4.5. Let F|, Fy,... € Autg(C*) be a uniformly attracting sequence of
correctly ordered automorphisms. Then the basin of attraction of Fi, Fy, ... is bi-

holomorphic to C*.

4.3 Perturbed Basins Biholomorphic to C*

We will now prove that Theorem 4.1 follows from Theorem 4.5. The proof consists

of several steps, and in each step we may decrease the value of e.



28

We may assume that F' is such that F’(0) is a lower triangular matrix with
diagonal entries (from upper left to lower right) Ay, ..., Ay that satisfy 1 > || >
... > |Ak|. By conjugating with an affine mapping we can guarantee that the off-
diagonal terms of F’(0) are arbitrarily small.

Since F’(0) is arbitrarily close to a diagonal matrix, we choose the neighborhood
of the origin N so small that F' is contracting on A, i.e. that there exists some
6 < 1 such that for all z,y € N we have that ||F(z) — F(y)| < 6|z — y||. We can
make € small enough such that every f,, is also contracting on A (where the uniform
constant 0 < 1 is slightly increased if necessary). Let xy = 0, x1, 29, ... be the orbit
of 0, i.e. &, = fu(x,_1). We have that f,,(N) CC N for every n € N, so that z,, € N
for every n € N. Let T, be the translation of C¥ that maps x, to 0. Then define
fo = T, 0 f,oT, Y. We have that £(0) = 0 for all n, 0 is an attracting fixed point for
every map f,, and the maps fn are still arbitrarily close to the original map F'. Since
f(n) = T,f(n), we have that the basin of attraction of the sequence fi, fo,... as
defined in (4.1) is exactly equal to the basin of attraction of the sequence fisfoy ...
Therefore, we may as well assume that all the maps f, have 0 has an attracting
fixed point, and we will use the standard definition for the basin of attraction of the
sequence fi, fa,.. ..

We first prove Theorem 4.1 in the simpler case k = 2. We may assume that |\
is strictly smaller than |\;|, otherwise the result follows easily from Theorem 3.6.
The fact that F’(0) is lower diagonal means exactly that (0, 1) is an eigenvector of
F'(0). Let ® be the action on P! induced by the mapping F’(0). It follows that
®([0 : 1)) = [0 : 1], and the multiplier of ® at [0 : 1] is exactly i—; Hence [0 : 1] is
a repelling fixed point, and there exists an arbitrarily small neighborhood of [0 : 1],

say M such that M CC ®(M).
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Let ¢, be the action on P! induced by f/(0). We can make sure that ¢, is close
enough to ® so that M CC ¢, (M) for all n € N. We then have M 5D ¢;* (M) DD
é(2)"H (M) -+, so it follows that

() o(n)~H (M) # 0.

neN

Let v € N ¢(n)~'(M) (in fact v is unique), and let vy = v, vy, vy, ... be the orbit
of v, i.e. ¢p(vy_1) = vy, thus v, € M for every n € N.

Let U, be a unitary 2 x 2 matrix that maps some representative of v, in C? of
unit length onto (0, 1), and define fo = UnfaU Y. This makes (0,1) an eigenvector
of every map f*(0), which means f/ (0) is lower triangular. The basin of the sequence
fh fQ, ... is exactly equal to Uy(£2), so it is in particular biholomorphic to 2. Be-
cause the unitary matrices U, are arbitrarily close to the identity matrix, we have
that fn is arbitrarily close to F', and it follows that the sequence fl, fg, ... satisfy the

properties in Theorem 4.5 and we are done.

We will now use a similar argument to prove Theorem 4.1 in the general case. We

will denote by G(m, k) the Grassmanian of all m-dimensional linear subspaces of P*.

Lemma 4.6. Let A be a lower triangular k X k matrix whose diagonal entries
ALy Agy . g satisfy [ Ai| > -+ > | M| Suppose that | € {1,...k — 1} is such that

IAi| > [Nig1l, and let L be the linear subspace of P*=1 defined by
L:{[le...;zk] GPk_1|21:"'=Zl:0},

Then there exists an arbitrarily small neighborhood M C G(k —1— 1,k —1) of L

such that A(M) DD M.

Proof. First assume that A is diagonal. For X € G(k —1— 1,k — 1) close enough to
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L we can write
X = {[Zl Ll Zk] € Pkil | 21 = ZELJ'Z]', N ZG[JZJ'}.
j=l
We define d(X, L) = max|e; ;.
For small 6 > 0let My ={X e G(k—1—-1,k—1) | d(X,L) < §}. Since A is

diagonal and |\;| > |[Ajyq] for all ¢ <1 and j > [+ 1, we have that

A(M(;) oM Nl s DD M

[RYEEY

Fix some 6. Then My will also work for arbitrarily small perturbations of the
diagonal matrix A.

We can conjugate any A with an invertible linear mapping 7" such that T-*AT is
lower triangular and arbitrarily close to a diagonal mapping (whose diagonal entries

are exactly those of A). Hence the set M = T'(M;) will suffice for A. O

We continue the proof of Theorem 4.1. Let [ € {1,...,k — 1} be such that
INi| > |Ai1] = |\, and let @ be the action of F'(0) on P*~! (as in the 2-dimensional
case, we may assume that such an [ exists, otherwise we are done by Theorem 3.6). It
follows from Lemma 4.6 that there exists a small neighborhood M € G(k—I[—1,k—1)
of L (where L is as in Lemma 4.6), such that ®(M) DD M. As in the 2-dimensional
case, we denote by ¢, the action of f, on P¥~1. We can decrease the value of e if
necessary to get that ¢,(M) DD M for every n € N, so we can find an orbit of
linear subspaces Lg, L1, ... in M with ¢,(L,_1) = L, for every n € N.

We denote by U, a unitary matrix arbitrarily close to the identity that maps a

representative of L,, in the unit sphere in C*¥ onto the set

T={zeC||ell=1,a1="=2=0}
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and we define the maps f, by

fa = Unfuly .
We then have that for every v € T there exists a ¢ € (0, 1) such that f(0)(v) € T,
and therefore we have that for any n € N the entries in the p-th rows and ¢-th
columns of the matrix f; (0) are equal to 0 for p <[ and ¢ > [+ 1. Since the matrices
U,, are arbitrarily close to the identity, we have that ﬂ(O) is arbitrarily close to F”(0).

We may also assume that the (kK — 1) x (k —[) blocks in the lower right corner of
the matrices f;’l(()) are lower triangular, since we can apply QR-factorizations as in
Remark 4.3 to these (kK — 1) x (k —[) blocks. The diagonal entries in these blocks
must be arbitrarily close to |Ax| in absolute value, since we made sure that F”(0)
is arbitrarily close to a diagonal matrix and we have since only composed F with
unitary matrices arbitrarily close to the identity. Also, the off-diagonal terms in the
(k—1) x (k — 1) block in the lower right corner of the matrices f’(0) are arbitrarily
small.

Since the last k£ —1[ columns of the matrices f,’L(O) are already lower triangular, and
the corresponding eigenvalues are the smallest in absolute value, we can restrict our-
selves to the first [ dimensions and apply the same arguments to the next eigenvalues
of F’" which are equal in absolute value.

In finitely many steps, we get that all the maps f/ (0) are lower triangular matrices
with diagonal entries arbitrarily close to the original diagonal entries in absolute
value, and with off-diagonal terms arbitrarily small. Therefore, all the maps in the
sequence fi, fa,... are correctly ordered.

We constructed the unitary matrices Uy, Uy, . .. such that for every n € N we have
f(n) = U,f(n)Uy". Tt follows that the basin of attraction of the sequence fi, fo, . . . is

equal to the image of the basin of attraction of the original sequence fi, f5 ... under
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the map U, ', which is a biholomorphism. Thus the sequence fi, fo, ... satisfies the

conditions in Theorem 4.5 and the proof of Theorem 4.1 is completed. 0

4.4 Main Ideas for Theorem 4.5

In the proof of Theorem 4.5, we will construct a sequence of maps ¥,, := G(n)~'o
X, 0F(n) which converges to a biholomorphism ¥ : Q — C*. Here the G,,’s are lower
triangular polynomial mappings, and the X,,’s are polynomial mappings whose linear
parts are the identity. To be more specific, we will start with some choice for X; and
then define X,, = [G, o X,,_; o F,;!];. Here d is some large integer and we mean by

[-]4 that we discard all terms of degree d + 1 and higher. It follows immediately that

(4.3) IGL X Fu(2) = Xoea (2)] = O([[2lI™).

The challenge is to choose a bounded sequence of lower triangular polynomial
mappings {G,} so that there exists a bounded orbit of polynomial mappings {X,}
for d arbitrarily large. We will first show that we can do this in some simpler cases
before we complete the proof of theorem 4.5.

