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CHAPTER I

Introduction

1.1 Introduction

The field of complex dynamical systems studies the iteration of complex differen-

tiable mappings. The main objects of interest are the orbits of such mappings. For

a given mapping F : X → X, where X is a complex manifold, the orbit of p ∈ X is

defined to be the sequence p, F (p), F 2(p) := F (F (p)), . . ..

The simplest orbits are of course those of fixed points, F (p) = p. The point p is

called an attracting fixed point if the modulus of all eigenvalues of F ′(p) are strictly

smaller than 1. It is easy to see that p is an attracting fixed point if and only if there

exists a neighborhood N of p such that the orbit of any z ∈ N converges to p. The

set of all points z ∈ X whose orbits converge to p is called the basin of attraction of

F at p:

Ω = {z ∈ X | F n(z) → p}.

In complex analysis one fundamental question is to describe a given domain,

or more generally a complex manifold, up to biholomorphic equivalence. It turns

out that if the mapping F is invertible then the basins of attraction are always

biholomorphic to complex Euclidean space.

We may assume that N is diffeomorphic to the unit ball in Ck and that F (N ) ⊂⊂

1



2

N . Every orbit that converges to p must at some point reach the neighborhood N ,

and every orbit that reaches N at some point must converge to p. Hence we have

that

Ω =
⋃
n≥0

F−n(N ).

Thus Ω is a monotone increasing union of balls, so Ω is diffeomorphic to Ck = R2k.

It is harder to show that Ω is also biholomorphic to Ck. If F is an automorphism

of the complex plane then this follows immediately, since all automorphisms of the

complex plane are affine mappings. It is not feasible to give such an argument in

higher dimensions, since the automorphism groups are much larger.

The two dimensional case was solved by Lattès [Lat11]. He showed that for any

automorphism F of a complex manifold of dimension 2 with an attracting fixed point

at p there exists a local conjugation φ−1Fφ = G near p where G is a so-called normal

form. To be more precise, G is equal to either Lλ,µ or Eλ,k, where

Lλ,µ : (x, y) 7→ (λx, µy), (λ, µ 6= 0),

Eλ,k : (x, y) 7→ (λx, λk(y + xk)), (λ 6= 0, k ∈ N).

In either case the mapping G is an automorphism of C2, and attracts all of C2

to the origin. It follows from the fact that F and G are locally conjugate that the

basin of attraction of F is biholomorphically equivalent to the basin of attraction of

G, which is C2.

It can be much easier to choose specific automorphisms and show that the basin

of attraction for these mappings is biholomorphic to C2. In the 1920’s Fatou and

Bieberbach constructed automorphisms of C2 that have more than one fixed point,

including at least one attracting fixed point. Of course, the orbits of the other

fixed points cannot converge to the attracting fixed point, therefore it follows that
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a basin of attraction of such an automorphism is a proper subdomain of C2 that is

biholomorphically equivalent to C2. This discovery showed a fundamental difference

between one dimensional complex conformal equivalences and higher dimensional

biholomorphic equivalences, which at the time came as a complete surprise. Proper

subdomains of C2 biholomorphic to C2 are now called Fatou-Bieberbach domains,

and such domains have received significant interest.

The question of whether a basin of attraction is always biholomorphic to complex

Euclidean space remained unsolved for quite a while. In the 1950’s Sternberg [Ste57]

showed the existence of a normal form for biholomorphic mappings in any dimension.

In 1988 this result was proved again by Rosay and Rudin [RR88] and they used an

argument similar to that of Lattès to prove the following:

Theorem 1.1. Let F be an automorphism of a complex manifold that has an attract-

ing fixed point. Then the basin of attraction is biholomorphic to complex Euclidean

space.

We will consider the main ideas of the proof of this theorem more closely in the

next chapter.

We will prove several generalizations of the above theorem to the non-autonomous

setting. In non-autonomous dynamical systems the compositions of a sequence of en-

domorphisms are studied instead of the iteration of a single mapping. For a sequence

of mappings F1, F2, . . ., the orbit of a point p is defined as p, F1(p), F2(F1(p)), . . ..

Theorem 1.1 naturally suggests the following question:

Question 1.2. Let F1, F2, . . . be a sequence of automorphisms of a complex manifold,

all having a single attracting fixed point. Under what conditions is the basin of

attraction biholomorphically equivalent to complex Euclidean space.
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By basin of attraction, we mean the set of points whose (non-autonomous) orbits

converge to the fixed point.

In the second chapter we will give the background necessary for this thesis. We

also show how the above question is motivated by a question about stable manifolds .

A stable manifold is a generalization of a basin of attraction to the case where there

is not a fixed point. Instead of studying the set of points whose orbits converge to

a given point, one studies the set of points whose orbits converge to a given orbit.

It turns out that there is a strong relationship between stable manifolds and non-

autonomous basins of attraction: a stable manifold is biholomorphic to the basin of

attraction of a sequence of automorphisms of Ck, where k is the dimension of the

stable manifold. We will see in the next chapter that a stable manifold is always

biholomorphic to complex Euclidean space if the following conjecture holds:

Conjecture 1.3. Let F1, F2, . . . be a sequence of automorphism of Ck. Assume that

there exist a, b ∈ R with 0 < a < b < 1 so that for any z in the unit ball and any

n ∈ N the following holds:

a‖z‖ ≤ ‖Fn(z)‖ ≤ b‖z‖.

Then the basin of attraction of the origin is biholomorphic to Ck.

The above conjecture is the main focus of this thesis.

In the third chapter we give several examples of basins of attractions of sequences

of biholomorphic mappings. The examples show that a basin of attraction of a

sequence of biholomorphic mappings is not biholomorphic to Ck unless some as-

sumptions are made on the rate at which different orbits converge to the attracting

fixed point. We also give strong sufficient conditions on the rate of convergence of the

orbits for the basin of attraction of a sequence of automorphisms to be biholomorphic
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to Ck.

One natural question to ask is the following: Given a single automorphism with

an attracting fixed point, is the basin of attraction of a sequence of automorphisms

biholomorphic to Ck if all the automorphisms in the sequence are close enough to the

original automorphism? In Chapter 4 we prove that this is indeed the case. Besides

methods from the proof of Theorem 1.1, the proof of this result relies on two other

ingredients. The first is the non-autonomous dynamics of matrices and the second

is the actions of polynomial mappings on the space of polynomial mappings of some

bounded degree.

In the fifth chapter we show that given any sequence of automorphisms with a

common attracting fixed point, the basin of attraction is biholomorphic to Ck if the

mappings are repeated often enough. For this result to hold, one needs a different

definition of basin of attraction that we will call {rj}-calibrated basin of attraction.

This definition and the precise statement of the result are given in Chapter 5. The

proof of this result relies heavily on the methods used in the proof of Theorem 1.1. For

each of the given automorphisms, we will consider a local holomorphic conjugation

to an automorphism that is in normal form. However, for the argument to hold we

need that the conjugation mapping is a global automorphism. It follows from an

interpolation result by Forstneric [For99] and Weickert [Wei97] that we may assume

the conjugations to be global automorphisms.

In the sixth chapter we will study Fatou-Bieberbach domains and their boundaries.

Stensønes [Ste97] showed that there exist Fatou-Bieberbach domains whose bound-

aries are smooth and hence of dimension 3. Wolf [Wol00] constructed for any h in the

interval (3, 4) a Fatou-Bieberbach domain whose boundary has Hausdorff dimension

h. Thus the only open questions are whether there exist Fatou-Bieberbach domains
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whose boundaries have Hausdorff dimension either exactly 4 or strictly smaller than

3. We will construct Fatou-Bieberbach domains whose boundaries have dimension

4 as basins of attraction of a sequence of automorphisms of C2. To show that these

basins are biholomorphic to C2 we will use two theorems presented in the earlier

chapters.

The last chapter is not directly related to the other chapters, although it also deals

with non-autonomous complex dynamical systems. We will define several ergodic

theoretical properties for the non-autonomous case and show that these properties

hold for compact sequences of holomorphic self-maps of Pk. The objects we will try

to generalize are ergodic and mixing measures . Roughly speaking, these measures

say something about how orbits starting at different parts of the space get mixed up.

In the non-autonomous case, it would be too restrictive to assume that there

exists one measure that is invariant with respect to the whole sequence of mappings,

so instead we will introduce invariant sequences of measures . It turns out that there

exist quite natural generalizations of mixing and ergodicity for such sequences.



CHAPTER II

Background information

2.1 Non-Autonomous Notation

Throughout this thesis we will use the product notation for a composition of

mappings, for example fg instead of f ◦ g and f 2 instead of f ◦ f , and we will write

f−n instead of (f−1)n.

Let f1, f2, . . . be a sequence of endomorphisms of a complex manifold X. We will

write f(n) for the composition of the first n mappings:

f(n) = fn · · · f1.

We think of f(n) as the mapping that takes us from stage 0 to stage n. When z ∈ X

is fixed we will often write zn for f(n)(z). We will denote the mapping that takes us

from stage m to stage n by f(m,n):

f(m,n) = fnfn−1 · · · fm+1.

We let Aut(Ck) be the group of holomorphic automorphisms of Ck, and write

Aut0(Ck) for the subgroup of those automorphisms that fix the origin. We write

O(Ck) for the set of holomorphic functions φ : Ck → C.

We will denote the ball of radius R centered at p by B(p,R), or B(R) when p = 0,

and for simplicity we will write B for the unit ball.

7
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2.2 Complex Dynamical Systems in Several Variables

The complex differentiable maps that have received the most attention in complex

dynamical systems are without question quadratic polynomials in the complex plane.

Any quadratic polynomial is conjugate to a function fc = z2 + c with c ∈ C, so to

study the dynamical behavior of quadratic polynomials it is sufficient to study the

mappings fc. The Julia set of fc, denoted by Jc, is defined as the set of all z ∈ C for

which the family {fn | n ∈ N} is not a normal family in any neighborhood of z. For

instance, for f0(z) = z2 it is easy to calculate that the Julia set is exactly the unit

circle. The set of all constants c ∈ C for which the Julia set of fc is connected is called

the Mandelbrot set . The connected component of the interior of the Mandelbrot set

that contains 0 is called the main cardioid of the Mandelbrot set. It can be shown

that fc has an attracting fixed point if and only if c lies in the main cardioid of the

Mandelbrot set. We will recall more results concerning the Mandelbrot set in the

third section of this chapter.

In higher dimensions, the space of degree 2 polynomial endomorphisms is so large

that it is very hard to get results like those in one dimension. However, in dimen-

sions two and higher there exist polynomial mappings that are invertible and not

linear. A complete classification of polynomial automorphisms in two complex vari-

ables was given by Friedland and Milnor [FM89]. It turns out that any polynomial

automorphism of C2 is conjugate to an affine mapping, an elementary mapping E,

or a composition of (generalized) Hénon mappings H, where

E(z, w) = (αz − p(w), βw), and

H(z, w) = (p(z)− αw, z),

with α, β ∈ C \ {0} and p a polynomial. The dynamical behavior of affine mappings
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is quite trivial, and it is not hard to understand the dynamical behavior of elemen-

tary mappings either. Therefore the only polynomial automorphisms of C2 that are

dynamically interesting are compositions of Hénon mappings, and the simplest ones

are the Hénon mappings themselves.

Several of the results presented in this thesis rely upon dynamical properties of

Hénon mappings, so we recall some of these properties here (see for instance [BS91]

and [BS92] for more details).

For R > 0 one defines:

V + = {(z, w) ∈ C2 | |z| ≥ |w|, |z| ≥ R},

V − = {(z, w) ∈ C2 | |w| ≥ |z|, |w| ≥ R},

and

V = {(z, w) ∈ C2 | |z|, |w| ≤ R}.

One can choose R large enough such that the following properties hold:

F (V +) ⊂ V +,(2.1)

F−1(V −) ⊂ V −.(2.2)

The orbit of z ∈ C2 converges to infinity in positive time (or negative time) if and

only if for some n ∈ N one has that F n(z) ∈ V + (resp. F−n(z) ∈ V −). The partition

of C2 given by the sets V, V + and V − is called a filtration for F , and it describes the

global dynamics of the mapping F .

Next we recall the definitions of the Julia sets of a Hénon mapping f . We define

the sets K+ and K− as

K± = {z ∈ C2 | {f±n(z)} is bounded}.
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Figure 2.1: Filtration for the Hénon mapping

It follows from the filtration properties discussed in Chapter 2 that z ∈ K+ if and

only if fn(z) ∈ V for all n large enough.

We define the forward and backward Julia sets J+ and J− as J± = ∂K±, and the

Julia set as J = J+ ∩ J−.

2.3 Basins of Attraction: The Method of Rosay and Rudin

We will use the methods used by Rosay and Rudin [RR88] in the proof of Theorem

1.1 for several of the results in this thesis, so we present the proof of this theorem in

some more detail in this section.

A mapping G = (g1, · · · , gk) : Ck → Ck is called a lower triangular polynomial

mapping if there exist constants sj ∈ C and polynomial mappings h2, . . . , hk with

hj(0) = 0 such that g1(z) = s1z1 and

gj(z) = sjzj + hj(z1, · · · , zj−1),

for every j = 2, . . . , k. If 0 < |sj| < 1 for every j then G is a polynomial automor-



11

phism of Ck with an attracting fixed point at the origin.

Let F be an automorphism of Ck with an attracting fixed point at p ∈ Ck. Let Ω

denote the basin of attraction as in the introduction. Without loss of generality we

may assume that F ′(p) is a lower triangular matrix, with diagonal terms λ1, . . . , λk

that satisfy |λ1| ≥ · · · ≥ |λk|. It was shown in [RR88] that there exists a lower

triangular polynomial mapping G, and for every d ∈ N a polynomial mapping φd =

Id + h.o.t. so that

φdFφ−1
d = G + O(‖z‖d).(2.3)

The only monomials zα = zα1
1 · · · zαk

k that can appear in the j-th coordinate function

of the polynomial mapping G are those for which λα1
1 · · ·λαj−1

j−1 = λj. In particular

we have that if |λ1|2 < |λk| then G = F ′(p).

Since G′(0) = F ′(p), we have that |sj| = |λj| < 1 for every j. The following

lemma was proved in [RR88]:

Lemma 2.1. For every compact K ⊂ Ck, there exists an N ∈ N such that for every

n ≥ N one has Gn(K) ⊂ B. Also, there exists a γ > 1 such that for any w, w′ ∈ B

and every n ∈ N, one has that

‖G−n(w)−G−n(w′)‖ ≤ γn‖w − w′‖.

This means that in some sense the mapping G behaves very much like a linear

mapping with an attracting fixed point, and in particular the basin of attraction for

G at the origin is all of Ck.

