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Abstract

This paper is a consequence of the close connection between combinatorial
group theory and the topology of surfaces.

In the eighties Goldman discovered a Lie algebra structure on the vector space
generated by the free homotopy classes of oriented curves on an oriented surface.
The Lie bracket [a,b] is defined as the sum over the intersection points of a pair of
transversal representatives of the conjugacy classes a and b of loop product of at
the intersection point, with a negative sign if the orientation determined by ordered
tangents at the intersection point is not the orientation of the surface.

If one of the classes has a simple representative we give a combinatorial group
theory description of the terms of the Lie bracket and prove that this bracket has
as many terms, counted with multiplicity, as the minimal number of intersection
points of a and b. In other words the bracket with a simple element has no can-
cellation and determines minimal intersection numbers. We show that analogous
results hold for the Lie bracket (also discovered by Goldman) of unoriented curves.
We give three applications: a factorization of Thurston’s map defining the bound-
ary of Teichmiiller space, various decompositions of the underlying vector space
of conjugacy classes into ad invariant subspaces and a connection between bijec-
tions of the set of conjugacy classes of curves on a surface preserving the Goldman
bracket and the mapping class group.
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1 Introduction

Let a and b denote isotopy classes of embedded closed curves on a surface 3. Denote
by i(a,b) the minimal possible number of intersection points of curves representing a
and b, where the intersections are counted with multiplicity. The function i(a, b) plays
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a central role in Thurston’s work on low dimensional topology (see, for instance, [29],
2] and [14].) Let [a,b] denote the Lie bracket on the vector space of the free homotopy
classes of all essential directed closed curves on Y. This Lie bracket originated from
Wolpert’s cosine formula, Thurston’s earthquakes in Teichmiiller space and Goldman’s
study of Poisson brackets (see [I3].) The Lie algebra of oriented curves has been
generalized using the loop product to a string bracket on the reduced S'-equivariant
homology of the free loop space of any oriented manifold. (see [6] and [7].)

The main purpose of this paper is to prove both Lie brackets, the one on oriented
curves and the one on unoriented curves ”count” the minimal number of intersection
points of two simple curves.

In order to give a more precise statement of our results, let us review the definition
of the Lie algebra for oriented curves discovered by Goldman: given two such free
homotopy classes of directed curves on an orientable surface, take two representatives
intersecting each other only in transverse double points. Each one of the intersection
points will contribute a term to the geometric formula for the bracket. Each of these
terms is defined as follows: take the conjugacy class of the curve obtained by multiplying
the two curves at the intersection point and add a negative sign if the orientation given
by the ordered tangents at that point is different from the orientation of the surface.
The bracket on W, the vector space of free homotopy classes is the bilinear extension
of this construction. It is remarkable that this construction is well defined and satisfies
skew-symmetry and Jacobi .

The bracket of unoriented curves is defined on the subspace V of W fixed by the
operation of reversing direction, as the restriction of the bracket. The subspace V is
generated by elements of W of the form a+@ where @ denotes a with opposite direction.
Let us identify unoriented curves up to homotopy with these expressions a + a. The
Lie bracket of two unoriented curves, a + @ and b + b, is then defined geometrically
by ([a,b] + [a,b]) + ([a,D] + [a,b]), which equals [a + @,b + b] using [a,b] = [@,b]. An
unoriented term is a term of the form ¢(z+7%), where ¢ is an integer and z is a conjugacy
class, that is, an element of the basis of V' multiplied by an integer coefficient.

Since this Lie bracket uses the intersection points of curves, a natural problem was
to study how well it reflects the intersection structure. In this regard, Goldman [I3]
proved the following result.

Goldman’s Theorem If the bracket of two free homotopy classes of curves (ori-
ented or unoriented) is zero, and one of them has a simple representative, then the two
classes have disjoint representatives.

Goldman’s proof uses the Kerckhoff earthquake convexity property of Teichmiiller
space [I9] and in [I3] he wondered whether this topological result had a topological



proof. In [B] we gave such a proof when a was a directed non-separating simple closed
curve on a surface with non-empty boundary. Here we will give combinatorial proof of
our Main Theorem (see below), which a generalization of Goldman’s result.

Now, suppose that a can be represented by a simple closed curve a. Then for any
free homotopy class b there exists a representative that can be written as a certain
product which involves a sequence of elements in the fundamental group or groups of
the connected components of ¥\ a (see Sections B and B for precise definitions.) The
number of terms of the sequence for b with respect to a is denoted by t(a,b).

Main Theorem Let a and b be two free homotopy classes of directed curves on an
orientable surface. If a can be represented by a simple closed curve then the following
nonnegative integers are equal:

(i) The number of terms, counted with multiplicity, of the Goldman Lie bracket for
oriented curves [a,b] .

(i1) The number divided by two of unoriented terms (of the form x +7), counted with
multiplicity, of the Goldman Lie bracket for unoriented curves [a + a,b + b|.

(iii) The minimal number of intersection points of a and b, i(a,b).
(iv) The number of terms of the sequence of b with respect to a, t(a,b).

In particular, there is no cancellation of terms in the bracket of two curves, provided
that one of them is simple.

We obtain the following global characterization of conjugacy classes containing sim-
ple representatives.

Corollary of the Main Theorem Let a denote a free homotopy class of curves
on a surface. Then the following statements are equivalent.

(1) The class a has a representative that is a power of a simple curve.

(2) For every free homotopy class b the (oriented) bracket [a,b] has many as oriented
terms counted with multiplicity as the minimal intersection number of a and b.

(8) For every free homotopy class b the (unoriented) bracket [a,b] has many as unori-
ented terms counted with multiplicity as twice the minimal intersection number of
a and b.

In [B] a local characterization of simple closed curves in terms of the Lie bracket
will be given. Actually, the problem of characterizing algebraically embedded conjugacy
classes was the original motivation of [3], [6] and [7].

Here is a brief outline of the arguments we follow to prove the main theorem.



(1) The key point is that when a curve is simple, we can apply either HNN extensions
or amalgamated products to write elements of the fundamental group of the surface
as a product that involves certain sequences of elements of subgroups which are the
fundamental group of the connected components of the surface minus the simple
curve.

(2) Using combinatorial group theory tools we show that if certain equations do not
hold in an HNN extension or an amalgamated free product then certain products
of the sequences in (1) cannot be conjugate, (Sections B and @)

(3) We show that each of the terms of the bracket can be obtained by inserting the
conjugacy class of the simple curve in different places of the sequences in (1) made
circular. (Sections B and @)

(4) We show that the equations of (2) do not hold in the HNN extensions and amal-
gamated free products determined by a simple closed curve. (Section )

The Goldman bracket extends to higher dimensional manifolds as one of the String
Topology operations. Abbaspour [I] characterizes hyperbolic three manifolds among
closed three manifolds using the loop product String Topology operation. Some of
his arguments rely on the decomposition of the fundamental group of a manifold into
amalgamated products based on torus submanifolds, and the use of this decomposition
to give expressions for certain elements of the fundamental group, which in term, gives
a way of computing the loop product.

Here is the organization of this work: in Section B we list the known results about
amalgamated products of groups we will use, and we prove that certain equations do
not hold in such groups. In Section B, we apply the results of the previous section to
find a combinatorial description of the Goldman bracket of two oriented curves, one
of them simple and separating (see Figure Bl) In Section Hl we list results concerning
HNN extensions and we prove that certain equations do not hold in such groups. In
Section Bl we apply the results of Section Hlto describe combinatorially the bracket of an
oriented non-separating simple closed curve with another oriented curve (see Figure[®)
In Section Bl we prove propositions about the fundamental group of the surface which
will be used to show that our sequences satisfy the hypothesis of the main theorems
of land @l In Section [ we put together most of the above results to show that there
is no cancellation in the Goldman bracket of two directed curves, provided that one
of them is simple. In Section B we define the bracket of unoriented curves and prove
that there is no cancellation if one of the curves is simple. In Section [ we exhibit
some examples that show that the hypothesis of one of the curves being simple cannot
be dropped (see Figure @A) In the next three sections, we exhibit some applications
of our main results. More precisely, in Section [[0, we show how our main theorem
yields a factorization of Thurston’s map on the set of all simple conjugacy classes of



curves on a surface, through the power of the vector space of all conjugacy classes to
the set of simple conjugacy classes. In Section [l we exhibit several partitions of the
vector space generated by all conjugacy classes, which are invariant under certain Lie
algebra operations. We conclude by showing in Section that if a function on the
set of conjugacy classes preserves the bracket, then is determined by an element of the
mapping class group of the surface. We conclude by stating some problems and open
questions in Section
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2 Amalgamated products

This section deals exclusively with results concerning Combinatorial Group Theory.
We start by stating definitions and known results about amalgamating free products.
Using these tools, we prove the main results of this section, namely, Theorems and
These two theorems state that certain pairs of elements of an amalgamating free
product are not conjugate. By Theorem B4l if b is an arbitrary conjugacy class and a
is a conjugacy class containing a separating simple representative, then the Goldman
Lie bracket [a,b] can be written as an algebraic sum t; + to + - - - t,,, with the following
property: If there exist two terms terms ¢; and ¢; that cancel, then the conjugacy classes
associated to the terms t; and t; both satisfy the hypothesis of Theorem or both
satisfy the hypothesis of Theorem This will show that the terms of the Goldman
Lie bracket in Theorem B4l are all distinct.

Alternatively, one could make use of the theory of groups acting on graphs (see, for
instance, [10]) to prove Theorems and

Let C,G and H be groups and let ¢p: C' — G and ©: C' — H be monomorphisms.
We denote the free product of G and H amalgamating the subgroup C (and morphisms
¢ and 1)) by G x¢c H. This group is defined as the quotient of the free product G « H
by the normal subgroup generated by o(c)y(c)~! for all ¢ € C. (See [16],[25], [26] or
8] for elaborated definitions.)

Since there are canonical injective maps from C,G and H to G %¢ H, in order to
make the notation lighter we will work as if C, G and H were included in G x¢ H .

Definition 2.1. Let n be a non-negative integer. A finite sequence (w1, ws, ..., w,) of
elements of G x¢ H is reduced if the following conditions hold,

(1) Each w; is in one of the factors, G or H.



(2) For each i € {1,2,...,n — 1}, w; and w;4; are not in the same factor.
(3) If n =1, then wy is not the identity.

0

The case n = 0 is included as the empty sequence. Also, if n is larger than one then
for each i € {1,2,...,n}, w; ¢ C, other wise, (2) is violated.

The proof of the next theorem can be found in [25)], [§] or [26].

Theorem 2.2. (1) Every element of G xc H can be written as a product wyws - - - wy,
where (wi,ws, ..., wy) is a reduced sequence.

(2) Ifn is a positive integer and (wy,wa, ..., wy) is a reduced sequence then the product
wiws -+ - Wy, 8 not the identity.

We could not find a proof of the next well known result in the literature, so we
include it here.

Theorem 2.3. If (wi,wy,...,wy,) and (hi,he,..., h,) are reduced sequences such the
products wiws - - - wy, and hiho,- - - hy, are equal then exists a finite sequence of element
of C, namely (c1,¢a,...,cn—1) such that

(i) w1 = hicy,
(ii) wy, = c;ilhn,
(iii) For eachi € {2,3,...,n— 1}, w; = ¢; Y hic;.

Proof. We can assume n > 1. Since the products are equal, h;lh;il e hl_lwlwg Ce Wy
is the identity. By Theorem EZ2(2), the sequence

-1 ;-1 -1
(hy "y hyZqso o R wi, we, .. wy)

is not reduced. Since the sequences (h;l,h;il, .. .,hl_l) and (wy,ws,...,w,) are re-

duced, wy and h{* belong both to G\ C or both to H \ C. Assume the first possibility
holds, that is h; and w; are in G\ C, (the second possibility is treated analogously.)
Set ¢; = hl_lwl. By our assumption, ¢; € G. The sequence

1 -1 1
(hy ' hy =gy hg yc,wa, . wy)

has product equal to the identity. All the elements of this sequence are alternatively in
G\ C and H \ C, with the possible exception of ¢;. By Theorem [Z2)(2), this sequence
is not reduced. Then ¢; ¢ G\ C. Since ¢; € G, ¢; € C.



Now, consider the sequence
-1 ;-1 -1 ;-1
(hn 7hn—17“"h3 ,h2 CllUQ,U)g,...,’wn)

By arguments analogous to those we made before, hy Leywy € C. Denote ¢y = hy Lews.
Thus, wy = Cl_thCQ

This shows that we can apply induction to find the sequence (c1,c¢a,...,¢n—1)
claimed in the theorem.