Recall that a polynomial mapping G' = (gi, . .. gx), of C* with G(0) = 0 is called
lower triangular if

9j(2) = ¢;zj + hj(z1, ... zj-1),
for all j € {1,...,k}.
Lemma 4.7. Let Gy, G, ... be a sequence of lower triangular polynomial mappings

of some fized degree, whose coefficients are uniformly bounded. Then we have the

following:
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(a) The degrees of the maps G(n) are bounded, and there is a constant 3 < oo so
that
G(n)(B) C B(5")
(b) If there exists a 6 < 1 such that |c;| < 8 for all G;, then G(n)(z) — 0 uniformly
on compact subsets of C*, and for every R > 0 and € > 0 there exists an N € N such

that for all n > N we have that
G(n)(B(R)) C B(e).

This lemma is similar to Lemma 1 in the appendix of [RR88], as is its proof.
We say that Fy, Fy, ... with F,,(2) = a,z + b, is a uniformly bounded sequence of
expending affine maps if the constants a,, and b,, are bounded from above, and that

the a,’s are bounded from below by some ¢ > 1.

Lemma 4.8. FEvery uniformly bounded sequence of expanding affine maps Fy, Fs, ...

has a unique bounded orbit zy, z1, 2o, . . ..

Proof. Since the sequence is uniformly bounded and expanding, there exists a con-

stant R such that
F,(B(R)) DD B(R)
for all 2 € N. Now we have that
B(R) 5> F(1)"'B(R) o> F(2)"'B(R) oD - - -,

so the intersection, () F(n) ' B(R), contains a unique point z;. This means that the
sequence zo, 21, 29, - - ., where z, = F,(z,_1), is a bounded orbit. Indeed, |z,| < R for
all n € N.

It is clear that the point z is independent of R (as long ass R is large enough, so

2o, 21, - . . is indeed the unique bounded orbit. Il
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The argument showing that there exist bounded sequences G,, and X, is some-
what complicated. To make it clearer we will first prove the existence in the one-
dimensional case where the argument is much easier.

Let fi, fo, ... be a sequence of polynomials with uniformly bounded coefficients of
the form f,(z) = A,z + h.o.t., where |\,| > 6 > 1, and let g, (z) = A\, 'z. Let Py be
the space of polynomials of the form z + h.o.t. of degree at most d. We define the

map (bn . Pd - Pd by ¢n(X> == [gn OX o fn]d

Proposition 4.9. There exists a unique bounded sequence Xo, Xi,... € Py with

Xn = ¢n(Xn71> .

Proof. We will use induction on the degree d. For degree 1 the statement is clear
since we have X, (z) = z for all n.

Suppose we have constructed a bounded orbit Y;, that satisfies condition (4.3) for
d—12>1. We will add terms of degree d to the Y,,’s so that the sequence satisfies
condition (4.3) for d. Let us say Xo = Yy + cpz¢ for some ¢y € C. Then it is easy to
see that X7 = ¢1(Xo) = Y1 + c12%, where ¢, is equal to )\‘f’lco plus some constant
depending linearly on the coefficients of Y, and the higher order terms of f; (which
are uniformly bounded by assumption). Continuing inductively we get a uniformly
bounded sequence of expanding affine maps ¥ : C — C that take ¢,_1 to ¢,. It now
follows from Lemma 4.8 that there is a unique ¢y such that the sequence cq, cq, ... is
bounded and so it follows by induction that we can find a unique bounded sequence

X, for any d € N. m

Now that we have shown the idea in the one-dimensional case, we will show that we
can get bounded sequences {G,} and {X,,} in the two dimensional case for degree 2,

where we can make explicit calculations. We let F,,(x,y) = (A2, oy + anx) + h.o.t.,
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(F Y (x,y) = (N e, pyty + b)) + heot. and let Gy (2, y) = (A, piny + anx + dpa?)
for some constants d,, € C to be chosen later. We will also set X, (z,y) = (z +
any? + Bury + Yty + 6uy% + €nxy + (?), so we can identify the map X, with
(Ctns By Yy Ons €n, Cn) € CC. Consider the map X, 1 — X,, =[G, 0 X,,_10 F, !],. We

have that

p = Anfh 2001 + L,

Bo = 1, Bn1 + lon(cn_1),

Yo = Ay Yoot + L1, Buo1),

O = f 01 + lyn(an_1),

€n = A;len_l + 5 n(an—1, Bn—1,6n—1), and

Cn = ,un/\;2§n—1 + lﬁ,n(an—lu s 7€n—1) + dn/\EQ'

Here the [;,, are linear maps depending only on the coefficients of F;! (which are
uniformly bounded) and on the given variables.

It follows from equation (4.2) that |A,u,?| > 1 for any n, and therefore we get a
uniformly bounded sequence of expanding affine maps «,,_ — «,. Hence by Lemma
4.8, we can find ag such that the sequence ay, aq, ... is bounded. Having fixed the
a,,’s, we can use the same argument for the 3,’s, since we also have that |, > 1
for all n. After we fix the (3,,’s, we can similarly fix the ~,’s, the §,,’s, and finally the
€n'S.

We cannot use the same argument for the (,’s, since we may not have that

|, 2| > 1. However, we can choose (; = 0, and then choose the constants d,

such that ¢, = 0 for every n. This gives us the bounded sequences {G,} and {X,}.
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4.5 Basins of Uniformly Attracting Automorphisms

In this section we will give the complete proof of Theorem 4.5. The argument
that we use to construct bounded sequences {X,} and {G,} for higher dimensions
and higher degrees is essentially the same as the argument for degree 2 polynomial
mappings in C? that we gave in the previous section.

We will write A, 1, ..., Ay for the diagonal entries of F(0).

Proposition 4.10. For any d > 2 we can find a bounded sequence of polynomial
mappings Xo, X1,..., where X, = I, + h.o.t., and a bounded sequence of lower tri-
angular polynomial mappings G1,Ga, ... with G, (0) = F!(0), such that (4.3) holds

for anyn > 1.

Proof. We will construct bounded sequences X, Xs, ... and G1, Gs, ... such that the

following equation holds:
(44) Xn - [Gan—an_l]ch

for every n € N. Notice that this will imply that Equation (4.3) holds for every
n € N.

We write

Xn(2) = (Xn1(2), 2n2(2), ..., 2nk(2)),

and

_ «
Tn,j = E :Cn,j,ocz )

[0}

where « is a k-tuple and z® = 2{" --- z2*. We refer to ¢, ;2% as a term of degree
la| = a; + -+ + o, index j, and power o. We similarly write g, j ,2* for the term

of the mapping G,, of degree ||, index j and power .
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For two k-tuples o and 8 with |o| = |5| we will write & > [ if @ has a higher
lexicographical ordering than 3. That is, « > [ if and only if there is some j €
{1,...,k} such that a; < 8; and o; = 3; for i € {1,...j — 1} (so that z{ comes first
in the alphabet and ¢ comes last).

We will use induction on the degree and index and reverse induction on the power
to fix all the terms of the sequences {X,,} and {G,}.

Let a be some k-tuple, and let j € {1,...,k}. Suppose that we have fixed all
the terms of degree up to |a| — 1 in the sequences { X, } and {G,}, such that (4.4)
holds for d = |a|] — 1, and assume that the corresponding coefficients are uniformly
bounded. Also assume that we have fixed all terms of degree |a| and index up to
j— 1 in the sequences {X,,} and {G,,} such that (4.4) holds for index 1,...,j—1 and
d = |a|. Finally, assume that all terms of degree |a|, index j and powers 5 > « in
the sequences { X, } and {G,} are fixed such that (4.4) holds for the terms of degree
|a|, index j and power (3.

We will continue to choose the terms of index j and power « in the sequences
{X,} and {G,}. It is clear that after fixing the ¢, j.’s and g, ;.’s, Equation (4.4)
will still hold for d = |a] — 1. Since the linear parts of the G,,’s are lower triangular,
it also follows that (4.4) will still hold for degree d = || and index 1,...,j — 1.
Furthermore, it follows from the fact that F)(0) is lower triangular that (4.4) will
still hold for the terms of degree d = |a/|, index j and all powers § with 5 > «.

Once some ¢,,_1 j is chosen, it follows from (4.4) that we must have
(45) Cn,ja = )\n,jAEQCn—l,j,a + gn,j,a)\;a + Cn,j,a

where the constant C,, ;, depends on the terms of f, ! (which are uniformly bounded
for any fixed degree) and the terms of G, and X,,_; that we have already fixed (which

are also uniformly bounded per hypothesis).
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If the term of index j and power « is lower triangular (i.e. if o; = 0 for ¢ €
{Jj,...k}), then we can choose ¢, j, =0 for all n € N and ¢, ;o = —Cl, ;.o A% so that
(4.5) holds for every n € N. It follows that the constants g, ;,’s are bounded.

If the term of index j and power « is not lower triangular, it follows from the
hypothesis that the sequence {F),} is uniformly attracting that |\, ;X\, % > & > 1
(where € is as in Definition 4.4). We also have that g, ;, = 0 for all n € N, and it
follows that the sequence of maps given by ¢,_1 ;. = ¢ is a uniformly bounded
sequence of affine maps on C that are all expanding. It then follows from Lemma
4.8 that there exists a bounded sequence c;, -

So whether the term is lower triangular or not, we can always choose bounded
sequences {x, j o} and {gn o} such that (4.4) is satisfied.

