AJirebpa u aHaJIH3 Leningrad Math. J.
Tom 1 (1989), Boin. 5 Vol. 1 (1990), No. 5

REAL ALGEBRAIC PLANE CURVES:
CONSTRUCTIONS WITH CONTROLLED TOPOLOGY

0. YA. VIRO

ABsTRACT. This is a survey of the topology of real algebraic plane curves, con-
centrating on the constructive aspect of this theory, i.e., the problem of con-
structing curves of a given degree with a prescribed arrangement of its compo-
nents. A large part of the paper is concerned with introductory material—the
formulation of the basic problems and the history of the early development
of the subject—so that the exposition is essentially self-contained. We give a
detailed presentation of the technique of perturbing singular curves with con-
trolled variation of the topology. We plan to publish the final part of the survey
in the next issue.
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There are two natural directions in the study of the topology of real algebraic
curves: first, the search for restrictions which the algebraic nature of a curve
imposes on its topology; and, second, the proof that curves exist which satisfy
these restrictions. During the past 18 years there has been an especially intensive
development of the topology of real algebraic curves: at the beginning of this
period, the basic achievements fell in the first of these two directions, while the
past decade has seen significant progress in the second direction. The Surveys
which are available [2], [8], [12], [23], [25], [26], [43], [47] are primarily devoted
to the first direction (although the last two touch upon the second direction as
well). The present article is an attempt to explain the basic concepts, methods,
and results belonging to the second direction. ,

The prohibitions and constructions (as we shall call the results in the first
and second direction of research, respectively) cannot be considered separately
from one another. Rather, they are two complementary ways of answering
the same question: What topology is possible for a real algebraic curve of a
given class? Hence, in our article considerable attention will also be paid to
prohibitions, but as a rule the proofs will not be given, and instead the reader
‘will be referred to the surveys and original articles. However, the author could
not resist the temptation of writing ab ovo and so the article can probably be
read without reference to other treatments of real algebraic geometry. In any
case, everything that relates to the central theme—techniques which enable one
successively to construct equations according to the topology of the curves they
define—is presented in full detail. Experience talking with specialists in other
areas of mathematics shows that this procedure is a good idea far beyond the
confines of the theory of real algebraic curves.

The main objects in this article are curves. It is only in a context where the
dimension is not essential that we shall consider varieties of arbitrary dimension.
Space limitations prevent us from discussing phenomena which occur for higher
dimensional varieties. Information about such varieties can be found in the
surveys by D. A. Gudkov [12] and V. M. Kharlamov [25] and in the author’s

papers [4], [5], [8].

CHAPTER |
Preliminaries

§1. The early topological study of real algebraic plane curves

1.1. Basic definitions and problems. A curve (at least, an algebraic curve) is
something more than just the set of points which belong to it. There are many
ways to introduce algebraic curves. In the elementary situation of real projective
plane curves the simplest and most convenient is the following definition, which
at first glance seems to be overly algebraic.

By a real projective algebraic plane curve of degree m (1) we mean a homoge-
neous real polynomial of degree m in three variables, considered up to constant
factors. If a is such a polynomial, then the equation a(xy, x,, x,) = 0 defines

the set of real points of the curve in the real projective plane RP?. We let RA
denote the set of real points of the curve 4. Following tradition, we shall also
call this set a curve, avoiding this terminology only in cases where confusion
could result.

(l )Of course, the full designation is used only in formal situations. One normally adopts an ab-
breviated terminology. We shall say simply a curve in contexts where this will not lead to confusion.
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A point (x,:X,:X,) € RP? is called a (real) singular point of the curve A
0 %1 ™2

if (xg, X, x,) € R’ is a critical point of the polynomial a which defines the
curve. The curve A4 is said to be (real) nonsingular if it has no real singular
points. The set of real points of a nonsingular real projective plane curve is a
smooth closed one-dimensional submanifold of the projective plane.