[ |
Definition 2.4. A finite sequence of elements (wq,ws,...,w,) of G xc H is cyclically
reduced if every cyclic permutation of (wi,ws,...,w,) is reduced. [l

Notation 2.5. When dealing with free products with amalgamation, every time we
consider a sequence of the form (aq,as,...,a,) we take subindexes mod n in the fol-
lowing way: For each j € Z, by a; we will denote a; where 7 is the only integer in
{1,2,...,n} such that n divides i — j. O

Remark 2.6. If (wy,ws,...,w,) is a cyclically reduced sequence and n # 1 then n is
even. Also, for every pair of integers 7 and j, w; and w; are both in G or both in H if
and only if ¢ and j have the same parity. O

The following result is a direct consequence of Theorem ZZ2(1) and [26, Theorem
4.6].

Theorem 2.7. Let s be a conjugacy class of G xc H. The there exists a cyclically
reduced sequence such that the product is a representative of s. Moveover every cyclically
reduced sequence with product in s has the same number of terms.

The following result gives necessary conditions for two cyclically reduced sequences
to be conjugate.

Theorem 2.8. Let n > 2 and let (wi,ws,...,wy,) and (vi,ve,...,v,) be cyclically
reduced sequences such that the products wiws,- - w, and vive---v, are conjugate.
Then there exists an integer k € {0,1,...,n — 1} and a sequence of elements of C,
€1,C2,...,Cn Such that for each i € {1,2,...,n}, w; = c;rlk_lviJrkciJrk. In particular,
for each i € {1,2,...,n}, w; and viyy are both in G or both in H.

Proof. By [25, Theorem 2.8], there exist k € {0,1,2,...,n—1} and an element ¢ in the
amalgamating group C such that

-1
Wiw2 »+ W = C "Vp41Vk+2 * * * Vk4n—1Vk+nC-



The sequences (wy,ws, ..., w,) and (C_l'l)k+1, V42, -« - s Uktn—1, Vp+nC) are reduced and
have the same product. By Theorem there exists a sequence of elements of C,
(c1,¢2y...,¢n—1) such that

(i) wy = c_lvk+1cl,
(ii) wp = C;E1Uk+nca

(iii) For each i € {2,3,...,n — 1}, w; = ¢, vprici.

Relabeling the sequence (¢, c1,ca,...,cy—1) we obtain the desired result. |

If C1 and Cy are sugroups of a group G a double coset of G mod Cq on the left and
Cy on the right or briefly a double coset of G is an equivalence class of the equivalence
relation on G defined for each pair of elements x and y of G by x ~ y if there exist
c1 € Ch and ¢y € Oy such that x = cyyce. If x € G, then the equivalence class containing
z is denoted by C1xCs. Using this notation, the next corollary follows directly from
Theorem

Corollary 2.9. Let n > 2 and let (wi,ws,...,w,) and (vi,ve,...,v,) be cyclically
reduced sequences such that the products wiws,---wy, and vive---v, are conjugate.
Then

{CwwyC, CwawsC, . .., Cw,w1C} = {Cv1vyC, CvgusC, . .., Cvupv1C}

Remark 2.10. Observe that a result stronger than Corollary holds, namely, one
can associate a unique cyclic sequence of double cosets (and not only a set) to each
conjugacy class. O

Definition 2.11. Let C' be a subgroup of a group G and let g be an element of G.
Denote by C9 the subgroup of G defined by ¢g~!Cg. We say that C is malnormal in
GifCINC = {1} for every g € G\ C. O

Lemma 2.12. Let G x¢ H be an free product with amalgamation such that the amal-
gamating group C is malnormal in G and is malnormal in H. Let a and b be elements
of C. Let wy,ws and vy, vy be two reduced sequences such that the sets of double cosets

{CwiawsC, Cv1v2C} and {CwiweC, Cv1bvyC'}

are equal. Then a and b are conjugate in C'. Moreover, if a # 1 or b # 1 then v and
wi are both in G or both in H.

Proof. We claim that if CwiawsC = CwiweC then a = 1. Indeed, if Cwiaw,C =
CwiwsoC then there exist ¢; and ¢ in C such that ciwiawses = wiwy. By Theorem B3]



there exists d € C' such that
wy = ciwiad (2.1
wo = d_llUQCQ (2'2)
Since C' is malnormal in H, by Equation (Z32), d = 1. Thus Equation (1) becomes
wy = ciwia. By malnormality, a = 1 and the proof of the claim is complete.

Assume first that CwiawsC = CwiwsC and CvqveC' = Cv1bvoC then by the claim,
a=1and b=1. Thus, a and b are conjugate in C' and the result holds in this case.

Now, assume that CwiawsC = CvibveC and Cv1v9C = CwiweC. By definition
of double cosets, there exist ¢, co, c3,c4 € C such that vibvy = cpwiawsce and vivy =
cgwiwocy. By Theorem 23 there exist dp,dy € C such that

v1b = ciwiady (2.3)
Vg = dl_l'ZUQCQ (2.4)
V1 = cgwidy (2.5)
Vg = dz_lw204 (2.6)

By Equations (Z4]) and (28] and malnormality, d; = d2. By By Equations Z3)) and
(3) and malnormality, d; = ad;b~'. Thus, a and b are conjugate in C' . Finally by
Equation (Z3), since C is a subgroup of G and a subgroup of H, w; and v; are both
in G or both in H.

Now we will show that certain pairs of conjugacy classes are distinct by proving that
the associated sequences of double cosets of some of their respective representatives are
distinct. Warren Dicks suggested the idea of this proof. Our initial proof [] applied
repeatedly the equations given by Theorem to derive a contradiction.

Theorem 2.13. Let G x¢c H be a free product with amalgamation. Let i and j be
distinct elements of {1,2,...,n} and let a and b be elements of C. Assume all the
following:

(1) The subgroup C is malnormal in G and is malnormal in H.
(2) If i and j have the same parity then a and b are not conjugate in C'.
(8) Either a #1 or b # 1.

Then for every cyclically reduced sequence (wq,ws, ... wy,) the products
WIW3 -+ - WiAWi41 - - - Wy, and wiwg - - - wibwjpq - - wy

are not conjugate.



Proof. Let (wy,ws,...,w,) be a cyclically reduced sequence. Assume that there exist
a and bin C and 4,5 € {1,2,...,n} as in the hypothesis of the theorem such that the
products wyws - - - W;aW;i41 - - - Wy and wiws - - - wibwjyq - - - wy, are conjugate.

By Corollary 29, the sequences of double cosets mod C' on the right and the left

associated with (w1, ws,...,aWwit1,...,wy,) and with (wi,ws,...,bwjq1,...,w,) are
equal. In symbols,

{CwiwaC, ..., Cwjaw;1C,. .., Cw,wiC} = {CuweC,. .., Cwibw;1C, ..., Cw,w C}
Removing from both sets the elements that are denoted by equal expressions we obtain
{Cwiaw;11C, Cwjwj;1C} = {Cw;bw;1C, Cwjw;41C'}.

By Lemma EZT2, a and b are conjugate in C. Moreover, w; and w; are both in G or
both in H. By Remark 8l ¢ and j have the same parity, contradicting our hypothesis
(2). n

Remark 2.14. It is not hard to construct an example that shows that hypothesis (1) of
Theorem LT3 is necessary. Indeed take, for instance, G and H two infinite cyclic groups
generated by x and y respectively. Let C' be an infinite cyclic subgroup generated by z.
Define ¢: C — G and ¢: C — H by ¢(z) = 22 and 9(z) = y>. The sequence (z,%)
is cyclically reduced. Let a = 22 and b = 2. The products zay and zyb are conjugate.

The following example shows that hypothesis (2) of Theorem is necessary. Let
G ¢ H be a free product with amalgamation, let ¢ be an element of C' and let (w1, ws)

be a reduced sequence. Thus, (w1, ws, w1y, ws) is a cyclically reduced sequence. On the
other hand, the products wicwow;wy and wywowicwy are conjugate.

0

The next result states certain elements of an amalgamated free product are not
conjugate.

Theorem 2.15. Let G x¢ H be a free product with amalgamation. Let a and b be
elements of C' and let and i,5 € {1,2,...,n}. Assume that for every g € (GUH)\ C,
g and g~' are not in the same double coset mod C on the left and on the right. Then
for every cyclically reduced sequence (wy,ws,...wy) the products

WIWse + + - WiAW;i4+1 -+ Wy and wglwgll e wj_jlbwj_l e wl_l

are not conjugate.

10



Proof. Assume that the two products are conjugate. Observe that the sequences

(w1, wa, ..., W4, Wit1,...,w,) and (wgl,wgil, .. ,wj_jlb, wj_l, ... ,wl_l)
are cyclically reduced. By Theorem there exists an integer k such that for every
he{1,2,...,n} wy and wl__lh+k are both in G or both in H. Then wy, and wy_p) are
both in G or both in H. By Remark [Z8, n is even and h and 1 — h + k have the same
parity. Thus, k is odd.

Set | = % By Theorem B8, w; and wl__ll =W L are in the same double coset of
G (if I € {i,j—k}, either w; or wi_;+ may appear multiplied by a or b in the equations
of Theorem but this does not change the double coset.) Thus w; and wl_l are in
the same double coset mod C of G, contradicting our hypothesis.

3 Oriented separating simple loops

The goal of this section is to prove Theorem B4 which gives us a way to compute
the bracket of a separating simple closed curve x and the product of the terms of a
cyclically reduced sequence given by the amalgamated free product that x determines.
We prove this theorem by finding in Lemma appropriate representatives for the
separating simple closed curve x and the terms of the cyclically reduced sequence.

Through the rest of these pages, a surface will mean a connected oriented surface.
We denote such a surface by ¥. The fundamental group of ¥ will be denoted by m1 (%, p)
where p € ¥ is the basepoint. By a curve we will mean a closed oriented curve on .
We will use the same letter to denote a curve and its image on 3.

Let x be a separating non-trivial simple curve on 3, non-parallel to a boundary
component of ¥. Choose a point p € x to be the basepoint of each of the fundamental
groups which will appear in this context. Denote by >; the union of x and one of the
connected components of ¥ \ x and by X, the union of x with the other connected
component.

Remark 3.1. As a consequence of the van Kampen’s theorem (see [16]) 71 (%, p) is
canonically isomorphic to the free product of 71 (31, p) and 71 (X2, p) amalgamating the
subgroup 1 (x, p), where the monomorphisms 1 (x,p) — m1(X1,p) and m(x,p) —

71 (39, p) are the induced by the respective inclusions. [l
Lemma 3.2. Let x be a separating simple closed curve on . Let (wq,wa,...,wy,) be
a cyclically reduced sequence for the amalgamated product of Remark [Tl Then there
exists a sequence of curves (Y1,7%2,.-.,%n) Such that for each i € {1,2,...,n} the all

the following holds.

11



Figure 1: A separating curve x intersecting another curve

(1) The curve ~y; is a representative of wj.

(2) The curve ~y; is alternately in 31 and Xq.

(8) The point p is the basepoint of ~;.

(4) The point p is not self-intersection point of ;. In other words, ~; passes through p
exactly once.

Moreover, the product y17y2 - - - vn 1S a representative of the product wiws - - - wy, and the
CUTVE Y172 * * + Y and wiws - - - Wy, tntersect x transversally with multiplicity n.

Proof. For each i € {1,2,...,n}, take a representative ; in of w;. Notice that v; C ¥
or «; C Y. We homotope ~; if necessary, in such a way that +; passes through p only
once, at the basepoint p

Since each ~; intersects x only at p, the product 172 - - -y, intersects x exactly n
times. Each of this intersections happens when the curve vy - - - 4, passes from 31 to
Y9 or from X5 to 31. This implies that these n intersection points of x with y17v2 - - v,
are transversal.

