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is the length of any basis of V .

2.37 Examples dimF
n = n , dimPm(F) = m+ 1 .

Warning Dimension depends on the field: dimC Cn = n , while dimR Cn = 2n .

2.38 Dimension of a subspace ≤ dimension of space.

If U is a subspace of a finite-dimensional vector space V , then dimU ≤ dimV .
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nullT = {(a, 0, 0, . . . ) | a ∈ F}



Linear Algebra

Lecture 6Null space is a subspace

8 / 10



Linear Algebra

Lecture 6Null space is a subspace

8 / 10

3.14 Theorem.



Linear Algebra

Lecture 6Null space is a subspace

8 / 10

3.14 Theorem. For T ∈ L(V,W ) , nullT is a subspace of V .



Linear Algebra

Lecture 6Null space is a subspace

8 / 10

3.14 Theorem. For T ∈ L(V,W ) , nullT is a subspace of V .

Proof. As we know (by 3.11) T (0) = 0 .



Linear Algebra

Lecture 6Null space is a subspace

8 / 10

3.14 Theorem. For T ∈ L(V,W ) , nullT is a subspace of V .

Proof. As we know (by 3.11) T (0) = 0 . Hence 0 ∈ nullT .



Linear Algebra

Lecture 6Null space is a subspace

8 / 10

3.14 Theorem. For T ∈ L(V,W ) , nullT is a subspace of V .

Proof. As we know (by 3.11) T (0) = 0 . Hence 0 ∈ nullT .

u, v ∈ nullT =⇒



Linear Algebra

Lecture 6Null space is a subspace

8 / 10

3.14 Theorem. For T ∈ L(V,W ) , nullT is a subspace of V .

Proof. As we know (by 3.11) T (0) = 0 . Hence 0 ∈ nullT .

u, v ∈ nullT =⇒ T (u+ v) = T (u) + T (v) = 0 + 0 = 0



Linear Algebra

Lecture 6Null space is a subspace

8 / 10

3.14 Theorem. For T ∈ L(V,W ) , nullT is a subspace of V .

Proof. As we know (by 3.11) T (0) = 0 . Hence 0 ∈ nullT .

u, v ∈ nullT =⇒ T (u+ v) = T (u) + T (v) = 0 + 0 = 0 =⇒ u+ v ∈ nullT .



Linear Algebra

Lecture 6Null space is a subspace

8 / 10

3.14 Theorem. For T ∈ L(V,W ) , nullT is a subspace of V .

Proof. As we know (by 3.11) T (0) = 0 . Hence 0 ∈ nullT .

u, v ∈ nullT =⇒ T (u+ v) = T (u) + T (v) = 0 + 0 = 0 =⇒ u+ v ∈ nullT .

u ∈ nullT, λ ∈ F =⇒ T (λu) = λTu = λ0 = 0



Linear Algebra

Lecture 6Null space is a subspace

8 / 10

3.14 Theorem. For T ∈ L(V,W ) , nullT is a subspace of V .

Proof. As we know (by 3.11) T (0) = 0 . Hence 0 ∈ nullT .

u, v ∈ nullT =⇒ T (u+ v) = T (u) + T (v) = 0 + 0 = 0 =⇒ u+ v ∈ nullT .

u ∈ nullT, λ ∈ F =⇒ T (λu) = λTu = λ0 = 0 =⇒ λu ∈ nullT



Linear Algebra

Lecture 6Null space is a subspace

8 / 10

3.14 Theorem. For T ∈ L(V,W ) , nullT is a subspace of V .

Proof. As we know (by 3.11) T (0) = 0 . Hence 0 ∈ nullT .

u, v ∈ nullT =⇒ T (u+ v) = T (u) + T (v) = 0 + 0 = 0 =⇒ u+ v ∈ nullT .

u ∈ nullT, λ ∈ F =⇒ T (λu) = λTu = λ0 = 0 =⇒ λu ∈ nullT �



Linear Algebra

Lecture 6Injectivity and the null space

9 / 10



Linear Algebra

Lecture 6Injectivity and the null space

9 / 10

3.15 Definition

A map T : V → W is called injective if



Linear Algebra

Lecture 6Injectivity and the null space

9 / 10

3.15 Definition

A map T : V → W is called injective if Tu = Tv =⇒ u = v .



Linear Algebra

Lecture 6Injectivity and the null space

9 / 10

3.15 Definition

A map T : V → W is called injective if Tu = Tv =⇒ u = v .

A map T : V → W is injective ⇐⇒ u 6= v =⇒ Tu 6= Tv .



