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We introduce the notion of the center of a point for discrete dynamical systems and we study
its properties for continuous interval maps. It is known that the Birkhoff center of any such
map has depth at most 2. Contrary to this, we show that if a map has positive topological
entropy then, for any countable ordinal a, there is a point 2, € I such that its center has depth
at least «. This improves a result by A. N. Sharkovskii.

1. Introduction

The (Birkhoff) center of a discrete dynamical sys-
tem is defined to be the closure of the set of its
recurrent points and so it contains all the informa-
tion about its “recurrent objects”. In this paper
we introduce the notion of the center of a point
for discrete dynamical systems, and we study its
properties for continuous interval maps with posi-
tive topological entropy. In [Simd, 1997] the same
notion for a special kind of vector fields was stud-
ied and results in the spirit of ours were obtained.
Earlier, a question posed to A. R. D. Mathias on
the depth of the center of a point lead to papers

[Mathias, 1995, Mathias, 1996, Mathias, 1997] on
the subject.

Throughout this paper, N and Z* will denote
the set of positive and non-negative integers, re-
spectively. Let X be a compact metric space and
let f: X — X be a continuous map. The w-limit
set of x, denoted by wys(z), is the set of points
y € X for which there exists a sequence of posi-
tive integers {ny}ren tending to infinity such that
limg—oo f™ (2) = y. For any ordinal « we define by
transfinite induction

Wiz) = wi(e),

ngv+1(x) = Uzew?(z)wf(z),



and, when « is a limit ordinal,

We(e) = mmwf(:c).

Since the w-limit set of a point is closed and
invariant, by transfinite induction it can be proved
that Wfﬁ(x) D W¢(z), foreach 8 < . Hence, there
is an ordinal v such that IV}B(Q:) = W}(z) for any
B > v. The set W/ () is defined to be the center of
2 and is denoted by C'f(z). The first v satisfying the
above property is called the depth of x with respect
to f and is denoted by ds(z). In [Mathias, 1995] it
is shown that if X is a complete separable metric
space then, for each = € X, d¢(z) is at most the
first uncountable ordinal. However, we conjecture
that the number d¢(z) is always countable.

Remark. The above definitions are related to the
notion of the center of a dynamical system. Indeed,
if X is a compact metric space and f is a continuous
map from X to itself then the center of f can also be
defined as follows. Set Xy = UEGX wi(z), Xogy1 =
U.cx, ws(2) when @ > 0 is a non-limit ordinal and
Xo = ﬂ5<a)(/3 when « is a limit ordinal. Then,
the center of f coincides with X+ where o* is the
first countable ordinal such that X,» = Xg for each
B > o (see [Birkhoff & Smith, 1928]).

In [Mathias, 1997] it is proved that if X is a
complete separable metric space then Cf(z) is the
union of the w-limit sets of all recurrent points in
wg(z) (recall that z € X is recurrent if and only if
z € wy(2)). In [Mathias, 1996] it is shown that any
countable ordinal can be the depth of the center of
a point. This latter result is proved for the space of
the sequences of five symbols with the full one-sided
shift.

The goal of this paper is to study the center and
the depth of the center when the space X is a closed
interval of the real line and the map f has positive
topological entropy. In the sequel, €2 denotes the
first uncountable ordinal.
following.

Our main result is the

Theorem A. Let I be a compact real interval.
Then f € C(I,I) has positive topological entropy if
and only if there exists a point x € I and a family
{wt }ter of perfect sets such that

(a) For any t there exists an xy € I such that

Wt = Wy (‘rt)}

(b) wi Cws Cwyil(z) and wy # ws, for any t < s,
(c) for any o« < Q and any t < s there exists
Y € wy such that C¢(y) = wy and ds(y) > o.

We conjecture that Condition (c) in the above
theorem can be improved so that the depth of y is
exactly a (see Theorem 3.11).

Remark. If f € C(I, I) has zero topological entropy
then it follows easily from [Sharkovskii, 1968] that
d¢(z) € {0,1} for each 2 € I (see also Theorem 6.5
of [Bruckner & Smital, 1993] and its proof).