Let ¥ be an oriented surface. The Goldman bracket [13] is a Lie bracket defined
on the vector space generated by all free homotopy classes of oriented curves on the
surface 3. We recall the definition: For each pair of homotopy classes a and b, consider
representatives a and b respectively, that only intersect in transversal double points.
The bracket of [a, b] is defined as the signed sum over all intersection points P of a and
b of free homotopy class of the curve that goes around a starting and ending at P and

12



Figure 2: The representative of Lemma B2

then goes around b starting and ending at P. The sign of the term at an intersection
point P is the intersection number of a and b at P. (See Figure B)

The above definition can be extended to consider pairs of representatives which
intersect transversally although not necessarily in double points. Indeed, take a pair of
such representatives a and b. The Goldman Lie bracket is the sum over the intersection
of pairs of small arcs, of the conjugacy classes of the curve obtained by starting in an
intersection point and going along the a starting in the direction of the first arc, and
then going around b starting in the direction of the second arc. The sign is determined
by the pair of tangents of the ordered oriented arcs at the intersection point.

The intersection point ) ]
A representative of the conjugacy class of a term

Figure 3: An intersection point (left) and the corresponding term of the bracket (right)

Notation 3.3. The Goldman bracket [a,b] is computed for pairs of conjugacy classes
a and b of curves on Y. In order to make the notation lighter, we will abuse notation by
writing [u,v], where u, v are elements of the fundamental group of ¥. By [u,v], then,
we will mean the bracket of the conjugacy class of u and the conjugacy class of v. [

13



Theorem 3.4. Let x be a conjugacy class of w1 (X, p) which can be represented by a
separating simple closed curve x. Let (wi,ws,...,w,) be a cyclically reduced sequence
of the for the amalgamated product determined by x in Remark[31. Then [wq,z] = 0.
Moreover, if n > 1 then there exists s € {1, —1} such that the bracket is given by

n

slwiwg - - wyp, x] = Z(—l)iwlwg C o WTWGA ] Wy
i=1

Proof. For each curve v there exists a representative of the null-homotopic class disjoint
from 7 so the result holds when n = 0. We prove now that [wq,z] = 0. By definition
of a cyclically reduced sequence, w; € m(31,p) or wy € m(X2,p). Suppose that
wy € m1(X1,p) (the other possibility is analogous.) Choose a curve ;3 C X; which is
a representative of wy. Since 71 C Y1 , we can homotope 7 to a curve which has no
intersection with y, (clearly, this is a free homotopy which does not fix the basepoint
p.) This shows that w; and x have disjoint representatives, and then [wy,z] = 0.

Now, assume that n > 1. Let (y1,72,...,7,) be the sequence given by Lemma
for (wy,wa, ..., wy) .

The loop product y1y2 - - - ¥y, is a representative of the group product wyws - - - wy,.

Every intersection of v17s - - - v, with x occurs when ~17ys - - - v, leaves one connected
component of 3\ x to enter the other connected component. That is, between each ~;
and v;+1. (Recall we are using Notation so the intersection between 7, and ~v; is
considered.)

For each i € {1,2,...,n} denote by p; the intersection point of x and 17y -y,
between ~; and 7;+1. The loop product v1y2 - ViXVi+1 - - Vn IS a representative of the
conjugacy class of the term of the Goldman Lie bracket corresponding to p;. Thus, for
each i € {1,2,...,n} , the conjugacy class of the term of the bracket corresponding to
the intersection point p; has wy - - - w;xw;41 - - - Wy, as representative.

Let 4,5 € {1,2,...,n} with different parity. Assume that w; € m1(X1,p), (the case
w; € mo(X1,p) is similar.) The tangent vector of v173 - - - 7, at p; points towards ¥y and
the tangent vector of 7172 - - -y, at p; points towards 1. This shows that the signs of
the bracket terms corresponding to p; and p; are opposite, completing the proof. W

Remark 3.5. In Theorem Bl all the intersections of the chosen representatives of
wyws - - - Wy, and x occur at the basepoint p. The representative w of wiws - - - w, inter-
sects x in a point which is a multiple self-intersection point of w. This does not present
any difficulty in computing the bracket, because the intersection points of both curves
are still transversal double points. O
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4 HNN extensions

This section is the HNN counterpart of Section Pl and the statements, arguments and
posterior use of the statements are similar . The main goal consist in proving that
the products of certain cyclically reduced sequences cannot be conjugate (Theorems
and LT9l) This result will be used to show that the pairs of terms of the bracket
of certain conjugacy classes with opposite sign do not cancel.

Let G be a group, let A and B be two subgroups of G and let ¢: A — B be an
isomorphism. Then the HNN eztension of G relative to A, B and @ with stable letter t
(or, more briefly, the HNN extension of G relative to ¢) will be denoted by G*# and is
the group obtained by taking the quotient of the free product of G and the free group
generated by ¢ by the normal subgroup generated by ¢~ 'aty(a)~! for all a € A. (see
[25] for detailed definitions.)

Definition 4.1. Consider an HNN extension G*¥. Let n be a non-negative integer
and for each i € {1,2,...,n}, let ¢; € {1,—1} and g; be an element of G. A finite
sequence (go, t°*, g1,t%2 ..., gn—1,t°", gn) is said to be reduced if there is no consecutive
subsequence of the form (¢71,g;,t) with g; € A or (¢,g;,¢t™!) with g; € B. O

The following result is the analogue of Theorem for HNN extensions (see [25]
or [§.)

Theorem 4.2. (1) (Britton’s lemma) If the sequence (go,t%', 91,12 ..., Gn—1,t", gn)
is reduced and n > 1 then the product gott1g1t°2 - - - gn_1t°"gn is not the identity in
the HNN extension G*¥.

(2) Every element g of G** can be written as a product got®' g1t°2 - - - gn—1t°" g, where
the sequence (go,t°', g1,t%% ..., gn—1,1", gn) is reduced.

As in the case of Theorem [Z3] we include the proof of the next known result because
we were unable to find it in the literature.

Theorem 4.3. Suppose that the equality
ot g1t - g1t gy = hot™hit™ -+ - hy_1t"™ hy,

holds where (go, t°*, g1,t°% ..., gn—-1,1t", gn) and (ho,t"™ hy,t™ ... hy_1,t™ hy) are re-
duced sequences.

Then for each i € {1,2,...,n} we have that €; = n;. Moreover, there exists a
sequence of elements (cq,ca,...,cy) in AU B such that
(1) go = hoc
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(2) gn = (ci")hn
(8) For each i€ {1,2,...,n—1}, g; = ¢ (c; hicit1
(4) For each i€ {1,2,...,n},c; € Aife;=1andc; € B ife; = —1.

Proof. If the two products are equal then

hy 7T T gt gy 872 g, gt g, = 1 (4.1)

By Theorem EZ2(1) the sequence that yields the product on the left hand side of
Equation () is not reduced. This implies that e = 1. Moreover, if &1 = 1 then
halgo € A and if ey = —1 then halgo € B.

Denote the product hy Lgo by ¢1. Thus, gy = hocy. By definition of HNN extension,
we can replace t~1¢1t%! by ¢ (c1) in Equation () to obtain,

h;lt_"” e t_”2h1_1<,051(01)glt52 v gno1tthgn =1 (4.2)

By Theorem B2, the sequence yielding the product of the left hand side of Equation
(E2) is not reduced. Hence, g9 = 19 and if e9 = 1 then hl_lgpal(cl)gl € Aandifeg = —1
then hy'¢®1(c1)g1 € B.

Denote by ¢y the product hl_lgpel(cl)gl. Thus, g1 = (,DEl(Cl_l)hlcg.

By applying these arguments, we can complete the proof by induction. [ |

Definition 4.4. Let n be a non-negative integer. A sequence of elements of G*¥,
(90,151, 91,2, ..., gn—1,t°") is said to be cyclically reduced if all its cyclic permutations
of are reduced. O

We could not find a direct proof in the literature of the first statement of our next
so we include in it here. (The second statement also follows from Theorem 7] but it
is a direct consequence of our proof.)

Theorem 4.5. Let s be a conjugacy class of G**. Then there exists a cyclically reduced
sequence such that the product of its terms is a representative of s. Moveover, every
cyclically reduced sequence with product in s has the same number of terms.

Proof. 1f s has a representative in G, the result follows directly. So we can assume that
s has no representatives in G.

By Theorem FE2(2), the set of reduced sequences with product in s is not empty.
Thus, it is possible to choose among all such sequences, one that makes the number of
terms the smallest possible. Let (go, %', g1,t°2,. .., gm—1,t°) be such a sequence. We
claim that (go, t°*, g1,t%2, ..., gm—1,t°™) is cyclically reduced.
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Indeed, if m € {0, 1}, the sequence has the form (go) or (go,?°*) and so it is cyclically
reduced. Assume now that m > 1.

If (go,t%,91,t%2, ..., Gm—1,1°™) is not cyclically reduced then one of the following
statements holds:

(1) e1=1, e, =-1and g9 € A.
(2) e1=-1,e, =1and gy € B.

We prove the result in case (1). (Case (2) can be treated with similar ideas.) In
this case, t~¢mgot®t = ¢(g0) € B

The sequence (gm-1¢(90)91,t%2, ..., gm—2,t™1) is reduced, has product in s and

has strictly fewer terms than the sequence (go,t°!, g1,t°2,...,gm—1,t"). This contra-
dicts our assumption that our orginal sequence has the smallest number of terms. Thus,
our proof is complete. |

Notation 4.6. By definition, the cyclically reduced sequences of given HNN extension
have the form (go,t°*, g1,t2,..., gm-1,t"). From now on, we will make use of the
following convention: For every integer h, g; will denote g; where ¢ is the unique
integer in {0,1,2,...,n — 1} such that n divides i — h. Analogously, &, will denote ¢;
where ¢ is the unique integer in {1,2,...,n} such that n divides i — h. O

The next result is due to Collins and studies gives necessary conditions for two
cyclically reduced sequence have conjugate product(see [25].)

Theorem 4.7. (Collins’ Lemma) Let n > 1 and let (go,t', g1,t%2,...,gn—1,t°") and
(ho, t™, hy, t™, ... hype1,t"™) be two cyclically reduced sequences such that their prod-
ucts are conjugate. Then n = m and there exist c€ AU B and k € {0,1,2,...,n — 1}
such that the following holds:

(1) m, = en,
(2) ce Aife, =—1andc€ B ife, =1,
(3) Gotrg1tc2 - - g1t = c—lhktﬁk+1hk+ltnk+2 < hpap_1t™ec.

By Theorems and B and arguments exactly like those of Theorem EZ8 we
obtain the following result.

Theorem 4.8. Let (go,t°',91,t%2,...,gn—1,t") and (ho,t"™, hy,t"™, ... hy_1,t"™) be
cyclically reduced sequences such that the products

g()lfalglt62 cee gn_ltE" and hot™hyt™ - hy,_1t"™

are conjugate. Moreover, assume that n > 1. Then there exists an integer k such that
for each i € {1,2,...,n}, i = nixx. Moreover, there exists a sequence of elements
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(c1,¢2y...,¢pn) in AU B such that for each i € {1,2,...,n}, ¢; € Aife; =1 and c; € B
ife; =—1 and

gi = (pm'—i-k( —1

Cip)hitkCivri

Notation 4.9. Let G** be an HNN extension, where ¢: A — B. We denote the
subgroup A by C7 and the subgroup B by C_;. O

Corollary 4.10. Let (go,t°*, g1,t%2 ..., gn—1,t") and (ho, t™ hy,t", ... hy_1,t") be
cyclically reduced sequences such that the products

got€191t€2 e gn_lten and hotm hit™ - hy_t"™

are conjugate. If n > 1 then there exists an integer k such that for eachi € {1,2,...,n},
i = Nitk and g; belongs to the double coset C_. hi1xCs, ;.

Remark 4.11. If ¢ € {1,—1} and a € C; then at® = t°p°(a) in G*%. O

Definition 4.12. Let n > 2 and let (go, t°*, g1,t°2, ..., gn—1,t°") be a cyclically reduced
sequence. The sequence of double cosets associated with (go,t°*, g1,t%2, ..., gn—1,1°") is
the sequence of double cosets

(057; te gitEiH 92‘+17§€i+2 O—€i+2 )OSiSn— 1-
[l

Lemma 4.13. Let (go, t°*, g1,t%2 ..., gn—1,t°") and (ho, t™ , hy,t",, ... hyp_1,t™) be two
cyclically reduced sequences whose products are conjugate and such that n > 2. Then
the sequence of double cosets associated with (go,t', g1,t°2 ..., gn—1,t") is a cyclic
permutation of the cyclic of double cosets associated with (ho, t™, hit™ ... hy_1,t™).