Linear Algebra

Lecture 6Injectivity and the null space

9 / 10

3.15 Definition

A map T : V → W is called injective if Tu = Tv =⇒ u = v .

A map T : V → W is injective ⇐⇒ u 6= v =⇒ Tu 6= Tv .

3.16 T is injective ⇐⇒ nullT = {0} .



Linear Algebra

Lecture 6Injectivity and the null space

9 / 10

3.15 Definition

A map T : V → W is called injective if Tu = Tv =⇒ u = v .

A map T : V → W is injective ⇐⇒ u 6= v =⇒ Tu 6= Tv .

3.16 T is injective ⇐⇒ nullT = {0} .

Proof

=⇒



Linear Algebra

Lecture 6Injectivity and the null space

9 / 10

3.15 Definition

A map T : V → W is called injective if Tu = Tv =⇒ u = v .

A map T : V → W is injective ⇐⇒ u 6= v =⇒ Tu 6= Tv .

3.16 T is injective ⇐⇒ nullT = {0} .

Proof

=⇒ Recall 0 ∈ nullT .



Linear Algebra

Lecture 6Injectivity and the null space

9 / 10

3.15 Definition

A map T : V → W is called injective if Tu = Tv =⇒ u = v .

A map T : V → W is injective ⇐⇒ u 6= v =⇒ Tu 6= Tv .

3.16 T is injective ⇐⇒ nullT = {0} .

Proof

=⇒ Recall 0 ∈ nullT . If nullT 6= {0} , then ∃v ∈ nullT , v 6= 0



Linear Algebra

Lecture 6Injectivity and the null space

9 / 10

3.15 Definition

A map T : V → W is called injective if Tu = Tv =⇒ u = v .

A map T : V → W is injective ⇐⇒ u 6= v =⇒ Tu 6= Tv .

3.16 T is injective ⇐⇒ nullT = {0} .

Proof

=⇒ Recall 0 ∈ nullT . If nullT 6= {0} , then ∃v ∈ nullT , v 6= 0 �



Linear Algebra

Lecture 6Injectivity and the null space

9 / 10

3.15 Definition

A map T : V → W is called injective if Tu = Tv =⇒ u = v .

A map T : V → W is injective ⇐⇒ u 6= v =⇒ Tu 6= Tv .

3.16 T is injective ⇐⇒ nullT = {0} .

Proof

=⇒ Recall 0 ∈ nullT . If nullT 6= {0} , then ∃v ∈ nullT , v 6= 0 �

⇐=



Linear Algebra

Lecture 6Injectivity and the null space

9 / 10

3.15 Definition

A map T : V → W is called injective if Tu = Tv =⇒ u = v .

A map T : V → W is injective ⇐⇒ u 6= v =⇒ Tu 6= Tv .

3.16 T is injective ⇐⇒ nullT = {0} .

Proof

=⇒ Recall 0 ∈ nullT . If nullT 6= {0} , then ∃v ∈ nullT , v 6= 0 �

⇐= Let u, v ∈ V , Tu = Tv .



Linear Algebra

Lecture 6Injectivity and the null space

9 / 10

3.15 Definition

A map T : V → W is called injective if Tu = Tv =⇒ u = v .

A map T : V → W is injective ⇐⇒ u 6= v =⇒ Tu 6= Tv .

3.16 T is injective ⇐⇒ nullT = {0} .

Proof

=⇒ Recall 0 ∈ nullT . If nullT 6= {0} , then ∃v ∈ nullT , v 6= 0 �

⇐= Let u, v ∈ V , Tu = Tv . Then Tu− Tv



Linear Algebra

Lecture 6Injectivity and the null space

9 / 10

3.15 Definition

A map T : V → W is called injective if Tu = Tv =⇒ u = v .

A map T : V → W is injective ⇐⇒ u 6= v =⇒ Tu 6= Tv .

3.16 T is injective ⇐⇒ nullT = {0} .

Proof

=⇒ Recall 0 ∈ nullT . If nullT 6= {0} , then ∃v ∈ nullT , v 6= 0 �

⇐= Let u, v ∈ V , Tu = Tv . Then 0 = Tu− Tv



Linear Algebra

Lecture 6Injectivity and the null space

9 / 10

3.15 Definition

A map T : V → W is called injective if Tu = Tv =⇒ u = v .

A map T : V → W is injective ⇐⇒ u 6= v =⇒ Tu 6= Tv .

3.16 T is injective ⇐⇒ nullT = {0} .

Proof

=⇒ Recall 0 ∈ nullT . If nullT 6= {0} , then ∃v ∈ nullT , v 6= 0 �

⇐= Let u, v ∈ V , Tu = Tv . Then 0 = Tu− Tv = T (u− v).