The proposition follows by induction. ]

Now let p be so large that for every n € N the eigenvalues A, 1,... A\, of F)(0)
satisfy | AP < €A, ] for i,5 € {1,...,k} where £ < 1 as in Definition 4.4. We can
do this because the sequence {F,} is uniformly attracting. We construct sequences
{G,} and {X,} as in Proposition 4.10 for d = p. It follows from part (a) of Lemma

4.7 that there exists a 7 > 1 such that
IG(n) ™ (w) = G(n) (W) < 4" w — '],

for any w,w’ € B. Recall that we assumed that there is a constant b < 1 such that
|F(2)]] < b||z]| for any 2z € B, and fix an integer ¢ such that y0? < o < 1. We
can change the mappings X,, by adding higher order terms such that (4.3) holds for
d = ¢ + 1. Since we chose p € N such that |\;[P < £|)A;| holds for all 4, j, we have
that |\, A, %] > £ in (4.5) even for the terms that are lower triangular. This means

we can guarantee that the altered sequence {X,} is bounded without changing the



39
sequence {G,}, and therefore we have that
(4.6) G, XnFu(2) — Xooa(2)]| < Cll2] ",

for some C' > 0 independent of n € N and every z € B.
The proof of Theorem 4.5 now follows quickly from an argument similar to that
of the proof of Theorem 1.1 in the appendix of [RR8S§]:

Define the maps ¥,, : Q2 — CF by
U, :=G(n)toX,oF(n).

We will show that the maps W, converge uniformly on compact subsets of €2 to a
biholomorphic map from €2 onto CF.

Since the higher degree terms of the mappings {X,,} are uniformly bounded there
is a radius 7 < 1 such that all the maps X,, are invertible on B(r).

Let K be a compact set in €, let m € N such that F(m)(K) C B(r), and let
n > m. Then for all z € B(r) we have that |[|[F(m,n)(2)| < b" ™| z||, where b is as
in Definition 4.4.

We notice that

A7) Wi (2) = Unl(2)] = [ (G(0) ' Gria Xni1 P — G(n) 7 X, ) F(n)(2)]

(4.8) < Oy " F(m) ()" < Call|F(m) ()|

Since the sequence {a"} is summable, the maps ¥,, converge uniformly on compact
subsets of () to a holomorphic map ¥. Also, for any compact subset K of €2, there is
a large N € N such that for n > N, ¥, is biholomorphic on K. It is a well known fact
that the limit of a convergent sequence of biholomorphic mappings is either injective
or degenerate everywhere. But we have W/ (0) = I for all n, and therefore W'(0) = I

so the limit map V¥ is injective.
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To prove surjectivity of the map ¥, we may assume that we have chosen r so

small that

TQZ(C(M") <

N | —

It follows from estimates (4.7) and (4.8) that for z € B(r) and for any n > m > 1
we have that

|G (m,n) ' X F (m,m)(2) — 2| < @

Now let K, be the compact subset of the basin of attraction such that F'(m)(K,,) =
B(r). Then we have that G(m,n) ' X,,F(n)(K,,) D B(r/2) for any n > m. It follows
from part (b) of Lemma 4.7 that for every R > 0 there exists an N € N such that

for m > N we have that
B(R) C G(m)*1 (B(r/2)).

Therefore B(R) C V(K,,) for large enough m, and thus we have that () contains

balls around the origin with arbitrarily large radii. This completes the proof. U



CHAPTER V

Basins of Repeated Automorphisms

5.1 Repeated Automorphisms

In this chapter we will study sequences of maps in Autg(C*) that are repeated
many times, and their basins of attraction. When a sequence of integers ni,no, ...
is given and the maps f; are iterated n; times we will write F; = fjn 7. We also use

the notation N; = n; + --- + ny, and as before we will write
F(j)=F;---F, and F(n,m) = F(m)F(n)™".
For n = N; +m, where m < n;;, we also let

f(n) = fﬁqF(]) and f(p, q) = f(Q)f(p)_l_

Notice that f(n) is the composition of n maps f;, while F'(n) is the composition of
n maps Fj.

Let fi, fa,... € Autg(CF) and assume that every f, is attracting at 0. Suppose
that there exist non-negative real numbers 71, 75, . . . that are uniformly bounded from
above such that f;(B(r;)) C B(r;4+1) for all j € N. Then we define the {r; }-calibrated

basin of attraction of the sequence fi, fs,... as
Q{r;}) = JFG) ' B(ry).

41
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Remark 5.1. If f(j)(z) € B(r;j+1) guarantees that the orbit of z converges to 0, then
the {r;}-calibrated basin of attraction is a subset of the basin of attraction. If we
also have that the radii {r;} are uniformly bounded from below then Q({r;}) = €.
However, if the radii r; converge to 0, then there may be orbits that converge to
0 but that do not reach the balls B(r;) at the appropriate stage. This situation
can indeed occur; for instance let fi, fa,... be a sequence of automorphisms that
satisfy the hypotheses of Theorem 3.4, and let r1,7s,... > 0 be such that B(r;) is
contained in the basin of attraction of the mapping f;. It follows from Theorem
5.2 below that there exist ny,no,... € N such that the {r;}-calibrated basin of at-
traction of the sequence f7', f3%, ... is biholomorphic to C*. However, the sequence
fi,-- s fi, fa, -5 fo, f3, ..., where f; is repeated nj-times, still satisfies the hypothe-
ses of Theorem 3.4, so the basin of attraction of this sequence is not biholomorphic
to C* and in particular not equal to the {r;}-calibrated basin of attraction of the

same sequence.

The main result of this chapter is the following:

Theorem 5.2. Let f1, fa, ... be a sequence in Auto(C¥), and let 1,7, ... > 0 be such
that B(r;) CC Q;, where §; is the basin of attraction of the mapping f;. Then there
ezist large enough integers ny,na, ... such that the {r;}-calibrated basin of attraction

of the sequence f"*, f52, ... is biholomorphic to C*.

To prove this result we will make will use of the ideas in the proof of Theorem 1.1
outlined in Chapter 2, as well as the following Theorem, due to Forstneri¢ [For99]

and Weickert [Wei97] independently:

Theorem 5.3. For k > 2 let P = (Py,..., P;) be a polynomial endomorphism of

C*, where P'(0) is invertible. Let d > max;(deg(P;)). Then there exists ¢ € Aut(CF)
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such that the d-jet of ¢ at 0 equals P.

This result will be used to extend the local conjugations used in the proof of

Theorem 1.1 to global automorphisms of CF.

5.2 Basins of Repeated Automorphisms Biholomorphic to C*

In this section, we will be working with invertible maps T}, ¢; and G, where

G; = g?j. We will use the notation
G(j) = T{lGJ-T} - TVYGITY, and G(n,m) = G(m)G(n) ™,

and for n = N; +m we let

9(n) = T g7 T2 G(j) and g(p, q) = g(q)9(p) "

Usually we will be working with inverse mappings for the G’s, so then we can think
of G(n,m)~! as the map that takes us back from stage m to stage n. The definition
for G(n) may not be entirely consistent with the definition for F'(n), but this will

not cause any problems.

Remark 5.4. Before we give the proof of Theorem 5.2, we must first show that Q({r;})
is well defined. Recall that we have chosen the radii {r;} such that B(r;) CC €, for
every j. Therefore we can choose n; large enough such that F;(B(r;)) C B(7j+1), so
that the {r;}-calibrated basin of attraction is well-defined.

By choosing n; larger if necessary, we can also guarantee that || Fj(z)|| < iz|| for
any j € N and z € B(r;), and hence we can get Q({r;}) C Q. Note that if there
exists a radius r > 0 such that B(r) C Q; for every j € N then Theorem 5.2 implies
that the usual basin of attraction €2 is biholomorphic to C*.

We may decrease the values of the r;’s in the proof, but we can always increase

the integers {n;} later such that the definition of the basin of attraction with the
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smaller r;’s is equivalent to the definition of the basin of attraction with the original
r;’s.

Proof of Theorem 5.2: As discussed in Chapter 2, it follows from Lemma 3 in the
appendix of [RR88] that for every j € N we can find:

(i) A polynomial automorphism g; of C* that is linearly conjugate to a lower
triangular automorphism, with g;(0) = 0 and g3(0) = f;(0).