Proof. Let k € {1,2,...,n} and (c1,c2,...,¢,) be a finite sequence of elements
in AU B given by Theorem for the sequences (go,t%', 1,2 ..., gn—1,1°") and
(ho,t™, hy,t"™ ... hy,_1,t"). By cyclically rotating (hg,t™, hy,t", ... hy_1,t™) if nec-
essary, we can assume that k = 0. (We could carry out the proof with & > 0, but the
assumption k£ = 0 makes the equations more neat).

Let i € {1,2,...,n}. We will complete this proof by showing that the i-th double
coset of the sequence (go,t°!, g1,t%2 ..., gn—1,t°") equals the i-th double coset of the
sequence of (hg,t™, hy, t™, ... hy_1,t™).

By Theorem E§ ¢; = n; for each j € {1,2,...,n} and

git" 1 giv1 = @M (e hicip t" T " (e ) hivicive
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By Remark ELTTl we have that ci+1t"i+1<p’7i+1(ci_j1) = "+1, Thus,
it gis1 = @ (¢ it i1 cign

By Theorem ¥ ¢; € C¢, and cij2 € C; Therefore, " (c; Ye C_... Thus,

i+2°
taigit€i+lgi+1t5i+2 c tEiC’_Ei hitUHl hi+lc’€i+2tai

Consequently, by Remark BT, ¢ g;t%i+1 g;, 1£5+2 is in the i-th double coset associated
with (hg,t™, hy,t"™, ... hy_1,t") and our proof is complete. [ |

Definition 4.14. Let G*# be an HNN extension, where ¢: A — B. We say that G*%
is separated if AN B9 = {1} for all g € G. O

Lemma 4.15. Let (t°1, g1,°2, g2, t%8) and (t™, hy, 1" hy, t™) be two reduced sequences.
Let a € Ce, and let b € Cy,. Suppose that G*¥ is separated and that A and B are
malnormal in G*?. Then the following statements hold.

(1) If the double cosets C. t° g1at®2gat®3C_., and Cg 151 g1t°2got®3C_., are equal then
a=1.

(2) If the subsets of double cosets {C. t°1g1at®>got®>C_,, Cy, t" h1t"hot™C,,} and
{Ce t1g1t%2 9ot C_,, Cyp t1 hy bt hot™ Ce, } are equal then a and b are conjugate
by an element of AU B. Moreover, if a # 1 or b+# 1, then 9 = ns.

Proof. We first prove (1). By Remark ECTT],
1O g1t gaCcyt™ = 171 C_g, 91172 go Oy t™.

Now we cross out t°1 and t*3 at both sides of the above equation. From the equality
we obtain we deduce that there exist d; € C;, and do € C,, such that got*2¢g; =
d1goat®?gidy. By Theorem B3 there exists ¢ € C¢, such that

go = digoac (4.3)
g1 = ¢ (c N g1ds.

By malnormality, separability, and Equation @), ©°2(¢c™!) = 1 and so ¢ = 1. By
malnormality, separability and Equation ([3]), ac = 1. Hence, a = 1.

Now we prove (2). Observe that if the two sets of the statement of the lemma are
equal, then there are two possibilities:

(i) The first (resp. second) element listed in the right set is equal to the first (resp.
second) element listed on the second set.
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(ii) The first (resp. second) element listed in the right set is equal to the second (resp.
first) element listed on the second set.

The case (i) is ruled out by statement (1). Hence, we can assume that (ii) holds. By
Theorem B3], for each ¢ € {1,2,3}, ¢; = n;. By arguing as in the proof of statement
(1), we can deduce that there exist ¢; and d; in C_,, and ¢3 and ds3 in C.,, such that

glatazgg = Clhlbtaz h263 and gltazgg = dlhltaz h2d3

By Theorem E3 there exist a pair of elements ,  and y in C., such that

goa = c1hobx (4.5)
g1 = ¢ (x Hhyes. (4.6)
go = dihoy (4.7)
g1 = 2 (y1)hyds. (4.8)

Since ¢ is an isomorphism, by malnormality and separability and Equations ([0]) and
(EXR)), * = y. Analogously, by malnormality and separability and Equations (EZ5]) and
@), bza~! = y. Therefore, a and b are conjugate by z. Since x € AU B, the proof is
complete. [ |

The next theorem gives necessary conditions for certain products of cyclically re-
duced sequences to not be conjugate.

Theorem 4.16. Let G** be an HNN extension. Let (go,t*, g1,t%2 ..., gn—1,t°") be a
cyclically reduced sequence. and let i,5 € {1,2,...,n}. Let a be an element of C., and
let b be an element of Cc;. Moreover, assume that the following conditions hold:

(1) The subgroups A and B are malnormal in G.

(2) The HNN extension G*¥ is separated.

(3) If i = €; then a and b are not conjugate by an element of AU B.
(4) Either a # 1 orb# 1.

Then the products
got™ g1t - gi_1at%ig; - - gn_1t™ and gottgit™ - - - g; 10t g; - gp 1t

are not conjugate.

Proof. Assume that the products of the hypothesis of the theorem are conjugate. Fur-
thermore, we assume that a is not the identity. The case of b not the identity can be
treated similarly.

20



If n = 1 the proof of the result is direct. Hence, we can assume n > 2.

The sequences
(907 t€17gla t€2 e ,giCL, t€i+17 e gn—17 ten) a‘nd (907 t€17917t€2 LR 7gjb7 t€j+17 e gn—17 ten)

are cyclically reduced. By Lemma both sequences are associated with the same
cyclic sequence of double cosets. If i = j the result is a consequence of Lemma ELTH(1).
Hence, we can assume that i # j. As in the proof of Theorem by crossing out the
elements in the sequences of double cosets with equal expressions we obtain the two
sets below are equal,

{0&71tEii1gi—lCltEiE]itai+1 C—€i+1’ ijfltajilgj—ltaj gthjH C—€j+1}

{C€i71tEiflgi—ltEigitEHlC—Eiﬂ7 Cﬁjfltajilgj—lbtaj gjtajHC—&jﬂ}
(By Remark EETT1

Ce, 51572 giat™ giqat®Cg, = O, 772G ot gi1t™C,.

Hence, double cosets like those on the left hand side of the above equation do not
appear in the list of possibly distinct double cosets). By Lemma B0 ¢; = €; and a
and b are conjugate by an element of A U B. This contradicts our hypothesis and so
the proof is complete. [ |

Remark 4.17. The following example shows that hypothesis (1) of Theorem ETHI is
necessary. Let G be the direct sum of Z and Z, Z ® Z. Let A = Z & {0} and let
B = {0} ®Z considered as subgroups of Z®Z. Clearly, neither A nor B are malnormal
in G. Define p: A — B by ¢(z,0) = (0,z). Then the HNN extension of G relative
to ¢ is separated Let g and h be elements of G such htat (g,¢,h,t™!) is a cyclically
reduced sequence and let a be an element of A. Then, in the HNN extension of G
relative to ¢ we have that,

gatht™' = gte(a)ht ™! = gtho(a)t™

Thus the sequences (¢, ga, h,t™1) and (¢, g, ho(a),t!) are conjugate.

To see that hypothesis (3) of Theorem ELT6] is necessary let us consider the following
example. Let G* be an HNN extension relative to an isomorphism ¢: A — B. Let
g € G\ A and let a € A. The sequence (g,t,g,t) is cyclically reduced but the product
of the sequences (ga,t,g,t) and (g,t, ga,t) are conjugate.

0

The next auxiliary lemma will be used in the proof of Theorem The set of
congruence classes modulo n is denoted by Z/nZ.
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Lemma 4.18. Let n and k be integers. Let F: Z/nl — Z/an be induced by the map
on the integers F(x) = —x + k. If n is odd or k is even then F has a fized point.

Proof. If k is even then % is integer and a fixed point of F'. Thus F has a fixed point.

On the other hand, the map F has a fixed point whenever the equation 2x = —k
(mod n) has a solution. If n is odd this equation has a solution because 2 has an inverse
in Z/nZ. This completes the proof. |

We will use Notation for the statement and proof of the next result.

Theorem 4.19. Let G** be an HNN extension. Let (got®*g1t°2 ... gn—1t°") be a cycli-
cally reduced sequence. Let i and j be elements of {1,2,...,n}. Let a be an element of
Ce, and let b an element of C_c,. Assume that for each g € G, g~ ! does not belong to
the set (AU B)g(AU B). Then the products

got™' git™ - gi1al™ g; - - gn—at™ and
ggilt—anﬂggizt—anfz .. -gj_lbt_aj .. t—Elgo—lt—En

are not conjugate.

Proof. We start by giving a sketch of the proof: If the above products are conjugate
then the sequence of (e1,¢e3,...,&,) is a rotation of the sequence (—&,, —&p—1,...,—€1).
Since the terms of those sequences are not zero, a term of the first of the form &5, cannot
correspond to a term of the form —ep. This gives conditions of the rotation and the
number of terms. The same rotation also establishes a correspondance between double
cosets of gp’s and double cosets of rotated g;l’s. Using the fact that the sequences
en’s and gp’s are “off” by one, we will show that there exists u such that g;! €
(AU B)gy (AU B). (in the detailed proof, we need to study separately the cases where
the elements a and b appear in the equations.)

Here is the detailed proof. Consider the sequence (sg,t™,s1,t™ ..., s,—1,t™) de-
fined by np = —&,,_p and
—1 . .
g b if—h—1=75 (mod n),
g = 4 91 1= tmodn) (49)
g9_,_, otherwise.

for each h. (Recall Notation EL6l)

Assume that the products of the hypothesis of the theorem are conjugate. Thus
the sequences

(907 tqvgl) %2 ... , 9i—1G, taivgiv <o 9n—1, tan) and (807 tnlvsly t ... Sn—1, tnn)
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are cyclically reduced and have conjugate products. Let k be as in Corollary for
these two products. Hence,

Eh = NMhik = —En—h—k, (4.10)

and the following holds:

(1) if h#i—1 (mod n) then gp belongs to the double coset C_;, sp11Cs
(2) gi—1a belongs to the double coset C_., ,s;41Cs,.

h+1

By hypothesis, a € C,,. Thus, for all 1 we have

gn € C—c, sh11Cx (4.11)

h+1

Since for every integer h, ¢, # 0 we have that e, # —ej,. Therefore, by Equation
(ETM), the map F' defined on the integers mod n by the formula F'(h) = —h — k cannot
have fixed points. By Lemma EEI8, n is even and k is odd.

Then (—k —1) is even. By Lemma I8 the map G(h) = —h+ (—k — 1) has a fixed
point. Denote this fixed point by u. Thus

u+k=—-u—1 (modn) (4.12)

Assume that u # j (mod n). By Equations @E12) and @), syix = S—u_1 = gy *- By
Equation EETT], g, € C’_Euggngu+1 C (AU B)g;(AU B), contradicting our hypothesis.
Therefore, v = j (mod n). In this case, by Equation BT, g; € C_ajgj_le'

€j+1°

By Equations [LI2) and @I), €j+1 = —€_j_1-, = —¢;j. Since b € C_; then
beC.,,,. Since C_¢,g;'Ce,,, C (AUB)g;(AUB),
this is a contradiction.

Consequently, g; € C'—ejgj_lc

Ej+1°

5 Oriented non-separating simple loops

This section is the ”separating version” of Section Bl The main purpose here con-
sists in proving Theorem B3l which describes the terms of the bracket of a simple
non-separating conjugacy class representative and an arbitrary conjugacy class.

We will start by proving some elementary auxiliary results.

Lemma 5.1. Let \ be a non-separating simple curve on ¥ and p a point in X\. There
exists a map ¢: S' x [0,1] — %, such that:

(1) There exists a point ¢ € S*, 1(q,0) = ¥(q,1) = p.
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Figure 4: The map v of Lemma BT

(2) ¢ is injective on (S' x [0,1])\ {(¢,0), (¢, 1)}

(3) Plsixgoy = A

Proof. Choose a simple trivial curve 7 such that 7N A\ = {p} and the intersection of
7 and A is transversal. (The existence of such a curve is guaranteed by the following

argument of Poincaré: take a small arc [ crossing A transversally. Since ¥\ (5 U ) is
connected there exists a non-trivial arc in X\ (U ), with no self-intersections, joining

the endpoints of (3.)

e :
(q70) 3
" )
—~—— ™\
<
<_{ =
(¢,1)

Figure 5: The proof of Lemma BTl

Consider an injective map 1: S! x [0, 1] — X such that A = (S x {0}). Let ¢ € S!
be such that 1(q,0) = p. Denote by C' the image of the cylinder 7(S! x [0,1]). Denote
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by ¢ the boundary component of C' defined by n(S! x {1}). Modify 7 if necessary so
that 7 intersects £ in a unique double point s. (See Figure [l)

Choose two points on s1 and sg on £ close to s and at both sides of s. Choose a
embedded arc in the interior of C, intersecting T exactly once, from s; to s and denote
it by x. Denote by D the closed half disk bounded by  and the subarc of £ containing
s.