Linear Algebra

Lecture 6Injectivity and the null space

9 / 10

3.15 Definition

A map T : V → W is called injective if Tu = Tv =⇒ u = v .

A map T : V → W is injective ⇐⇒ u 6= v =⇒ Tu 6= Tv .

3.16 T is injective ⇐⇒ nullT = {0} .

Proof

=⇒ Recall 0 ∈ nullT . If nullT 6= {0} , then ∃v ∈ nullT , v 6= 0 �

⇐= Let u, v ∈ V , Tu = Tv . Then 0 = Tu− Tv = T (u− v).
Hence u− v ∈ nullT



Linear Algebra

Lecture 6Injectivity and the null space

9 / 10

3.15 Definition

A map T : V → W is called injective if Tu = Tv =⇒ u = v .

A map T : V → W is injective ⇐⇒ u 6= v =⇒ Tu 6= Tv .

3.16 T is injective ⇐⇒ nullT = {0} .

Proof

=⇒ Recall 0 ∈ nullT . If nullT 6= {0} , then ∃v ∈ nullT , v 6= 0 �

⇐= Let u, v ∈ V , Tu = Tv . Then 0 = Tu− Tv = T (u− v).
Hence u− v ∈ nullT = {0}



Linear Algebra

Lecture 6Injectivity and the null space

9 / 10

3.15 Definition

A map T : V → W is called injective if Tu = Tv =⇒ u = v .

A map T : V → W is injective ⇐⇒ u 6= v =⇒ Tu 6= Tv .

3.16 T is injective ⇐⇒ nullT = {0} .

Proof

=⇒ Recall 0 ∈ nullT . If nullT 6= {0} , then ∃v ∈ nullT , v 6= 0 �

⇐= Let u, v ∈ V , Tu = Tv . Then 0 = Tu− Tv = T (u− v).
Hence u− v ∈ nullT = {0} =⇒ u = v . �



Linear Algebra

Lecture 6Range

10 / 10

3.17 Definition

For a map T : V → W , the range of T is rangeT = {Tv | v ∈ V }



Linear Algebra

Lecture 6Range

10 / 10

3.17 Definition

For a map T : V → W , the range of T is rangeT = {Tv | v ∈ V } ,

the subset of W consisting of those vectors that are of the form Tv for some v ∈ V .



Linear Algebra

Lecture 6Range

10 / 10

3.17 Definition

For a map T : V → W , the range of T is rangeT = {Tv | v ∈ V } ,

the subset of W consisting of those vectors that are of the form Tv for some v ∈ V .

Another name: image.



Linear Algebra

Lecture 6Range

10 / 10

3.17 Definition

For a map T : V → W , the range of T is rangeT = {Tv | v ∈ V } ,

the subset of W consisting of those vectors that are of the form Tv for some v ∈ V .

Another name: image. Notation: ImT .



Linear Algebra

Lecture 6Range

10 / 10

3.17 Definition

For a map T : V → W , the range of T is rangeT = {Tv | v ∈ V } ,

the subset of W consisting of those vectors that are of the form Tv for some v ∈ V .

3.18 Examples



Linear Algebra

Lecture 6Range

10 / 10

3.17 Definition

For a map T : V → W , the range of T is rangeT = {Tv | v ∈ V } ,

the subset of W consisting of those vectors that are of the form Tv for some v ∈ V .

3.18 Examples

• For T : V → W : v 7→ 0 , rangeT =



Linear Algebra

Lecture 6Range

10 / 10

3.17 Definition

For a map T : V → W , the range of T is rangeT = {Tv | v ∈ V } ,

the subset of W consisting of those vectors that are of the form Tv for some v ∈ V .

3.18 Examples

• For T : V → W : v 7→ 0 , rangeT = {0}.



Linear Algebra

Lecture 6Range

10 / 10

3.17 Definition

For a map T : V → W , the range of T is rangeT = {Tv | v ∈ V } ,

the subset of W consisting of those vectors that are of the form Tv for some v ∈ V .

3.18 Examples

• For T : V → W : v 7→ 0 , rangeT = {0}.

• For differentiation D : P(R) → P(R) , rangeD =



Linear Algebra

Lecture 6Range

10 / 10

3.17 Definition

For a map T : V → W , the range of T is rangeT = {Tv | v ∈ V } ,

the subset of W consisting of those vectors that are of the form Tv for some v ∈ V .

3.18 Examples

• For T : V → W : v 7→ 0 , rangeT = {0}.

• For differentiation D : P(R) → P(R) , rangeD = P(R).