In the topology of nonsingular real projective algebraic plane curves, as in
other similar areas, the first natural questions that arise are classification prob-
lems. '

1.1.A. The topological classification problem: Up to homeomorphism, what
are the possible sets of real points of a nonsingular real projective algebraic plane
curve of degree m?

1.1.B. The isotopy classification problem: Up to homeomorphism, what are
the possible pairs (RP2 , RA) where A isa nonsingular real projective algebraic
plane curve of degree m?

It is well known that the components of a closed one-dimensional manifold
are homeomorphic to a circle, and the topological type of the manifold is deter-
mined by the number of components; thus, the first problem reduces to asking
about the number of components of a curve of degree m . The answer to this
question, which was found by Harnack [35] in 1876, is described in §§1.6 and
1.8 below.

The second problem has a more naive formulation as the question of how
a nonsingular curve of degree m can be situated in RP?. Here we are really
talking about the isotopy classification, since any homeomorphism RP? - RP?
is isotopic to the identity map. At present the second problem has been solved
only for m < 7. The solution is completely elementary when m < 5: 1t was
known in the last century, and we shall give the result in this section. But before
proceeding to an exposition of these earliest achievements in the study of the
topology of real algebraic curves, we shall recall the isotopy classification of
closed one-dimensional submanifolds of the projective plane.

1.2. Digression: the topology of closed one-dimensional submanifolds of the
projective plane. For brevity, we shall refer to closed one-dimensional subman-
ifolds of the projective plane as topological plane curves, ot simply curves when
there is no danger of confusion. '

A connected curve can be situated in RP? in two topologically distinct ways:
with two sides, i.e., as the boundary of a disc in RP? , and with one side, i.€., as a
projective line. A two-sided connected curve is called an oval. The complement
of an oval in RP? has two components, one of which is homeomorphic to a
disc and the other homeomorphic to a Moébius strip. The first is called the inside
and the second is called the outside. The complement of a connected one-sided
curve is homeomorphic to a disc.

Any two one-sided connected curves intersect, since each of them is a real-
ization of a nonzero element of the group H, (RPZ'; Z,) having nonzero self-
intersection. Hence, a topological plane curve has at most one one-sided com-
ponent. The existence of such a component can be expressed in terms of ho-
mology: it exists if and only if the curve represents a nonzero element of the
group H 1(RP2 ; Z,) . If it exists, then we say that the whole curve is one-sided,
otherwise, we say that the curve 18 two-sided.

Two disjoint ovals can be situated in two topologically distinct ways: each
may lie outside the other one—i.e., each is in the outside component of the



1062 0. YA. VIRO

FIGURE 1

complement of the other—or else they may form an injective pair, i.e., one of
them is in the inside component of the complement of the other—in that case,
we say that the first is the inner oval of the pair and the second is the outer oval.
In the latter case we also say that the outer oval of the pair envelopes the inner
oval.

A set of & ovals of a curve any two of which form an injective pair is called
a nest of depth h.

The pair (RP"‘ , X), where X is a topological plane curve, is determined up
to homeomorphism by whether or not X has a one-sided component and by the
relative location of each pair of ovals. We shall adopt the following notation to
describe this. A curve consisting of a single oval will be denoted by the symbol
(1) . The empty curve will be denoted by (0). A one-sided connected curve will
be denoted by (J). If (A4) is the symbol for a certain two-sided curve, then
the curve obtained by adding a new oval which envelopes all of the other ovals
will be denoted by (1(4)). A curve which is a union of two disjoint curves (4)
and (B) having the property that none of the ovals in one curve is contained
in an oval of the other is denoted by (A41LB). In addition, we use the following
abbreviations: if (4) denotes a certain curve, and if a part of another curve
has the form AlLAIl--- 14, where 4 occurs #n times, then we let nx 4 denote
AllL---14. We further write n x 1 simply as 7.