Choose two disjoint embedded arcs a1 and as on ¥ from p to s; and s, respectively,
and such that a1 N7 = as N7 = {p}, s N C={p, s1} and as N C={p, s2}.

Consider the triangle T', with sides aq, the arc in 7 from s to s9 and «s.

Denote by 11 the restriction of n to n~*(D), n1: 71 (D) — D. Now, take a home-
omorphism 7y: D — D UT such that 72/, is the identity and n2(s) = p.

For each z € St x [0,1], define ¥: S* x [0,1] — ¥ as n(z) if z ¢ D and as non(z)
otherwise. This maps satisfies the required properties.

Let 1 be the map of Lemma Bl Denote by A the curve 1 (S! x {0}). The home-
omorphism 9J: A = ¥(S! x {0}) — Ay = ¢(S! x {1}) defined by 9(¢(s,0)) = (s, 1)
induces an isomorphism ¢: (X, p) — 71 (A1, p). Denote by 31 the subspace of ¥ de-
fined by 2\ ¥(S x (0,1)), and by 7 the simple closed curve induced by the restriction

of ¥ to {q} x [0,1].

Lemma 5.2. With the above notation, the fundamental group of ¥, m (X, p), is isomor-
phic to the HNN extension of m1(X1,p) relative to w. Moreover, T is a representative
of the element denoted by the stable letter t and if (go,t°', g1,t%,... gn—1,t°") is a
cyclically reduced sequence of the HNN extension then there exists a sequence of curves
(Y0sY15 - -+ Yn—1) such that for each i € {0,1,...,n— 1},

(1) The basepoint if ~; is p.
(2) The curve ~y; is a representative of g;.
(8) The inclusion v; C X1 holds.

(4) The basepoint p is not self-intersection point of v;. In other words, ~; passes through
p exactly once.

Proof. By the van Kampen’s Theorem (see, for instance [I6]), since 31 N7 = {p} we
have that 71 (X1 U 7,p) is the free product of 71(X1,p) and the infinite cyclic group
m1(T,p).

Denote by D the disk ¥((S'\ ¢) x (0,1)). Glue the boundary of D to the boundary
of ¥1 U T as follows: attach \, 7, A\; to S' x {0}, ¢ x [0,1], and S x {1} respectively.
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(The reader can easily deduce the orientations.)

The relation added by attaching the disk D shows that the 71 (X, p) is isomorphic
to the HNN extension of 71 (X1, p) relative to ¢. Notice also that 7 is a representative
of t.

For each i € {0,1,...,n — 1}, let ; be a loop in ¥;, based at p and representing
g;- By modifying these curves by a homotopy relative to p if necessary, we can assume
that each of them intersects p exactly once, as desired. Then (4) follows. |

Recall that there is a canonical isomorphism between free homotopy classes of curves
on a surface ¥ and conjugacy classes of elements of 71 (X). From now on, we will identify
these two sets.

The following theorem gives a combinatorial description of the bracket of two ori-
ented curves, one of them simple and non-separating.

Theorem 5.3. Let A\ be a separating simple closed curve. Let (go,t*, g1, t°2...,
gn—1,1") be a cyclically reduced sequence for the HNN extension of Lemma 22 de-
termined by \. Let y be the element of m (X, p) represented by X\. Then the following
holds.

(1) There exists a a representative n of the conjugacy class of the product got® g1t°2 - - - gn—1
such that n and X intersect transversally at p with multiplicity n.

(2) There exists s € {1,—1} such the bracket is given by

s[got g1t - gnoatT oyl = D gt git?  gi Yy g gt —

i:ei:I

> ot gt g p(y) 5igi - gt

’i.’Ei:—l

Proof. Let (v0,71,-..,7n—1) denote a sequence of curves obtained in Lemma for
the sequence (go,t°!, g1,t%2 ..., gn—1,t°").

Let D C ¥ be a small disk around p. Observe that D N1 (S' x [0, 1]) consists in two
"triangles” T and T5, intersecting at p (see Figure[fl) Two of the sides of one of these
triangles are subarcs of A\. Denote this triangle by 77. Suppose that the beginning of 7
is inside 77 (the proof for the other possibility is analogous.)

For each i € {1,2,...,n}, if ¢, = 1, 7; will denote a copy of the curve 7 and if
g; = —1, 7; will denote a copy of the curve 7 with opposite direction. Denote by ~ the
curve Y1T1VaTo - - - YnTn. Clearly, v is a representative of got®'g1t%2 - - gp—1t°".
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q;
Figure 6: Proof of Theorem

The intersection of v and A consists in 2n points, located at the beginning and end
of 7; for each i € {1,2,...,n}.

We claim that for each ¢ € {1,2,...,n} if &; = 1 then the intersection point of v and
A located at the end of 7; can be removed by a small homotopy. Similarly, if ¢; = —1
then the intersection point at the beginning of 7; can be removed by a small homotopy.

Indeed, let ¢ € {0,1,...,n} be such that &; = 1. The intersection v N D contains
2n subarcs of 7. Denote by ¢ the subarc containing the end of ;. Denote by r; the
intersection of the boundary of D and the end of 7; (see Figure ). Denote by ¢; the
intersection of the beginning of ~; with the boundary of D. Choose an arc from r; to
g; which does not intersect A and denote it by ;. In 7, replace g by ;, (see Figure )
This proves the claim for the case €; = 1. The proof of the case ¢; = —1 is similar.

Denote by n the curve obtained after homotoping v to remove the n points men-
tioned in the claim.

Note that 7 intersects A at p with multiplicity n. More specifically, for each i €
{1,2,...,n}, if &; = 1 then there is an intersection at the beginning of 7; and if &; = —1
there in an intersection at the end of 7;,. Since 1 crosses A these intersections are
transversal. Thus, (1) is proved.

Now, we will compute the bracket [got*1g1t2 -+ g,—1t°", y] using n and \ as repre-
sentatives. Since 1 and A have n intersection points, we will find n terms.

Let i € {1,2,...,n}. Assume first that £; = 1. The term of the bracket correspond-
ing to this intersection point is obtained by inserting A between ~;_1; and 7;. Since
the transformations we applied to v to obtain n can be now reversed, then the free
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Figure 7: Proof of Theorem

homotopy class of this term is
9ot g1 gim1 Yt Gic gna

Assume now that ; = —1. The term of the bracket corresponding to this intersec-
tion point is obtained by inserting A right after 7;. This yields the element

9ot g1 - - Gim1t5YGi - g1t

By using the relation t~'y = ¢(y)t~! we see that this element can be written as
9ot g1+ gi—1 p(y) 7 g - gn—at™".

To conclude, observe that pairs of terms corresponding to €; = 1 and ¢; = —1 have
opposite signs because the tangents of 1 at the corresponding points point in opposite
directions, and the tangent of \ is the same for both terms. (see Figure [0)

6 Some results on surface groups

This section contains auxiliary results showing that certain equations do not hold in
the fundamental group of the surface. These results will be used in Sections [ and
to prove that certain sequences satisfy the hypothesis of Theorems EZT3 EZTH] and
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Figure 8: The intersection of a non-separating curve A and another curve

We will make use of the following well know result, (see [25, Proposition 2.16].)

Proposition 6.1. If G is a free group or a free abelian group and g is an element of
G such g™ =1 for some non zero integer n then g is the identity.

Let F be a free group. An element of F' is said to be primitive if it is a member of
some basis of F.

Proposition 6.2. Let F' be a free group and let a be a primitive element of F' and let
A denote the cyclic group generated by a. Then A is malnormal in F'.

Proof. 1f A is not malnormal, then there exists an element ¢g in F'\ A and two non-zero
integers n and m such that ga™g~'a™ = 1. Denote by n the map from F to the
abelianization of F', n: F — F/[F, F]. We have that , 1 = n(a™ga"g~!) = (m+n)n(a).
Since a is primitive, n(a) # 1. On the other hand, F/[F, F] is a free abelian group.
Thus, by Proposition B1l, m +n = 0.

Thus we found two elements of the free group F', a™ and g, which commute. Hence
a™ and g are power of the same element ¢ € F (see [25], page 10, for a proof of this
statement.) Let k be an integer such that a = c*. By hypothesis, a is primitive, thus
k € {1,—1}. Consequently, either ¢ = a or ¢ = a~'. This implies that g is a multiple of
a contradicting the assumption that g € F'\ A. [ |

If z is an element of the fundamental group of a surface and x can be represented by

a simple closed curve parallel to a boundary component then z is primitive. Therefore,
by Proposition we have the following result.
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Corollary 6.3. Let X be an orientable surface with non-empty boundary and let p be a
point in Y. Let a be an element of w1 (X, p) which can be represented by a simple closed
curve parallel to a boundary component of . Then the cyclic group generated by a is
malnormal in m (X, p).

Proposition 6.4. Let F' be a free group and let a and b be primitive elements of F. If n
and m are non-zero integers such that a™gb"g~" =1 then either a and b are conjugate
or a and b~ are conjugate.

Proof. Denote by N the minimal normal subgroup of F' containing b, and by p the
quotient map p: F — F/N. Then 1 = p(a™gb"g~!) = p(a)™. Since we added the
relation b = 1 and b is primitive, F'/N is a free or trivial group. By Proposition 6], 1 is
the only element of F'//N of finite order. Consequently, p(a) = 1 and a € N. Then there
exists an integer k and h € F such that a = h~'b*h. Since a is primitive, k € {-1,1},
as desired. |

Corollary 6.5. Let 31 and ¢ be as in Lemma [ If 31 is not a cylinder then the
HNN extension of Lemma [ is separated.

Proof. Let A and A\; be as in the paragraph before Lemma Let a and b denote
elements on the fundamental group of ¥; such that A and Ay are representatives of a
and b respectively. Since ; is not the cylinder, a and b are not in the same conjugacy
class. Thus, a and b are not conjugated. By Proposition 4], if m and n are integers
then the equation a™gb"g~! = 1 does not hold. In other words, the HNN extension is
separated. [ |

Proposition 6.6. Let F' be a free group and let a and g be elements of F' such that a
is primitive. If A denotes the cyclic group generated by a then for every g € F'\ A, the
elements g and g~' do not belong to the same double coset mod A.

Proof. Let n and m be two non zero integers. We will show that ga™ga™ # 1. Let
u = ga™. Since ga™ga™a"™a" = u2a""™. Thus u? = ™" Since a is primitive, m —n

. m—n .
is even and u = a 2 . Hence, g is a power of a. |

The following result follows straightforwardly from Proposition

Corollary 6.7. Let X be an orientable surface with non-empty boundary and let p be a
point in X. Let a be an element of w1 (3, p) such that a can be represented by a simple
closed curve freely homotopic to a boundary component of 3. Let A denote the cyclic
group generated by a. For every g € m(X,p) \ A, g and g~' do not belong to the same
double coset mod A.

30



Proposition 6.8. Let X be an orientable surface with non-empty boundary which is
not the cylincer. Let p be a point in 3. Let a, b and g be elements of w1(2,p) such that
a and b can be represented by simple closed curves freely homotopic to distinct boundary
components of 3. If g is not a multiple of a nor a multiple of b then for every pair of
integers n and m, ga™gb" # 1.

Proof. Assume that ga™gb™ = 1. Notice that m # 0 and n # 0. Let u = ga™. Since
gamgbn — gamgama—mbn — u2a—mbn’

u? =b""a™. (6.1)

Suppose that X has exactly two boundary components. Denote by h the genus of X.
Since ¥ is not the cylinder, » > 1. Then there exists a presentation of the fundamental
group of 3 such that the free generators are a,aq,as,...,an, b1,bs,...,b, and

b= aaibia; by tasboay by - apbra;, byt (6.2)

Combining Equations (G1I) and (G2) we obtain

u? = (aalblal_lbl_lagbgaglbz_l e ahbhaﬁlbgl)_”am.
Observe that all the elements of the right hand side of the above equation are in the
free generating set of the group. We can check that both assumptions n > 0 and n < 0
lead to a contradiction. Since n # 0 the result is proved in this case.