Linear Algebra

Lecture 6Range

10 / 10

3.17 Definition

For a map T : V → W , the range of T is rangeT = {Tv | v ∈ V } ,

the subset of W consisting of those vectors that are of the form Tv for some v ∈ V .

3.18 Examples

• For T : V → W : v 7→ 0 , rangeT = {0}.

• For differentiation D : P(R) → P(R) , rangeD = P(R).

• For multiplication by x3 T : P(F) → P(F) : Tp = x3p(x) ,
rangeT =



Linear Algebra

Lecture 6Range

10 / 10

3.17 Definition

For a map T : V → W , the range of T is rangeT = {Tv | v ∈ V } ,

the subset of W consisting of those vectors that are of the form Tv for some v ∈ V .

3.18 Examples

• For T : V → W : v 7→ 0 , rangeT = {0}.

• For differentiation D : P(R) → P(R) , rangeD = P(R).

• For multiplication by x3 T : P(F) → P(F) : Tp = x3p(x) ,
rangeT = polynomials without monomials of degree < 3.



Linear Algebra

Lecture 6Range

10 / 10

3.17 Definition

For a map T : V → W , the range of T is rangeT = {Tv | v ∈ V } ,

the subset of W consisting of those vectors that are of the form Tv for some v ∈ V .

3.18 Examples

• For T : V → W : v 7→ 0 , rangeT = {0}.

• For differentiation D : P(R) → P(R) , rangeD = P(R).

• For multiplication by x3 T : P(F) → P(F) : Tp = x3p(x) ,
rangeT = polynomials without monomials of degree < 3.

3.14 The range of a linear map is a subspace.



Linear Algebra

Lecture 6Range

10 / 10

3.17 Definition

For a map T : V → W , the range of T is rangeT = {Tv | v ∈ V } ,

the subset of W consisting of those vectors that are of the form Tv for some v ∈ V .

3.18 Examples

• For T : V → W : v 7→ 0 , rangeT = {0}.

• For differentiation D : P(R) → P(R) , rangeD = P(R).

• For multiplication by x3 T : P(F) → P(F) : Tp = x3p(x) ,
rangeT = polynomials without monomials of degree < 3.

3.14 The range of a linear map is a subspace.

For T ∈ L(V,W ) , rangeT is a subspace of W .



Linear Algebra

Lecture 6Range

10 / 10

3.17 Definition

For a map T : V → W , the range of T is rangeT = {Tv | v ∈ V } ,

the subset of W consisting of those vectors that are of the form Tv for some v ∈ V .

3.18 Examples

• For T : V → W : v 7→ 0 , rangeT = {0}.

• For differentiation D : P(R) → P(R) , rangeD = P(R).

• For multiplication by x3 T : P(F) → P(F) : Tp = x3p(x) ,
rangeT = polynomials without monomials of degree < 3.

3.14 The range of a linear map is a subspace.

For T ∈ L(V,W ) , rangeT is a subspace of W .

Proof 0 ∈ rangeT , since T (0) = 0 .



Linear Algebra

Lecture 6Range

10 / 10

3.17 Definition

For a map T : V → W , the range of T is rangeT = {Tv | v ∈ V } ,

the subset of W consisting of those vectors that are of the form Tv for some v ∈ V .

3.18 Examples

• For T : V → W : v 7→ 0 , rangeT = {0}.

• For differentiation D : P(R) → P(R) , rangeD = P(R).

• For multiplication by x3 T : P(F) → P(F) : Tp = x3p(x) ,
rangeT = polynomials without monomials of degree < 3.

3.14 The range of a linear map is a subspace.

For T ∈ L(V,W ) , rangeT is a subspace of W .

Proof 0 ∈ rangeT , since T (0) = 0 .
If w ∈ rangeT and λ ∈ F , then ∃v ∈ V : w = Tv , T (λv) = λTv = λw .



Linear Algebra

Lecture 6Range

10 / 10

3.17 Definition

For a map T : V → W , the range of T is rangeT = {Tv | v ∈ V } ,

the subset of W consisting of those vectors that are of the form Tv for some v ∈ V .

3.18 Examples

• For T : V → W : v 7→ 0 , rangeT = {0}.

• For differentiation D : P(R) → P(R) , rangeD = P(R).

• For multiplication by x3 T : P(F) → P(F) : Tp = x3p(x) ,
rangeT = polynomials without monomials of degree < 3.

3.14 The range of a linear map is a subspace.

For T ∈ L(V,W ) , rangeT is a subspace of W .

Proof 0 ∈ rangeT , since T (0) = 0 .
If w ∈ rangeT and λ ∈ F , then ∃v ∈ V : w = Tv , T (λv) = λTv = λw ∈ rangeT .