The last step in the proof is to show that for d large enough the maps Ψn =

G−nφdF
n converge locally uniformly to a biholomorphic mapping from Ω to Ck. Let

K ⊂⊂ Ω, and n large enough such that F n(K) lies in a small neighborhood of p.
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Notice that for any z ∈ K we have

Ψn+1(z)−Ψn(z) = G−n(G−1φdF
n+1(z))−G−n(φdF

n(z)),

so it follows from Lemma 2.1 that

‖Ψn+1(z)−Ψn(z)‖ ≤ γn‖G−1φdF
n+1(z)− φdF

n(z))‖.(2.4)

It now follows from Equation (2.3) that if d is chosen large enough then the right

hand side of Equation (2.4) is smaller than Cαn, with α < 1 independent of K

and C > 0. It follows that the sequence Ψn is a Cauchy sequence, and converges

uniformly on K to a holomorphic mapping Ψ that extends to all of Ω.

It is a well known fact that the uniform limit of a sequence of biholomorphic

mappings is either injective or degenerate everywhere. In this case we have that

Ψ′
n(0) = I for all n ∈ N, so Ψ is biholomorphic. Also, the limit mapping satisfies the

functional equation GΨ = ΨF . As F (Ω) = Ω, the functional equation gives us

GΨ(Ω) = Ψ(Ω).

As G attracts all of Ck to the origin, it follows that Ψ(Ω) = Ck which completes the

proof.

2.4 Stable Manifolds

We will now show how one could solve an open conjecture about stable manifolds

by studying basins of attraction of sequences of automorphisms.

The definition of the basin of attraction still makes sense in the case that p is a

fixed point that is not attracting. If the modulus of one or more of the eigenvalues of

F ′(p) equals 1 the situation is very difficult and we will not discuss it here (but see

for instance the work of Ueda [Ued86], Abate [Aba02], Weickert [Wei98] and Hakim
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[Hak98]). A periodic point p of order d is called hyperbolic if none of the moduli of

the eigenvalues of (F d)′(p) are equal to 1. In the case of a hyperbolic periodic point

p we may as well replace F with F d so that p is a fixed point.

Let p be a hyperbolic periodic point and assume that there are l eigenvalues of

F ′(p) whose moduli are strictly smaller than 1 (corresponding to the “attracting”

directions), and k − l eigenvalues whose moduli are strictly larger than 1 (the “re-

pelling” directions).

For ε > 0 define

Ω(ε) = {z ∈ X | d(F n(z), p) < ε ∀n ∈ N}.

If we choose ε small enough then the dynamics of F in the ε-neighborhood of p is

very similar to the dynamics of the map F ′(p). It is not hard to see that an orbit

that stays in B(p, ε) must actually converge to p. Therefore we have that

Ω =
⋃
n≥1

F−n(Ω(ε)).(2.5)

One can show that for ε small enough Ω(ε) is a holomorphic graph over the tangent

space Tp(Ω) near p ( see Theorem 9.3.2 in [MNTU00]). It follows from (2.5) that

Ω is a complex manifold of dimension l. Hence F |Ω is an automorphism of Ω with

an attracting fixed point at p and the basin of attraction (which is equal to Ω) is

biholomorphic to Cl.

The definition of the basin of attraction does not make sense if the point p ∈ X is

not fixed by F , but instead we can study the set of all points whose orbits converge

to the orbit of the point p. This set is called the stable set, and denoted by

W s
p = {z ∈ X | d(F n(z), F n(p)) → 0}.(2.6)

As we have seen above, the situation of a periodic point is not really different from

the case of a fixed point, but when p is not periodic the situation is far more difficult.
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An automorphism F of X is said to act hyperbolically on a compact invariant set

K ⊂ X if there exists a continuous splitting of the tangent bundle T (X)|K = Es⊕Eu,

(Es and Eu consist of the stable and unstable directions) with the following three

properties:

(i) Es
p and Eu

p have constant rank for all p ∈ K, say l and k − l.

(ii) dF (Es
p) = Es

f(p) and df(Eu
p ) = Eu

f(p) for all p ∈ K.

(iii) there exist positive constants C and ρ, with ρ < 1, so that, for all p ∈ K and

all n ≥ 0

‖dF n|Es
p
‖ ≤ Cρn and ‖dF n|Eu

p
‖ ≥ C−1ρ−n.(2.7)

If F acts hyperbolically on K and p ∈ L then we can define the local stable set

of p as follows:

W s
p (ε) = {z ∈ X | d(F n(z), F n(p)) < ε ∀n ∈ N}.

We have that

W s
p =

⋃
n≥1

F−n(W s
p (ε)),

similarly to the case of a hyperbolic fixed point.

Again one can show that for small ε the local stable set W s
p (ε) is a holomorphic

graph over Es
p near p, making W s

p a complex manifold. The set W s
p is called the

stable manifold of F through p (similarly one can define the unstable manifold,

usually denoted by W u
p ).

The following natural conjecture was posed by Bedford [Bed]:

Conjecture 2.2. Let F be an automorphism of a complex manifold X, and suppose

that F acts hyperbolically on a compact invariant subset K of X. Then for every

p ∈ K we have that W s
p is biholomorphic to complex Euclidean space.



15

It was proved by Jonsson and Varolin [JV02] that Conjecture 2.2 holds almost

everywhere with respect to any invariant probability measure supported on K.

One may be able to show that Conjecture 2.2 holds by solving a related prob-

lem in non-autonomous dynamics. Fix a complete Riemannian metric d(·, ·) on X.

Following [JV02] we define

Ws :=
⊔
p∈K

W s
p

as well as

Es
p(ε) := {v ∈ Es

p | ‖v‖ < ε} and Es(ε) :=
⋃
p∈K

Es
p(ε).

For p ∈ K let distp be the distance on W s
p associated to the metric on X. For x, y in

Ws we define dist(x, y) = distp(x, y) if x, y ∈ W s
p for some p ∈ K. If x ∈ W s

p and y ∈

W s
q for some p 6= q ∈ K, then we define dist(x, y) = distp(x, p) + d(p, q) + distq(q, y).

Similarly we define a distance on Es: dist(v, w) = ‖v − w‖ when v, w ∈ Es
p and

dist(v, w) = ‖v‖+ d(p, q) + ‖w‖ when v ∈ Es
p and w ∈ Es

q . When we talk about the

topologies on Ws and Es then we mean those induced by the distances dist(·, ·).

Recall Proposition 1.1 of [JV02]:

Proposition 2.3. There exist ε > 0 and a continuous mapping χ : Es(ε) → Ws

which maps each Es
p(ε) biholomorphically into W s

p , maps the zero vector 0p ∈ Es
p to

p ∈ W s
p , and satisfies d(χ|Es

p
)0p = idEs

p
.

By replacing F with a high iterate of F if necessary, we may assume that C = 1

in Equation (2.7), and identify Es
p(ε) with the unit ball in Ck for every p ∈ K. Let

p0 = p, p1, p2, . . . be the orbit of p ∈ K. Then the map

fn(z) = χ−1 ◦ F ◦ χ,

maps Es
pn−1

(ε) biholomorphically into Es
pn

(ε). Therefore we may take the f ′ns to

be biholomorphic mappings from B into B that fix the origin and are uniformly
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attracting, i.e. there exist real numbers a, b with 0 < a < b < 1 such that

a‖z‖ ≤ ‖fn(z)‖ ≤ b‖z‖

for every n ∈ N and every z ∈ B.

Recall the definition of the tail-space of the sequence {fn} from [FS04]: let S{fn}

be the set of all sequences (zj, zj+1, · · · ) with zn = fn(zn−1) for n = j + 1, j + 2, . . ..

Define an equivalence relation ∼ on S{fn} by (zj, zj+1, · · · ) ∼ (wl, wl+1, · · · ) if and

only if zn = wn for some n ∈ N. The tail space of the sequence {fn}, is the set

Ω{fn} := S{fn} equipped with the equivalence relation ∼.

We define a map Φ : W s
p → Ω{fn} as follows:

For z ∈ W s
p , let n ∈ N be large enough such that F n(z) ∈ W s

pn
(ε), and let

Φ(z) be the equivalence class of (χ−1F n(z), χ−1F n+1(z), · · · ). It is not hard to check

that this definition of Φ is independent of the choice of n and gives a well-defined,

biholomorphic mapping from W s
p onto Ω{fn}.

It follows from [FS04] that Ω{fn} is biholomorphic to the basin of attraction of a

sequence of automorphisms {Fn} of Cl that satisfy

a‖z‖ ≤ ‖Fn(z)‖ ≤ b‖z‖,

for every n ∈ N and every z ∈ B. This means that Conjecture 2.2 can be answered

positively by proving the following:

Conjecture 2.4. Let F1, F2, . . . be a sequence of automorphisms of Ck that fix the

origin. Suppose that there exist a, b ∈ R that satisfy 0 < a < b < 1, such that for

every n ∈ N and every z ∈ B we have:

a‖z‖ ≤ ‖Fn(z)‖ ≤ b‖z‖.

Then the basin of attraction of the sequence F1, F2, . . . is biholomorphic to Ck.
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2.5 Fatou-Bieberbach Domains and Dimension Theory

Recall that a Fatou-Bieberbach domain is a proper subset of C2 that is biholo-

morphically equivalent to C2. Stensønes [Ste97] recently showed that there exist

Fatou-Bieberbach domains whose boundaries are C∞ smooth. She does not con-

struct these Fatou-Bieberbach domains as basins of attraction, but rather as the set

of points where a sequence of biholomorphic mappings converges.

Before we state the next result we recall the definitions of Hausdorff dimension

and upper box dimension. Let K be a subset of Rn, for simplicity we will assume

that K is compact. For ε > 0 we write βε for the set of all coverings {Bi} of K with

balls of radius at most ε. For h ≥ 0 we define

ϑε
h(K) = inf

βε

∑
(diam(Bi))

h , and

µh(K) = lim
ε→0

ϑε
h(K).

µh(K) is called the Hausdorff measure of K (of dimension h).

The Hausdorff dimension of K, written as dimH(K), is defined as the unique value

h ≥ 0 such that µh′(K) = 0 for all h′ > h and µh′(K) = ∞ for all 0 ≤ h′ < h.

A different concept often used to measure the dimension of sets is called upper

box dimension. Instead of covering the set K with balls of radius at most ε, let Bε be

the set of all coverings of K with balls of radius exactly ε. The definition of γε
h(K)

is exactly the same, so

γε
h(K) = εh inf

Bε

#{Bi}.

The limit of γε
h(K) as ε → 0 does not necessarily exist, but the upper box content

of K (of dimension h) is defined as

µ(K) = lim sup
ε→0

γε
h(K).
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Again, the upper box dimension of K, written as dimB(K), is defined as the

unique value h ≥ 0 such that µh′(K) = 0 for all h′ > h and µh′(K) = ∞ for all

0 ≤ h′ < h.

The Hausdorff (or upper box) dimension of a non-compact set is the supremum

of the Hausdorff (resp. upper box) dimensions of all its compact subsets.

While the upper box dimension of K may in general be larger than the Hausdorff

dimension of K, for many sets the two concepts of dimension agree. Upper box

dimension is often used instead of Hausdorff dimension because it is better suited

for computer approximations.

Wolf [Wol00] proved the following result:

Theorem 2.5. For any h ∈ (3, 4) there exists a Hénon mapping f(z, w) = (aw, az +

w2 +c) such that the boundary of the basin of attraction of the unique attracting fixed

point of f has Hausdorff dimension h.

In fact, it follows from the proof of Theorem 4.1 in [Wol00] that the dimension of

J+ is equal to h near any point p ∈ J+.

The proof of Theorem 2.5 relies on the work of Fornæss and Sibony ([FS92]), who

studied the dynamics of Hénon maps of the form fc,a(z, w) = (z2 + c+aw, az) where

c is in the main cardioid of the Mandelbrot set and the constant a > 0 is very small.

The complement of the forward Julia set of fc,a consists of exactly two connected

components, called Fatou components, namely the basins of attraction of the unique

attracting fixed point and a point at infinity. The idea is that as a approaches 0,

the dynamics of fc,a becomes similar to the dynamics of the map fc : C→ C defined

by fc(z) = z2 + c. It turns out that the intersection of the Julia set of fc,a with

the w = 0 plane is very close to the Julia set of the map fc. So an estimate on the

dimension of the Julia set of fc,a can be obtained by the use of the following theorem
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by Shishikura ([Shi98]:

Theorem 2.6. There exists a residual (hence dense) subset S of the boundary of the

main cardioid of the Mandelbrot set such that the Hausdorff dimension of the Julia

set of fc is equal to 2 for any c ∈ S. As a consequence, the Hausdorff dimension of

the Julia set of a polynomial fc with c in the main cardioid of the Mandelbrot set can

be arbitrarily close to 2.

Wolf uses the last part of the Theorem 2.6 to obtain Hausdorff dimension arbi-

trarily close to 4 in the proof of Theorem 2.5. The theorem is then obtained by

showing that the dimension can also be arbitrarily close to 3, and a continuity argu-

ment about the dependence of the Hausdorff dimension of J+
fc,a

as a function of the

parameters a and c.



CHAPTER III

Examples and Counterexamples

3.1 Basins not biholomorphic to Ck

More generally than Conjecture 2.4 we can ask if the basin of attraction of a given

sequence of automorphisms of Ck with a common attracting fixed point at the origin

is biholomorphic to Ck. It is easy to see that in general the answer to this question

is no:

Example 3.1. Let {fn} be a sequence of automorphisms of Ck given by fn(z) = cnz

with cn ∈ (0, 1), and assume that Πn∈Ncn > 0. We have that f(n)(z) = Πj≤ncj · z,

so the basin of attraction of the sequence f1, f2, . . . is {0}.

Example 3.2. Let {fn} be a sequence of automorphisms of C2 given by fn(z, w) =

(1
2
z + 2w, 1

2
w) for n even, and fn(z, w) = (1

2
z, 2z + 1

2
w) for n odd. It is easy to see

that 0 is an attracting fixed point for every fn. However, for n even the mapping

fnfn−1 = (41
4
z + w, z + 1

4
w) has a hyperbolic fixed point at the origin, with one

repelling and one attracting direction. Therefore, the basin of attraction of the

sequence f1, f2, . . . is one dimensional, and in particular not biholomorphic to C2.

In the Examples 3.1 and 3.2 there exist orbits that approach the attracting fixed

point arbitrarily well but do not converge to the origin. This situation cannot happen

in the setting of Conjecture 2.4 because the constant b < 1 gives an upper bound for

20
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the rate at which orbits that have reached the unit ball converge to the origin. The

following result (from [For04]) shows that this condition is not sufficient:

Theorem 3.3. Let a1, a2, . . . be complex numbers such that 0 < |an| < 1 and such

that |an+1| < |an|t for some fixed t > 2. For j ∈ N let fj be a polynomial automor-

phism of C2 defined by fj(z, w) = (z2 +ajw, ajz). Then the basin of attraction of the

sequence f1, f2, . . . is not biholomorphic to C2.