In the sixties, A. N. Sharkovskii stated the fol-
lowing result (see [Sharkovskii et al., 1993; Theo-
rem 3.11] for the most recent reference): Assume
that f € C(I,I). Then the following conditions are
equivalent:

(a) f has a periodic orbit of period different from
a power of two.

(b) There is a countable number of invariant
closed sets ordered linearly by inclusion and
such that there are dense trajectories in each
of this sets (this means that they are homeo-
morphic to the Cantor set).

(c) There exist an uncountable set B C I such
that the family {w¢(z)}zep is ordered linearly
by inclusion.

The equivalence between Statements (a) and
(b) follows from [Sharkovskii, 1966]. On the other
hand, the equivalence between Statements (a) and
(c) is said to follow from [Sharkovskii, 1968] (see, for
instance, [Sharkovskii et al., 1993; Theorem 3.11]
or [Sharkovskii, 1982]). Since Statement (a) holds
if and only if the topological entropy A(f) of f is
positive (see [Misiurewicz, 1979]), Theorem A gives
a stronger result than the equivalence between (a)
and (b) of Sharkovskii’s Statement. Nevertheless,
(a) and (c) are not equivalent, as it is shown by the
following theorem.

Theorem B. There is a map f € C(I,I) with zero
topological entropy but having a family of points
{Zi}1epo,1) C I such that wy(z;) is a proper subset
of wi(zs) whenevert < s.

Proof. By [Bruckner & Smital, 1993] there is a map
fecC(I,I)with h(f) = 0 and such that, for some
z, wi(z) = QU {T,}o2,, where @ is a Cantor set



and T,, are pairwise disjoint sets of isolated points
of wg(z). Moreover, any T, can be enumerated as
T =A{tnr}ie_., with f(t,x) = tn k41 and, for any
M C N, the set QU J,,cps Tn is the w-limit set of a
point.

Now let D be a countable dense subset of [0, 1]
(e.g., the set of rationals from [0, 1]) and let {n, },ep
be an enumeration of the set N by numbers from D.
Then, defining Q; = Q U, «; T, for any ¢ € [0, 1],
the proof is complete. B [ |

Remark. A. N. Sharkovskii pointed out that The-
orem A (and its abstract version, Theorem 3.11
below) imply that the depth of the center of
a dynamical system generated by a triangular
map of the square can be any countable ordinal.
This generalizes Statement (iii) of the theorem in
[Kolyada & Sharkovskii, 1991]. The proof of this
fact is easy. Let I = [0,1], and let f € C(I,I) be
a map which contains a homeomorphic copy of the
shift on the space of sequences of two symbols. For
instance take

3z for z € [0,1/3],
flay=1¢ 1 for x € [1/3,2/3], and
—32 + 3 otherwise.

For a given ordinal « take a point z,, whose cen-
ter has depth a (such a point exists by Theo-
rem 3.11), and denote W = wy(za) U{f"(2a) }52,-
Let g € C(I?,I?) be such that, for any (z,y) € I?,
we have g(z,y) = yif y = 1l orif z € W and
y = 0, and g(z,y) > y otherwise. Finally, put
F(z,y) = (f(z),9(z,y)). Then it can be easily
shown that the depth of the center of F is a.

To prove Theorem A we will proceed as fol-
lows. Note that Statements (a—c) imply posi-
tive topological entropy because any map with
zero topological entropy cannot have two differ-
ent perfect w-limit sets wy(z1) C wy(xg) (cf.,
e.g., [Sharkovskii, 1968], [Sharkovskii et al., 1993]
or [Bruckner & Smital, 1993]). To prove that (a—c)
of Theorem A are necessary for positive topological
entropy we perform several steps. In Section 3, we
prove that an analogous result holds for the full one-
sided shift in the space of sequences of two symbols.
Afterwards, in Section 4, we extend this result first
to piecewise monotone maps on the interval and,
finally, to arbitrary maps in C(I,I). Section 2 con-
tains a few auxiliary results.