(ii) For m; as large as we desire, a polynomial map ¢; : C¥ — C* with ¢;(0) =

0,¢5(0) = I, for which the following equation holds:

g5 ' bif — ¢; = O(||z[™).
It follows from Theorem 5.3 that for every j € N we can find an automorphism 7j

with T; — ¢; = O(||2]|™), so we get the equation:
T gy ' Tify — 1 = O(]l=[™).
Furthermore there exist constants «y; such that

lg; ™ (w) = g; " (W) <A} llw —w'l|
for all w,w’ in B and all natural numbers n. Also recall that the g;’s are attracting
at 0, and that the basins of the maps g; are all of CF.
By replacing f; by a high iterate of f; if necessary, we may assume that || f;(2)| <
1)|z|| for all j € N and all z € B(r;). We now choose the m;’s so large that

i
m; < L.
and m;q > m; for every j € N. It then follows from equation (6) of the proof of the
theorem in the appendix of [RR88]| that there exist constants C; so that for every j

and every z € B(r;) the following holds:

1 —n— n 1 —n n Vi \n m;
T g T (=) = T g T f7 () < G ) Izl

2m;
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Vi
P} ™y

Since (5#:)" is summable in n and the other terms do not depend on n, we can

decrease the radii r; if necessary such that for z € B(r;) we have

-1 _—n— n =1 _-n n 1 my—
(5.1) DT g T ) = T g T ()] < Sl

n>0

It follows that for z € B(r;) and any m larger than n we get
-1 _—m m -1 _—n n 1 mj—
(5.2) 175 677 T 7 (=) = T g T ) < el

We now inductively construct the integers n;. Suppose that we have already
constructed n; through n;_;. At this stage we have fixed the automorphism G(j—1),
and thus the set T;G(j — 1)(B(27)) is a fixed bounded set. The basin of attraction
of the lower triangular mapping g; is equal to C*, therefore we can choose n; large

enough so that

. i —n; Tj+1
(53) T(GG — )(BE) € g, " T(B(LL),
and we can enlarge n; if necessary so that

(5.4) f;j(B(Tj)) C B(rjt1)-

It follows from (5.1), (5.2), (5.4) and the fact that we chose m;.; strictly larger
than m; that we can increase n; if necessary and choose all subsequent n;,1,n;49, ...
large enough so that for every m and every z € B(r;) the following inequality will

hold throughout the construction:
(5:5) lg(N1sm) ™ F (N m)(2) = 2] < 2™,

We will now show that with these choices the basin Q({r;}) is biholomorphic to

C*.
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Let K; = F(j) "' (B(r;j11)). Clearly F(j)(K;) = B(rj41), and thus we have that

lg(N;,m) =" f(m)(2) = FG) ()| < 1FG) )™+

for every z € K;. It follows that H,, = g(m)~' f(m) is bounded on every K, so we
can find a subsequence of {H,,} that converges uniformly on K, say to a map H.
We have that K; C K, C ... and thus we can apply the same argument to every K,
and by a diagonal argument, we see that H extends to |J K; = Q({r;}). We claim
that H maps Q({r;}) biholomorphically onto C*.

As we stated in the previous chapter, the limit map of a sequence of biholomorphic
maps is either degenerate everywhere or it is one to one. H is one to one since
H! (0) = I for all m.

We still need to show that H is surjective. Notice that it follows from (5.2) and
(5.4) that

g(N;.m) ™ f(m)(K;) > B(LH)

for all m. Therefore by (5.3), H,(K;) contains B(27) for all n > N;, and thus
B(279) ¢ H(K;), which means H maps Q({r;}) biholomorphically onto C*. This

completes the proof. O



CHAPTER VI

Boundaries of Fatou-Bieberbach Domains

6.1 Fatou-Bieberbach Domains

The results of Stensgnes and Wolf discussed in Chapter 2 suggest two open ques-
tions about the Hausdorff dimension of the boundary of a Fatou-Bieberbach domain:

i) Is it possible for the dimension of the boundary to be less than 37

ii) Is it possible that the dimension of the boundary is exactly 47

We will show that the answer to question (i) is no if we assume that the Fatou-
Bieberbach domain is Runge. It is unknown whether there exist Fatou-Bieberbach
domains that are not Runge, but a Fatou-Bieberbach domain that is the basin of
attraction of a sequence of automorphisms is always Runge.

We will answer question (ii) by proving the following result:

Theorem 6.1. There ezists a Fatou-Bieberbach domain Q C C? with 9Q = 0Q
whose boundary 02 has non-zero 4-dimensional Hausdorff measure near any of its

points.

It will be clear from the proof that we can get the equivalent result in higher
dimensions. In fact, all the results in this section will hold in C*¥ for k > 2, we
only work in C? because of convenience and because Fatou-Bieberbach domains are

traditionally defined in C2.

47
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Before we prove Theorem 6.1, we will construct a Fatou-Bieberbach domain whose
boundary has upper box dimension 4. This basin will be the limit of a sequence of
Fatou-Bieberbach domains for whom the dimensions of the boundaries approach 4.
We will use Wolf’s result, Theorem 2.5, to obtain the sequence of Fatou-Bieberbach
domains in this construction, and then use Theorem 5.2 to show that the limit
domain is also a Fatou-Bieberbach domain. We will not be able to show that the
Hausdorff dimension of the limit set is 4; somehow upper box dimension works better
in conjunction with the limiting construction that we will use.

The Fatou-Bieberbach domain that we will construct in the proof of Theorem
6.1 will also be the basin of attraction of a sequence in Auto(C*). However, we will
not construct the boundary as the limit of lower dimensional sets. Instead we will
start with a set of Hausdorff dimension 4, and construct a basin of attraction whose

boundary includes this set.

6.2 Upper Box Dimension 4

For two compact subsets A, B C C*, we use the usual definition for the Hausdorff

distance between A and B, namely

dy(A, B) = max{d(A, B),d(B, A)},

where
d(A, B) = sup inf d(z,y).
zcAVEB
Let hy, ho, ... be an increasing sequence of real numbers that converge to 4, let
f1, f2,... be a sequence of Hénon maps as in Theorem 2.5 so that the Hausdorff

dimension near any point in the Julia set of f; is equal to %.

By conjugating the maps f; with translations we may assume that each f; has

an attracting fixed point at 0. Of course, the Hausdorff-dimension properties of the
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maps are unchanged by this conjugation. For every map there is a small ball centered
at 0, say B(r;), such that the action of f; is contracting on B(r;).

In this section we will denote by Jj+ the Julia set of f;, and welet Ry, Ry, ... € Rbe
an increasing sequence with lim;_,., R; = oo so that R; defines a filtration D;, Vj*, 173
for the map f;.

In the theorem below we will construct integers nq,no, ... and study the forward

Julia set J* of the sequence fi", fi'?,.... As in Chapter 5 we will write Fj for f;”

Theorem 6.2. We can choose integers ny,ns, ... large enough so that the upper box

dimension of J* is equal to 4 near any point in JT.

Proof. First we take the n;’s so large that F;(B(r;)) C B(rji1), F;(V;") € Vi, and
any orbit zq, z9,... with z; € B(rj41) (or in VJL) converges to the origin (or to the
attracting point at infinity respectively).

We will choose the sequence nq,ns, ... inductively. Suppose that we have fixed
Ny, ., M.

Let I; be the forward Julia set of the sequence F, F, ... F;_1, fj, f;,.... We have

z € I if and only if F(j —1)(z) € J, so I; = F(j — 1)"'J:, and therefore we have

hj+4

that the Hausdorft dimension of I; near any point of I; is equal to dim H(J;r ) =5

Let B; be a finite collection of open balls of radius ()7 covering I; N D; so that
every element of B; intersects I;. Since the Hausdorff dimension of I; is strictly
larger than h; near any point in /;, we can choose some small €; > 0 such that
7,?](3 N1;) > 2+ for any B € B;.

Now take €; < €; so that

and let (53' < gj — €.
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We define the set K; by

For every z € Kj, we have that f/'F(j — 1)(2) converges either to 0 or to the
attracting point at infinity. K, is compact, so we can choose n; € N such that
F(j)(2) = f;F(j — 1)(2) lies in B(rj41) or Vi, for all z € K. It follows that we
can further increase n; if necessary so that for any z in the compact set I; N.D; there
exist z,y € B(z,d;) such that F(j)(z) € B(rj11) and F(j)(y) € V. Therefore we
will have that dg(I; N D;, J* N D;) < §;.

Now let z € J*, h € (0,4), and € > 0. It will suffice to show that the upper-box
dimension of J* N B(z,¢) is larger than or equal to h.

Let j € N be large enough so that we have h; > h, z € D; and € > 3(3)7. We
can choose B € B; with z € B, and since the radius of B is exactly (1)7 we have
that B C B(z,€). Let {B;} be an ¢; covering of J* N B(z,¢). We will write B
for the ball with the same center as B; but with radius €;. Since ¢; < €; — ¢; and
dg(I; N Dy, J* N D;) < §; we have that {B;} is an é-covering of BN I;, and thus

é?j#{éi} > 271 Since é?j/e?j < 2 we have that
(6.1) W (JTNB(z,€) > (JT N B(z,€)) > 2.