When depicting a topological plane curve one usually represents the projective
plane either as a disc with opposite points of the boundary identified, or else
as the compactification of R’ , .e., one visualizes the curve as its preimage
under either the projection D* — RP? or the inclusion R> — RP?. In this
article we shall use the second method. For example, Figure 1 shows a curve
corresponding to the symbol (JILIU2(1)IL1(2)IL1(31L1(2))).

1.3. Bézout’s prohibitions and the Harnack inequality. The most elementary
prohibitions, it seems, are the topological consequences of Bézout’s theorem.
In any case, these were the first prohibitions to be discovered.

1.3.A. BEZoUuT’s THEOREM (see, for example, [24], [30]). If A, and A, are
nonsingular curves of degree m, and m,, and if the set RA, N RA, is finite,
then this set contains at most m,m, points. If, in addition, RA, and RA, are
transversal to one another, then the number of points in the intersection RA;NRA,
Is congruent to m m, modulo 2.
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1.3.B. COROLLARY 1. A nonsingular plane curve of degree m is one-sided if
and only if m is odd. In particular, a curve of odd degree is nonempty.

In fact, in order for a nonsingular plane curve to be two-sided, 1.e., to be
homologous to zero mod 2, it is necessary and sufficient that its intersection
index with the projective line be zero mod2. By Bézout’s theorem, this is
equivalent to the degree being even. @

1.3.C. COROLLARY 2. The number of ovals in the union of two nestings of a
nonsingular plane curve of degree m does not exceed m/2. In particular, a
nesting of a curve of degree m has depth at most m/[2, and if a curve of degree
m has a nesting of depth [m/2], then it does not have any ovals not in the
nesting.

To prove Corollary 2 it suffices to apply Bézout’s theorem to the curve and to
a line which passes through the insides of the smallest ovals in the nestings. ®

1.3.D. COROLLARY 3. There can be no more than m ovals in a set of ovals
which is contained in a union of < 5 nestings of a nonsingular plane curve of
degree m and which does not contain an oval enveloping all of the other ovals
of the set.

To prove Corollary 3 it suffices to apply Bézout’s theorem to the curve and to
a conic which passes through the insides of the smallest ovals in the nestings. @
One can give corollaries whose proofs use curves of higher degree than lines
and conics (see §2.5). The most important such result is Harnack’s inequality.

1.3.E. CoROLLARY 4 (Harnack’s inequality [35]). The number of components
of a nonsingular plane curve of degree m is at most (m2 —~3m+4)/2.

For the derivation of Harnack’s inequality from Bézout’s theorem, see [35],
and also [12]. Incidentally, it is possible to prove Harnack’s inequality without
using Bézout’s theorem; see, for example, [12], [47].

1.4. Curves of degree < 5. If m < 5, then it is easy to see that the pro-
hibitions in the previous subsection are satisfied only by the following isotopy

types.

TABLE i
m Isotopy types of nonsingular plane curves of degree m
I (J)
2 ©, b
3 (J}, (JULT1)
4 ©, (), 2, (K1), 3),4
5 {(J) (JA1Y, (JU2), (JLI(LY), (JU3), (JAUSY, {JI6)

For m < 3 the absence of other types follows from 1.3.B and 1.3.C; for
m = 4 it follows from 1.3.B, 1.3.C and 1.3.D, or else from 1.3.B, 1.3.C and
1.3.E; and for m = 5 it follows from 1.3.B, 1.3.C and 1.3.E. It turns out that
it is possible to realize all of the types in Table 1; hence, we have the following
theorem.