2. Auxiliary Results

This section is devoted to a few technical auxiliary
results of various nature. We begin with the follow-
ing elementary lemma, whose proof we omit.

Lemma 2.1. Let X and Y be compact metric
spaces. Assume that g:Y — Y, 7: X — X and
@Y — X are continuous maps such that pog =
To. Then, for everyxz €Y, w (o(x)) = @©(wy(z)).

Corollary 2.2. With the notation from the preced-
ing lemma, for each x € M, the follouing state-
ments hold:

(a) W (e(z)) = (W5 (z)), for any ordinal .

(b) d-(p(z)) < dy(z).

(c) If ¢ is a homeomorphism then d.(¢(z)) =
dg().

Proof. Statement (a) can be proved by transfinite
induction and Lemma 2.1. Statements (b—c) are
direct consequences of Lemma 2.1 and (a). [ |

Proposition 2.3. Let f be a continuous self map
of a compact metric space Y such that for some
r € Nand Y* C Y, Y = UZLf(Y*) and
FY) N f(Y*) = 0 whenever 0 < i < j < r.
Then, for eachy € Y and each ordinal o, Wj?‘(y) =
UisoW i (f*(y) and dg-(y) = ds(y).

Proof. We note that for each z € Y and each ordi-
nal v, by Corollary 2.2,

(i) f'(W}.(2)) = W}.(f(2)) for each I € N, and
(ii) VVJYT(f’(z)) N W?T(fj(z)) = () whenever 0 <
i < 7 < r (this can be easily deduced from

the assumption f{(Y*)N f7(Y*) = §).
The first statement of the proposition can be proved
by induction on «. An elementary proof for a = 0
can be found, e.g., in [Block & Coppel, 1992]. Now

the first statement for > 0 and the second one
follow from (i-ii). [ |

We conclude the section stating and proving a
simple lemma about the computation of the depth
of a point from the depth of another point.

Lemma 2.4. Let f: X — X, let z,u € X and
let a be a countable ordinal. Assume that W (u) =



wy(z) and either dg(u) > « or ds(z) > 0. Then
df(u) = a+d¢(z).

Proof. Let [ be a countable ordinal. By transfinite
induction it can be proved easily that W?+B(u) =
Wfﬁ(ac) Therefore, for each countable ordinal g >

dy(z),

o di(z
Wt w) = Wi (2) = Wi (2) = Cr(a).

So, d¢(u) < a+d¢(z). If dg(z) = 0 then the lemma
holds because d¢(u) > a. If df(x) > 1 then for each
ordinal 0 < 8 < dy(x) we have

o de(z a+d(x
Wete () = Wi (a) # Wi (@) = with 9 ()

and, hence, df(u) > a+ ds(z). This completes the
proof of the lemma. [ |

3. Symbolic dynamical systems

In this section we prove that Theorem A holds with
I and f replaced by the standard one-sided shift
with two elements (see Theorem 3.11).

In the rest of this section X denotes the space
{0, 1} endowed with the product topology. Hence,
X is compact. Let 7 be the shift map from X
to itself, i.e., 7(x) = (zg,23,...), for any x =
($1, Ty .. ) € X.

As usual, the concatenation of any two finite
sequences z and y of zeroes and ones is denoted
by zy. For n € Z* U {c0} the concatenation of z
with itself n times is denoted by z™. In particular,
0% and 1° denote the empty sequence. If z and y
are sequences (finite or infinite) we say that z is
contained in y provided y = 2122y, where 2; and
zy can be empty. Also, if the first / symbols of
z coincide with the first [ symbols of y we write
z =, y. Lastly, we denote by |z| € ZT U {co} the

length of a sequence z.

Remark 3.1. Let {yn}nen be a sequence in X and
let y € X. Since X is endowed with the product
topology, lim, o yn = y if and only if for each

I € N there exists n; such that y, =, y for each
n > nj.