Now, assume that X has three or more boundary components. Then there exists a
free basis of the fundamental group of ¥ containing a and b. In this case, an element of
the form a~™b" cannot be equal to an element of the form u? unless m = 0 or n = 0.
This concludes the proof. [ |

7 Goldman Lie algebras of oriented curves

In this section we combine some of our previous results to prove Theorem [

Definition 7.1. Let x and y be conjugacy classes of 71(X,p) such that = can be
represented by a simple loop. We associate a non-negative integer t(x,y) to = and y,
called the number of terms of y with respect to x in the following way:

Firstly, assume that x has a separating representative. Let (wi,ws,...,w,) be
cyclically reduced sequence for the amalgamated product of Remark Bl such that the
product wyws - - - wy, is conjugate to y. (The existence of such a sequence is guaranteed
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by Theorem 1) We define t(z,y) = 0 if n < 1 and t(z,y) = n otherwise. (By
Theorem B, ¢(z,y) is well defined if = has a separating representative.)

Secondly, assume that z can be represented as a non-separating closed curve. Let
(90,%*, 91 - -, gn—1,t°") be a cyclically reduced sequence for the HNN extension defined
in Lemma B2 such that the product of this sequence is conjugate to y. (The existence of
such a sequence is guaranteed by Theorem ELRl) We set ¢(x,y) = n. (By Theorem B,
t(z,y) is well defined in this case.) O

Let « and  be two curves that intersect transversally. The geometric intersection
number of o and 3 is the number of times that « crosses §. More precisely, the
geometric intersection number of o and [ is the number of pair of points (u,v), where
u is in the domain of «, v is in the domain of £, u and v have the same image in ¥ and
the branch through w is transversal to the branch through v in the surface. Thus, the
geometric intersection number of o and ( is the number of intersection points of o and
B counted with multiplicity.

Let a and b denote two free homotopy classes of curves. The minimal intersection
number of a and b denoted by by i(a,b) is the minimal possible geometric intersection
number of pairs of curves representing a and b.

Lemma 7.2. Let x and y be conjugacy classes of m1(X,p). Assume that x can be
represented as a simple closed curve. Then the minimal intersection number of x and
y s less than or equal to the number of terms of y with respect to x. In symbols,

i(z,y) < t(x,y).

Proof. If x can be represented by a separating (resp. non-separating) curve, by
Lemma (resp. Theorem B3] there exist representatives of z and y with exactly
t(z,y) intersection points. [ |

Remark 7.3. If x and y are conjugacy classes of 7m1(X,p) and = can be represented
as a simple closed curve z, it can be proved directly that i(z,y) = t(x,y). Since this
equality follows from Theorem [, we do not give a proof of this statement here. [

Definition 7.4. Let v and v be conjugacy classes of 71(3, p). The number of terms of
the Goldman Lie bracket [u,v] denoted by g(u,v) is the sum of the absolute values of
the coefficients of the expression of [u,v] in the basis of the vector space given by the
set of conjugacy classes. O

Remark 7.5. Let u and v be conjugacy classes of 71(X,p). Since one can compute
the Lie bracket by taking representatives of v and v with minimal intersection, and the
bracket may have cancellation then the number of terms of the Goldman Lie bracket
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[u,v] is smaller or equal than the minimal intersection number of u and v. In symbols,
g9(u,v) <i(u,v). O
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Our next result states that in the closed torus, the Goldman bracket always “counts”
the intersection number of two free homotopy classes.

Lemma 7.6. Let a and b denote free homotopy classes of the fundamental group of the
closed oriented torus T. Then i(a,b) = g(a,b). Moreover, [a,b] = *i(a,b) a-b, where
a - b denotes the based loop product of a representative of a with a representative of b.

Proof. Assume first nor a or b is a proper power. Thus a admits a simple representative
«. Moreover, there exist a class ¢ which admits a simple representative § such that ¢

intersects « exactly once with sign +1. Thus, a and ¢ are a basis of fundamental group
of T.

Let k and [ be integers such that b = a*c! (Recall that that the fundamental group
of the closed torus is abelian). The universal cover of T is the euclidean plane R?. We
can consider a projection map p: R? — T such that the liftings of o are the horizontal
lines of equation y = n with n € Z and the liftings of § are vertical lines with equation
x =n with n € Z. Thus there exist a representative 8 of b such that the liftings of 3
are lines of equation y = %az + n with n € Z.

One can check that the intersection points of « and § are the image by the projection
p of the subset of R?, {(0,0), (%, 0), (2%,0), o (= 1)%, 0)}. Moreover, all these points
of R? project to distinct points of T and the sign of the intersection of « and § at each
of these points is equal to the sign of [.

Thus [a,b] = [a,a*c!] = 1 a*T1¢!, whence g(a,b) = |I|. Since there are represen-
tatives of a and b intersecting in |I| points, i(a,b) < |l| = g(a,b). By Remark [[1]
i(a,b) = g(a,b).

Assume now a and b are proper powers classes. Thus there exist simple closed
curves € and 7 and integers i and j such that €’ is a representative of a and 47 is a
representative of b. Moreover by the first part of this proof, we can assume that if e
denotes the free homotopy class of € and g denotes the free homotopy class of -, then €
and v intersect in exactly i(e, g) points. Take ¢ “paralel” copies of € very close to each
other and reconnect them so that they form a representative « of a. Do the same with
j copies of v, and denote by (3 the representative of b we obtain. We can perform this
surgery far from the intersection points of € and v so that the number of intersection
points of a and 3 is exactly ¢ - j - i(e, g), whence (i - j -i(e,g)) < i(a,b). On the other
hand, the bracket is [a,b] = £(i -7 - i(e,g)) (a-b). By Remark [[H, g(a,b) = i(a,b), as
desired.

Here is a sketch of the proof of our next result: Given a free homotopy class x
with a simple representative and an arbitrary class y, we can write the bracket [z,]
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as in Theorem B4 or as in Theorem The conjugacy classes of the terms of this
bracket have representatives as the ones studied in Theorem or in Theorem
By Corollary (resp. Corollary 1) the free product on amalgamation (resp. the
HNN extension) we are considering satisfies the hypothesis of Theorem (resp.
Theorem ELT6l) This implies that the terms of the bracket do not cancel.

Theorem 7.7. Let x be a free homotopy class that can be represented by a non-null
homotopic simple closed curve on 3 and let y be any free homotopy class. Then the
following non-negative integers are equal.

(1) The minimal number of intersection points of x and y.
(2) The number of terms in the Goldman Lie bracket [x,y|, counted with multiplicity.

(8) The number of terms in the reduced sequence of y determined by x.
In symbols, i(z,y) = g(z,y) = t(z,y).

Proof. By Remarks[2 and [CH, g(z,y) < i(z,y) < t(x,y). Hence it is enough to prove
that t(z,y) < g(x,y). By Lemma [[f, we can assume that ¥ is not the torus.

We first prove that t(x,y) < g(z,y) when z can be represented by a separating
simple closed curve x. By Theorem 7 there exists a cyclically reduced sequence
(w1, w3, ..., w,) for the free product of amalgamation determined by y in Remark Bl
such that the product wyws ---w, is a representative of y. If n = 0 or n = 1, then
t(x,y) = 0 and the result holds. If n > 1, by Theorem B4l there exists s € {1,—1}
such that

n
s [z,y] = Z(—l)’wlwg S WTWG ¢+ Wy (7.1)
i=1
If ¢ and j are such that there is cancellation between the i-th term and the j-th term of
the right hand side of the Equation (), then (—1)* = —(—1)/. Consequently, i and j
have different parity.

We will work at the basepoint indicated above and will abuse notation by pretending
x and y are elements of the fundamental group of X (see Notation B3l) By Corollary [G3]
the cyclic group generated by z is malnormal in 71 (X1, p) and is malnormal in 71 (X2, p),
where X1 and Y9 are as in Remark Bl Thus, the hypothesis of Theorem hold for
this free product with amalgamation. Hence, by Theorem [ZT3] there is no cancellation
in the sum of the right hand side of Equation (1Il). Consequently, t(x,y) = g(z,y).

Now we prove the result when x can be represented by a non-separating simple
closed curve A. Consider the HNN extension of Lemma determined by A. By
Theorem there exists a cyclically reduced sequence (go,t°!, g1,t%2,..., gn—1,t")
such that the product ggt*g1t°2 - - - g,,_1t°" is a representative of y. By Theorem B3|
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there exists s € {1, —1} such that s[x,y] equals

Z Got™ g1t - gi 1wt gi - gu1tt — Z Got*r g1t - - gi 1 p(x)tT - - g1t

i :e;=1 i =—1

If t(z,y) > g(x,y) then there is cancellation in the above sum. Therefore, there exist
two integers h and k such that €, = 1, ¢, = —1 and the products

Got*r g1t -+ - gp_q@thETh - gy 1t and gotTl g1t - - - gr_10(2)tF - - - gno1tT"

are conjugate. We use now the notations of Lemma and the paragraph before
Lemma By Corollary B3, 71 (A, p) and m(A1,p) are malnormal in m1(X1,p). By
Lemma [C6 we can assume that ¥ is not a torus, and so X; is not a cylinder. Then
by Corollary the HNN extension is separated. By Theorem the two products
above are not conjugate, a contradiction. Thus the proof is complete. [ |

Corollary 7.8. If x and y are conjugacy classes of curves that can be represented by
simple closed curves then t(x,y) = t(y, ).

8 Goldman Lie algebras of unoriented curves

Recall that Goldman [I3] defined a Lie algebra of unoriented loops as follows. Denote
by 7* the set of conjugacy classes of m1(X,p). For each x € 7*, denote by T the
conjugacy class of a representative of x with opposite orientation. Set T = x + T and
7 = {T + x,x € 7*}. The map ~ is extended linearly to the vector space of linear
combinations of elements of 7*. Denote by V the real vector space generated by T,
that is, the image of the map ~. For each pair of elements of 7*, x and y, define the
unoriented bracket

—

7.9 = (l2.9) + [2.9) + (2.9 + [7.9)) = [.9) + [.7)

We denote the bracket of oriented curves and the bracket of unoriented curves by the
same symbol, [, ].

An unoriented term of the bracket [a+a, b+b] = [a, 3] of a pair of unoriented curves
@=a+aand b=>b+bis aterm of the form ¢(z + %), where ¢ is an integer and z
is a conjugacy class, that is, an elements of the basis of V' multiplied by an integer
coefficient.

Let u(x,y) denote the number of unoriented terms of the bracket [Z,y] considered
as a bilinear map on V', counted with multiplicity. This is the sum of the absolute value
of the coefficients of the expression of [Z,y] in the basis 7.

By Lemma [Z6, we have,
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Lemma 8.1. Let a and b be two free homotopy classes on an oriented torus T,

—
~

[a,b] = *i(a, b)(a/-\b —a-b) and u(a,b) = 2-i(a,b) =2 g(a,b) =2 -t(a,b).

The strategy of the proof of our next theorem is similar to that of Theorem [Z7],
namely, we write the terms of the bracket in a certain form (using Theorem B4 or
Theorem B.3)). By the results on Section B, we can apply Theorems and to
show that the pairs of conjugacy classes of these sums which have different signs are
distinct by Theorems and

Theorem 8.2. Let x and y be conjugacy classes of w1 (X, p) such that x can be repre-
sented by a simple closed curve. Then the following non-negative integers are equal

(1) The number of unoriented terms of the bracket [Z,7], u(x,y).

(2) Twice the minimal number of intersection points of x and y, 2 -i(x,y).

(8) Twice the number of terms of the Goldman bracket on oriented curves, counted
with multiplicity, 2 - g(x,y).

(4) Twice the number of terms of the sequence of y with respect to x, 2 - t(x,y).

In symbols,

Proof. By Remark [[H u(z,y) < 2-i(z,y) = 2-t(x,y). By Theorem [T, it is enough
to prove that u(z,y) = 2 - t(z,y). Assume that u(x,y) < 2-t(x,y).

By definition the bracket [Z,7] is an algebraic sum of terms of the form z = z + Z,
where z is a conjugacy class of curves and z and Z are terms of one of the four following
brackets: [z,y], [z,7],[Z,y] and [Z,7]. By Theorem [[ the number of terms of each
of the four brackets above is t(z,y). Since u(z,y) < 2-t(z,y) there has to be one
term belonging to one of above four brackets that cancels with a term of another of
those brackets. Denote one of these terms that cancel by t; and the other by ts.
By Theorem [l there is no inner cancellation in any of the above four brackets.
Consequently, if ¢; is a term of [u,v], where u € {z,Z} and v € {y,7} then t3 is a term
of of one of the following brackets: [u, 7], [@,v], or [u,7]. Hence it suffices to assume
that ¢ is a term of [z,y] and to analyze each of the following three cases.