1.4.A. ISOTOPY CLASSIFICATION OF NONSINGULAR PLANE CURVES OF DEGREE
< 5. An isotopy class of topological plane curves contains a nonsingular curve of
degree m < S if and only if it occurs in the mth row of Table 1.
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The curves of degree < 2 are known to everyone. Both of the isotopy types
of nonsingular curves of degree 3 can be realized by small perturbations of
the union of a line and a conic which intersect in two real points (Figure 2).
One can construct these perturbations by replacing the left side of the equation
¢/ = 0 defining the union of the conic C and the line L by the polynomial
cl+ el 1, , where [,=0,i=1,2, 3, are the equations of the lines shown in
Figure 2, and ¢ is a nonzero real number which is sufficiently small in absolute
value.

It will be left to the reader to prove that one in fact obtains the curves in
Figure 2 as a result; alternatively, the reader can deduce this fact from the
theorem in the next subsection.

The isotopy types of nonempty nonsingular curves of degree 4 can be realized
in a similar way by small perturbations of a union of two conics which intersect
in four real points (Figure 3). The empty curve of degree 4 can be defined, for
example, by the equation xg + xf + x; =0.

All of the isotopy types of nonsingular curves of degree 5 can be realized
by small perturbations of the union of two conics and a line, shown in Figure
4. ®

For the isotopy classification of nonsingular curves of degree 6 it is no longer
sufficient to use this type of construction, or even the prohibitions in the previ-
ous subsection. See §§1.13 and 5.1.
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FIGURE 4

1.5. The classical method of constructing nonsingular plane curves. All of the
classical constructions of the topology of nonsingular plane curves are based
on a single construction, which 1 will call classical small perturbation. Some
special cases were given in the previous subsection. Here I will give a detailed
description of the conditions under which it can be applied and the results.

We say that a real singular point E=(&: ¢ ¢ &,) of the curve A 1s an

intersection point of two real transversal branches, or, more briefly, a cmssing,(z)
if the polynomial a defining the curve has matrix of second partial derivatives
at the point (&, &;, &,) with both a positive and a negative eigenvalue, or,
equivalently, if the point ¢ is a nondegenerate critical point of index 1 of the
functions {x € Rlexi # 0} — R:x — a(x)/x;dega for i with ¢ # 0.
By Morse’s lemma, in a neighborhood of such a point the curve looks like a
union of two real lines. Conversely, if R4, , ..., R4, are nonsingular mutually
transverse curves no three of which pass through the same point, then all of the
singular points of the union RA, U---U RA, (this is precisely the pairwise
intersection points) are Crossings.

1.5.A. CLASSICAL SMALL PERTURBATION THEOREM (see Figure 5). Let A be
a plane curve of degree m all of whose singular points are crossings, and let B
be a plane curve of degree m which does not pass through the singular points of
A. Let U be a regular neighborhood of the curve RA in RP?, represented as
the union of a neighborhood U, of the set of singular points of A and a tubular

neighborhood U, of the submanifold RA\ U, in RP*\ U, .

Then there exists a nonsingular plane curve X of degree m such that:

(1) RX C U.

(2) For each component V of U, there exists a homeomorphism h:V —
D' x D' such that h(RANYV) =D'x0U0x D' and h(RXNV)={(x,y) e
D' x Dlixy = 1/2}.

(3) RX\ U, is a section of the tubular fibration U, — RA\ U, .

(Z)Sometimes other names are used. For example: a node, a point of type A4, with two real
branches, a nonisolated nondegenerate double point.
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FIGURE 5

(4) RX C {(xy:x,:x,) € Rlea(xo, Xy, %)b(xy, X, x,) < 0}, where a
and b are polynomials defining the curves A and B.

(5) RYNRA =RXNRB=RANRB.

(6) If p € RANRB is a nonsingular point of B and RB is transversal to RA
at this point, then RX is also transversal to RA at the point.

There exists € > 0 such that for any t € (0, €] the curve given by the polyno-
mial a + tb satisfies all of the above requirements imposed on X .

It follows from (1)-(3) that for fixed A4 the isotopy type of the curve RX
depends on which of two possible ways it behaves in a neighborhood of each
of the crossings of the curve A4, and this is determined by condition (4). Thus,
conditions (1)-(4) characterize the isotopy type of the curve RX . Conditions
(4)-(6) characterize its position relative to RA.