It is shown in [For04] that the basin of attraction in Theorem 3.3 is an example of

a so-called short C2, i.e. an increasing union of holomorphic balls whose Kobayashi

metric vanishes identically but that is not biholomorphic to C2.

Theorem 3.3 suggests that to ensure that a basin of attraction is biholomorphic

to Ck, there should also be a lower bound for the rate at which orbits converge to

the origin. In Conjecture 2.4 we have such a lower bound because of the constant

a > 0.

For the following theorem, recall that Ω is defined as {z ∈ C2 | f(n)(z) → 0}.

Theorem 3.4. Let fj ∈ Aut0(C2) be defined by fj(x, y) = (x2 + ajy, ajx) where

aj ∈ (0, 1) for every j ∈ N and aj → 1 as j → ∞. Then Ω is not open, and in

particular not biholomorphic to C2.

Proof. Let Ω∞ be the set of points in C2 whose orbits converge to infinity. Since

the constants an converge to 1 as n → ∞, there exists one filtration, as defined in

Section 2.2, which works for all the mappings fj. For instance we may assume that

an > 1
2

for all n ∈ N, and then R = 4 will suffice for the definition of D,V + and

V −. This means that if z ∈ Ω∞ then there is some zn = (xn, yn) such that |xn| > 4

and |xn| > |yn|. Also if z = (x, y) with |x| > 4 and |x| > |y|, then we have that
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‖fn(z)‖ > ‖z‖+ 1. Therefore

Ω∞ =
⋃
n≥0

f(n)−1
({z = (x, y) ∈ C2 | |x| > 4, |x| > |y|}) ,

and in particular, Ω∞ is open.

Let z = (x, y) ∈ R2
+ := {((x, y) ∈ R2 | x, y ≥ 0}. We write ‖z‖1 for x+y. Assume

that zn does not converge to 0. Then there exists an ε > 0 such that ‖zn‖1 > ε for

arbitrarily large n ∈ N. Take j so large that for all n ≥ j we have

(an)2(1 +
1

4
ε2) > 1 +

1

5
ε2,

and let n ≥ j with ‖zn‖1 > ε. Notice that

fn+2fn+1(zn) = ((x2
n + an+1yn)2 + an+2an+1xn, an+2x

2
n + an+2an+1yn),

and therefore

‖fn+2fn+1(zn)‖1 ≥ a2
n+1y

2
n + an+2x

2
n + an+2an+1(xn + yn)

> min(an+1, an+2)
2(xn + yn + x2

n + y2
n)

≥ min(an+1, an+2)
2(1 +

1

4
ε2)‖z‖1 > (1 +

1

5
ε2)‖z‖1

Thus ‖zn‖1 converges to infinity and z ∈ Ω∞, so

R2
+ = (Ω ∩ R2

+) ∪ (Ω∞ ∩ R2
+).

We have that Ω∞ ∩ R2
+ is a nonempty relatively open subset of R2

+, which means

(Ω ∩R2
+) is a proper relatively closed subset of R2

+. Since 0 ∈ Ω, it follows that Ω is

not open.

3.2 Basins biholomorphic to Ck

In the previous section we have seen several examples of sequences of automor-

phisms that have basins of attraction not biholomorphic to Ck. Fortunately, none
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of these examples satisfy the conditions in Conjecture 2.4. In this section we will

present some examples of basins of attraction that are biholomorphic to Ck.

Example 3.5. Let fn ∈ Aut0(Ck) be defined by fn(z, w) = (anw + z2, anz), and

assume that there exist a, b ∈ R such that 0 < a ≤ an ≤ b < 1 for all n ∈ N. Then

the conditions in Conjecture 2.4 are satisfied. It is a result due to Fornæss [For04]

that in this case the basin of attraction of the sequence f1, f2, . . . is biholomorphic

to Ck.

It is relatively simple to prove Theorem 1.1 in the case where the eigenvalues

λ1, . . . , λk of F ′(0) satisfy the equation

|λi|2 < |λj|,(3.1)

for any i, j ∈ 1, . . . k. In this case, the normal form of F is just the linear mapping

F ′(0), and the sequence of mappings F ′(0)−n ◦ F n converges uniformly on compact

subsets of the basin of attraction to a biholomorphic mapping from the basin of

attraction onto Ck. A similar argument can be used in the case of a sequence of

automorphism that satisfies a condition like Equation (3.1):

Theorem 3.6. Let f1, f2, . . . ∈ Aut0(Ck) and let a, b ∈ R satisfy 0 < b2 < a < b < 1.

If for every n ∈ N and every z ∈ B we have

a‖z‖ ≤ ‖Fn(z)‖ ≤ b‖z‖,

then the basin of attraction of the sequence {fn} is biholomorphic to Ck.

The proof of this theorem can be found in [Wol04]. Notice that the hypotheses in

Conjecture 2.4 are identical to those in the above theorem, except for the condition

b2 < a. This is a very strong restriction and it makes the above theorem less inter-

esting from a dynamical point of view. However, Theorem 3.6 is extremely useful in
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the construction of Fatou-Bieberbach domains, as we shall see in Chapter 6 (but see

also [Wol04]).



CHAPTER IV

Basins of Attraction of Slightly Perturbed Mappings

4.1 Small perturbations

Let F be an automorphism of Ck with an attracting fixed point at the origin, and

let N be a small neighborhood of the origin contained in the basin of attraction with

F (N ) ⊂⊂ N . As we have already noted in earlier chapters, we have the following

equality:

Ω =
⋃

n∈N
F−n(N ),

which we might as well use as the definition for the basin of attraction, Ω.

If the mapping F is slightly perturbed (to, say, F̃ ) then 0 might no longer be a

fixed point. However, for small enough perturbations we still get F̃ (N ) ⊂⊂ N , so

the basin of attraction of F̃ is equal to
⋃

n∈N F̃−n(N ), which makes this definition in

some sense more stable.

Now let f1, f2, . . . be a sequence of automorphisms of C2 that all satisfy fn(N ) ⊂⊂

N . For this chapter only we define the basin of attraction of f1, f2, . . . as the set

⋃

n∈N
f(n)−1(N ).(4.1)

The main result of this chapter is the following generalization of Theorem 1.1:

Theorem 4.1. Let F be an automorphism of Ck which has an attracting fixed point

at the origin. Then there exists an ε > 0 such that for any sequence f1, f2, . . . of

25
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automorphisms that satisfy ‖F (z) − fn(z)‖ < ε for all n ∈ N and z ∈ B, one has

that the basin of attraction of the sequence f1, f2, . . . is biholomorphic to Ck.

If we choose ε small enough, there exists a small neighborhood N of 0 with

fn(N ) ⊂⊂ N for all n ∈ N. Notice that the definition of the basin of attraction is

independent of the choice of N , as long as N is sufficiently small. Also notice that if

the maps fn do fix the origin, the basin of attraction defined in (4.1) is exactly the

same as the usual basin of attraction.

In the next section we will introduce the main ingredient in the proof of Theorem

4.1, namely Theorem 4.5, which is interesting in its own right. In the third section

we will prove that Theorem 4.5 implies Theorem 4.1 and in the last two sections we

will prove Theorem 4.5

4.2 Lower Triangular Form

Recall the following result (called QR factorization) from linear algebra:

Theorem 4.2. Let A be a n× n matrix with complex coefficients. Then there exists

a unitary matrix U such that UA is lower triangular.

It follows that for any automorphism F ∈ Aut0(Ck) we can find a unitary matrix

U ∈ Uk(C) such that (U ◦ F )′(0) is lower triangular. If F ′(0) is already lower

triangular then we say that F is in lower triangular form.

Remark 4.3. Given some sequence F1, F2, . . . ∈ Aut0(Ck) we can find unitary matri-

ces U1, U2 . . . such that U1F1, U2F2U
−1
1 , U3F3U

−1
2 , . . . are all in lower triangular form.

If all the maps Fn are attracting at the origin, we define F̃n = UnFnU
−1
n−1. Since

F̃ (n) = UnF (n), the basin of attraction of the sequence {F̃n} is exactly equal to

the basin of the original maps, so we may assume our original maps were already in

lower triangular form.
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Let F ∈ Aut0(Ck) be in lower triangular form. We will say that F is correctly

ordered if F ′(0) has diagonal entries (from upper left to lower right) λ1, . . . , λk that

satisfy the following condition:

|λj||λi| < |λl|,

for l ≤ j and any i. Note in particular that |λj| < 1 for every j, and that |λj|2 < |λl|

for j ≥ l. Note also that if the eigenvalues satisfy the ordering 1 > |λ1| ≥ · · · ≥

|λk| then F is correctly ordered, but for F to be correctly ordered the sequence

|λ1|, . . . , |λk| may fail to be decreasing by a relatively small amount.

Definition 4.4. Let F ⊂ Aut0(Ck) be a family of correctly ordered automorphisms.

We say that F is uniformly attracting if there exist a, b ∈ R with 0 < a < b < 1 so

that for every F ∈ F and every z ∈ B,

a‖z‖ ≤ ‖F (z)‖ ≤ b‖z‖.

Additionally we require that there exists a uniform ξ < 1 such that

|λi||λj| ≤ ξ|λl|,(4.2)

for l ≤ j and any i.

At the end of this chapter we will prove the following theorem:

Theorem 4.5. Let F1, F2, . . . ∈ Aut0(Ck) be a uniformly attracting sequence of

correctly ordered automorphisms. Then the basin of attraction of F1, F2, . . . is bi-

holomorphic to Ck.

4.3 Perturbed Basins Biholomorphic to Ck

We will now prove that Theorem 4.1 follows from Theorem 4.5. The proof consists

of several steps, and in each step we may decrease the value of ε.
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We may assume that F is such that F ′(0) is a lower triangular matrix with

diagonal entries (from upper left to lower right) λ1, . . . , λk that satisfy 1 > |λ1| ≥

. . . ≥ |λk|. By conjugating with an affine mapping we can guarantee that the off-

diagonal terms of F ′(0) are arbitrarily small.

Since F ′(0) is arbitrarily close to a diagonal matrix, we choose the neighborhood

of the origin N so small that F is contracting on N , i.e. that there exists some

θ < 1 such that for all x, y ∈ N we have that ‖F (x) − F (y)‖ ≤ θ‖x − y‖. We can

make ε small enough such that every fn is also contracting on N (where the uniform

constant θ < 1 is slightly increased if necessary). Let x0 = 0, x1, x2, . . . be the orbit

of 0, i.e. xn = fn(xn−1). We have that fn(N ) ⊂⊂ N for every n ∈ N, so that xn ∈ N

for every n ∈ N. Let Tn be the translation of Ck that maps xn to 0. Then define

f̃n = Tn◦fn◦T−1
n−1. We have that f̃n(0) = 0 for all n, 0 is an attracting fixed point for

every map fn, and the maps f̃n are still arbitrarily close to the original map F . Since

f̃(n) = Tnf(n), we have that the basin of attraction of the sequence f1, f2, . . . as

defined in (4.1) is exactly equal to the basin of attraction of the sequence f̃1, f̃2, . . ..

Therefore, we may as well assume that all the maps fn have 0 has an attracting

fixed point, and we will use the standard definition for the basin of attraction of the

sequence f1, f2, . . ..

We first prove Theorem 4.1 in the simpler case k = 2. We may assume that |λ2|

is strictly smaller than |λ1|, otherwise the result follows easily from Theorem 3.6.

The fact that F ′(0) is lower diagonal means exactly that (0, 1) is an eigenvector of

F ′(0). Let Φ be the action on P1 induced by the mapping F ′(0). It follows that

Φ([0 : 1]) = [0 : 1], and the multiplier of Φ at [0 : 1] is exactly λ1

λ2
. Hence [0 : 1] is

a repelling fixed point, and there exists an arbitrarily small neighborhood of [0 : 1],

say M such that M⊂⊂ Φ(M).
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Let φn be the action on P1 induced by f ′n(0). We can make sure that φn is close

enough to Φ so that M⊂⊂ φn(M) for all n ∈ N. We then have M⊃⊃ φ−1
1 (M) ⊃⊃

φ(2)−1(M) · · · , so it follows that

⋂

n∈N
φ(n)−1(M) 6= ∅.

Let v ∈ ⋂
φ(n)−1(M) (in fact v is unique), and let v0 = v, v1, v2, . . . be the orbit

of v, i.e. φn(vn−1) = vn, thus vn ∈M for every n ∈ N.

Let Un be a unitary 2 × 2 matrix that maps some representative of vn in C2 of

unit length onto (0, 1), and define f̃n := UnfnU−1
n−1. This makes (0, 1) an eigenvector

of every map f̃ ′n(0), which means f̃ ′n(0) is lower triangular. The basin of the sequence

f̃1, f̃2, . . . is exactly equal to U0(Ω), so it is in particular biholomorphic to Ω. Be-

cause the unitary matrices Un are arbitrarily close to the identity matrix, we have

that f̃n is arbitrarily close to F , and it follows that the sequence f̃1, f̃2, . . . satisfy the

properties in Theorem 4.5 and we are done.

We will now use a similar argument to prove Theorem 4.1 in the general case. We

will denote by G(m, k) the Grassmanian of all m-dimensional linear subspaces of Pk.

Lemma 4.6. Let A be a lower triangular k × k matrix whose diagonal entries

λ1, λ2, . . . λk satisfy |λ1| ≥ · · · ≥ |λk|. Suppose that l ∈ {1, . . . k − 1} is such that

|λl| > |λl+1|, and let L be the linear subspace of Pk−1 defined by

L = {[z1 : · · · : zk] ∈ Pk−1 | z1 = · · · = zl = 0}.

Then there exists an arbitrarily small neighborhood M ⊂ G(k − l − 1, k − 1) of L

such that A(M) ⊃⊃M.

Proof. First assume that A is diagonal. For X ∈ G(k − l− 1, k − 1) close enough to
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L we can write

X = {[z1 : · · · : zk] ∈ Pk−1 | z1 =
∑

j≥l

ε1,jzj, . . . , zl =
∑

εl,jzj}.

We define d(X,L) = max |εi,j|.

For small δ > 0 let Mδ = {X ∈ G(k − l − 1, k − 1) | d(X, L) < δ}. Since A is

diagonal and |λl| > |λl+1| for all i ≤ l and j ≥ l + 1, we have that

A(Mδ) ⊃M |λl|
|λl+1|

δ
⊃⊃Mδ

Fix some δ. Then Mδ will also work for arbitrarily small perturbations of the

diagonal matrix A.

We can conjugate any A with an invertible linear mapping T such that T−1AT is

lower triangular and arbitrarily close to a diagonal mapping (whose diagonal entries

are exactly those of A). Hence the set M = T (Mδ) will suffice for A.