Because Equation (6.1) holds for all j > 0, we have that u,(J* N B(z,¢€)) = oo,

which completes the proof. Il
We can now show:

Corollary 6.3. There exists a Fatou-Bieberbach domain whose boundary has upper

box dimension 4 near any boundary point.
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Proof. Tt follows from Theorem 5.2 that we can enlarge the integers ni,ns, ... ob-
tained in Theorem 6.2 if necessary to get that the {r;}-calibrated basin of attraction
of the sequence f{', f32, ... is biholomorphic to C*. Since there are orbits converging
to infinity, we have that Q({r;}) is a proper subset of C* and thus a Fatou-Bieberbach
domain.

In the proof of Theorem 6.2 we made sure that every open ball in C*¥ contained a
point whose orbit either converged to the origin or to the attracting point at infinity.
This means that there are only two Fatou-components one of which is Q({r;}). It

follows from the proof of Theorem 6.2 that every ball centered at a point in J*

contains an element of 0Q({r;}), so 9Q({r;}) = J© and we are done. O

It would be interesting to know whether the Hausdorff dimension of the boundary

of Q({rx}) is also equal to 4.

6.3 Hausdorff Dimension 4

In the proof of Theorem 6.1 we will need to approximate local biholomorphic
mappings by global automorphisms of C*¥. We will use a slight generalization of
Theorem 2.3 in [FR93], which is itself a generalization of fundamental results by
Andersén [And90] and Andersén and Lempert [AL92]. The generalization that we

will use is the following:

Theorem 6.4. Let K1, Ko, ..., K,, be pairwise disjoint polynomaially convex compact
sets in C¥ whose union is polynomially convex, and assume that K., K, .., K; are
star-shaped (I < m). Let ¢; € Aut(C*) be automorphisms for i =1,...,1 so that the
sets K! = ¢;(K;) and the sets Ky, ..., Ky, are pairwise disjoint, and their union is
polynomially convex. Let e > 0. Then there exists an automorphism ¢ € Aut(CF),

so that ||¢(z) — ¢i(2)|| < € for all z € K; and i =1,..,1, and ||¢p(z) — z|| < € for all
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zeK;andi=1+1,..,m.

The proof of this theorem is a small modification of the proof of Theorem 2.3 in
[FR93], and we give a brief outline of how one makes this modification:

Define Ky = U2, K;. Choose R > 0 so that K, C B(R), and let p; denote the
contracting center of the star-shaped set K; for ¢ = 1, ..., 1 (p; is such that tz+(1—1)p;
is in K; for every t € [0,1] and every z € K;). Now choose appropriate C* paths
from the p;’s to separate points outside of W, and use these to define an isotopy
of biholomorphisms. It is clear that the arguments from the proof of Theorem 2.3
in [FR93] give an automorphism that is arbitrarily close to the identity on Ky and
maps the other K;’s outside of B(R). Now we can apply Theorem 2.3 in [FR93] to
find an automorphism that moves K far away from the other K;’s and is close to
the identity on the images of the other K;’s. If the image of Ky is far enough, we
can use the inverses of our paths to map the images of the other K;’s approximately
back to their original positions. Now we can apply Theorem 2.3 again to get a single
automorphism that approximates ¢; well on each K; for i = 1,...m and stays close to
the identity on the image of Kj (notice that the K;’s may no longer be star-shaped,

so we might have to pass to slightly bigger compact sets). Now repeat the same

procedure as above to map the image of K, approximately back to K.

Remark 6.5. We recall and prove a few basic facts about polynomially convex com-
pact sets that we will need later in this section:

(i) The union of a polynomially convex compact set and a finite set of points is
polynomially convex.

(i) If K7 U K, is polynomially convex and compact, K1 N Ky = (), and K] C K,
is polynomially convex and compact, then K| U K5 is polynomially convex.

(iii) A polynomially convex compact set has a neighborhood basis consisting of
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polynomially convex compact sets.

To show (i), let ¢ € CF\ (K U{p}) and f € O(C¥) so that f(p) =0 and f(q) # 0.
Since K is polynomially convex, there exists a ¢ € O(C*) so that ||g||x < 1 and so
that g(¢) = 1. If m is large enough then the product g™ - f separates ¢ from {p} UK
(that is, |[g™(2) - f(2)| > [l¢™ - fll{pjuk), and the result follows by induction.

To prove (ii), let p € C*\ (K] U K;). We may assume that p € K; \ K. There
exists an f € O(C*) separating p from K. Let g € OK; U K, be defined by g = f
on K; and ¢ = 0 on K. The Oka-Weil Theorem (see for instance [Ran86], page
220) tells us that we can approximate g by polynomial mappings, and good enough
approximations will separate p from K] U K.

To prove (iii), observe that a polynomially convex compact set has a neighborhood
basis U; DD U, DD ... consisting of analytic polyhedra defined by entire functions,
i.e. a Runge and Stein neighborhood basis (see for instance page 71 of [Ran86]),

which means that the sets {U,} satisfy (iii).

Theorem 8.5 in [RR88] states that for any sequence of points {p;} C C* and
any strictly convex compact set K such that {p;} N K = () one can find a Fatou-
Bieberbach Domain @ C C*\ K so that {p;} C Q. We can use Theorem 6.4 and

Theorem 3.6 to prove a slight generalization of this theorem:

Theorem 6.6. Let K be a polynomially convex compact subset of C*, and let {p;}jen C
C*\ K be countable. Then there exists a Fatou-Bieberbach domain Q so that {p;} C

QCCF\K.

Proof. We may assume that K does not intersect B. Let A be the linear map defined

by
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Theorem 3.6 implies that there exists a 6 > 0 so that if {f;};eny C Auto(CF) is a
sequence of automorphisms with ||f; — Aljz < ¢ for all j € N, then , the basin of
attraction of fi, fa, ..., is biholomorphic to C*.

We will construct a sequence of automorphisms by induction, with induction

hypothesis I; as follows: We have constructed automorphisms {fi, ..., f;} so that:

(6.2) Ifi—Allg<dfori=1,...,j
(6.3) FG)(p) C Bfori=1,...,7,
(6.4) f()(K) c CF\B.

I; is satisfied by assuming K to be far enough away from the unit ball, letting
p1 be the origin, and defining f; = A. Now suppose I; is satisfied. Theorem 6.4
says that for any ¢ > 0 there exists a 1 € Auto(C*) with ||[v0 — Al|z < ¢, and
[ = 1d] sy < €. We also get a ¢ € Auto(C*) with ||¢ — Id|l ;) xup < € and
A(f(5)(pj+1)) € v~ 1(B). But then I;,; is satisfied by taking e sufficiently small and
setting fj11 = ¥¢.

Now by (6.2) and our earlier choice of ¢, € is biholomorphic to C*, and (6.3) and

(6.4) imply that Q satisfies the claims of the theorem. O

Corollary 6.7. There exists a Fatou-Bieberbach domain Q C C? for which 0 has

non-zero 4-dimensional Hausdorff measure.

Proof. Let D = (D)° CC C be a simply connected open set where 0D has non-zero
2-dimensional Hausdorff measure. Then K = D x D C C? is a polynomially convex
compact set whose boundary has non-zero 4-dimensional Hausdorff measure (see for
instance Theorem 8.10 in [Mat95]). Pick a countable set {p;} dense in C*\ K. By
Theorem 6.6, there exists a Fatou-Bieberbach domain € so that {p;} C Q@ C C*\ K,

which implies that 0K C 9. O
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Notice that this corollary only tells us that a part of the boundary of € is large;
it does not give any information about the size of the boundary near other points.

We now prove the main result of this chapter:

Proof of Theorem 6.1: Let D = (D)° CcC C be a simply connected set whose
boundary has non-zero 2-dimensional Hausdorff measure. Then as before K =
D x D is a polynomially convex compact set whose boundary has non-zero 4-dimensional
Hausdorff measure. For p € C? we let K(p) denote an arbitrary such K with p € K
and K C B(p,e).

Let A be the linear map defined by
At (21,22) = (5, 5)-

It follows from Theorem 3.6 that we can choose a § > 0 so that given any sequence
{f;} € Auto(C?) with [|f; — Allg < 6 for all j € N, Q} is a Fatou-Bieberbach
domain.

Choose a sequence of strictly positive numbers {e;};en converging to zero. We
will construct our sequence of automorphisms inductively with the following induc-
tion hypothesis I;: We have automorphisms {f1, ..., f;} C Aut(C?), a polynomially
convex compact set K7 = K7 U---UKJ, C B(j+1), where each K7 is equal to K.(p)

for some point p and an € > 0, a set of points Tj = {¢;}!_; € B(j + 1), and a ball B,
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so that Fj N B = 0. In addition they satisfy the conditions:

(6.5) Ifi — Allg <dfori=1,...,5

(6.6) B+ 1\ f(5)7(B) #0,

(6.7) fG)(t:) € B for t; € T,

(6.8) For any p € B(j + 1)\ (K7)° there is a t; € T} so that ||[t; — p|| < e;,
(6.9) For any p € B(j + 1)\ f(j) *(B) we have that d(p, K’) < ¢;,

(6.10)  f(j)(K?) C B;.

