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The Taylor series formula for f(x) around a:

f(x) =

∞∑
n=0

f (n)(a)

n!
(x− a)n = f(a) + f ′(a)(x− a) +

f ′′(a)

2!
(x− a)2 +

f ′′′(a)

3!
(x− a)3 + . . .

The Taylor inequality for the remainder Rn = f(x)−
[
f(a) + f ′(a)

1! (x− a) + · · ·+ f(n)(a)
n! (x− a)n

]
:

|Rn(x)| ≤ M

(n + 1)!
|x− a|n+1,

if |f (n+1)(x)| ≤M for all x between a and x.
——————–

Approximate integration methods:
Trapezoidal rule:∫ b

a
f(x) dx ≈ ∆x

2 (f(x0) + 2f(x1) + 2f(x2) + . . . 2f(xn−1) + f(xn));
Midpoint rule:∫ b

a
f(x) dx ≈ ∆x(f(x̄1) + f(x̄2) + · · ·+ f(x̄n));

Simpson rule (n is even):∫ b

a
f(x) dx ≈ ∆x

3 (f(x1) + 4f(x2) + 2f(x3) + 4f(x4) . . . 4f(xn−1) + f(xn)).
Error estimates:

|ET | ≤
K(b− a)3

12n2
(trapezoidal rule);

|EM | ≤
K(b− a)3

24n2
(midpoint rule);

|ES | ≤
M(b− a)5

180n4
(Simpson rule).

In the formulas above, the approximation methods are used to evaluate
∫ b

a
f(x) dx.

In each method, the interval is divided into n small intervals of length ∆x;
x0, x1, . . . xn are the endpoints of the small intervals as usual, x̄1, . . . x̄n are the midpoints.
Numbers K, M are such that |f ′′(x)| ≤ K, |f (4)(x)| ≤M for all x in [a, b].

——————–

The logistic equation:
dP

dt
= kP (1− P

M
), where M is the carrying capacity