We continue the proof of Theorem 4.1. Let l ∈ {1, . . . , k − 1} be such that

|λl| > |λl+1| = |λk|, and let Φ be the action of F ′(0) on Pk−1 (as in the 2-dimensional

case, we may assume that such an l exists, otherwise we are done by Theorem 3.6). It

follows from Lemma 4.6 that there exists a small neighborhoodM∈ G(k−l−1, k−1)

of L (where L is as in Lemma 4.6), such that Φ(M) ⊃⊃M. As in the 2-dimensional

case, we denote by φn the action of fn on Pk−1. We can decrease the value of ε if

necessary to get that φn(M) ⊃⊃ M for every n ∈ N, so we can find an orbit of

linear subspaces L0, L1, . . . in M with φn(Ln−1) = Ln for every n ∈ N.

We denote by Un a unitary matrix arbitrarily close to the identity that maps a

representative of Ln in the unit sphere in Ck onto the set

T = {z ∈ Ck | ‖z‖ = 1, z1 = · · · = zl = 0},
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and we define the maps f̃n by

f̃n = UnfnU−1
n−1.

We then have that for every v ∈ T there exists a c ∈ (0, 1) such that f̃ ′n(0)(v) ∈ cT ,

and therefore we have that for any n ∈ N the entries in the p-th rows and q-th

columns of the matrix f ′n(0) are equal to 0 for p ≤ l and q ≥ l+1. Since the matrices

Un are arbitrarily close to the identity, we have that f̃ ′n(0) is arbitrarily close to F ′(0).

We may also assume that the (k − l)× (k − l) blocks in the lower right corner of

the matrices f̃ ′n(0) are lower triangular, since we can apply QR-factorizations as in

Remark 4.3 to these (k − l) × (k − l) blocks. The diagonal entries in these blocks

must be arbitrarily close to |λk| in absolute value, since we made sure that F ′(0)

is arbitrarily close to a diagonal matrix and we have since only composed F with

unitary matrices arbitrarily close to the identity. Also, the off-diagonal terms in the

(k − l)× (k − l) block in the lower right corner of the matrices f̃ ′n(0) are arbitrarily

small.

Since the last k− l columns of the matrices f̃ ′n(0) are already lower triangular, and

the corresponding eigenvalues are the smallest in absolute value, we can restrict our-

selves to the first l dimensions and apply the same arguments to the next eigenvalues

of F ′ which are equal in absolute value.

In finitely many steps, we get that all the maps f̃ ′n(0) are lower triangular matrices

with diagonal entries arbitrarily close to the original diagonal entries in absolute

value, and with off-diagonal terms arbitrarily small. Therefore, all the maps in the

sequence f1, f2, . . . are correctly ordered.

We constructed the unitary matrices U0, U1, . . . such that for every n ∈ N we have

f̃(n) = Unf(n)U−1
0 . It follows that the basin of attraction of the sequence f̃1, f̃2, . . . is

equal to the image of the basin of attraction of the original sequence f1, f2 . . . under
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the map U−1
0 , which is a biholomorphism. Thus the sequence f̃1, f̃2, . . . satisfies the

conditions in Theorem 4.5 and the proof of Theorem 4.1 is completed. ¤

4.4 Main Ideas for Theorem 4.5

In the proof of Theorem 4.5, we will construct a sequence of maps Ψn := G(n)−1 ◦

Xn◦F (n) which converges to a biholomorphism Ψ : Ω → Ck. Here the Gn’s are lower

triangular polynomial mappings , and the Xn’s are polynomial mappings whose linear

parts are the identity. To be more specific, we will start with some choice for X1 and

then define Xn = [Gn ◦Xn−1 ◦ F−1
n ]d. Here d is some large integer and we mean by

[·]d that we discard all terms of degree d + 1 and higher. It follows immediately that

‖G−1
n XnFn(z)−Xn−1(z)‖ = O(‖z‖d+1).(4.3)

The challenge is to choose a bounded sequence of lower triangular polynomial

mappings {Gn} so that there exists a bounded orbit of polynomial mappings {Xn}

for d arbitrarily large. We will first show that we can do this in some simpler cases

before we complete the proof of theorem 4.5.

Recall that a polynomial mapping G = (g1, . . . gk), of Ck with G(0) = 0 is called

lower triangular if

gj(z) = cjzj + hj(z1, . . . zj−1),

for all j ∈ {1, . . . , k}.

Lemma 4.7. Let G1, G2, . . . be a sequence of lower triangular polynomial mappings

of some fixed degree, whose coefficients are uniformly bounded. Then we have the

following:
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(a) The degrees of the maps G(n) are bounded, and there is a constant β < ∞ so

that

G(n)(B) ⊂ B(βn)

(b) If there exists a θ < 1 such that |ci| < θ for all Gj, then G(n)(z) → 0 uniformly

on compact subsets of Ck, and for every R > 0 and ε > 0 there exists an N ∈ N such

that for all n ≥ N we have that

G(n)(B(R)) ⊂ B(ε).

This lemma is similar to Lemma 1 in the appendix of [RR88], as is its proof.

We say that F1, F2, . . . with Fn(z) = anz + bn is a uniformly bounded sequence of

expending affine maps if the constants an and bn are bounded from above, and that

the an’s are bounded from below by some c > 1.

Lemma 4.8. Every uniformly bounded sequence of expanding affine maps F1, F2, . . .

has a unique bounded orbit z0, z1, z2, . . ..

Proof. Since the sequence is uniformly bounded and expanding, there exists a con-

stant R such that

Fi(B(R)) ⊃⊃ B(R)

for all i ∈ N. Now we have that

B(R) ⊃⊃ F (1)−1B(R) ⊃⊃ F (2)−1B(R) ⊃⊃ · · · ,

so the intersection,
⋂

F (n)−1B(R), contains a unique point z0. This means that the

sequence z0, z1, z2, . . ., where zn = Fn(zn−1), is a bounded orbit. Indeed, |zn| < R for

all n ∈ N.

It is clear that the point z0 is independent of R (as long ass R is large enough, so

z0, z1, . . . is indeed the unique bounded orbit.
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The argument showing that there exist bounded sequences Gn and Xn is some-

what complicated. To make it clearer we will first prove the existence in the one-

dimensional case where the argument is much easier.

Let f1, f2, . . . be a sequence of polynomials with uniformly bounded coefficients of

the form fn(z) = λnz + h.o.t., where |λn| > θ > 1, and let gn(z) = λ−1
n z. Let Pd be

the space of polynomials of the form z + h.o.t. of degree at most d. We define the

map φn : Pd → Pd by φn(X) = [gn ◦X ◦ fn]d.

Proposition 4.9. There exists a unique bounded sequence X0, X1, . . . ∈ Pd with

Xn = φn(Xn−1).

Proof. We will use induction on the degree d. For degree 1 the statement is clear

since we have Xn(z) = z for all n.

Suppose we have constructed a bounded orbit Yn that satisfies condition (4.3) for

d − 1 ≥ 1. We will add terms of degree d to the Yn’s so that the sequence satisfies

condition (4.3) for d. Let us say X0 = Y0 + c0z
d for some c0 ∈ C. Then it is easy to

see that X1 = φ1(X0) = Y1 + c1z
d, where c1 is equal to λd−1

1 c0 plus some constant

depending linearly on the coefficients of Y0 and the higher order terms of f1 (which

are uniformly bounded by assumption). Continuing inductively we get a uniformly

bounded sequence of expanding affine maps ψ̃n : C→ C that take cn−1 to cn. It now

follows from Lemma 4.8 that there is a unique c0 such that the sequence c0, c1, . . . is

bounded and so it follows by induction that we can find a unique bounded sequence

Xn for any d ∈ N.

Now that we have shown the idea in the one-dimensional case, we will show that we

can get bounded sequences {Gn} and {Xn} in the two dimensional case for degree 2,

where we can make explicit calculations. We let Fn(x, y) = (λnx, µny +anx)+h.o.t.,
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(F−1
n )(x, y) = (λ−1

n x, µ−1
n y + bnx) + h.o.t. and let Gn(x, y) = (λnx, µny + anx + dnx

2)

for some constants dn ∈ C to be chosen later. We will also set Xn(x, y) = (x +

αny2 + βnxy + γnx2, y + δny
2 + εnxy + ζnx

2), so we can identify the map Xn with

(αn, βn, γn, δn, εn, ζn) ∈ C6. Consider the map Xn−1 7→ Xn = [Gn ◦Xn−1 ◦F−1
n ]2. We

have that

αn = λnµ
−2
n αn−1 + l1,n,

βn = µ−1
n βn−1 + l2,n(αn−1),

γn = λ−1
n γn−1 + l3,n(αn−1, βn−1),

δn = µ−1
n δn−1 + l4,n(αn−1),

εn = λ−1
n εn−1 + l5,n(αn−1, βn−1, δn−1), and

ζn = µnλ−2
n ζn−1 + l6,n(αn−1, . . . , εn−1) + dnλ

−2
n .

Here the li,n are linear maps depending only on the coefficients of F−1
n (which are

uniformly bounded) and on the given variables.

It follows from equation (4.2) that |λnµ
−2
n | > 1 for any n, and therefore we get a

uniformly bounded sequence of expanding affine maps αn−1 7→ αn. Hence by Lemma

4.8, we can find α0 such that the sequence α0, α1, . . . is bounded. Having fixed the

αn’s, we can use the same argument for the βn’s, since we also have that |µ−1
n | > 1

for all n. After we fix the βn’s, we can similarly fix the γn’s, the δn’s, and finally the

εn’s.

We cannot use the same argument for the ζn’s, since we may not have that

|µnλ−2
n | > 1. However, we can choose ζ0 = 0, and then choose the constants dn

such that ζn = 0 for every n. This gives us the bounded sequences {Gn} and {Xn}.
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4.5 Basins of Uniformly Attracting Automorphisms

In this section we will give the complete proof of Theorem 4.5. The argument

that we use to construct bounded sequences {Xn} and {Gn} for higher dimensions

and higher degrees is essentially the same as the argument for degree 2 polynomial

mappings in C2 that we gave in the previous section.

We will write λn,1, . . . , λn,k for the diagonal entries of F ′
n(0).

Proposition 4.10. For any d ≥ 2 we can find a bounded sequence of polynomial

mappings X0, X1, . . ., where Xn = Ik + h.o.t., and a bounded sequence of lower tri-

angular polynomial mappings G1, G2, . . . with G′
n(0) = F ′

n(0), such that (4.3) holds

for any n ≥ 1.

Proof. We will construct bounded sequences X1, X2, . . . and G1, G2, . . . such that the

following equation holds:

Xn = [GnXn−1F
−1
n ]d,(4.4)

for every n ∈ N. Notice that this will imply that Equation (4.3) holds for every

n ∈ N.

We write

Xn(z) = (xn,1(z), xn,2(z), . . . , xn,k(z)),

and

xn,j =
∑

α

cn,j,αzα,

where α is a k-tuple and zα = zα1
1 · · · zαk

k . We refer to cn,j,αzα as a term of degree

|α| = α1 + · · · + αk, index j, and power α. We similarly write gn,j,αzα for the term

of the mapping Gn of degree |α|, index j and power α.



37

For two k-tuples α and β with |α| = |β| we will write α > β if α has a higher

lexicographical ordering than β. That is, α > β if and only if there is some j ∈

{1, . . . , k} such that αj < βj and αi = βi for i ∈ {1, . . . j − 1} (so that zd
1 comes first

in the alphabet and zd
k comes last).

We will use induction on the degree and index and reverse induction on the power

to fix all the terms of the sequences {Xn} and {Gn}.

Let α be some k-tuple, and let j ∈ {1, . . . , k}. Suppose that we have fixed all

the terms of degree up to |α| − 1 in the sequences {Xn} and {Gn}, such that (4.4)

holds for d = |α| − 1, and assume that the corresponding coefficients are uniformly

bounded. Also assume that we have fixed all terms of degree |α| and index up to

j−1 in the sequences {Xn} and {Gn} such that (4.4) holds for index 1, . . . , j−1 and

d = |α|. Finally, assume that all terms of degree |α|, index j and powers β > α in

the sequences {Xn} and {Gn} are fixed such that (4.4) holds for the terms of degree

|α|, index j and power β.

We will continue to choose the terms of index j and power α in the sequences

{Xn} and {Gn}. It is clear that after fixing the cn,j,α’s and gn,j,α’s, Equation (4.4)

will still hold for d = |α| − 1. Since the linear parts of the Gn’s are lower triangular,

it also follows that (4.4) will still hold for degree d = |α| and index 1, . . . , j − 1.

Furthermore, it follows from the fact that F ′
n(0) is lower triangular that (4.4) will

still hold for the terms of degree d = |α|, index j and all powers β with β > α.

Once some cn−1,j,α is chosen, it follows from (4.4) that we must have

cn,j,α = λn,jλ
−α
n cn−1,j,α + gn,j,αλ−α

n + Cn,j,α(4.5)

where the constant Cn,j,α depends on the terms of f−1
n (which are uniformly bounded

for any fixed degree) and the terms of Gn and Xn−1 that we have already fixed (which

are also uniformly bounded per hypothesis).
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If the term of index j and power α is lower triangular (i.e. if αi = 0 for i ∈

{j, . . . k}), then we can choose cn,j,α = 0 for all n ∈ N and gn,j,α = −Cn,j,αλα
n so that

(4.5) holds for every n ∈ N. It follows that the constants gn,j,α’s are bounded.

If the term of index j and power α is not lower triangular, it follows from the

hypothesis that the sequence {Fn} is uniformly attracting that |λn,jλ
−α
n | > ξ > 1

(where ξ is as in Definition 4.4). We also have that gn,j,α = 0 for all n ∈ N, and it

follows that the sequence of maps given by cn−1,j,α 7→ cn,j,α is a uniformly bounded

sequence of affine maps on C that are all expanding. It then follows from Lemma

4.8 that there exists a bounded sequence cn,j,α.

So whether the term is lower triangular or not, we can always choose bounded

sequences {xn,j,α} and {gn,j,α} such that (4.4) is satisfied.

The proposition follows by induction.

Now let p be so large that for every n ∈ N the eigenvalues λn,1, . . . λn,k of F ′
n(0)

satisfy |λn,i|p < ξ|λn,j| for i, j ∈ {1, . . . , k} where ξ < 1 as in Definition 4.4. We can

do this because the sequence {Fn} is uniformly attracting. We construct sequences

{Gn} and {Xn} as in Proposition 4.10 for d = p. It follows from part (a) of Lemma

4.7 that there exists a γ > 1 such that

‖G(n)−1(w)−G(n)−1(w′)‖ ≤ γn‖w − w′‖,

for any w,w′ ∈ B. Recall that we assumed that there is a constant b < 1 such that

‖Fn(z)‖ < b‖z‖ for any z ∈ B, and fix an integer q such that γbq < α < 1. We

can change the mappings Xn by adding higher order terms such that (4.3) holds for

d = q + 1. Since we chose p ∈ N such that |λi|p < ξ|λj| holds for all i, j, we have

that |λn,jλ
−α
n | > ξ in (4.5) even for the terms that are lower triangular. This means

we can guarantee that the altered sequence {Xn} is bounded without changing the



39

sequence {Gn}, and therefore we have that

‖G−1
n XnFn(z)−Xn−1(z)‖ ≤ C‖z‖q+1,(4.6)

for some C > 0 independent of n ∈ N and every z ∈ B.