For each subset M of N we denote by X (M)
the subset of X consisting of all sequences of the

form

1mgrimegre L QneT1mEQ,

1™ L 1mEQRR L,
and
)RR | M R ) L Rl ) L

where k,my € ZT, n; € N for every i, m; < sup M
and m; € M for every ¢ > 1. Note that 0°°,1* €
X (M) for each M.

For m € Z* U {oc} set E,, = {1'0%,11071 :
i,j > 0, i < m}. We note that Eo, = |,,_q Em
and E,,, C X (M) whenever m < sup M.

Let M C Nand let x € X(M). Set

A(x) = {n € N:1"0" is contained in x}.

Note that, for each x € X (M), A(x) is either finite
or the set of all positive integers. When A(x) = N
we will say that x is an essential point of X (M).
Moreover, X (M) has an essential point if and only
if M is infinite.

The following lemma summarizes some of the
properties of the spaces X (M).

Lemma 3.2. Let M, M' C N. Then

(a) X (M) is compact and T-invariant. Moreover,
if M # N then it is also nowhere dense.

(b) If M C M’ then X (M) C X(M').

(c) If M is infinite then X (M) is perfect and
there is an essential point xm of X (M) such
that w,(xm) = X (M).

(d) F MM =0 then X(M)NX(M') = Ep,
with m = min{sup M,sup M'}.

(e) If M N M is infinite then X (M) N X (M') =
X (M M),

Proof. From the definitions it follows that X (M)
is r-invariant and that statements (b),(d) and (e)
hold. By Remark 3.1, X (M) is closed and, hence,
compact. If M # N and x € X (M), then no neigh-
borhood of x is contained in X (M). Consequently,
X (M) is nowhere dense and, hence, the proof of (a)
is complete. Now assume that M is infinite and let
S be the set of all finite sequences of the form

11’Tl1 0n1 1177,2 0n2 L. 11’Ilk Onk7



where k,n; € N and m; € M. Let {2,}2, be an
enumeration of S and

XM = 1223 ....

Clearly, xym is an essential point in X (M) and
wr(xM) = X (M). So, (c) holds. |

Let ¢ : M — M’ be a bijection between two
infinite subsets of N. Then we denote by ® the map
from X (M) to X (M') such that each point from
X (M) is mapped to a point having the same rep-
resentation (in terms of blocks of zeroes and ones)
but with m; replaced by ¢(m;) for each 7 > 1 (here
we use the notation from the definition of the sets

X (M)).

Remark. When M and M’ are finite ® need not
map X (M) into X (M') since m; < sup M need
not imply m; < sup M’.

Lemma 3.3. The map ® is a homeomorphism and
Tod=PorT.

Proof. Clearly, ® is a bijection and 7o ® = ® o 7.
Since X is a second countable space and @ is a
bijection it suffices to show that, for each convergent
sequence {Xn }nen in X (M),

lim ®(xn) = ®(lim xa).

n—oo n—oo

This is a consequence of Remark 3.1 and so the
proof is complete. [ |

The next results are devoted to the construc-
tion of points having a prescribed center and depth
(see Proposition 3.10).

For each x € X and n € N, we denote by [x],
the sequence formed by the first n symbols of x.

Lemma 3.4. Let K C N, let x be an essential
point of X(K) and let {m;}ien be an increasing
sequence of positive integers. Let {n;};en be a se-
quence of positive integers such that n; > m; for
each © € N. Then there exist finite sequences

Z1,%9,... such that

x = 231" 021™20% .. 251" 0F ...
Moreover, if we set
u=z,1"01"02,1"0%1"20°. ..

a1 ORI 0R gy

then u is an essential point of X (K U{m, };en) and

(3.1) e (1) = 01 ()
Proof. The existence of the sequences zq,zy,... is
a direct consequence of the fact that x is essential.
Clearly, u € X (K U {m,}icn) and, since x is es-
sential, u is also essential. Now, let us prove (3.1).
We start by showing that w,(u) D w,(x). Take z €
wr(x). By Remark 3.1, for each I € N, there exists
an unbounded set S; C N such that for each ¢ € S,
[z], is contained in 0'z;170'. Therefore, there ex-
ists a strictly increasing sequence {j;}72, such that
for each I € N, 77i(u) starts with 0'z;17%0, where
i € S;. Thus, there exists a sequence {j;}72, such
that j; < j; and 77(u) =, z for each I € N. Conse-
quently, z € w,(u).