We will now show how to construct KV T;, 1, B;11 and fj,1 so as to satisfy [;;;.
It will be clear from the construction how to define K, T}, B, and f;.

Choose a set of points {p;}1; C B(j +2) \ (K’ U f(j)~}(B)), so that for any
point p € B(j +2)\ (K9)° U f(j)~(B)) there is a p; with [[p— pi| < ejo. Let
¢ = f(j)(p;) for i = 1,...,n. Then Remark 6.5 tells us that B U f(5)(K’) U {q;}",

is a polynomially convex compact set and there exists a p > 0 so that:

(6.11) BU f(5)(K’)U (UL, B(g;, p)) is polynomially convex,
(6.12) B(gi,p)) N(BU f)K))=0fori=1,..,n,
(6.13) B(gi, p) N B(q, p) = 0 for i # 1.

For each i, let K; = K,(¢;) and define K7+! = K7 U f(5)~' (U, K;), which is also
polynomially convex by Remark 6.5. This takes care of (6.9).

Let T;11 = {t;}\_; € B(j +2)\ K7 be such that for any p € B(j +2) \ (K7*1)°,
there is an ¢ < [ with [[p — #;|| < €j41. This ensures (6.8). Let #; = F(j)(t;) for
i=1,..k

We will now construct f;;, referring to Theorem 6.4 for each statement made
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about the existence of an automorphism. For any p > 0 there exists a ¢ € Auty(C?)
with ||¢(2) — z|| < p for all z € B U f(j)(K”), so that there exists a large ball
Bjy1 C C? with B;y; NB = § and K%' = (U™ K; U f(4)(K7)) C Bj;;. There
also exists a ¢ € Auto(C?) with [|¢(2) — z|| < p for all z € B, and ||¢ — Allg < u.
Finally, there exists a 1) € Auto(C?) with ||¢)(z) — z|| < u for all z € BU K/*! and
V(p(t;)) € ¢~ Y(B) for i = 1,...,1. If we choose p small enough then f;,; = ¢bp
satisfies (6.5),(6.6),(6.7) and (6.10), completing the induction step.

We have now constructed a sequence of automorphisms { f; },en, and by (6.5) and
Theorem 3.6 the basin of attraction of this sequence is biholomorphic to C2. Since
the basin of attraction is obviously not the whole of C2, it is a Fatou-Bieberbach
domain that we will call Q. It is clear from (6.10) that none of the sets K7 in the
above construction are contained in €2, while from (6.7) it follows that all of the ¢;’s
chosen at each step are in €. Let K; be one of the sets from step j, and let p € K.
Because of (6.8) there is a sequence of t¢;’s converging to p all of which are in Q so
p € 052, This means the increasing union K = U2, 0K 7 is a set whose 4-dimensional
Hausdorff measure is non-zero at any point and K C 0. Since (6.9) tells us that K

is dense in 02 this completes the proof.

6.4 Hausdorff dimension 3

Let Q be a Fatou-Bieberbach domain in C*. If the complement of Q has non-
empty interior, it is easy to see that the Hausdorff dimension of 0f2 is at least 2k — 1:
After a change of coordinates we may assume that 0 € Q and (0,--- ,0,4) € (CF\Q)°.
Let € > 0 so that B(e) C Q and B(i,e) C (CF\ Q). Then for any z = (z/,z;) €
B(e) c Ck1 x C, the curve {(2/,x), +it) | t € [0,1]} intersects the boundary of Q.

Therefore the image of 92 under the projection map 7 : C¥ — C*~! x R defined by
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m(z) = (2, xx) contains the ball of radius € (with respect to the Euclidean norm on

CF 1 x R = R%*"1). Therefore the Hausdorff dimension of 95 is at least 2k — 1.
However, it is possible for €2 to be dense in C* (see [RR88] or Theorem 6.6) so this

does not guarantee that for an arbitrary {2 the dimension of 0f2 is at least 2k — 1.

We can, however, prove the following:

Theorem 6.8. Let Q2 be a Fatou-Bieberbach domain in CF which is Runge. Then

the Hausdorff dimension of 082 is at least 2k — 1 near any point of the boundary.

Proof. Assume that 0 € 02. It is enough to show that the dimension of 92N B(e)
is at least 2k — 1 for an arbitrary € > 0. If there are interior points of C¥\ Q in
B(e) then the result follows immediately, so we may assume that 2N B(e) is dense
in B(e).

Let U be an open subset of B(e) consisting of annuli so that U is uniformly

bounded away from the hyperplane {z, = 0}. Define f : U — C*~1 x R by

f&) = o 0 DD

2k

This is a smooth open mapping where the preimages of points are circles centered
at the origin. Since {2 is Runge, we have that every circle centered at the origin
intersects 0€2. Thus we have that f(9Q N U) = f(U), which is an open subset of
R?*~1. Since || f'||sup is bounded from above on 9Q N U, the dimension of U N 9N is

at least 2k — 1. O

Theorem 6.8 does not rule out the existence of a non-Runge Fatou-Bieberbach
domain whose boundary has Hausdorff dimension strictly less than 3. Whether
there exist Fatou-Bieberbach domains that are not Runge is a very interesting open

question.
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Another open question related to this chapter is whether there exists a basin of
attraction for a single automorphism of C? whose boundary has Hausdorff dimension
exactly 4. In particular, it is unknown whether there exists a Hénon mapping with an
attracting fixed point so that the boundary of the corresponding basin of attraction

has Hausdorfl dimension 4.



CHAPTER VII

Non-Autonomous Ergodic Theory

7.1 Ergodic Theory

Complex dynamical systems often provides an excellent test ground for proper-
ties from differentiable dynamics and ergodic theory. The complex structure and
the availability of (pluri-) subharmonic functions often gives ways to construct in-
variant measures that have many interesting properties. We will look at two specific
properties here, namely ergodicity and mixing measures.

Let (X, f,uu) be a dynamical system with invariant probability measure p, i.e.
pu(f~1(A)) = u(A) for all measurable sets A. Recall that a set A is called invariant
if f(A) = A, and that A is called totally invariant if f~'(A) = A. The system
(X, f, ) is called ergodic if all totally invariant measurable subsets A of X either
have measure 0 or 1. The measure p is called mizing for f if for all measurable sets

A and B we have that
p(f " (A)NB) — p(A) - u(B) — 0, as n — oo.
Equivalently, u is mixing if for all ¢, € £?(u) one has that

Joorvin— [oan- [vdp, as 0 oc

60
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If we assume that p is mixing for f and we let A be a completely invariant set, then

u(f"(A) N B) — p(A) - p(B) — 0,
so u(A) = pu(A)2 Tt follows that pu(A) must be either 0 or 1, and thus the system
is ergodic. The mixing property is in general stronger than ergodicity. For example
it is easy to check that the irrational rotation on the unit circle with the normalized
Lebesgue measure is ergodic but not mixing.

The construction of interesting ergodic and mixing measures for complex differ-
entiable mappings is an important topic in complex dynamical systems. In the one
dimensional case, such measures were first constructed and investigated by Brolin
for polynomials in the complex plane in [Bro65], and later in more general settings
by Lyubich [Lju83] and Freire, Lopez and Mane [FLMS83].

The case of Hénon mappings in C? was studied by Fornaess and Sibony [FS92]
and Bedford and Smillie [BS92], and the theory was later generalized for regular
polynomial mappings of C* by Fornsess and Sibony [FS95]. The construction of
ergodic and mixing measures for holomorphic mappings in P* was done by Fornaess
and Sibony [FS94] and deeper properties were studied by Briend and Duval [BDO1].

We would like to study ergodicity and mixing measures in the non-autonomous
setting, but in this setting the above definitions do not make much sense. First of
all, a sequence of maps fi, fo,... will generally not have a probability measure that
is invariant for all f,,. Secondly, there will generally be no proper measurable subsets
which are invariant for all f,. We shall say that {f,} is measure preserving for a
sequence of probability measures pg, ft1, - . ., if fosttn—1 = p, holds for every n (in
other words, fi,_1(f;; 1 (A)) = pn(A) for all yu,-measurable sets A), and we say that a
sequence Ag, Ay, ... is totally invariant if f1(A,) = A,_; for every n. We can now

make the following definitions:
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Definition 7.1. A measure preserving sequence {f,} is randomly ergodic if for all
totally invariant sequences Ay, Ay, ..., where A, is a p,,-measurable set, we have that

tn(Ay) is 0 or 1.

Definition 7.2. A measure preserving sequence { f,} is randomly mizing if for all

continuous functions ¢ and ¢ on X, we have that

o st vduo— [odu [vdm—o

Both definitions can also be studied in the autonomous setting, where only a single
map and a single measure are considered. Since continuous functions are dense in
L?(11), we have that randomly mixing and mixing are equivalent in the autonomous
setting. However, random ergodicity is a strictly stronger property than ergodicity in
the autonomous setting. It is easy to check that randomly ergodic implies ergodicity,
but the reverse does not hold. It is easy to see that the only measure for which an
automorphism f is randomly ergodic is a point mass at a fixed point. Otherwise,
there would be a measurable set A whose measure is not 0 or 1, and for which
the sequence A, f(A), f2(A),... is totally invariant, contradicting random ergodicity.
However, the Lebesque measure on the unit circle is ergodic for an irrational rotation,
which shows that ergodic measures do not need to be randomly ergodic. We note that
a randomly mixing system is not necessarily randomly ergodic for similar reasons.