We say that the curves defined by the polynomials a + tb with ¢ € (0, €]
are obtained by small perturbations of A by means of the curve B . It should
be noted that the curves 4 and B do not determine the isotopy type of the
perturbed curves: since both of the polynomials » and b determine the
curve B, it follows that the polynomials a — tb with small ¢ > 0 also give
small perturbations of 4 by means of B. But these curves are not isotopic
to the curves given by a + tb (at least not in U), if the curve A actually has
singularities.

Proor OoF THEOREM 1.5.A. We set x, = a + tb. It is clear that for any
{ # 0 the curve X, given by the polynomial x, satisfies conditions (5) and
(6), and if ¢ > O it satisfies (4). For small |f| we obviously have RX, C U.
Furthermore, if |¢| is small, the curve RX, is nonsingular at the points of
intersection RX, NRB = R4 NRB, since the gradient of x, differs very little
from the gradient of a when || is small, and the latter gradient is nonzero on
RANRE (this is because, by assumption, B does not pass through the singular
points of 4). Outside RB the curve RX, is a level curve of the function
a/b. On RA\RB this level curve has critical points only at the singular points
of RA, and these critical points are nondegenerate. Hence, for small ¢ the
behavior of RX, outside RB is described by the implicit function theorem
and Morse’s lemma (see, for example, [14]); in particular, for small ¢ # 0 this
curve is nonsingular and satisfies conditions (2) and (3). Consequently, there
exists ¢ > 0 such that for any ¢ € (0, ¢] the curve RX, is nonsingular and
satisfies (1)-(6).
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1.6. Harnack curves. In 1876, Harnack [35] not only proved the inequality
1.3.E in §1.3, but also completed the topological classification of nonsingular
plane curves by proving the following theorem.

1.6.A. HARNACK’S THEOREM. For any natural number m and any integer ¢
satisfying the inequalities

1— (=)™ m’ —3m+4
T S Ao IR
5 <c< 5 : (1)

there exists a nonsingular plane curve of degree m consisting of ¢ components.

The inequality on the right in (1) is Harnack’s inequality. The inequality on
the left is part of Corollary 1 of Bézout’s theorem (see §1.3.B). Thus, Harnack’s
theorem together with §§1.3.B and 1.3.E actually give a complete characteriza-
tion of the set of topological types of nonsingular plane curves of degree m,
i.e., they solve problem 1.1.A.

Curves with the maximum number of components (i.e., with (m2 ~3m+4)/2
components, where m is the degree) are called M-curves. Curves of degree m

which have (m2 — 3m + 4)/2 — a components are called (M — a)-curves. We
begin the proof of Theorem 1.6.A by establishing that the Harnack inequality
1.3.B is best possible.

1.6.B. For any natural number m there exists an M-curve of degree m .

Proor. We shall actually construct a sequence of M-curves. At each step of
the construction we add a line to the M-curve just constructed, and then give
a slight perturbation to the union. We can begin the construction with a line
or, as in Harnack’s proof in [35], with a circle. However, since we have already
treated curves of degree < 5 and constructed M-curves for those degrees (see
§1.4), we shall begin by taking the M -curve of degree 5 that was constructed in
§1.4, so that we can immediately proceed to curves that we have not encountered
before.

Recall that we obtained a degree 5 M-curve by perturbing the union of two

conics and a line L. This perturbation can be done using various curves. For
what follows it is essential that the auxiliary curve intersect L in five points
which are outside the two conics. For example, let the auxiliary curve be a
union of five lines which satisfies this condition (Figure 6). We let B; denote
this union, and we let A, denote the M-curve of degree 5 that is obtained using
B..
S’We now construct a sequence of auxiliary curves B, for m > 5. We take
B, to be a union of m lines which intersect L in m distinct points lying, for
even m, in an arbitrary component of the set RL \RB, _, and for odd m in
the component of RL\ RB,_, containing RL N RB, .