Now we prove the other inclusion. Let z €
w-(u) and let T' be the set of all I € N such that [z],
is contained in OlﬂlniOl for some ¢. If T is infinite
then one can construct a sequence {k;}7°, tending
to infinity, such that r*(x) =, z for each [ € N.
Consequently, z € w-(x). If T is finite then, by
Remark 3.1, there exists L € N such that [z], is
contained in 0°1™i0! for each 7,1 > L. Hence, ei-
ther z € {0'1%°};¢z+ or z € {1°0%};c7+. Since x is
essential, {071}, 27+ U {190%° }icz+ C wr(x). [ |

Lemma 3.5. Let M C N and let u be an essential
point of X (M). For any n € N, let u, be a finite
sequence ending with 170" such that u begins with
Un. Let

<
Il

ULy oo Up oo
Then

(32)  wr(y) ={0'u}ien U {r"(u)}iez+ Uw:r(u)

Proof. For each n € N, define y, = #ptpq1 ... and
fix k € Z*. Note that for each n > k there exists
I, € N such that 0Fy, = r!"(y). Moreover, we
can assume that [, <_ln+1. So, by Remark 3.1,
lim, 00 Oky_n = 0*u. Hence, 0*u € w, (y) and thus,

{0ubien U{T" (W) iez+ Uwr(w) C wr(y).

To prove that the other inclusion holds, fix a
z € w-(y). By Remark 3.1, there exists a sequence
{1,152, tending to infinity such that [z], is con-

tained in 0"w, . So, [z], is contained in 0"uy for

n



any k > I,,. Thus, for each n € N and k& > [,,, ei-
ther [z], is contained in uy or [z], =, 0'ug, where
0 <i<mn Inanycase, 2 € {0'u:i>0}U{ri(u):
i > 0} Uw,(u). This completes the proof of the
lemma. |

Lemma 3.6. Let K C N, let x be an essential
point of X (K) and let {m, }ien be an increasing se-
quence in N\ K. Then there is an essential point
y € X(K U{m;};en) such that w (y) N X(K) =
wr(x) = W(y) and d.(y) = 1 + d-(x).

Proof. By Lemma 3.4 there exists an essential point
u € X (K U {m,}ien) such that w,(u) = w-(x) C
X (K). Let now y € X(K U{m,};en) be the point
given by Lemma 3.5. By (3.2) and (3.1),

wr(y) = {0'u}ien U {7 (W) }iezt Uwr(x)

Since u contains all sequences of the form 0170
with m; ¢ K, w-(y) N X(K) = w-(x). On the other
hand, by (3.1),

W(y) = wr () U () = wr(x) # W2(y).

Hence, by Lemma 2.4, d,(y) = 1+ d,(u). [ |

Lemma 3.7. Let a be a countable ordinal. Assume
that M and K are disjoint infinite sets of positive
integers. Let u € X (K) and, for each § < «, let
x3 € X (M UK) be such that

(3.3) wr(x5) N X (K) = wr (),

(3.4) Wf(x_ﬁ) = w,(u) and d.,.(x_ﬁ) =0+ d.(u).

Then, for each § < a, there is a point ug € X (MU
K) such that

(3.5) wr(ug) N X(K) = wr(u),

(36)  wr(up) Nwr(ug) = w(u)

for B’ <o and g #£ 3,

(3.7) Wf(%) = wr(u) and d.(ug) = § +d,(u).