(1) to is a term of [T, y]
(2) to is a term of [z, 7]
(3) to is a term of [Z, 7]

Assume first that x can be represented by a separating curve y. By Theorem E1]
there exists a cyclically reduced sequence (wy,ws, ...w,) in the amalgamating product
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of Remark BTl determined by x such that the product wiws - --w, is a representative
of y. By Theorem B4, then there exists s € {1,—1} and 4,5 € {1,2,...,n} such that
t1 = s(—1)'wiws - - - wizw;41 - - - wy, and one of the following holds.

(2) 2= ( 1)]“ il"'wj_—i}l‘/pwj_l' “wy
(3) t2 = s(=1w, wyty - wiha e wy

(Note that when we change direction of one of the elements of the bracket, x or y,
there is a factor (—1) because one of the tangent vectors at the intersection point has
an opposite direction. Also, changing direction of x and y does not change signs.)

Let us study first case (1). Clearly, if ¢; and t3 cancel then (—1)! = —(—1)/*!
and the products wyws - - - wjxW;41 - - - wy, and wyws - - - wjx_leH - - wy, are conjugate.
Therefore, ¢ and j have equal parities. By Corollary B3] the subgroup generated by x is
malnormal in the two amalgamated groups of the amalgamated product of Remark Bl
(We are again treating x as an element of the fundamental group of the surface.) Hence
we can apply Theorem T3l with a = z and b = T to show that wyws - - - w; w11 -+ Wy
and wyjwsg - - - wja;_leH -« wy, are not conjugate, a contradiction.

By Theorem and Corollary B, Cases (2) and (3) are not possible.

Now assume that x has a non-separating representative. By Theorem FL0l there exist
a cyclically reduced sequence (go,t°*, g1, ... gn—1,t°") whose product is an element of
y. By Theorem there exist and integer ¢ such that the term t; has the form
S€; - gotlgy - - giut®i -+ - gp_1t°" where u = x if g, = 1 and u = () if e, = —1. By
Theorem there exist an integer j such that the term to has one of the following
forms.

(1) to = —sej - gotL gy -+ gjvtT -+ gp_1t™ where v = 27t if g; = 1 and v = p(z~ 1) if
&j = —1.

(2) to = sgj -g;_llt_enflg;EQt_E"*? = -gj_lfut_sf = -gl_lt_elgo_lt_e’l, where v =z if g; =
—land v =¢p(x)ife; = 1.

(3) ta = —s¢j cgt gl e --gj_lv_lt_aj . --gl_lt_algo_lt_a" where v = x if
gj=—landv=yp(z)ife; =1.

The argument continues similarly to that of the separating case: If (1) holds, then
& = &j.

By Corollary and Corollary the HNN is separated and the subgroups we are
considering are malnormal. Since z is not a null-homotopic class then = and z~! are
not conjugate, (we leave the proof of this fact to the reader, observing that one way
to prove it consists in considering the abelianization of the fundamental group of the
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surface.) By Theorem BTGl ¢o cannot have the form described in Case (1). Cases (2)
and (3) are ruled out by Theorem and Corollary and Proposition [ |

Let n be a positive integer and let z be a free homopoty class with representative
X- Denote by z" the conjugacy class of the curve that wraps n times around x. We can
extend Theorem to the case of multiple curves using the same type of arguments.

Theorem 8.3. Let n be a positive integer and let © and y be conjugacy classes of
m1(3,p) such that x can be represented by a simple closed curve x. Then the following
equalities hold.

u(z",y) = n-u(z,y) = 2i(2",y) = 2-n-i(v,y) = 2-9(z",y) = 2-n-g(x,y) = 2-n-t(z,y).

The next lemma is well known but we did not find an explicit proof in the literature.
A stronger version of this result (namely, i(z,x) equals twice the minimal number of
self-intersection points of x) is proven in [9] for the case of surfaces with boundary.

Lemma 8.4. If x is a homotopy class which does not admit simple representatives then
the minimal intersection number of x and x is not zero. In symbols, i(x,x) # 0.

Proof. Let o and § be two transversal representatives of x. Let x be a representative
of x with minimal number of self-intersection points and let P be a self-intersection
point of x. Let p: H — ¥ be the universal cover of X. Consider two distinct lifts of
X1 and X2 which intersect at a point @ of H such that p(Q) = P. (see [I6l, Proposition
1.30] for a proof of the existence of such liftings.) Since y intersects minimally, there
are no bigons formed with arcs of X1 and Xs. Thus the endpoints of Y; and Yo are
linked.

We claim that there exists a lift of «, & such that the endpoints of & and x; coincide.
Indeed, Let F': S' x [0,1] — ¥ be a homotopy between o and y so that F(S!,0) is
and F(S!',1) is a. Lift F to a homotopy F: R x [0,1] — H so that F(R,0) is x; and
F(R,1) is &. (see [T, Proposition 1.30] for a proof of the existence of F.) Since the
distance between a7 and X7 is bounded, the endpoints of & and y; coincide,
and the claim is proved.

_ The same argument proves that there exists lift of 3, 5 such that the endpoints of
6 and xs coincide.

Since the endpoints of X1 and X2 are linked, the endpoints of a and B are linked.
Hence, o and S intersect in H. Consequently, o and [ intersect in X and so, any pair
of transversal representatives of x intersect. Thus, i(z,x) # 0. [ |
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Our next result is a global a characterization of free homotopy classes with simple
representatives in terms of the Goldman Lie bracket. This result also shows that
the assumption that one of the curves is simple in Theorems [Z7 and cannot be
dropped. Goldman [I3] gave the following example, (attributed to Peter Scott): For
any conjugacy class a, the Lie bracket [a,a] = 0. On the other hand, if a cannot be
represented by a multiple of a simple curve, then by Lemma K any two representatives
of a cannot be disjoint.

Corollary 8.5. Let x be a free homotopy class. Then x has a multiple of a simple
representative if and only if for every free homotopy class y the number of terms of the
bracket of x and y is equal to the minimal intersection number of x and y. In symbols,
x has a multple of a simple representative if and only if g(x,y) = i(x,y) for every free
homotopy class y.

Proof. If x has a simple representative and y is an arbitrary free homotopy class then
g(x,y) = i(x,y) by Theorem [ If z does not have a simple representative then by
Lemma B4 i(x,z) > 1. On the other hand, by the antisymmetry of the Goldman
Lie bracket we have [z,z] = 0. Thus, g(x,2) = 0 and the proof of the corollary is
complete. [ |

9 Examples

Here is a family of examples:

Example 9.1. Consider the conjugacy classes of the curves aab and ab in the pair of
pants (see Figure[d) The term of the bracket correspond to p; is the conjugacy class of
aabba and the term of the bracket corresponding to ps is baaab.The conjugacy classes
of both terms are the same, and the signs are opposite. Then the Goldman bracket of
these conjugacy classes is zero. Nevertheless, the minimal intersection number is two
(see Figure @)

More generally, for every pair of positive integers n and m, the curves ab and
a™b have minimal intersection 2min(m,n). Nevertheless, the bracket of these pairs is
zero. In symbols, [a"b,a™b] = 0. (The intersection number as well as the Goldman Lie
bracket can be computed using results in [3].) O
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C YN

The generators

Figure 9: An example of a pair of non-disjoint curves with bracket 0

10 Application: Factorization of Thurston’s map

Denote by C'(X) the set of all conjugacy classes of curves on a surface ¥ which admit
a simple representative. Denote by W the vector space with basis all conjugacy classes
of the fundamental group of 3. Consider the map ¢: C'(X) — WCE) | defined by
¢(a)(b) = [a,b] For each (reduced) linear combination ¢ of elements of the vector space
W, define a map abs: W — Z>(, where abs(c) is the sum of the absolute value of the
coefficients of c.

By Theorem [7] the composition abso ¢: C(X) — Zg(()z) is the map defined by
Thurston in [29] which is used to define his mapping class group invariant compactifi-
cation of Teichmiiller space.

11 Application: Partitions of the vector space generated
by conjugacy classes

For each w in W, the vector space of free homotopy classes of curves, the adjoint map
determined by w, denoted by ad,, is defined for each y € W by ad,(y) = [y, w].

Let a denote the conjugacy class of a closed curve on a surface ¥ and let n be a
non-negative integer. Denote by W, (a) the subspace of W generated by the set of
conjugacy classes of oriented curves with minimal number of intersection points with a
equal to n.

In this section we prove that if a is the conjugacy class of a simple closed curve then
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W, (a) is invariant under ad,. Moreover, we give a partition of W, (a) into subspaces
invariant under ad,.

11.1 The separating case

Let x be a separating simple closed curve. Let G*¢ H be the amalgamated free product
defined by x in Remark Bl Let (wy,ws,...,w,) be a cyclically reduced sequence for

this amalgamated free product. Denote by W (w1, ws,...,w,) the subspace generated
by the conjugacy classes which have representatives of the form vivs - - - v, where for
each ¢ in {1,2,...,n}, v; is an element of the double coset Cw;C.

The following result is an immediate consequence of Theorem B4l and the definition
of the subspaces W (w1, wa, ..., wy).

Proposition 11.1. With the notations above, the subspace W (wq,wsa, - - ,wy,) is in-
variant under ad,, the adjoint map determined by x.

Proposition 11.2. With the above notations, the subspace Wy, (x) is the disjoint union
of W(wy,wa, ..., wy), where (wy,ws,...,wy,) runs over all cyclically reduced sequences
of n terms of the free product with amalgamation determined by x. Therefore, W, (x)
18 invariant under ady.

Proof. Tt is enough to prove the result for every element of the basis of W, (x). Let
y € Wy (x) be a conjugacy class whose minimal intersection number with x is n. By The-
orem 271 and Theorem [[7, there exists a cyclically reduced sequence (wyq,wa, ..., wy)
with n terms for the amalgamating product of Remark Bl determined by a represen-
tative of x with product in y.

By Theorem B4l the conjugacy classes associated with each of the terms of the

bracket [y, x| have the form wyws - - - w;xw;4q - - - wy, for some i € {1,2,...,n}. The se-
quence (wy, wa, ... W;x,Wit1, ..., Wy) is cyclically reduced for every i € {1,2,...,n}. By
Theorem [[7 the minimal intersection number of the product wiws - - w;xw; 41 -+ - wy
and a is n. Hence each term of the Lie bracket [y, z] is in Wy, (x). [ |
Remark 11.3. It is not hard to see that the subspaces W (wy,ws,...,w,) are also

invariant under the map induced by the Dehn twist around z. Indeed, using LemmaB.2,
it is not hard to see that the Dehn twist around x of the conjugacy class of wyws - - - wy,
can be represented by

W1 ZTWTWITWAT + * * Wy T O W1 TWRLWIT * + * Wy L

where the choice between two to conjugacy classes above is determined by the orienta-
tion of the surface, the orientation of  and the subgroup which w; belongs. O
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Question 11.4. Denote by X the cyclic group of automorphisms of W generated
by ad,. Let (w1, ws,...,w,) be a cyclically reduced sequence. It is not hard to see
that the subspace W (wq,ws,...,w,) is invariant under X. Is W(wy,wo,...,w,) the
minimal (with respect to inclusion) subspace of W containing the conjugacy class of
wiws, -+ , Wy and invariant under X. O

11.2 The non-separating case

We now develop the analog of Subsection Tl for the non-separating case. In the
separating case, the terms of cyclic sequences of double cosets belong to alternating
subgroups. In the non-separating case, there is more piece of information, the sequence
of ¢’s. Thus, the arguments, although esentially the same, have some extra technical
complications. Also, there are more invariant subspaces surfacing.

Let v denote a separating curve. Let G*¥ be the HNN extension constructed
in Lemma with . Let (go,t°*, g1,t%%,...,gn—1,t°") denote a cyclically reduced
sequence. Denote by W(go,€1,91,€2,---,9n-1,6n) the subspace of W generated by
the conjugacy classes which have representatives of the form hgt*hit2 - - h,_1t"
where for each i € {1,2,...,n}, h; is an element of the double coset C_.,w;C,, .
Let (e1,e2,...,6n) be a sequence of integers such that for each i € {1,2,...,n},
g; € {—1,1}. Denote by W(ey,¢e2,...,e,) the subspace of W generated by the
conjugacy classes which have representatives of the form hgt®*ht*2 - - - h,_1t°™ where

(ho,e1,h1,€9, - ,hpn—1,&y) is a cyclically reduced sequence.