We construct the M-curve A of degree m using small perturbation of
the union A, UL by means of B, . Suppose that the M-curve A4, _, of
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degree m —1 has already been constructed, and suppose that R4, | intersects
RL transversally in the m — 1 points of the intersection RL N RB, |, which
lie in the same component of the curve R4, | and in the same order as on
RL . It is not hard to see that, for one of the two possible directions of a small
perturbation of 4, _, UL by means of B, , the line RL and the component of
R4, _, thatit mtersects give m — 1 componems while the O‘Eher components
of R4, ,, of which, by assumption, there are )

(m=1)*=3(m—1)+4)/2—1=(m"—5m +6)/2,

are only shghﬂy deformed—so that the number of components of R4, remains

equal to (m -5m+6)/24+m~—1= (m —3m+4)/2. We have thus obtained
an M-curve of degree m . This curve is transversal to RL, it intersects RL
in RLNRB,, (see 1.5.A), and, since RL N RB, 1s contained in one of the
components of the set RL\ RB,__ , it follows that the intersection points of
our curve with RL are all in the same component of the curve and are in the
same order as on RL (Figure 7). @

The proof that the left inequality in (1) is best possible, i.e., that there is a
curve with the minimum number of components 18 much simpier For example,
we can take the curve given by the equa‘uon xo + x + xz = 0. Its set of real
points is obviously empty when m is even, and when m is odd the set of

real points is homeomorphic to RP' (we can get such a homeomorphism onto
RP! , for example, by projection from the point (0:0:1)).
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By choosing the auxiliary curves B, in different ways in the construction of
M -curves in the proof of Theorem 1.6.B, we can obtain curves with any inter-
mediate number of components. However, 10 complete the proof of Theorem
1.6.A in this way would be rather tedious, even though it would not require
any new ideas. We shall instead turn to a less explicit, but simpler and more
conceptual method of proof, which is based on objects and phenomena not
encountered above.

1.7. Digression; the space of real projective plane curves. By the definition
of the set of all real projective algebraic plane curves of degree m , they form
a real projective space of dimension m(m + 3)/2. The homogeneous coordi-
nates in this projective space are the coefficients of the polynomials defining the
curves. We shall denote this space by the symbol RC, . Its only difference with

the standard space RP"M /2 s the unusual numbering of the homogeneous
coordinates. The point is that the coefficients of a homogeneous polynomial in
three variables have a natural double indexing by the exponents of the mono-
mials:

B m—i—j i _J
a(xy, X, X;) = E a;;%g X, X5 .
i,j20
i+j<m

We let RNC,~denote the subset of RC corresponding to the real nonsin-
gular curves. It is obviously open in RC, . Moreover, any nonsingular curve
of degree m has a neighborhood in RNC, consisting of isotopic nonsingular
curves. Namely, small changes in the coefficients of the polynomial defining the
curve lead to polynomials which give smooth sections of a tubular fibration of
the original curve. This is an easy consequence of the implicit function theorem;
compare with 1.5.A condition (3).

Curves which belong to the same component of the space RNC, of nonsin-
gular degree m curves are isotopic—this follows from the fact that nonsingular
curves which are close to one another are isotopic. Suppose that we have an
isotopy in RNC , of the set of real points of a curve in RP? which consists
of the set of real points of curves of degree m1. Such an isotopy is said to be
rigid. This definition naturally gives rise to the following classification problem,
which is every bit as classical as problems 1.1.A and 1.1.B.

1.7.A. Rigid isotopy classification problem: Classify the nonmsingular curves
of degree m up to rigid isotopy, i.e. study the partition of the space RNC,, of
nonsingular degree m curves inio its components.