The proof of Theorem 4.5 now follows quickly from an argument similar to that

of the proof of Theorem 1.1 in the appendix of [RR88]:

Define the maps Ψn : Ω → Ck by

Ψn := G(n)−1 ◦Xn ◦ F (n).

We will show that the maps Ψn converge uniformly on compact subsets of Ω to a

biholomorphic map from Ω onto Ck.

Since the higher degree terms of the mappings {Xn} are uniformly bounded there

is a radius r < 1 such that all the maps Xn are invertible on B(r).

Let K be a compact set in Ω, let m ∈ N such that F (m)(K) ⊂ B(r), and let

n ≥ m. Then for all z ∈ B(r) we have that ‖F (m,n)(z)‖ ≤ bn−m‖z‖, where b is as

in Definition 4.4.

We notice that

‖Ψn+1(z)−Ψn(z)‖ = ‖ (
G(n)−1G−1

n+1Xn+1Fn+1 −G(n)−1Xn

)
F (n)(z)‖(4.7)

≤ Cγn(bn−m‖F (m)(z)‖)q+1 < C̃αn‖F (m)(z)‖q+1.(4.8)

Since the sequence {αn} is summable, the maps Ψn converge uniformly on compact

subsets of Ω to a holomorphic map Ψ. Also, for any compact subset K of Ω, there is

a large N ∈ N such that for n ≥ N , Ψn is biholomorphic on K. It is a well known fact

that the limit of a convergent sequence of biholomorphic mappings is either injective

or degenerate everywhere. But we have Ψ′
n(0) = I for all n, and therefore Ψ′(0) = I

so the limit map Ψ is injective.
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To prove surjectivity of the map Ψ, we may assume that we have chosen r so

small that

rq

∞∑
n=1

(Cαn) <
1

2
.

It follows from estimates (4.7) and (4.8) that for z ∈ B(r) and for any n > m ≥ 1

we have that

‖G(m,n)−1XnF (m,n)(z)− z‖ ≤ ‖z‖
2

Now let Km be the compact subset of the basin of attraction such that F (m)(Km) =

B(r). Then we have that G(m,n)−1XnF (n)(Km) ⊃ B(r/2) for any n > m. It follows

from part (b) of Lemma 4.7 that for every R > 0 there exists an N ∈ N such that

for m ≥ N we have that

B(R) ⊂ G(m)−1 (B(r/2)) .

Therefore B(R) ⊂ Ψ(Km) for large enough m, and thus we have that Ψ(Ω) contains

balls around the origin with arbitrarily large radii. This completes the proof. ¤



CHAPTER V

Basins of Repeated Automorphisms

5.1 Repeated Automorphisms

In this chapter we will study sequences of maps in Aut0(Ck) that are repeated

many times, and their basins of attraction. When a sequence of integers n1, n2, . . .

is given and the maps fj are iterated nj times we will write Fj = f
nj

j . We also use

the notation Nj = nj + · · ·+ n1, and as before we will write

F (j) = Fj · · ·F1 and F (n,m) = F (m)F (n)−1.

For n = Nj + m, where m < nj+1, we also let

f(n) = fm
j+1F (j) and f(p, q) = f(q)f(p)−1.

Notice that f(n) is the composition of n maps fj, while F (n) is the composition of

n maps Fj.

Let f1, f2, . . . ∈ Aut0(Ck) and assume that every fn is attracting at 0. Suppose

that there exist non-negative real numbers r1, r2, . . . that are uniformly bounded from

above such that fj(B(rj)) ⊂ B(rj+1) for all j ∈ N. Then we define the {rj}-calibrated

basin of attraction of the sequence f1, f2, . . . as

Ω({rj}) =
⋃

f(j)−1B(rj+1).

41
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Remark 5.1. If f(j)(z) ∈ B(rj+1) guarantees that the orbit of z converges to 0, then

the {rj}-calibrated basin of attraction is a subset of the basin of attraction. If we

also have that the radii {rj} are uniformly bounded from below then Ω({rj}) = Ω.

However, if the radii rj converge to 0, then there may be orbits that converge to

0 but that do not reach the balls B(rj) at the appropriate stage. This situation

can indeed occur; for instance let f1, f2, . . . be a sequence of automorphisms that

satisfy the hypotheses of Theorem 3.4, and let r1, r2, . . . > 0 be such that B(rj) is

contained in the basin of attraction of the mapping fj. It follows from Theorem

5.2 below that there exist n1, n2, . . . ∈ N such that the {rj}-calibrated basin of at-

traction of the sequence fn1
1 , fn2

2 , . . . is biholomorphic to Ck. However, the sequence

f1, . . . , f1, f2, . . . , f2, f3, . . ., where fj is repeated nj-times, still satisfies the hypothe-

ses of Theorem 3.4, so the basin of attraction of this sequence is not biholomorphic

to Ck and in particular not equal to the {rj}-calibrated basin of attraction of the

same sequence.

The main result of this chapter is the following:

Theorem 5.2. Let f1, f2, . . . be a sequence in Aut0(Ck), and let r1, r2, . . . > 0 be such

that B(rj) ⊂⊂ Ωj, where Ωj is the basin of attraction of the mapping fj. Then there

exist large enough integers n1, n2, . . . such that the {rj}-calibrated basin of attraction

of the sequence fn1
1 , fn2

2 , . . . is biholomorphic to Ck.

To prove this result we will make will use of the ideas in the proof of Theorem 1.1

outlined in Chapter 2, as well as the following Theorem, due to Forstnerič [For99]

and Weickert [Wei97] independently:

Theorem 5.3. For k ≥ 2 let P = (P1, . . . , Pk) be a polynomial endomorphism of

Ck, where P ′(0) is invertible. Let d ≥ maxi(deg(Pi)). Then there exists φ ∈ Aut(Ck)
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such that the d-jet of φ at 0 equals P .

This result will be used to extend the local conjugations used in the proof of

Theorem 1.1 to global automorphisms of Ck.

5.2 Basins of Repeated Automorphisms Biholomorphic to Ck

In this section, we will be working with invertible maps Tj, gj and Gj, where

Gj = g
nj

j . We will use the notation

G(j) = T−1
j GjTj · · ·T−1

1 G1T1, and G(n,m) = G(m)G(n)−1,

and for n = Nj + m we let

g(n) = T−1
j+1g

m
j Tj+1G(j) and g(p, q) = g(q)g(p)−1.

Usually we will be working with inverse mappings for the G’s, so then we can think

of G(n,m)−1 as the map that takes us back from stage m to stage n. The definition

for G(n) may not be entirely consistent with the definition for F (n), but this will

not cause any problems.

Remark 5.4. Before we give the proof of Theorem 5.2, we must first show that Ω({rj})

is well defined. Recall that we have chosen the radii {rj} such that B(rj) ⊂⊂ Ωj for

every j. Therefore we can choose nj large enough such that Fj(B(rj)) ⊂ B(rj+1), so

that the {rj}-calibrated basin of attraction is well-defined.

By choosing nj larger if necessary, we can also guarantee that ‖Fj(z)‖ ≤ 1
2
‖z‖ for

any j ∈ N and z ∈ B(rj), and hence we can get Ω({rj}) ⊂ Ω. Note that if there

exists a radius r > 0 such that B(r) ⊂ Ωj for every j ∈ N then Theorem 5.2 implies

that the usual basin of attraction Ω is biholomorphic to Ck.

We may decrease the values of the rj’s in the proof, but we can always increase

the integers {nj} later such that the definition of the basin of attraction with the
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smaller rj’s is equivalent to the definition of the basin of attraction with the original

rj’s.

Proof of Theorem 5.2: As discussed in Chapter 2, it follows from Lemma 3 in the

appendix of [RR88] that for every j ∈ N we can find:

(i) A polynomial automorphism gj of Ck that is linearly conjugate to a lower

triangular automorphism, with gj(0) = 0 and g′j(0) = f ′j(0).

(ii) For mj as large as we desire, a polynomial map φj : Ck → Ck with φj(0) =

0, φ′j(0) = I, for which the following equation holds:

g−1
j φjfj − φj = O(‖z‖mj).

It follows from Theorem 5.3 that for every j ∈ N we can find an automorphism Tj

with Tj − φj = O(‖z‖mj), so we get the equation:

T−1
j g−1

j Tjfj − I = O(‖z‖mj).

Furthermore there exist constants γj such that

‖g−n
j (w)− g−n

j (w′)‖ ≤ γn
j ‖w − w′‖

for all w, w′ in B and all natural numbers n. Also recall that the gj’s are attracting

at 0, and that the basins of the maps gj are all of Ck.

By replacing fj by a high iterate of fj if necessary, we may assume that ‖fj(z)‖ ≤
1
2
‖z‖ for all j ∈ N and all z ∈ B(rj). We now choose the mj’s so large that

γj

2mj
< 1.

and mj+1 > mj for every j ∈ N. It then follows from equation (6) of the proof of the

theorem in the appendix of [RR88] that there exist constants Cj so that for every j

and every z ∈ B(rj) the following holds:

‖T−1
j g−n−1

j Tjf
n+1
j (z)− T−1

j g−n
j Tjf

n
j (z)‖ ≤ Cj(

γj

2mj
)n‖z‖mj .
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Since (
γj

2mj )n is summable in n and the other terms do not depend on n, we can

decrease the radii rj if necessary such that for z ∈ B(rj) we have

∑
n≥0

‖T−1
j g−n−1

j Tjf
n+1
j (z)− T−1

j g−n
j Tjf

n
j (z)‖ ≤ 1

2
‖z‖mj−1.(5.1)

It follows that for z ∈ B(rj) and any m larger than n we get

‖T−1
j g−m

j Tjf
m
j (z)− T−1

j g−n
j Tjf

n
j (z)‖ ≤ 1

2
‖z‖mj−1.(5.2)

We now inductively construct the integers nj. Suppose that we have already

constructed n1 through nj−1. At this stage we have fixed the automorphism G(j−1),

and thus the set TjG(j − 1)(B(2j)) is a fixed bounded set. The basin of attraction

of the lower triangular mapping gj is equal to Ck, therefore we can choose nj large

enough so that

Tj(G(j − 1)(B(2j))) ⊂ g
−nj

j Tj(B(
rj+1

2
)),(5.3)

and we can enlarge nj if necessary so that

f
nj

j (B(rj)) ⊂ B(rj+1).(5.4)

It follows from (5.1), (5.2), (5.4) and the fact that we chose mj+1 strictly larger

than mj that we can increase nj if necessary and choose all subsequent nj+1, nj+2, . . .

large enough so that for every m and every z ∈ B(rj) the following inequality will

hold throughout the construction:

‖g(Nj−1,m)−1f(Nj−1, m)(z)− z‖ ≤ ‖z‖mj−1.(5.5)

We will now show that with these choices the basin Ω({rj}) is biholomorphic to

Ck.
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Let Kj = F (j)−1(B(rj+1)). Clearly F (j)(Kj) = B(rj+1), and thus we have that

‖g(Nj,m)−1f(m)(z)− F (j)(z)‖ ≤ ‖F (j)(z)‖mj+1−1

for every z ∈ Kj. It follows that Hm = g(m)−1f(m) is bounded on every Kj, so we

can find a subsequence of {Hm} that converges uniformly on K1, say to a map H.

We have that K1 ⊂ K2 ⊂ . . . and thus we can apply the same argument to every Kj,

and by a diagonal argument, we see that H extends to
⋃

Kj = Ω({rj}). We claim

that H maps Ω({rj}) biholomorphically onto Ck.

As we stated in the previous chapter, the limit map of a sequence of biholomorphic

maps is either degenerate everywhere or it is one to one. H is one to one since

H ′
m(0) = I for all m.

We still need to show that H is surjective. Notice that it follows from (5.2) and

(5.4) that

g(Nj,m)−1f(m)(Kj) ⊃ B(
rj+1

2
)

for all m. Therefore by (5.3), Hn(Kj) contains B(2j) for all n ≥ Nj, and thus

B(2j) ⊂ H(Kj), which means H maps Ω({rj}) biholomorphically onto Ck. This

completes the proof. ¤



CHAPTER VI

Boundaries of Fatou-Bieberbach Domains

6.1 Fatou-Bieberbach Domains

The results of Stensønes and Wolf discussed in Chapter 2 suggest two open ques-

tions about the Hausdorff dimension of the boundary of a Fatou-Bieberbach domain:

i) Is it possible for the dimension of the boundary to be less than 3?

ii) Is it possible that the dimension of the boundary is exactly 4?

We will show that the answer to question (i) is no if we assume that the Fatou-

Bieberbach domain is Runge. It is unknown whether there exist Fatou-Bieberbach

domains that are not Runge, but a Fatou-Bieberbach domain that is the basin of

attraction of a sequence of automorphisms is always Runge.

We will answer question (ii) by proving the following result:

Theorem 6.1. There exists a Fatou-Bieberbach domain Ω ⊂ C2 with ∂Ω = ∂Ω

whose boundary ∂Ω has non-zero 4-dimensional Hausdorff measure near any of its

points.

It will be clear from the proof that we can get the equivalent result in higher

dimensions. In fact, all the results in this section will hold in Ck for k ≥ 2, we

only work in C2 because of convenience and because Fatou-Bieberbach domains are

traditionally defined in C2.

47
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Before we prove Theorem 6.1, we will construct a Fatou-Bieberbach domain whose

boundary has upper box dimension 4. This basin will be the limit of a sequence of

Fatou-Bieberbach domains for whom the dimensions of the boundaries approach 4.

We will use Wolf’s result, Theorem 2.5, to obtain the sequence of Fatou-Bieberbach

domains in this construction, and then use Theorem 5.2 to show that the limit

domain is also a Fatou-Bieberbach domain. We will not be able to show that the

Hausdorff dimension of the limit set is 4; somehow upper box dimension works better

in conjunction with the limiting construction that we will use.

The Fatou-Bieberbach domain that we will construct in the proof of Theorem

6.1 will also be the basin of attraction of a sequence in Aut0(Ck). However, we will

not construct the boundary as the limit of lower dimensional sets. Instead we will

start with a set of Hausdorff dimension 4, and construct a basin of attraction whose

boundary includes this set.