The following result is a direct consequence of Theorem and the definition of
the subspaces W(go,€1,91,€2, -+, Gn-1,€n) and W(e1,ea,...,&p).

Proposition 11.5. With the above notations, the subspaces W(ey,ea,...,&,) and
W(g0,€1,91,€2,- -, 9n—1,€n) are invariant under ad,, the adjoint map determined
by y. Moreover, W(ey,ea,...,6,) is a disjoint union of subspaces of the form
W(go,€1,91,€2, - s Gn—1,€n) where (go,€1,91,62,- -+, In—1,En) Tuns over cyclically re-
duced sequences with a sequences of €’s given by (e1,€2,...,6p).

With arguments similar to those of the proof of Proposition T2 we can prove the
following result.

Proposition 11.6. With the above notations, the subspace Wy, (y) is the disjoint union
of W(g0,€1,91,€2, - - -y Gn—1,En) where W(go,€1,91,2, - -+, n—1,En) Tuns over all cycli-
cally reduced sequences of n terms of the HNN extension determined by y. Therefore,
Wi (y) is invariant under ad,.

Remark 11.7. It is not hard to see that the subspaces W(go,€1,91,€2,- -, 9n—1,€n)
are also invariant under the map induced by the Dehn twist around y. Indeed, using
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Lemma B2, it is not hard to see that the Dehn twist around y of the conjugacy class of
90,11, g1, %2, ..., gn—1,1°") (where (go,t°', g1,t%2,...,gn—1,t") is a cyclically reduced
sequence) is represented by one of the following products:

Gourt™ gruit™ ..., gn—1upt™,
where one of the following holds.

(1) For each i € {1,2,--- ,n}, if g, = 1 then u; = y and if ¢; = —1 then u; = p(y).
(2) For each i € {1,2,--- ,n}, if & = 1 then u; =7 and if ¢, = —1 then u; = p(y).

where the choice between (1) and (2) is determined by the orientation of the surface,

the orientation of y and . O

12 Application: The mapping class group and the curve
complex

Let ¥ be a compact oriented surface. By ¥, we denote an oriented surface with genus g
and b boundary components. If ¥ is a surface, we denote by Mod(X) the mapping class
group of ¥, that is set of homotopy classes of orientation preserving homeomorphisms
of X.

Now we introduce the curve complex, first defined by Harvey in [I5]. The curve
complez of ¥ is denoted by C(X) is the simplicial complex whose vertices are isotopy
classes simple closed curves on ¥ which are not null-homotopic and not homotopic to a
boundary component. If 3 # ¥y 4 and ¥ # ¥ ; then a set of k+1 vertices of the curve
complex is the 0- skeleton of a k-simplex if the corresponding minimal intersection
number of all pairs of vertices is zero, that is, if every pair of vertices have disjoint
representatives.

For g4 and ¥ two vertices are connected by an edge when the curves they
represent have minimal intersection (2 in the case of ¥4 , and 1 in the case of ¥ ;).

The following isomorphism is a theorem of Ivanov [I7] for the case of genus at least
two. Korkmaz [20] proved the result for genus at most one and Luo gave another proof
that covers all possible genera. [23]. Our discussion below is based on the formulation
of Margalit [27].

Theorem 12.1. (Ivanov-Korkmaz-Luo) Let ¥ be an orientable surface of negative
Euler characteristic and let h: Mod(X) — Aut C(X) be the natural map. If ¥ # ¥g 3
then

(1) h is surjective if and only if ¥ # X1 2 and
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(2) h is injective if and only if ¥ ¢ {11,212, %20, 204}

Theorem 12.2. (Luo) Any automorphism of C(X12) preserving the set of vertices
represented by separating loops is induced by a self-homeomorphism of the surface 31 2.

We need the following result from [5].

Theorem 12.3. (Chas - Krongold) Let S be an oriented surface and let x be a free
homotopy class of curves in S. Then x contains a simple representative if and only
if {(x,23) = 0, where 3 denotes the conjugacy class that wraps around x three times

[check]

Lemma 12.4. Let x be a free homotopy class of oriented simple closed curves. Then
x has a non-separating representative if and only if there exist simple class y such that
the minimal intersection number of x and y is equal to one.

Proof. If x has a non-separating representative, the existence of y with minimal inter-
section number equal to one can be proved as in the proof of Lemma BTl Conversely, if
x contains a separating representative, then the minimal intersection number of x and
any other class is even. [ |

Theorem 12.5. Let  be a bijection on the set ™ of free homotopy classes of closed
curves on an oriented surface. Suppose the following

(1) Q preserves simple curves.

(2) If Q is extended linearly to the free Z module generated by * then §) preserves the
Goldman Lie bracket. In symbols [Q(z), Q(y)] = Q([z,y]) for all x,y € 7*.

(8) Q commutes with "change of direction”, that is Q(T) = Q(x) for all x € 7*.

Then the restriction of ) to the subset of simple closed curves is induced by an element
of the mapping class group. Moreover, if & ¢ {¥11,%12, 20,204} then the restriction
of ) to the subset of simple closed curves is induced by a unique element of the mapping
class group.

Proof. Since Q() = Q(z), Q induces a bijective map Q on 7= {z + % : x € 7*}.

Since §2 preserves the oriented Goldman bracket and the ”change of direction”, then
it preserves the unoriented Goldman bracket. Let x be a class of oriented curves that
contains a simple representative, let y be any class.

Since () preserves the unoriented Goldman Lie bracket, by Theorem B2 the minimal
intersection number of z and y equals the minimal intersection number of (z) and
Q(y). Thus, by Theorem [[ZT] if the surface is not the torus with two holes, € is induced
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by an element of the mapping class group (Observe that the ”special” curve complexes
are covered by this property). Moreover if the surface is not in {X; 1,21 2,320,304}
then € is induced by unique element of the mapping class group.

Now we study the case of the torus with two holes. By Lemmal[Z4] x is a separating
simple closed curve, if and only if (x) is separating. Thus, O maps bijectively the set
of unoriented separating simple closed curves onto itself. Hence, by Theorem 2] Q
is induced by an element of the mapping class group. [ |

By arguments similar to those of Proposition [(LH, one can prove

Theorem 12.6. Let I be a bijection on the set T of unoriented free homotopy classes
of closed curves on an oriented surface. Suppose the following

(1) T preserves simple curves.

(2) If T is extended linearly to the free Z module generated by w* then I preserves
the unoriented Goldman Lie bracket. In symbols [I'(z),T'(y)] = T'([z,y]) for all
T,y €T.

Then the restriction of I' to the subset of simple closed curves is induced by an element
of the mapping class group. Moreover, if & ¢ {¥11,%12, 20,204} then the restriction
of I is induced by a unique element of the mapping class group.

Theorem 12.7. Let 2 be a bijection on the set m* of free homotopy classes of curves
on an oriented surface with non-empty boundary. Suppose the following

(1) If Q is extended linearly to the free Z module generated by 7 then [Q(x),Q(y)] =
Q([x,y]) for all z,y € 7*.

(2) Q commutes with ”change of orientation”, that is QUT) = Q(z) for all x € 7.

(3) Q commutes with "third power”, that is Q(z*) = Q(z)* for all z € 7.

Then the restriction of € to the set of free homotopy classes with simple representatives
is induced by an element of the mapping clas group. Moreover, if ¥ ¢ {11, %20, 0,4}
then Q is induced by a unique element of the mapping class group.

Proof. Let z be an oriented closed curve. By hypothesis, [Q(z), Q(x)3] = Q([z, 2%]).
Thus, [z, 23] = 0 if and only if [Q(z), Q(z)3] = 0. Thus by Theorem [2Z3] Q(x) is simple
if and only if x is simple. Then the result follows from Theorem [ |

All these results "support” Ivanov’s statement in [I8]:

Metaconjecture ”Fuvery object naturally associated to a surface S and having a
sufficiently rich structure has Mod(S) as its group of automorphisms. Moreover, this
can be proved by a reduction theorem about the automorphisms of C(S).”
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In this sense, the Goldman Lie bracket combined with the power maps, have a
"sufficiently rich” structure.

13 Questions and open problems

Problem 13.1. Etingof [II] proved using algebraic tools that the center of Goldman
Lie algebra of a closed oriented surface consist in the one dimensional subspace gener-
ated by the trivial loop. On the other hand, if the surface has non-empty boundary, it
is not hard to see that linear combinations of conjugacy classes of curves parallel to the
boundary components are in the center. Hence, it seems reasonable to conjecture that
the center consist on linear combinations of conjugacy classes of boundary components.
It will be interesting to use the results of this work to give a complete characterization
of the center of the Goldman Lie algebra.

If u is an element of the vector space of unoriented curves on a surface, and wu is
a linear combination of classes that admit a simple representative then u is not in the
center of the Goldman Lie algebra. To prove this, we need to combine our results
with the fact that given two different conjugacy classes a and b that admit a simple
representative, there exists a simple conjugacy class ¢ such that the intersection numbers
i(a,c) and i(b, c) are distinct (see [I2] for a proof that such c exists). Nevertheless, by
results of Leininger [21] we know that this analysis cannot be extended to the cases of
elements of the base that only have self-intersecting representatives.

0

Problem 13.2. As mentioned in the Introduction, Abbaspour [I] studied whether a
three manifold is hyperbolic by means of the generalized Goldman Lie algebra opera-
tions. He used free products with amalgamations for this study. We wonder if it would
be possible to combine his methods with ours, to give a combinatorial description of
the generalized String Topology operations on three manifolds. In this direction, one
could study the relation between number of connected components of the output of the
Lie algebra operations and intersection numbers. O

Problem 13.3. We showed that subspaces W (w1, ws,...,w,) defined in Subsec-
tion LTl are ad.-invariant. Let z be a representative of a conjugacy class in
W (wy,ws, ..., wy,). It would be interesting to define precisely and study the ”num-
ber of twists around z” of the sequence (ad}(z))nez and how this number of twists
changes under the action of ad,. Observe also that the Dehn twist around x increases
or decreases the number of twists at a faster rate. These problems are related to the
discrete analog of Kerckhoff’s convexity [I9] found by Luo [24]. O
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Problem 13.4. The Goldman Lie bracket of two conjugacy classes, one of them simple,
has no cancellation. On the other hand, there are examples (for instance Example [@.T])
of pairs of classes with bracket zero and non-zero minimal intersection number. We
wonder which is the topological characterization of pairs of intersection points of two
curves, for which the corresponding term of the bracket cancel. In other words, what
”causes” cancellation. The tools to answer to this question may involve the study
Thurston’s compactication of Teichmiiller space in the context of Bonahon’s work on
geodesic currents [2]. O

Problem 13.5. Dylan Thurston [28] proved a suggesting result: Let m be a union of
conjugacy classes of curves on an orientable surface and let s be the conjugacy class of
a simple closed curve. Consider representatives M of m, S of s which intersect (and
self-intersect) in the minimum number of point. Denote by P one of the self-intersection
points of M. Denote by M; and M> the two possible ways of smoothing the intersection
at P. Denote by mq and msy respectively the conjugacy classes of My and Ms. Then
Dylan Thurston’s result is

i(m, s) = max(i(my, s),i(ma, s)).

These two “smoothings” are the two local operations one makes at each intersection
point to find a term of the unoriented Goldman Lie bracket (when the intersection
point P is not a self-intersection point of a curve). It might be interesting to explore
the connections of Dylan Thurston’s result and our work. O

Problem 13.6. In Theorems X5 and [[Z7 we proved, roughly speaking that
under certain hypothesis a permutation on the set of free homotopy classes of curves
that commutes with the Goldman Lie bracked is induced by an element of the mapping
class group when restricted the set of free homotopy classes of simple closed curves. It
would be interesting to prove that under the same assumptions of the above theorems,
a permutation that commutes with the Goldman Lie bracket is induced by an element
on the mapping class group on all free homotopy classes and not only on the set of free
homotopy classes with simple representatives. [l

Remark 13.7. In a subsequent work we will give a combinatorial description of the set
of cyclic sequences of double cosets under the action of ad. Also, we will study under
which assumptions the cyclic sequences of double cosets are a complete invariant of a
conjugacy class. O
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