If m < 2, it is well known that the solution of this problem is identical to
that of problem 1.1.B. Isotopy also implies rigid isotopy for curves of degree 3
and 4. This was known in the last century; however, we shall not discuss this
further here, since it has little relevance to the theme of the article. At present
problem 1.7.A has been solved for m < 6.

Although this section is devoted to the early stages of the theory, I cannot
resist commenting in some detail about a more recent result. In 1978, V. A.
Rokhlin [23] discovered that for m > 5 isotopy of nonsingular curves of degree
m no longer implies rigid isotopy. The simplest example is given in Figure 8,
which shows two curves of degree 5. They are obtained by slightly perturbing
the very same curve in Figure 4 which is made up of two conics and a line.
It becomes clear that these curves are not rigid isotopic if we note that the
first curve has an oval lying inside a triangle which does not intersect the one-
sided component and which has its vertices inside the other three ovals, and
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FIGURE 8

the second curve does not have such an oval—but under a rigid isotopy the
oval cannot leave the triangle, since that would entail a violation of Bézout’s
theorem.

We now examine the subset of RC,, made up of real singular curves.

It is clear that a curve of degree m has a singularity at (1:0:0) if and only

if its polynomial has zero coefficients of the monomials Xy 5 Xy _lxl , Xg _lxz .
Thus, the set of real projective plane curves of degree m having a singularity
at a particular point forms a subspace of codimension 3 in RC,, .

We now consider the space S of pairs of the form (p, C), where p RP’ ,
CeRC, ,and p is a singular point of the curve C. S is clearly an algebraic

subvariety of the product RP? x RC . The restriction to S of the projection
m

RP? x RC, — RP? isa locally trivial fibration whose fiber is the space of curves
of degree m with a singularity at the corresponding point, i.e., the fiber is a
projective space of dimension m(m+3)/2~3. Thus, S is a smooth manifold
of dimension m(m + 3)/2 — 1. The restriction S — RC, of the projection

RP? x RC,, — RC  has as its image precisely the set of all real singular curves
of degree m, i.e., RC, \RN C,, . Welet RSC =~ denote this image. Since it is
the image of a (m(m + 3)/2 — 1)-dimensional manifold under smooth map, its
dimension is at most m(m + 3)/2 — 1. On the other hand, its dimension is at
least equal m(m+3)/2—1, since otherwise, as a subspace of codimension > 2 ,
it would not partition the space RC , and all nonsingular curves of degree m
would be isotopic.

Using an argument similar to the proof that dimRSC < m(m+3)/2-1,
one can show that the set of curves having at least two singular points and the
~set of curves having a singular point where the matrix of second derivatives
of the corresponding polynomial has rank < 1, each has dimension at most
m(m + 3)/2 — 2. Thus, the set RSC, has an open everywhere dense subset
consisting of curves with only one singular point, which is a nondegenerate
double point (meaning that at this point the matrix of second derivatives of the
polynomial defining the curve has rank 2). This subset is called the principal
part of the set RSC, . Itis a smooth submanifold of codimension 1 in RC, .
In fact, its preimage under the natural map S — RC, is obviously an open
everywhere dense subset in the manifold S , and the restriction of this map
to the preimage is easily verified to be a one-to-one immersion, and hence a
smooth imbedding.

There are two types of nondegenerate real points on a plane curve. We say
that a nondegenerate real double point (SN £,) on acurve A4 is solitary
if the matrix of second partial derivatives of the polynomial defining A4 has
either two nonnegative or two nonpositive eigenvalues at the point (Sos €15 &y).
A solitary nondegenerate double point of A4 is an isolated point of the set RA .
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In general, a singular point of 4 which is an isolated point of the set R4 will be
called a solitary real singular point. The other type of nondegenerate real double
point is a crossing; crossings were discussed in §1.5 above. Corresponding to
this division of the nondegenerate real double points into solitary points and
crossings, we have a partition of the principal part of the set of real singular
curves of degree m into two open sets.