Linear Algebra

Lecture 6Range

10 / 10

3.17 Definition

For a map T : V → W , the range of T is rangeT = {Tv | v ∈ V } ,

the subset of W consisting of those vectors that are of the form Tv for some v ∈ V .

3.18 Examples

• For T : V → W : v 7→ 0 , rangeT = {0}.

• For differentiation D : P(R) → P(R) , rangeD = P(R).

• For multiplication by x3 T : P(F) → P(F) : Tp = x3p(x) ,
rangeT = polynomials without monomials of degree < 3.

3.14 The range of a linear map is a subspace.

For T ∈ L(V,W ) , rangeT is a subspace of W .

Proof 0 ∈ rangeT , since T (0) = 0 .
If w ∈ rangeT and λ ∈ F , then ∃v ∈ V : w = Tv , T (λv) = λTv = λw ∈ rangeT .
w1, w2 ∈ rangeT =⇒ ∃v1, v2 ∈ V : w1 = Tv1, w2 = Tv2



Linear Algebra

Lecture 6Range

10 / 10

3.17 Definition

For a map T : V → W , the range of T is rangeT = {Tv | v ∈ V } ,

the subset of W consisting of those vectors that are of the form Tv for some v ∈ V .

3.18 Examples

• For T : V → W : v 7→ 0 , rangeT = {0}.

• For differentiation D : P(R) → P(R) , rangeD = P(R).

• For multiplication by x3 T : P(F) → P(F) : Tp = x3p(x) ,
rangeT = polynomials without monomials of degree < 3.

3.14 The range of a linear map is a subspace.

For T ∈ L(V,W ) , rangeT is a subspace of W .

Proof 0 ∈ rangeT , since T (0) = 0 .
If w ∈ rangeT and λ ∈ F , then ∃v ∈ V : w = Tv , T (λv) = λTv = λw ∈ rangeT .
w1, w2 ∈ rangeT =⇒ ∃v1, v2 ∈ V : w1 = Tv1, w2 = Tv2

=⇒ w1 + w2 = Tv1 + Tv2 = T (v1 + v2)



Linear Algebra

Lecture 6Range

10 / 10

3.17 Definition

For a map T : V → W , the range of T is rangeT = {Tv | v ∈ V } ,

the subset of W consisting of those vectors that are of the form Tv for some v ∈ V .

3.18 Examples

• For T : V → W : v 7→ 0 , rangeT = {0}.

• For differentiation D : P(R) → P(R) , rangeD = P(R).

• For multiplication by x3 T : P(F) → P(F) : Tp = x3p(x) ,
rangeT = polynomials without monomials of degree < 3.

3.14 The range of a linear map is a subspace.

For T ∈ L(V,W ) , rangeT is a subspace of W .

Proof 0 ∈ rangeT , since T (0) = 0 .
If w ∈ rangeT and λ ∈ F , then ∃v ∈ V : w = Tv , T (λv) = λTv = λw ∈ rangeT .
w1, w2 ∈ rangeT =⇒ ∃v1, v2 ∈ V : w1 = Tv1, w2 = Tv2

=⇒ w1 + w2 = Tv1 + Tv2 = T (v1 + v2) ∈ rangeT.



Linear Algebra

Lecture 6Range

10 / 10

3.17 Definition

For a map T : V → W , the range of T is rangeT = {Tv | v ∈ V } ,

the subset of W consisting of those vectors that are of the form Tv for some v ∈ V .

3.18 Examples

• For T : V → W : v 7→ 0 , rangeT = {0}.

• For differentiation D : P(R) → P(R) , rangeD = P(R).

• For multiplication by x3 T : P(F) → P(F) : Tp = x3p(x) ,
rangeT = polynomials without monomials of degree < 3.

3.14 The range of a linear map is a subspace.

For T ∈ L(V,W ) , rangeT is a subspace of W .

Proof 0 ∈ rangeT , since T (0) = 0 .
If w ∈ rangeT and λ ∈ F , then ∃v ∈ V : w = Tv , T (λv) = λTv = λw ∈ rangeT .
w1, w2 ∈ rangeT =⇒ ∃v1, v2 ∈ V : w1 = Tv1, w2 = Tv2

=⇒ w1 + w2 = Tv1 + Tv2 = T (v1 + v2) ∈ rangeT. �


	Dimension
	If the dimension is known
	Dimension of a sum
	Linear maps
	Examples of linear maps
	A linear map takes 0 to 0
	Null space
	Null space is a subspace
	Injectivity and the null space
	Range

