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Here is how the patchwork works:
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What lies behind these pictures?
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To perturb, we fill the two missing triangles with equations of
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lar points.
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of the polynomial in peace with each other.
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A (double) logarithmic paper is a graph paper with logarithmic
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The transition to the log paper corresponds to the change of

coordinates:

u=Inx

v =lIny.
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e . a positive integer (the degree of the curve),
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bt(aj7 y) —

2.

(k, 1) runs over
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z*y’.
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Let m, A, 7, 0; and v be initial data,
b; be the patchworked polynomial
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Let m, A, 7, 0; and v be initial data,

b; be the patchworked polynomial
and L C A be the patchworked PL-curve.

Then for sufficiently small ¢ > 0 the polynomial b; defines in
the first quadrant R, = {(z,y) € R? | z,y > 0} acurve

a; such that the pair (R, a;) is homeomorphic to
(Int A, LNIntA).
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Extend o; ; to a distribution of signs at the vertices of A7 by
the rule: o; ;0 5i€'0’ =1, where €,0 = £1.
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(In other words, passing from a vertex to its mirror image with
respect to an axis we preserve its sign if the distance from the

vertex to the axis is even, and change the sign otherwise.)
]
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Addendum to the Patchwork Theorem.

Under the assumptions of Patchwork Theorem, for all
sufficiently small ¢ > 0 there exist a homeomorphism

AA — R? mapping AL onto the the affine curve defined by
b, and a homeomorphism PA — RP? mapping PL onto

the projective closure of this affine curve.
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nested ovals.

Nine empty
ovals and two
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of the Gudkov
curve of degree
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five other empty
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Curve of degree 10 with 32 odd ovals
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Curve of degree 10 with 32 odd ovals
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Arnold’s advice

In late nineties Arnold proposed me to look into papers by
Litvinov and Maslov on idenpotent mathematics.
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Arnold’s advice

In late nineties Arnold proposed me to look into papers by
Litvinov and Maslov on idenpotent mathematics.

He thought it may be related to integrals against the Euler
characteristic.

| could not find any relation, but was not disappointed.
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ifh >0
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These operations depend continuously on /.
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Dy :Reg— Sp,:z+— hlnx
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(1)

(2)
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Sy, with h > 0 is a copy of R with the usual operations.
So = Ruyax+ » a copy of R with addition (a,b) — max{a, b}
and multiplication (a,b) — a +b.

(Idempotent semifield: a +a = a forany a).
Speaking quantum:
Sp is a classical object  (idempotent semifield Ry,

not that classical in mathematics),

Sy, with h = 0 are quantum objects  (but very classical

In mathematics),
Correspondence Principle (G. L. Litvinov and V. P. Maslov)
“There exists a (heuristic) correspondence, in the spirit of the

correspondence principle in Quantum Mechanics,

between important, useful and interesting constructions and

results over the field of real (or complex) numbers (or the

semiring of all nonnegative numbers) and similar constructions

I | q i
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 Tropical algebra Linear problems — Optimization problems
® Tropical polynomials

e Tropical geometry
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Fourier transform
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Linear problems

Polynomial over IR,
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Legendre transform

f&) =
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Mp(u) =
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The dequantization deforms graph 1", of p on log paper to to

the tropical graph of p .
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Integral / f(x)dx < Supremum supx{ f(x)}
X

Fourier transform Legendre transform
fo) = [ @i 16 =

sup{z - £ — f(z)}.
Linear problems — Optimization problems

Convex PL-function
jVZb(ZL) =
maxy, {ku + In ag }

Polynomial over IR,
—
p(x) = >, axz”

The dequantization deforms graph 1", of p on log paper to to
the tropical graph of p .

The deformation consists of the graphs of the same polynomial
> In(ag)z®, but on S? with varying h € [0,1].
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Combinatorial patchworking is a construction of real tropical

curve.

| presented this in my talk at European Congress of

Mathematicians in 2000.
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(a,b) — max{a,b} and (a,b) — a +b.
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French mathematicians in the honor
of Imre Simon, who resides in Sao g
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This is a semi-ring. Everything is as in a rin, .
but no subtraction.
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Denoted by R,ax + , called tropical algebra.

The adjective tropical was coined by [l e 4
French mathematicians in the honor
of Imre Simon, who resides in Sao g
Paolo, Brazil and was one of the | il
pioneers in algebra of R ., . . R §
This is a semi-ring. Everything is as in a rin, .
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a convex PL-function with integral slopes.

Indeed, a monomial az?'z2 ...z~ is

n

a+ kixy + kexo + - - - + k,x, , alinear function a + (k, x).

A polynomial is a finite sum of monomials,
that is the maximum of finite collection of linear functions.
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Tropical geometry is an algebraic geometry over T .

Algebraic geometry is based on polynomials.
Hence, tropical geometry is based on
convex PL-functions with integral slopes.

It would be exotic and needless if there was no relations to the

classical algebraic geometry, which is provided by
Litvinov-Maslov dequantization.

Applications (besides combinatorial patchworking) in
enumerative geometry, both real and complex.
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