6.2 Upper Box Dimension 4

For two compact subsets A,B ⊂ Ck, we use the usual definition for the Hausdorff

distance between A and B, namely

dH(A,B) = max{d(A,B), d(B,A)},

where

d(A,B) = sup
x∈A

inf
y∈B

d(x, y).

Let h1, h2, . . . be an increasing sequence of real numbers that converge to 4, let

f1, f2, . . . be a sequence of Hénon maps as in Theorem 2.5 so that the Hausdorff

dimension near any point in the Julia set of fj is equal to
hj+4

2
.

By conjugating the maps fj with translations we may assume that each fj has

an attracting fixed point at 0. Of course, the Hausdorff-dimension properties of the
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maps are unchanged by this conjugation. For every map there is a small ball centered

at 0, say B(rj), such that the action of fj is contracting on B(rj).

In this section we will denote by J+
j the Julia set of fj, and we let R1, R2, . . . ∈ R be

an increasing sequence with limj→∞ Rj = ∞ so that Rj defines a filtration Dj, V
+
j , V −

j

for the map fj.

In the theorem below we will construct integers n1, n2, . . . and study the forward

Julia set J+ of the sequence fn1
1 , fn2

1 , . . .. As in Chapter 5 we will write Fj for f
nj

j .

Theorem 6.2. We can choose integers n1, n2, . . . large enough so that the upper box

dimension of J+ is equal to 4 near any point in J+.

Proof. First we take the nj’s so large that Fj(B(rj)) ⊂ B(rj+1), Fj(V
+
j ) ⊂ V +

j+1, and

any orbit z1, z2, . . . with zj ∈ B(rj+1) (or in V +
j+1) converges to the origin (or to the

attracting point at infinity respectively).

We will choose the sequence n1, n2, . . . inductively. Suppose that we have fixed

n1, . . . , nj−1.

Let Ij be the forward Julia set of the sequence F1, F2, . . . Fj−1, fj, fj, . . .. We have

z ∈ Ij if and only if F (j − 1)(x) ∈ J+
j , so Ij = F (j − 1)−1J+

j , and therefore we have

that the Hausdorff dimension of Ij near any point of Ij is equal to dimH(J+
j ) =

hj+4

2
.

Let Bj be a finite collection of open balls of radius (1
2
)j covering Ij ∩Dj so that

every element of Bj intersects Ij. Since the Hausdorff dimension of Ij is strictly

larger than hj near any point in Ij, we can choose some small ε̂j > 0 such that

γ
ε̂j

hj
(B ∩ Ij) > 2j+1 for any B ∈ Bj.

Now take εj < ε̂j so that (
ε̂j

εj

)hj

< 2,

and let δj < ε̂j − εj.
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We define the set Kj by

Kj = {z ∈ Dj | d(z, Ij) ≥ δj}.

For every z ∈ Kj, we have that fn
j F (j − 1)(z) converges either to 0 or to the

attracting point at infinity. Kj is compact, so we can choose nj ∈ N such that

F (j)(z) = f
nj

j F (j − 1)(z) lies in B(rj+1) or V +
j+1 for all z ∈ Kj. It follows that we

can further increase nj if necessary so that for any z in the compact set Ij ∩Dj there

exist x, y ∈ B(z, δj) such that F (j)(x) ∈ B(rj+1) and F (j)(y) ∈ V +
j+1. Therefore we

will have that dH(Ij ∩Dj, J
+ ∩Dj) < δj.

Now let z ∈ J+, h ∈ (0, 4), and ε > 0. It will suffice to show that the upper-box

dimension of J+ ∩B(z, ε) is larger than or equal to h.

Let j ∈ N be large enough so that we have hj > h, z ∈ Dj and ε > 3(1
2
)j. We

can choose B ∈ Bj with z ∈ B, and since the radius of B is exactly (1
2
)j we have

that B ⊂ B(z, ε). Let {Bi} be an εj covering of J+ ∩ B(z, ε). We will write B̃i

for the ball with the same center as Bi but with radius ε̂j. Since δj < ε̂j − εj and

dH(Ij ∩ Dj, J
+ ∩ Dj) < δj we have that {B̃i} is an ε̂j-covering of B ∩ Ij, and thus

ε̂
hj

j #{B̃i} > 2j+1. Since ε̂
hj

j /ε
hj

j < 2 we have that

γ
εj

h (J+ ∩B(z, ε)) > γ
εj

hj
(J+ ∩B(z, ε)) > 2j.(6.1)

Because Equation (6.1) holds for all j À 0 , we have that µh(J
+ ∩B(z, ε)) = ∞,

which completes the proof.

We can now show:

Corollary 6.3. There exists a Fatou-Bieberbach domain whose boundary has upper

box dimension 4 near any boundary point.
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Proof. It follows from Theorem 5.2 that we can enlarge the integers n1, n2, . . . ob-

tained in Theorem 6.2 if necessary to get that the {rj}-calibrated basin of attraction

of the sequence fn1
1 , fn2

2 , . . . is biholomorphic to Ck. Since there are orbits converging

to infinity, we have that Ω({rj}) is a proper subset of C2 and thus a Fatou-Bieberbach

domain.

In the proof of Theorem 6.2 we made sure that every open ball in Ck contained a

point whose orbit either converged to the origin or to the attracting point at infinity.

This means that there are only two Fatou-components one of which is Ω({rj}). It

follows from the proof of Theorem 6.2 that every ball centered at a point in J+

contains an element of ∂Ω({rj}), so ∂Ω({rj}) = J+ and we are done.

It would be interesting to know whether the Hausdorff dimension of the boundary

of Ω({rk}) is also equal to 4.

6.3 Hausdorff Dimension 4

In the proof of Theorem 6.1 we will need to approximate local biholomorphic

mappings by global automorphisms of Ck. We will use a slight generalization of

Theorem 2.3 in [FR93], which is itself a generalization of fundamental results by

Andersén [And90] and Andersén and Lempert [AL92]. The generalization that we

will use is the following:

Theorem 6.4. Let K1, K2, ..., Km be pairwise disjoint polynomially convex compact

sets in Ck whose union is polynomially convex, and assume that K1, K2, .., Kl are

star-shaped (l ≤ m). Let φi ∈ Aut(Ck) be automorphisms for i = 1, ..., l so that the

sets K ′
i = φi(Ki) and the sets Kl+1, ..., Km are pairwise disjoint, and their union is

polynomially convex. Let ε > 0. Then there exists an automorphism φ ∈ Aut(Ck),

so that ‖φ(z) − φi(z)‖ < ε for all z ∈ Ki and i = 1, .., l, and ‖φ(z) − z‖ < ε for all
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z ∈ Ki and i = l + 1, .., m.

The proof of this theorem is a small modification of the proof of Theorem 2.3 in

[FR93], and we give a brief outline of how one makes this modification:

Define K0 = ∪m
i=l+1Ki. Choose R > 0 so that K0 ⊂ B(R), and let pi denote the

contracting center of the star-shaped set Ki for i = 1, ..., l (pi is such that tz+(1−t)pj

is in Ki for every t ∈ [0, 1] and every z ∈ Ki). Now choose appropriate C2 paths

from the pi’s to separate points outside of B(R), and use these to define an isotopy

of biholomorphisms. It is clear that the arguments from the proof of Theorem 2.3

in [FR93] give an automorphism that is arbitrarily close to the identity on K0 and

maps the other Ki’s outside of B(R). Now we can apply Theorem 2.3 in [FR93] to

find an automorphism that moves K0 far away from the other Ki’s and is close to

the identity on the images of the other Ki’s. If the image of K0 is far enough, we

can use the inverses of our paths to map the images of the other Ki’s approximately

back to their original positions. Now we can apply Theorem 2.3 again to get a single

automorphism that approximates φi well on each Ki for i = 1, ...m and stays close to

the identity on the image of K0 (notice that the Ki’s may no longer be star-shaped,

so we might have to pass to slightly bigger compact sets). Now repeat the same

procedure as above to map the image of K0 approximately back to K0.

Remark 6.5. We recall and prove a few basic facts about polynomially convex com-

pact sets that we will need later in this section:

(i) The union of a polynomially convex compact set and a finite set of points is

polynomially convex.

(ii) If K1 ∪K2 is polynomially convex and compact, K1 ∩K2 = ∅, and K ′
1 ⊂ K1

is polynomially convex and compact, then K ′
1 ∪K2 is polynomially convex.

(iii) A polynomially convex compact set has a neighborhood basis consisting of
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polynomially convex compact sets.

To show (i), let q ∈ Ck \ (K ∪{p}) and f ∈ O(Ck) so that f(p) = 0 and f(q) 6= 0.

Since K is polynomially convex, there exists a g ∈ O(Ck) so that ‖g‖K < 1 and so

that g(q) = 1. If m is large enough then the product gm · f separates q from {p}∪K

(that is, |gm(z) · f(z)| > ‖gm · f‖{p}∪K), and the result follows by induction.

To prove (ii), let p ∈ Ck \ (K ′
1 ∪K2). We may assume that p ∈ K1 \K ′

1. There

exists an f ∈ O(Ck) separating p from K ′
1. Let g ∈ OK1 ∪K2 be defined by g = f

on K1 and g = 0 on K2. The Oka-Weil Theorem (see for instance [Ran86], page

220) tells us that we can approximate g by polynomial mappings, and good enough

approximations will separate p from K ′
1 ∪K2.

To prove (iii), observe that a polynomially convex compact set has a neighborhood

basis U1 ⊃⊃ U2 ⊃⊃ ... consisting of analytic polyhedra defined by entire functions,

i.e. a Runge and Stein neighborhood basis (see for instance page 71 of [Ran86]),

which means that the sets {Û i} satisfy (iii).

Theorem 8.5 in [RR88] states that for any sequence of points {pj} ⊂ Ck and

any strictly convex compact set K such that {pj} ∩ K = ∅ one can find a Fatou-

Bieberbach Domain Ω ⊂ Ck \ K so that {pj} ⊂ Ω. We can use Theorem 6.4 and

Theorem 3.6 to prove a slight generalization of this theorem:

Theorem 6.6. Let K be a polynomially convex compact subset of Ck, and let {pj}j∈N ⊂

Ck \K be countable. Then there exists a Fatou-Bieberbach domain Ω so that {pj} ⊂

Ω ⊂ Ck \K.

Proof. We may assume that K does not intersect B. Let A be the linear map defined

by

A : (z1, · · · , zk) → (
z1

2
, · · · ,

zk

2
)
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Theorem 3.6 implies that there exists a δ > 0 so that if {fj}j∈N ⊂ Aut0(Ck) is a

sequence of automorphisms with ‖fj − A‖B < δ for all j ∈ N, then Ω, the basin of

attraction of f1, f2, . . ., is biholomorphic to Ck.

We will construct a sequence of automorphisms by induction, with induction

hypothesis Ij as follows: We have constructed automorphisms {f1, ..., fj} so that:

‖fi − A‖B < δ for i = 1, . . . , j,(6.2)

f(j)(pi) ⊂ B for i = 1, . . . , j,(6.3)

f(j)(K) ⊂ Ck \B.(6.4)

I1 is satisfied by assuming K to be far enough away from the unit ball, letting

p1 be the origin, and defining f1 = A. Now suppose Ij is satisfied. Theorem 6.4

says that for any ε > 0 there exists a ψ ∈ Aut0(Ck) with ‖ψ − A‖B < ε, and

‖ψ − Id‖f(j)(K) < ε. We also get a φ ∈ Aut0(Ck) with ‖φ − Id‖f(j)(K)∪B < ε and

φ(f(j)(pj+1)) ∈ ψ−1(B). But then Ij+1 is satisfied by taking ε sufficiently small and

setting fj+1 = ψφ.

Now by (6.2) and our earlier choice of δ, Ω is biholomorphic to Ck, and (6.3) and

(6.4) imply that Ω satisfies the claims of the theorem.

Corollary 6.7. There exists a Fatou-Bieberbach domain Ω ⊂ C2 for which ∂Ω has

non-zero 4-dimensional Hausdorff measure.

Proof. Let D = (D)◦ ⊂⊂ C be a simply connected open set where ∂D has non-zero

2-dimensional Hausdorff measure. Then K = D ×D ⊂ C2 is a polynomially convex

compact set whose boundary has non-zero 4-dimensional Hausdorff measure (see for

instance Theorem 8.10 in [Mat95]). Pick a countable set {pj} dense in C2 \K. By

Theorem 6.6, there exists a Fatou-Bieberbach domain Ω so that {pj} ⊂ Ω ⊂ C2 \K,

which implies that ∂K ⊂ ∂Ω.
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Notice that this corollary only tells us that a part of the boundary of Ω is large;

it does not give any information about the size of the boundary near other points.

We now prove the main result of this chapter:

Proof of Theorem 6.1: Let D = (D)◦ ⊂⊂ C be a simply connected set whose

boundary has non-zero 2-dimensional Hausdorff measure. Then as before K =

D ×D is a polynomially convex compact set whose boundary has non-zero 4-dimensional

Hausdorff measure. For p ∈ C2 we let Kε(p) denote an arbitrary such K with p ∈ K

and K ⊂ B(p, ε).

Let A be the linear map defined by

A : (z1, z2) → (
z1

2
,
z2

2
).

It follows from Theorem 3.6 that we can choose a δ > 0 so that given any sequence

{fj} ⊂ Aut0(C2) with ‖fj − A‖B < δ for all j ∈ N, Ω{fj} is a Fatou-Bieberbach

domain.

Choose a sequence of strictly positive numbers {εj}j∈N converging to zero. We

will construct our sequence of automorphisms inductively with the following induc-

tion hypothesis Ij: We have automorphisms {f1, ..., fj} ⊂ Aut0(C2), a polynomially

convex compact set Kj = Kj
1 ∪· · ·∪Kj

m ⊂ B(j +1), where each Kj
i is equal to Kε(p)

for some point p and an ε > 0, a set of points Tj = {ti}l
i=1 ⊂ B(j + 1), and a ball Bj
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so that Bj ∩B = ∅. In addition they satisfy the conditions:

‖fi − A‖B < δ for i = 1, . . . , j,(6.5)

B(j + 1) \ f(j)−1(B) 6= ∅,(6.6)

f(j)(ti) ∈ B for ti ∈ Tj,(6.7)

For any p ∈ B(j + 1) \ (Kj)◦ there is a ti ∈ Tj so that ‖ti − p‖ < εj,(6.8)

For any p ∈ B(j + 1) \ f(j)−1(B) we have that d(p,Kj) < εj,(6.9)

f(j)(Kj) ⊂ Bj.(6.10)

We will now show how to construct Kj+1, Tj+1, Bj+1 and fj+1 so as to satisfy Ij+1.

It will be clear from the construction how to define K1, T1, B1 and f1.