If a curve of degree m moves as a point of RC,, along an arc which has
4 transversal intersection with the half of the principal part of the set of real
singular curves consisting of curves with a solitary singular point, then the set
of real points on this curve undergoes a Meorse modification of index 0 or 2
(i.e., either the curve acquires a solitary double point, which then becomes a
new oval, or else one of the ovals contracts to a point (a solitary nondegenerate
double point) and disappears). In the case of a transversal intersection with
the other half of the principal part of the set of real singular curves one has a
Morse modification of index 1 (i.e., two arc®of the curve approach one another
and merge, with a crossing at the point where they come together, and then
immediately diverge in their modified form, as happens, for example, with the
hyperbola in the family of affine curves of degree 2 given by the equation xy =
at the moment when ¢ =0).

A line in RC, is called a (real) pencil of curves of degree m. If a and b
are polynomials defining two curves of the pencil, then the other curves of the
pencil are given by polynomials of the form Aa + ub with 4, p € R\ 0.

By the transversality theorem, the pencils which intersect the set of real sin-
gular curves only at points of the principal part and only transversally form an
open everywhere dense subset of the set of all real pencils of curves of degree
m.

1.8. End of the proof of theorem 1.6.A. In §1.6 it was shown that for any
m there exist nonsingular curves of degree m with the minimum number

(1—(—1)")/2 or with the maximum number (m2 —3m +4)/2 of components.
Nonsingular curves which are isotopic to one another form an open set in the
space RC, of real projective plane curves of degree m (see §1.7). Hence, there
exists a real pencil of curves of degree m which connects a curve with mini-
mum number of components to a curve with maximum number of components
and which intersects the set of real singular curves only in its principal part and
only transversally. As we move along this pencil from the curve with minimum
number of components to the curve with maximum number of components, the
curve only undergoes Morse modifications, each of which changes the number
of components by at most 1. Consequently, this pencil includes nonsingular
curves with an arbitrary intermediate number of components. @

1.9. Isotopy types of Harnack M -curves. Harnack’s construction of M-
curves in [35] differs from the construction in the proof of Theorem 1.6.B in
that a conic, rather than a curve of degree 5, is used as the original curve.
Figure 9 shows that the M-curves of degree < 5 which are used in Harnack’s
construction [35]. For m > 6 Harnack’s construction gives M-curves with the
same isotopy types as in the construction in §1.6.

In these constructions one obtains different 1sotopy types of M-curves de-
pending on the choice of auxiliary curves (more precisely, depending on the
relative location of the intersections RB_NRL). Recall that in order to obtain
M-curves it is necessary for the intersection RB, NRL to consist of m points
and lie in a single component of the set RL\RB, ,, where for odd m this
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component must contain RB, _, NRL. It is easy to see that the isotopy type
of the resulting M-curve of degree m depends only on the choice of the com-
ponents of RL\ RB, | for even r < m where the intersections R N RB, are
to be found. If we take the components containing RL N RB,_, foreven r as
well, then the degree m M-curve obtained from the construction has 1sotopy
type (JU(m* ~3m+2)/2) for odd m and ((3m° —6m) /81L1{(m* —6m+8)/8))
for even m. In Table 2 we have listed the isotopy types of M-curves of degree
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FIGURE 9

< 10 which one obtains from Harnack’s construction using all possible B .

TABLE 2

m Isotopy types of Harnack M-curves of degree m
2 (1

!
3 (JILT1)

!

4 (4)

!
5 {(JLL6)

l
6 / (91L1(1)) \
7 (JIL15) (JAI3L1())

1 i
8 (181L1(3)) Q7L L12Y
9 (J128) (JU2411(3)) (JA261L11)) (JU23I1(1IL1(2))
i ! ! !

10 (304L1{6)) (29112(3}) (2941 (1Y 1L 1(5)) (28LLI(1)IL1(2) 11 (3))























































































































































