In this chapter we will construct invariant sequences of randomly mixing and ran-
domly ergodic measures for sequences of holomorphic endomorphisms of complex
projective space P* that are uniformly bounded. We say that a sequence of endomor-
phisms of P* is uniformly bounded if the degrees of the mappings are at least 2 and
bounded from above, and if the sequence is compact in the locally uniform topology.

In the second and third section we will construct the invariant sequences of mea-



63

sures, and do the necessary preliminary work. In the fourth section we prove that the
sequences constructed earlier are indeed randomly mixing and randomly ergodic. In
the last section we take a closer look at random ergodicity in the autonomous setting,
and prove that it is actually equivalent to a property called exactness.
Non-autonomous dynamical systems have been studied successfully to obtain re-
sults in autonomous complex dynamical systems. Examples are the study of skew-
products (see for example the articles by Jonsson [Jon00] and Buzzi, Sester and
Tsujii [BST03]) and the work of Dujardin, Dinh and Sibony [DDS04], [DS04] with

respect to horizontal like mappings.

7.2 Equilibrium Measures

The following construction of equilibrium measures is fairly standard in holomor-
phic dynamics and can be found in [Sib99], and for non-autonomous systems in
[FW00].

Let Py, P,, ... be a uniformly bounded sequence of holomorphic mappings of P*
as defined in the previous section. As usual, we write P(m,n) for P,--- P, and
we denote the degree of P, by d, and the degree of P(m,n) by d(m,n).

Since { P, } is uniformly bounded, we can extend all mappings P, to homogeneous
polynomial endomorphisms P, of Ck1 in such a way that the coefficients of every
P, are bounded by a uniform constant, and the P,-images of the unit sphere in C**!
are bounded away from the origin. In other words, there exists some constant ¢ > 1

such that
Lo, 5 dn
(7.1) ;HZII <[P (2)[] < tl|=]]

holds for any nonzero z in C**! and any n.
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For every ¢« € N and n > 1, we define the function

Gri(z) == log || P(i, i+ n)(z)].

d(i,i+n)
Lemma 7.3. As n — oo, the functions G, ; converge uniformly on C**1\ {0} to a

continuous and plurisubharmonic function G; on C*1\ {0}.

Proof. Fix € > 0. It follows from (7.1) and the definition of G, ;(z) that for any z in

C*1\ {0} we have

log(t)

|Gry1,i(2) — Gra(2)] < m

A standard geometric serious calculation gives that us for any m > n we get

log(t)
d(i,i+n)(dps1 — 1)

(72) ‘Gmyz(Z) — Gn,z<z>’ <
Since every d, is at least 2, we can choose n large enough so that
|Gmi(2) — Gni(2)] <€

for any m > n. It follows that the sequence G,,; converges uniformly on C*1\ {0} to
a limit map G, and since all the functions G, ; are continuous and plurisubharmonic,

the limit map is also continuous and plurisubharmonic. O]

Equation (7.2) implies that
(7.3) G(z) = log 2] + O(1),

and since every P, is homogeneous we have that G;(Az) = log(\) + G;(2). It follows

from the definition of the G, ;’s that

(7.4) PG, = dnG,p_1.
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Let 7 be the projection from CF*! to P*. We can define (1,1) currents T; on P*

which satisfy
T, .= dd°G;.

Equation (7.3) gives that the T}’s are currents of mass 1 on P*, and the currents 7;

do not depend on our choices for P,. Equation (7.4) implies that
PT, = d,Tp_s.

Since G, is continuous, it follows from [BT77] that we can define pu, = (T;,)F.
Since T; has unit mass, we get that pu, is a probability measure and since G, is
locally bounded it follows from Proposition 4.6.4 in the book by Klimek [K1i91] that
1 does not assign any mass to locally pluripolar sets.

We call p,, the equilibrium measure at stage n and we have that P*u, = d*pu,

and Pn*,un—l = HUn-

7.3 Uniform Convergence of Preimages

Recall the following theorem which was proved by H. Brolin [Bro65] for polyno-
mials and by M. Lyubich [Lju83] and independently by A. Freire, A. Lopes and R.

Mané [FLMS3] for rational functions of P*:

Theorem 7.4. Let R(2) be a rational function of degree d > 2 on P!, and let R™ be
its n-th iterate. Then there exists an exceptional set Eg with card(Er) < 2 so that

for all a € P!\ Ex we have

1

o (R™)" 04 — -

(Here ¢, is the dirac mass at z, and u is the equilibrium measure as defined in

[Ljus3].)
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It follows from Theorem 1.2 of [RS95] that this theorem can be generalized to
the non-autonomous setting in P¥. However, to prove that the equilibrium measures
defined in the rpevious section are randomly ergodic and randomly mixing, we will
need the uniform versions of the above result which we will prove in this section. Our
proofs will be similar to the method used by Lyubich to prove the above theorem,
and that was later used by J. Briend and J. Duval in [BD01] to prove similar results
for endomorphisms of P*.

Define 7, ,,; to be the probability measure with mass m at all the preimages

P(i,n + i)' (x) counting multiplicity. In other words,

P(i,n+1)*6,
d(i,n+1)k

T,

(For simplicity of notation, we shall write 7, ,, for 7, ,0.)

For two probability measures u;, jto on P¥, we define the distance

d(pr, p12) —SI;P’/¢dM1—/¢dM2|

where the supremum is taken over all C*(P*) functions ¢ for which |¢(2)| and |[Ve(z)|
are bounded by 1. It is clear that the topology induced by this distance is weaker than
the strong topology on probability measures. Since we are working on a compact
space, a sequence of probability measures v, in fact converges weakly to pu if and
only if d(vp, ) — 0

The following proposition shows that as n gets large, the measures 7, , depend

less and less on the point .

Proposition 7.5. For any e > 0 there exists N € N and subsets X,, of P* such that

for every n > N we have that p,(X,) <€, and

d(nn,ma nn,y) <€,
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for every x,y € P\ X,,.

We will give the proof of this proposition after we prove a few necessary Lemmas.

Fix € > 0 and choose [ large enough such that 4727! < €, where 7 is the maximum
possible algebraic degree of the sets V,, the critical values of P,. Let v be the
maximum possible degree of the algebraic sets V;,,. We can choose 7 and 7 since we
required that the degrees of the polynomials P, are bounded from above.

For n,e N with n > [ let V;,, be the set of critical values of the holomorphic

mapping P(n — [, n).

Lemma 7.6. There exist a 6 > 0 such that the p, mass of the d-neighborhood of V ,

1s less than € for any n € N with n > [.

Proof. We have seen that the measures u,, do not assign any mass to pluripolar sets,
so for all n > [ > 0 there exists a d,,; such that the ¢, ;-neighborhood of V;,, has px,
mass less than e.

Let S = {P,} be the set containing all possible sequences P,,, Py,, . . ., and equip
S with the product topology so that it is a compact set (here we use that {P,} is
uniformly bounded).

For each sequence in S we can define the Green’s functions as we did in Section
7.2. The maps G, ; depend continuously on the sequence in S, so since G, ; converges
uniformly to the map G;, we have that G; also depends continuously on S.

Choose an arbitrary S € S, let {S7} be a sequence in S that converges uniformly
to S, and write G{ , Gy, ug , it; for the Green’s functions and equilibrium measures
corresponding to the sequences S’/ and S. Then we have that G{ — G; uniformly on
Ck+1, and therefore it follows from [CLNG69] that p converges weakly to ;.

Since the sets of critical values V,,, also vary continuously in &, we have the 4,-
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neighborhoods will also have mass bounded by € for an open neighborhood of S.
Since S is compact, this means that we can choose one § that suffices for sequences

in S, in particular for the sequences P;, Pj.1, ..., P,, which completes the proof. [J

Fix ¢ as in the above lemma. Recall that a holomorphic disc is the image of a
conformal mapping defined on the unit disc in C. A holomorphic disc A in a complex

line L will be called d-extendable if the J-neighborhood of A in L is simply connected.

Lemma 7.7. There exists a constant ¢ € R such that for every n large enough,
every complex line L and every %—emtendable holomorphic disc A C L that does
not intersect a 2--neighborhood of L N Vi, there exist at least (1 — €)d(n)* inverse

2y

branches of P(n) on A for which the preimages A; = P(n); '(A) satisfy
diam (A;) < ed(n)*/>.