Choose a set of points {pi}n
i=1 ⊂ B(j + 2) \ (Kj ∪ f(j)−1(B)), so that for any

point p ∈ B(j + 2) \ ((Kj)◦ ∪ f(j)−1(B)) there is a pi with ‖p − pi‖ < εj+1. Let

qi = f(j)(pi) for i = 1, ..., n. Then Remark 6.5 tells us that B ∪ f(j)(Kj) ∪ {qi}n
i=1

is a polynomially convex compact set and there exists a ρ > 0 so that:

B ∪ f(j)(Kj) ∪ (∪n
i=1B(qi, ρ)) is polynomially convex,(6.11)

B(qi, ρ) ∩ (B ∪ f(j)(Kj)) = ∅ for i = 1, ..., n,(6.12)

B(qi, ρ) ∩B(ql, ρ) = ∅ for i 6= l.(6.13)

For each i, let K̃i = Kρ(qi) and define Kj+1 = Kj ∪ f(j)−1(∪n
i=1K̃i), which is also

polynomially convex by Remark 6.5. This takes care of (6.9).

Let Tj+1 = {ti}l
i=1 ⊂ B(j + 2) \Kj+1 be such that for any p ∈ B(j + 2) \ (Kj+1)◦,

there is an i ≤ l with ‖p − ti‖ < εj+1. This ensures (6.8). Let t̃i = F (j)(ti) for

i = 1, ..., k.

We will now construct fj+1, referring to Theorem 6.4 for each statement made
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about the existence of an automorphism. For any µ > 0 there exists a ϕ ∈ Aut0(C2)

with ‖ϕ(z) − z‖ < µ for all z ∈ B ∪ f(j)(Kj), so that there exists a large ball

Bj+1 ⊂ C2 with Bj+1 ∩ B = ∅ and K̃j+1 = ϕ(∪n
i=1K̃i ∪ f(j)(Kj)) ⊂ Bj+1. There

also exists a φ ∈ Aut0(C2) with ‖φ(z)− z‖ < µ for all z ∈ Bj+1 and ‖φ− A‖B < µ.

Finally, there exists a ψ ∈ Aut0(C2) with ‖ψ(z) − z‖ < µ for all z ∈ B ∪ K̃j+1 and

ψ(ϕ(t̃i)) ∈ φ−1(B) for i = 1, . . . , l. If we choose µ small enough then fj+1 := φψϕ

satisfies (6.5),(6.6),(6.7) and (6.10), completing the induction step.

We have now constructed a sequence of automorphisms {fj}j∈N, and by (6.5) and

Theorem 3.6 the basin of attraction of this sequence is biholomorphic to C2. Since

the basin of attraction is obviously not the whole of C2, it is a Fatou-Bieberbach

domain that we will call Ω. It is clear from (6.10) that none of the sets Kj in the

above construction are contained in Ω, while from (6.7) it follows that all of the ti’s

chosen at each step are in Ω. Let Ki be one of the sets from step j, and let p ∈ ∂Ki.

Because of (6.8) there is a sequence of ti’s converging to p all of which are in Ω so

p ∈ ∂Ω. This means the increasing union K = ∪∞j=1∂Kj is a set whose 4-dimensional

Hausdorff measure is non-zero at any point and K ⊂ ∂Ω. Since (6.9) tells us that K

is dense in ∂Ω this completes the proof.

6.4 Hausdorff dimension 3

Let Ω be a Fatou-Bieberbach domain in Ck. If the complement of Ω has non-

empty interior, it is easy to see that the Hausdorff dimension of ∂Ω is at least 2k−1:

After a change of coordinates we may assume that 0 ∈ Ω and (0, · · · , 0, i) ∈ (Ck\Ω)◦.

Let ε > 0 so that B(ε) ⊂ Ω and B(i, ε) ⊂ (Ck \ Ω). Then for any z = (z′, xk) ∈

B(ε) ⊂ Ck−1 × C, the curve {(z′, xk + it) | t ∈ [0, 1]} intersects the boundary of Ω.

Therefore the image of ∂Ω under the projection map π : Ck → Ck−1 × R defined by
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π(z) = (z′, xk) contains the ball of radius ε (with respect to the Euclidean norm on

Ck−1 × R w R2k−1). Therefore the Hausdorff dimension of ∂Ω is at least 2k − 1.

However, it is possible for Ω to be dense in Ck (see [RR88] or Theorem 6.6) so this

does not guarantee that for an arbitrary Ω the dimension of ∂Ω is at least 2k − 1.

We can, however, prove the following:

Theorem 6.8. Let Ω be a Fatou-Bieberbach domain in Ck which is Runge. Then

the Hausdorff dimension of ∂Ω is at least 2k − 1 near any point of the boundary.

Proof. Assume that 0 ∈ ∂Ω. It is enough to show that the dimension of ∂Ω ∩ B(ε)

is at least 2k − 1 for an arbitrary ε > 0. If there are interior points of Ck \ Ω in

B(ε) then the result follows immediately, so we may assume that Ω ∩ B(ε) is dense

in B(ε).

Let U be an open subset of B(ε) consisting of annuli so that U is uniformly

bounded away from the hyperplane {zk = 0}. Define f : U → Ck−1 × R by

f(z) = (
z1

zk

, . . . ,
zk−1

zk

, ‖z‖).

This is a smooth open mapping where the preimages of points are circles centered

at the origin. Since Ω is Runge, we have that every circle centered at the origin

intersects ∂Ω. Thus we have that f(∂Ω ∩ U) = f(U), which is an open subset of

R2k−1. Since ‖f ′‖sup is bounded from above on ∂Ω ∩ U , the dimension of U ∩ ∂Ω is

at least 2k − 1.

Theorem 6.8 does not rule out the existence of a non-Runge Fatou-Bieberbach

domain whose boundary has Hausdorff dimension strictly less than 3. Whether

there exist Fatou-Bieberbach domains that are not Runge is a very interesting open

question.
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Another open question related to this chapter is whether there exists a basin of

attraction for a single automorphism of C2 whose boundary has Hausdorff dimension

exactly 4. In particular, it is unknown whether there exists a Hénon mapping with an

attracting fixed point so that the boundary of the corresponding basin of attraction

has Hausdorff dimension 4.



CHAPTER VII

Non-Autonomous Ergodic Theory

7.1 Ergodic Theory

Complex dynamical systems often provides an excellent test ground for proper-

ties from differentiable dynamics and ergodic theory. The complex structure and

the availability of (pluri-) subharmonic functions often gives ways to construct in-

variant measures that have many interesting properties. We will look at two specific

properties here, namely ergodicity and mixing measures.

Let (X, f, µ) be a dynamical system with invariant probability measure µ, i.e.

µ(f−1(A)) = µ(A) for all measurable sets A. Recall that a set A is called invariant

if f(A) = A, and that A is called totally invariant if f−1(A) = A. The system

(X, f, µ) is called ergodic if all totally invariant measurable subsets A of X either

have measure 0 or 1. The measure µ is called mixing for f if for all measurable sets

A and B we have that

µ(f−n(A) ∩B)− µ(A) · µ(B) → 0, as n →∞.

Equivalently, µ is mixing if for all φ, ψ ∈ L2(µ) one has that

∫
φ ◦ fn · ψdµ →

∫
φdµ ·

∫
ψdµ, as n →∞.

60
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If we assume that µ is mixing for f and we let A be a completely invariant set, then

µ(f−n(A) ∩B)− µ(A) · µ(B) → 0,

so µ(A) = µ(A)2. It follows that µ(A) must be either 0 or 1, and thus the system

is ergodic. The mixing property is in general stronger than ergodicity. For example

it is easy to check that the irrational rotation on the unit circle with the normalized

Lebesgue measure is ergodic but not mixing.

The construction of interesting ergodic and mixing measures for complex differ-

entiable mappings is an important topic in complex dynamical systems. In the one

dimensional case, such measures were first constructed and investigated by Brolin

for polynomials in the complex plane in [Bro65], and later in more general settings

by Lyubich [Lju83] and Freire, Lopez and Mañe [FLM83].

The case of Hénon mappings in C2 was studied by Fornæss and Sibony [FS92]

and Bedford and Smillie [BS92], and the theory was later generalized for regular

polynomial mappings of Ck by Fornæss and Sibony [FS95]. The construction of

ergodic and mixing measures for holomorphic mappings in Pk was done by Fornæss

and Sibony [FS94] and deeper properties were studied by Briend and Duval [BD01].

We would like to study ergodicity and mixing measures in the non-autonomous

setting, but in this setting the above definitions do not make much sense. First of

all, a sequence of maps f1, f2, . . . will generally not have a probability measure that

is invariant for all fn. Secondly, there will generally be no proper measurable subsets

which are invariant for all fn. We shall say that {fn} is measure preserving for a

sequence of probability measures µ0, µ1, . . ., if fn∗µn−1 = µn holds for every n (in

other words, µn−1(f
−1
n (A)) = µn(A) for all µn-measurable sets A), and we say that a

sequence A0, A1, . . . is totally invariant if f−1
n (An) = An−1 for every n. We can now

make the following definitions:
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Definition 7.1. A measure preserving sequence {fn} is randomly ergodic if for all

totally invariant sequences A0, A1, . . ., where An is a µn-measurable set, we have that

µn(An) is 0 or 1.

Definition 7.2. A measure preserving sequence {fn} is randomly mixing if for all

continuous functions φ and ψ on X, we have that

∫
(φ ◦ f(n)) · ψ dµ0 −

∫
φ dµn

∫
ψ dµ0 → 0.

Both definitions can also be studied in the autonomous setting, where only a single

map and a single measure are considered. Since continuous functions are dense in

L2(µ), we have that randomly mixing and mixing are equivalent in the autonomous

setting. However, random ergodicity is a strictly stronger property than ergodicity in

the autonomous setting. It is easy to check that randomly ergodic implies ergodicity,

but the reverse does not hold. It is easy to see that the only measure for which an

automorphism f is randomly ergodic is a point mass at a fixed point. Otherwise,

there would be a measurable set A whose measure is not 0 or 1, and for which

the sequence A, f(A), f 2(A), . . . is totally invariant, contradicting random ergodicity.

However, the Lebesque measure on the unit circle is ergodic for an irrational rotation,

which shows that ergodic measures do not need to be randomly ergodic. We note that

a randomly mixing system is not necessarily randomly ergodic for similar reasons.

In this chapter we will construct invariant sequences of randomly mixing and ran-

domly ergodic measures for sequences of holomorphic endomorphisms of complex

projective space Pk that are uniformly bounded . We say that a sequence of endomor-

phisms of Pk is uniformly bounded if the degrees of the mappings are at least 2 and

bounded from above, and if the sequence is compact in the locally uniform topology.

In the second and third section we will construct the invariant sequences of mea-
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sures, and do the necessary preliminary work. In the fourth section we prove that the

sequences constructed earlier are indeed randomly mixing and randomly ergodic. In

the last section we take a closer look at random ergodicity in the autonomous setting,

and prove that it is actually equivalent to a property called exactness .

Non-autonomous dynamical systems have been studied successfully to obtain re-

sults in autonomous complex dynamical systems. Examples are the study of skew-

products (see for example the articles by Jonsson [Jon00] and Buzzi, Sester and

Tsujii [BST03]) and the work of Dujardin, Dinh and Sibony [DDS04], [DS04] with

respect to horizontal like mappings.

7.2 Equilibrium Measures

The following construction of equilibrium measures is fairly standard in holomor-

phic dynamics and can be found in [Sib99], and for non-autonomous systems in

[FW00].

Let P1, P2, . . . be a uniformly bounded sequence of holomorphic mappings of Pk

as defined in the previous section. As usual, we write P (m,n) for Pn · · ·Pm+1, and

we denote the degree of Pn by dn and the degree of P (m, n) by d(m,n).

Since {Pn} is uniformly bounded, we can extend all mappings Pn to homogeneous

polynomial endomorphisms P̃n of Ck+1 in such a way that the coefficients of every

P̃n are bounded by a uniform constant, and the P̃n-images of the unit sphere in Ck+1

are bounded away from the origin. In other words, there exists some constant t > 1

such that

1

t
‖z‖dn < ‖P̃n(z)‖ < t‖z‖dn(7.1)

holds for any nonzero z in Ck+1 and any n.
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For every i ∈ N and n ≥ 1, we define the function

Gn,i(z) :=
1

d(i, i + n)
log ‖P̃ (i, i + n)(z)‖.

Lemma 7.3. As n →∞, the functions Gn,i converge uniformly on Ck+1 \ {0} to a

continuous and plurisubharmonic function Gi on Ck+1 \ {0}.

Proof. Fix ε > 0. It follows from (7.1) and the definition of Gn,i(z) that for any z in

Ck+1 \ {0} we have

|Gn+1,i(z)−Gn,i(z)| < log(t)

d(i, n + i + 1)
.

A standard geometric serious calculation gives that us for any m ≥ n we get

|Gm,i(z)−Gn,i(z)| < log(t)

d(i, i + n)(dn+1 − 1)
.(7.2)

Since every dn is at least 2, we can choose n large enough so that

|Gm,i(z)−Gn,i(z)| < ε

for any m ≥ n. It follows that the sequence Gn,i converges uniformly on Ck+1\{0} to

a limit map Gi, and since all the functions Gn,i are continuous and plurisubharmonic,

the limit map is also continuous and plurisubharmonic.

Equation (7.2) implies that

G(z) = log ‖z‖+ O(1),(7.3)

and since every P̃n is homogeneous we have that Gi(λz) = log(λ) + Gi(z). It follows

from the definition of the Gn,i’s that

P̃ ∗
nGn = dnGn−1.(7.4)
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Let π be the projection from Ck+1 to Pk. We can define (1, 1) currents Ti on Pk

which satisfy

π∗Ti := ddcGi.

Equation (7.3) gives that the Ti’s are currents of mass 1 on Pk, and the currents Ti

do not depend on our choices for P̃n. Equation (7.4) implies that

P ∗
nTn = dnTn−1.

Since Gn is continuous, it follows from [BT77] that we can define µn = (Tn)k.

Since Ti has unit mass, we get that µn is a probability measure and since Gn is

locally bounded it follows from Proposition 4.6.4 in the book by Klimek [Kli91] that

µn does not assign any mass to locally pluripolar sets.

We call µn the equilibrium measure at stage n and we have that P ∗
nµn = dk

nµn−1

and Pn∗µn−1 = µn.

7.3 Uniform Convergence of Preimages

Recall the following theorem which was proved by H. Brolin [Bro65] for polyno-

mials and by M. Lyubich [Lju83] and independently by A. Freire, A. Lopes and R.

Mañé [FLM83] for rational functions of P1:

Theorem 7.4. Let R(z) be a rational function of degree d ≥ 2 on P1, and let Rn be

its n-th iterate. Then there exists an exceptional set ER with card(ER) ≤ 2 so that

for all a ∈ P1 \ ER we have

1

dn
(Rn)∗δa → µ.