Proof. Let {Mg}g<o be a transfinite sequence of
pairwise disjoint infinite subsets of M. For each
ordinal 8 < a, let pyg: MUK — MgU K be

a bijection such that a,og‘K is the identity and
let ®3: X(MUK) — X(MgUK) be the asso-
ciated homeomorphism (cf. Lemma 3.3). Note
that q)ﬁ‘X(K) is the identity. For f < «, define
ug = ®3(xg). Then, (3.5) is a consequence of (3.3)
and Lemma 2.1. Since w,(ug) C X (MsgUK), (3.6)
follows from Lemma 3.2(e) and (3.5). Finally, since

®3 is a homeomorphism, (3.7) follows from (3.4)
and Corollary 2.2(a,c). [ |

Lemma 3.8. Let o be a countable limit ordinal
and let M and K be disjoint infinite sets of pos-
itwe integers. Let u be an essential point of X (K)
and, for each 8 < «, let ug be an essential point
of X(MUK) such that (3.5) and (8.7) hold. Then
there is an essential point z, in X (MUK) such that
wr(2a) N X (K) = wr(u) = W (za) and dr(za) =
a+d-(a).

Proof. By Lemma 3.7 we also may assume that
(3.6) is satisfied for each distinct 3, 5" < a. For any
0 < 8 < oand any n € N, let uj be a (finite) se-
quence ending with n consecutive zeroes such that
ug begins with ujj. Let {(k)}3Z, be a sequence
of ordinals smaller than o containing any ordinal
0 < B < « infinitely many times. Define

1 2

3 n
Za = Up)"a(2)"a(3)  UB(n) -

Clearly, z, is an essential point of X (MUK). Then,
by an argument similar to that used in the proof of
Lemma 3.5, we obtain

(3.8) W(za) = wr(2za)
= U wr(ug)
0<B<a
U U {0%us:k >0}
0<B<a T
u U {Tk(%)thO}.
0<B<a
Hence,
Whza) = |J wr(wg)= |J W2(up)

0<B<a 0<B<a

and, by induction on n,

(39) W)= U Wi

0<B<a



for any n € ZT. Denote by w the first infinite ordi-
nal. By using the definition of W (-), (3.9), (3.6),
(3.7) and again the definition of W2 () we obtain

(310) W7 (2za) = (ozoWrit'(2a)
= ﬂZOoU0</3<oz W/n(uﬁ)
= U Moz oﬂfn(uﬁ)

0<B<a

= U Wr(up).

0<B<a

By (3.6), (3.7), (3.10) and transfinite induction be-
ginning with v = w, we obtain

Wl(za) = U

0<B<a

(3.11) W7 (ug)

whenever w < v < a. By (3.7), W7 (ug) D w-(u)
for v < 3 < a. Hence, by (3.11), VVV(Z_Q) D wr(u)
and, consequently, W (z4) D w-(u). On the other
hand, by (3.7), W7 (ug) C w-(u) whenever 0 < 3 <
v < a. Therefore, (3.11) and (3.7) yield

c | wrl(up).

Y<B<a

(3.12) W(za) = |J W7 (ug)
Y<B<a

Thus, by (3.6),

(07
WZ(za)

c U wr(ug) =w-(u)

V< y<BLa

and, hence, W (za) = w,(u).

Now we claim that d-(zo) > a. To prove this
it suffices to show that W7 (zo) # W (2o) for each
7 < a. For each v < a, choose 3, such that v <

By < a. Then, by (3.7), W/ (ug,) 2 WTB”(UBW) =
wr(u). Consequently, if o > w, by (3.12) we have

Wolea) = U W2(ag) D W2 (uz)
2 wr(u) =W (za).

If @« = w then the claim follows in a similar way by
(3.9) and (3.7). Therefore, since W (z4) = w-(1)
and dr(z4) > @, by Lemma 2.4 we obtain d.(z.) =
i)

Now, we prove that w;(z4) N X (K) = w-(u). In
view of (3 5), (3.8) and Lemma 3.2(a), it is enough
to show that

{0Fug: k> 0INX(K) =
{r*(up) 1 k> 0}NX(K) = 0@

for any £ € Z* and 0 < 3 < «. Otherwise,

(ug) € X(K) or 0*ug € X(K) which imply
wr(g) C X () and, by (3.5), W(ug) = wr (ug) =
wr(u) which contradicts (3.7). This ends the proof
of the lemma. |

Lemma 3.9. Let M and K be disjoint infinite sets
of positive integers, let a be a countable ordinal and
let xk be an essential point of X (K). Then there
is an essential point zo from X (M U K) such that

N X(K) = wr (xx) = W2 (2a)

wr(Za)

and d.(z4) = o+ d-(xk).