Proof. We can exactly follow the proof of the lemma in [BD] to get that for every
such disc A, there exists a constant ¢ such that there are at least (1 —¢)d"” preimages
A; of diameter less than c¢d™?. To see that we can choose ¢ independently of A,
note that we can take the larger disc A in that proof as the %—neighborhood of
A in L. Tt follows that the modulus Mod(A — A) is bounded from below by some
strictly positive constant, and this gives a bound on ¢ which completes the proof of

the lemma. O

Note that for every line L that intersects V' (I,n) in a finite number of points
and every x,y in the complement of the §/y-neighborhood of V(I,n) in L, we can
choose a §/(4v)-extendable holomorphic disc outside of the §/(2v)-neighborhood of
V(l,n). Indeed, we can take the shortest curve in L from z to y that avoids the
39/ (4v)-neighborhood of V(I,n) and take the §/(4v)-neighborhood of the curve as

our extendable disc. We are now ready to prove our main proposition.
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Proof of Proposition 7.5: Let X,, be the d-neighborhood of V;,, and let z,y €
P*\ X,,. Lemma 7.6 gives that p,(X,) < € for any n € N. It follows from Bezout’s
Theorem that we can choose z outside of X, such that the lines L; and Ly through
respectively z, z and y, z intersect V;,, in at most v points. This means that there
exist 0/(47)-extendable holomorphic discs Ay C Ly and Ay C Lo such that x, z € Ay,
Y,z € Ag, and Ay and A, avoid the % neighborhood of V;,. Now it follows from

Lemma 7.7 that there are at least (1 — €)d" preimages z;", y; " and z;" such that

. —-n —n . —nN —nNn . —n —n C
dist(2; ", y; ") < dist(z;", 2;") + dist(y; ", z; )SQW'

This means that for any continuous function ¢ of norm 1 we have

1
[ dn = [ dn,,) < 2+ |5 3 (06077 = 0ta7™) | < 26 2

The right hand side is smaller than 3e for large enough n € N which completes

the proof. O

Now let €1, €s,... be a monotone decreasing sequence with ) ¢; < e. For every
J define a set X, ; as in Proposition 7.5 and N; in N such that p(X, ;) < ¢; and
d(Mn,z, Mny) < €; for any n larger than N; and z,y outside of X, ;. Set
Up =P~ | ) Xu;.
N;<n
so that p,(U,) > 1 — € for every n. Fixing a sequence z1, xs, ... such that xz, is an

element of U,,, we get the following uniform version of Theorem 7.4:

Lemma 7.8. For every e > 0 there exists an N so that for all m,n € N with n > N

we have

d(%n,n—m,ltm) <€
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Proof. We know that
fim = /5y dpm(y),
and therefore we get

P(m7 n+ m)*ﬂn-i-m
d(m,n +m)F

Hm =

= / My,nm Qi (Y)-
It follows that
Fom. = Mo nm = / (My.nm = N mm) At (Y)-
We can choose a j such that 2¢; < €, and by our construction of X, ; and U,, it
follows that for n > N; we have d(nynm;Nz,nm) < € for any y outside of X, ;.

We also have that i, m(Xptm;) < €, 50 d(fim, Nx,.;) < 2€¢;, which completes the

proof. ]

In the autonomous setting it is known that the equilibrium measure is the only
totally invariant measure that does not charge the exceptional set [BD01]. We cannot
expect such a result to hold here. Consider for example the map z + 22 in P. The
equilibrium measures p, are all equal to the normalized Lebesgue measure on the
unit circle. However, if we let v, be the normalized Lebesgue measure on the disc of
radius 1/2", then {v,} is totally invariant and does not charge the exceptional set
{0, 00}.

We do have the following related uniqueness result:

Corollary 7.9. Let v be a probability measure on P* that does not charge locally

pluripolar sets. Then we have that

weakly.

The corollary follows from Proposition 7.5 as in the proof of lemma 7.8
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7.4 Random Ergodicity and Random Mixing

Now that we have done the necessary preliminary work we can prove the following

theorem:
Theorem 7.10. Let Py, P, ... be a uniformly bounded sequence of holomorphic en-
domorphisms of P* and let pg, i1, ... be the corresponding sequence of equilibrium

measures. Then the non-autonomous dynamical system (P* {P,}, {1, }) is randomly

ergodic and randomly mixing.

Proof. First we will prove random ergodicity. Let Ag, A1, ... be a sequence of mea-
surable subsets of P¥ such that P;*(A,) = A,_; for all n, and assume that fo(Ay)
is not equal to 0. We need to show that Ay has full measure. Define the conditional

measures v, by
XNA
V(X)) = (X 0 An)
:un(An)

Clearly, every v, is a probability measure, and also
P 1 (X) = vpa (P (X))
= pn1 (P (X)) N A1)/ i1 (Ana)
= -1 (P (X N A))/ 1 (An)
= Popin1 (X 0V Ap)/ pin(An)
= (X NV Ap)/ pn(An) = v (X).

Similarly, it follows from the total invariance of the sets A, and the measures u,

that
Pru,
= Up_1.
d(n)k '

As we have seen before in the proof of Lemma 7.8, we have

Ho = /nx,ndﬂn(x)a
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and similarly,
14 :/ny,nan<y)'

Therefore we see that

Mo — Vo = //(nx,n - ny,n)dun(‘r) ® an(y)
It now follows from Proposition 1 that for any € > 0, the following holds
[0 — vol| < 3e,

so vy = po and pp(Ap) must equal 1, which proves that the system is randomly
ergodic.

To prove that the system is randomly mixing, let ¢, be test functions of norm
at most 1, and let ¢ > 0. Construct sets U, as we did for Lemma 7.8 such that
tn(Uy,) > 1 —¢€ for each n. It follows from Lemma 7.8 that we can fix n so large that
17 — bl < € for any ¢ € U,.

Let m be large enough so that

/ (60 P(n)) - ¢ dpio = / (60 P(n)) 0 i, .. —omom + €1,

where |e;| < e. It follows from the definition of 7, —(min) that the right hand side

is equal to

(7.5) > AP G e Gty )l 1) ™ 4 €4

(76) =2 0Gunomdlnntm)™ Y UG )

i fixed

m—+4n,—m

Counting multiplicity, there are d(n,n + m)*

preimages (7., ., and since
pn(Uy) > 1 — ¢, we can increase m if necessary so that at least (1 — €)d(n,n + m)F

of the (yin,—m are in U,. It follows that 7.6 is equal to

Z (Cmsn—m)d(m,n +m)F (/ Y dpo + 63) + €1+ €,
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where €3, which depends on v, satisfies |e3] < € and also |ez| < €. We can rewrite the

above equation as

(/ ¢ dMO + 63) Z ¢(Cm+n,—m)d<nv n+ m)_k + €1 + €9,

where €3 no longer depends on m. By increasing m if necessary we get

(/wduo+eg> (/¢dun+e4) fate,

with |e4] < €, and so

| [0 ) v~ [ o [0 duo] < e

This proves that

Jor)-vn— [odu, [vau—0

for all test functions ¢ and ¥ with norm bounded by 1, and thus for all test functions.
The theorem follows since we can uniformly approximate any continuous function by

test functions. ]

Remark 7.11. Tt is not clear if the theorem holds when we allow ¢ in the definition
of randomly mixing to be in the intersection of all £2(j,), since in general we will
not be able to approximate these functions by continuous functions that are close

in every £2(u,) norm at the same time. The theorem does however hold for  in
L3(po).-
7.5 Random Ergodicity in the Autonomous Setting

We have already seen that random ergodicity is not equivalent to ergodicity in the

classical case. Indeed, an automorphism can never have interesting measures that

are randomly ergodic. We will now show that random ergodicity is equivalent to a
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condition that is far stronger than ergodicity, namely ezactness. Let (X, B, u) be a
measurable space (X, p) with o-algebra B. Recall that a measurable transformation
T: X — X is called exact (see for instance [Wal82)) if

(T "B=N,

n>0
where NV = {0, X'}, = means that the two sides are equal up to sets of measure zero,
and the left hand side is the o-algebra consisting of all sets A € B that have for every

n € Naset A, € Bwith A=T"(A,).

Proposition 7.12. A sequence Ty, Ty, . .. of transformations of (X, B, p) is randomly
ergodic if and only if
m T(n)'B=N,

n>0

The proof follows directly from the definition of random ergodicity. We immedi-

ately get the following corollary for the autonomous setting:

Corollary 7.13. An automorphism T of (X, B, i) is randomly ergodic if and only

if T is exact.

Exact automorphisms are strong mixing [Wal82]. Hence a random ergodic trans-

formation is in particular mixing.
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ABSTRACT

Non-Autonomous Complex Dynamical Systems

by

Han Peters

Chair: John Erik Fornsess

We study the orbits of sequences of complex differentiable endomorphisms of com-
plex manifolds. We are in particular interested in the following question: is a stable
manifold of a hyperbolic automorphism always biholomorphic to complex Euclidean
space?” We show that the answer to this question is yes if a related conjecture in
non-autonomous complex dynamics holds. We investigate this second conjecture,

and prove several intermediate results.