(Here δx is the dirac mass at x, and µ is the equilibrium measure as defined in

[Lju83].)
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It follows from Theorem 1.2 of [RS95] that this theorem can be generalized to

the non-autonomous setting in Pk. However, to prove that the equilibrium measures

defined in the rpevious section are randomly ergodic and randomly mixing, we will

need the uniform versions of the above result which we will prove in this section. Our

proofs will be similar to the method used by Lyubich to prove the above theorem,

and that was later used by J. Briend and J. Duval in [BD01] to prove similar results

for endomorphisms of Pk.

Define ηx,n,i to be the probability measure with mass 1
d(i,n+i)k at all the preimages

P (i, n + i)−1(x) counting multiplicity. In other words,

ηx,n,i =
P (i, n + i)∗δx

d(i, n + i)k
.

(For simplicity of notation, we shall write ηx,n for ηx,n,0.)

For two probability measures µ1, µ2 on Pk, we define the distance

d(µ1, µ2) = sup
φ
|
∫

φ dµ1 −
∫

φ dµ2|

where the supremum is taken over all C1(Pk) functions φ for which |φ(z)| and |∇φ(z)|

are bounded by 1. It is clear that the topology induced by this distance is weaker than

the strong topology on probability measures. Since we are working on a compact

space, a sequence of probability measures νn in fact converges weakly to µ if and

only if d(νn, µ) → 0

The following proposition shows that as n gets large, the measures ηx,n depend

less and less on the point x.

Proposition 7.5. For any ε > 0 there exists N ∈ N and subsets Xn of Pk such that

for every n > N we have that µn(Xn) < ε, and

d(ηn,x, ηn,y) < ε,
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for every x, y ∈ Pk \Xn.

We will give the proof of this proposition after we prove a few necessary Lemmas.

Fix ε > 0 and choose l large enough such that 4τ2−l < ε, where τ is the maximum

possible algebraic degree of the sets Vn, the critical values of Pn. Let γ be the

maximum possible degree of the algebraic sets Vl,n. We can choose τ and γ since we

required that the degrees of the polynomials Pn are bounded from above.

For n,∈ N with n ≥ l let Vl,n be the set of critical values of the holomorphic

mapping P (n− l, n).

Lemma 7.6. There exist a δ > 0 such that the µn mass of the δ-neighborhood of Vl,n

is less than ε for any n ∈ N with n ≥ l.

Proof. We have seen that the measures µn do not assign any mass to pluripolar sets,

so for all n ≥ l ≥ 0 there exists a δn,l such that the δn,l-neighborhood of Vl,n has µn

mass less than ε.

Let S = {Pn}N be the set containing all possible sequences Pn1 , Pn2 , . . ., and equip

S with the product topology so that it is a compact set (here we use that {Pn} is

uniformly bounded).

For each sequence in S we can define the Green’s functions as we did in Section

7.2. The maps Gn,i depend continuously on the sequence in S, so since Gn,i converges

uniformly to the map Gi, we have that Gi also depends continuously on S.

Choose an arbitrary S ∈ S, let {Sj} be a sequence in S that converges uniformly

to S, and write Gj
i , Gi, µj

i , µi for the Green’s functions and equilibrium measures

corresponding to the sequences Sj and S. Then we have that Gj
i → Gi uniformly on

Ck+1, and therefore it follows from [CLN69] that µj
i converges weakly to µi.

Since the sets of critical values Vl,n also vary continuously in S, we have the δn-



68

neighborhoods will also have mass bounded by ε for an open neighborhood of S.

Since S is compact, this means that we can choose one δ that suffices for sequences

in S, in particular for the sequences Pj, Pj+1, . . . , Pn, which completes the proof.

Fix δ as in the above lemma. Recall that a holomorphic disc is the image of a

conformal mapping defined on the unit disc in C. A holomorphic disc ∆ in a complex

line L will be called δ-extendable if the δ-neighborhood of ∆ in L is simply connected.

Lemma 7.7. There exists a constant c ∈ R such that for every n large enough,

every complex line L and every δ
4γ

-extendable holomorphic disc ∆ ⊂ L that does

not intersect a δ
2γ

-neighborhood of L ∩ Vl,n, there exist at least (1 − ε)d(n)k inverse

branches of P (n) on ∆ for which the preimages ∆i = P (n)−1
i (∆) satisfy

diam (∆i) < cd(n)k/2.

Proof. We can exactly follow the proof of the lemma in [BD] to get that for every

such disc ∆, there exists a constant c such that there are at least (1− ε)dn preimages

∆i of diameter less than cdn/2. To see that we can choose c independently of ∆,

note that we can take the larger disc ∆̃ in that proof as the δ
4γ

-neighborhood of

∆ in L. It follows that the modulus Mod(∆̃ − ∆) is bounded from below by some

strictly positive constant, and this gives a bound on c which completes the proof of

the lemma.

Note that for every line L that intersects V (l, n) in a finite number of points

and every x, y in the complement of the δ/γ-neighborhood of V (l, n) in L, we can

choose a δ/(4γ)-extendable holomorphic disc outside of the δ/(2γ)-neighborhood of

V (l, n). Indeed, we can take the shortest curve in L from x to y that avoids the

3δ/(4γ)-neighborhood of V (l, n) and take the δ/(4γ)-neighborhood of the curve as

our extendable disc. We are now ready to prove our main proposition.
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Proof of Proposition 7.5: Let Xn be the δ-neighborhood of Vl,n and let x, y ∈

Pk \Xn. Lemma 7.6 gives that µn(Xn) < ε for any n ∈ N. It follows from Bezout’s

Theorem that we can choose z outside of Xn such that the lines L1 and L2 through

respectively x, z and y, z intersect Vl,n in at most γ points. This means that there

exist δ/(4γ)-extendable holomorphic discs ∆1 ⊂ L1 and ∆2 ⊂ L2 such that x, z ∈ ∆1,

y, z ∈ ∆2, and ∆1 and ∆2 avoid the δ
2γ

neighborhood of Vl,n. Now it follows from

Lemma 7.7 that there are at least (1− ε)dn preimages x−n
j , y−n

j and z−n
j such that

dist(x−n
j , y−n

j ) ≤ dist(x−n
j , z−n

j ) + dist(y−n
j , z−n

j ) ≤ 2
c

d(n)k/2
.

This means that for any continuous function φ of norm 1 we have

|
∫

φdηx,n −
∫

φdηy,n| ≤ 2ε +
∣∣ 1

dn

∑
j

(
φ(x−n

j )− φ(y−n
j )

) ∣∣ ≤ 2ε + 2
c

d(n)k/2
.

The right hand side is smaller than 3ε for large enough n ∈ N which completes

the proof. ¤

Now let ε1, ε2, . . . be a monotone decreasing sequence with
∑

εj < ε. For every

j define a set Xn,j as in Proposition 7.5 and Nj in N such that µ(Xn,j) < εj and

d(ηn,x, ηn,y) < εj for any n larger than Nj and x, y outside of Xn,j. Set

Un := Pk −
⋃

Nj≤n

Xn,j,

so that µn(Un) > 1 − ε for every n. Fixing a sequence x1, x2, . . . such that xn is an

element of Un, we get the following uniform version of Theorem 7.4:

Lemma 7.8. For every ε > 0 there exists an N so that for all m,n ∈ N with n ≥ N

we have

d(ηxn,n−m, µm) < ε.
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Proof. We know that

µm =

∫
δy dµm(y),

and therefore we get

µm =
P (m,n + m)∗µn+m

d(m,n + m)k
=

∫
ηy,n,m dµn+m(y).

It follows that

µm − ηxn+m,n,m =

∫
(ηy,n,m − ηxn,n,m) dµn(y).

We can choose a j such that 2εj < ε, and by our construction of Xn,j and Un, it

follows that for n ≥ Nj we have d(ηy,n,m, ηxn,n,m) < εj for any y outside of Xn,j.

We also have that µn+m(Xn+m,j) < εj, so d(µm, ηxn,j) < 2εj, which completes the

proof.

In the autonomous setting it is known that the equilibrium measure is the only

totally invariant measure that does not charge the exceptional set [BD01]. We cannot

expect such a result to hold here. Consider for example the map z 7→ z2 in P1. The

equilibrium measures µn are all equal to the normalized Lebesgue measure on the

unit circle. However, if we let νn be the normalized Lebesgue measure on the disc of

radius 1/2n, then {νn} is totally invariant and does not charge the exceptional set

{0,∞}.

We do have the following related uniqueness result:

Corollary 7.9. Let ν be a probability measure on Pk that does not charge locally

pluripolar sets. Then we have that

P (m,n + m)∗

d(m,n + m)k
ν → µm,

weakly.

The corollary follows from Proposition 7.5 as in the proof of lemma 7.8
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7.4 Random Ergodicity and Random Mixing

Now that we have done the necessary preliminary work we can prove the following

theorem:

Theorem 7.10. Let P1, P2, . . . be a uniformly bounded sequence of holomorphic en-

domorphisms of Pk and let µ0, µ1, . . . be the corresponding sequence of equilibrium

measures. Then the non-autonomous dynamical system (Pk, {Pn}, {µn}) is randomly

ergodic and randomly mixing.

Proof. First we will prove random ergodicity. Let A0, A1, . . . be a sequence of mea-

surable subsets of Pk such that P−1
n (An) = An−1 for all n, and assume that µ0(A0)

is not equal to 0. We need to show that A0 has full measure. Define the conditional

measures νn by

νn(X) =
µn(X ∩ An)

µn(An)
.

Clearly, every νn is a probability measure, and also

Pn∗νn−1(X) = νn−1(P
−1
n (X))

= µn−1(P
−1
n (X) ∩ An−1)/µn−1(An−1)

= µn−1(P
−1
n (X ∩ An))/µn(An)

= Pn∗µn−1(X ∩ An)/µn(An)

= µn(X ∩ An)/µn(An) = νn(X).

Similarly, it follows from the total invariance of the sets An and the measures µn

that

P ∗
nνn

d(n)k
= νn−1.

As we have seen before in the proof of Lemma 7.8, we have

µ0 =

∫
ηx,ndµn(x),
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and similarly,

ν0 =

∫
ηy,ndνn(y).

Therefore we see that

µ0 − ν0 =

∫ ∫
(ηx,n − ηy,n)dµn(x)⊗ dνn(y).

It now follows from Proposition 1 that for any ε > 0, the following holds

‖µ0 − ν0‖ < 3ε,

so ν0 = µ0 and µ0(A0) must equal 1, which proves that the system is randomly

ergodic.

To prove that the system is randomly mixing, let φ, ψ be test functions of norm

at most 1, and let ε > 0. Construct sets Un as we did for Lemma 7.8 such that

µn(Un) > 1− ε for each n. It follows from Lemma 7.8 that we can fix n so large that

‖ηζ,n − µ0‖ < ε for any ζ ∈ Un.

Let m be large enough so that

∫
(φ ◦ P (n)) · ψ dµ0 =

∫
(φ ◦ P (n)) ◦ ψ dηxm+n,−(m+n) + ε1,

where |ε1| < ε. It follows from the definition of ηxm+n,−(m+n) that the right hand side

is equal to

∑
ν

φ(P (n)(ζν
m+n,−(m+n)))ψ(ζν

m+n,−(m+n))d(m + n)−k + ε1(7.5)

=
∑

σ

φ(ζσ
m+n,−m)d(n, n + m)−k

∑

ζσ
m+n,−mfixed

ψ(ζν
m+n,−(m+n))d(n)−k + ε1.(7.6)

Counting multiplicity, there are d(n, n + m)k preimages ζσ
m+n,−m, and since

µn(Un) > 1 − ε, we can increase m if necessary so that at least (1 − ε)d(n, n + m)k

of the ζm+n,−m are in Un. It follows that 7.6 is equal to

∑
φ(ζm+n,−m)d(m,n + m)−k

(∫
ψ dµ0 + ε3

)
+ ε1 + ε2,
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where ε3, which depends on ν, satisfies |ε3| < ε and also |ε2| < ε. We can rewrite the

above equation as

(∫
ψ dµ0 + ε3

) ∑
φ(ζm+n,−m)d(n, n + m)−k + ε1 + ε2,

where ε3 no longer depends on m. By increasing m if necessary we get

(∫
ψ dµ0 + ε3

)(∫
φ dµn + ε4

)
+ ε1 + ε2,

with |ε4| < ε, and so

|
∫

(φ ◦ P (n)) · ψ dµ0 −
∫

φ dµn

∫
ψ dµ0| < 4ε.

This proves that

∫
(φ ◦ P (n)) · ψ dµ0 −

∫
φ dµn

∫
ψ dµ0 → 0

for all test functions φ and ψ with norm bounded by 1, and thus for all test functions.

The theorem follows since we can uniformly approximate any continuous function by

test functions.

Remark 7.11. It is not clear if the theorem holds when we allow φ in the definition

of randomly mixing to be in the intersection of all L2(µn), since in general we will

not be able to approximate these functions by continuous functions that are close

in every L2(µn) norm at the same time. The theorem does however hold for ψ in

L2(µ0).

7.5 Random Ergodicity in the Autonomous Setting

We have already seen that random ergodicity is not equivalent to ergodicity in the

classical case. Indeed, an automorphism can never have interesting measures that

are randomly ergodic. We will now show that random ergodicity is equivalent to a
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condition that is far stronger than ergodicity, namely exactness . Let (X,B, µ) be a

measurable space (X, µ) with σ-algebra B. Recall that a measurable transformation

T : X → X is called exact (see for instance [Wal82]) if

⋂
n≥0

T−nB .
= N ,

where N = {∅, X}, .
= means that the two sides are equal up to sets of measure zero,

and the left hand side is the σ-algebra consisting of all sets A ∈ B that have for every

n ∈ N a set An ∈ B with A = T−n(An).

Proposition 7.12. A sequence T1, T2, . . . of transformations of (X,B, µ) is randomly

ergodic if and only if
⋂
n≥0

T (n)−1B .
= N ,

The proof follows directly from the definition of random ergodicity. We immedi-

ately get the following corollary for the autonomous setting:

Corollary 7.13. An automorphism T of (X,B, µ) is randomly ergodic if and only

if T is exact.

Exact automorphisms are strong mixing [Wal82]. Hence a random ergodic trans-

formation is in particular mixing.
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ABSTRACT

Non-Autonomous Complex Dynamical Systems

by

Han Peters

Chair: John Erik Fornæss

We study the orbits of sequences of complex differentiable endomorphisms of com-

plex manifolds. We are in particular interested in the following question: is a stable

manifold of a hyperbolic automorphism always biholomorphic to complex Euclidean

space? We show that the answer to this question is yes if a related conjecture in

non-autonomous complex dynamics holds. We investigate this second conjecture,

and prove several intermediate results.