Proof. We prove the proposition by transfinite in-
duction. If @ = 0, the lemma holds by taking
Zo = XK. Now fix a countable ordinal @ and assume
that for any 8 < «, any pair of disjoint infinite sets
of positive integers M’ and K’ and any essential
point xg/ € X (K'), there exists zg(xg’) such that
the lemma holds xk and « and z, replaced by XK/,
$ and zg(xK-), respectively.

Assume now that = §+ 1 for some countable
ordinal 3. Let M’ be a proper infinite subset of
M such that M \ M’ is infinite and let {m;};en be
an increasing sequence in M \ M’. Then, let y be
the essential point from X (K U {m;}ex) given by
Lemma 3.6 with x replaced by xk. By the induc-
tion hypothesis, there exists zg(y) € X(M' UK U
{mi }ien) such that -

wr(2p(y)) N X (KU {mi}ien) =

wr(y) = W7 (2(y))

and dy(z5(y)) = B+ d;(y). Put 2, = 25(y). Then,
by Lemma 3.6 and Lemma 3.2(b),

wr(2a) N X(K) = wr(y) N X(K) = wr(xx)
and

dr(za) = dr(25(y)) =+ d-(y)

= [+ 1+dr(xg) = @+ dr(xK)-
Moreover,
Wiza) = Wit(za) = U wr(b)

teW? (z5(y))

WHy) = wr(xk).

= U wlt)=

tewr (y)



If v is a countable limit ordinal, then the state-
ment follows immediately from Lemma 3.8 and the
induction hypotheses with M’ = M, K’ = K and
XK' = XK. n

Proposition 3.10. Let M and K be disjoint infi-
nite sets of positive integers. Then, for any count-
able ordinal o there erists xo € X (M U K) such
that C-(xa) = X (K) and d.(x4) = a.

Proof. In view of Lemma 3.2(c) there exists an es-
sential point xg in X(K) such that w;(xkg) =
X (K). Let z, be the point given by Lemma 3.9.
We note that C;(xkx) = X(K) and d,(xk) = 0.
Hence, d-(24) = o and w;(24) N X (K) = w,(xK) =
W) 50, Crlza) = Welza) = wrlx) =
X(K). n

Theorem 3.11. There ezists a family {X;}iepo 1)
of nowhere dense perfect subsets of X such that
(a) X; C X5 and Xy # X, if t < s.
(b) For any t € [0,1] there exists xg € X; such
that w-(x¢) = X;.
(c) For any t < s in [0,1] and any countable
ordinal o« there erists ys € X, such that

d-(ys) = o and Cr(ys) = X;.

Proof. Let @ be the set of rational numbers in [0, 1],
and let {M;};eq be a family of mutually disjoint
infinite sets of positive integers. For t € [0, 1] define
X = X (U, <; M;). Then the theorem follows from
Lemma 3.2(a—c) and Proposition 3.10. |

4. Proof of Theorem A

It is well known (see for instance Corollary 16 of
Chapter II of [Block & Coppel, 1992]) that for any
continuous interval map with positive topological
entropy there exists a compact invariant set B such
that an iterate of the map restricted to B is semi-
conjugate to a full shift with two elements (com-
pare also with [Young, 1981; Theorem 2.4]). In or-
der to prove Theorem A we need a stronger result:
two iterates of B by the map either coincide or are
pairwise disjoint. This is proved in Proposition 4.4.
More precisely, this proposition shows that any con-
tinuous interval map with positive topological en-
tropy contains as a subsystem a compact invariant
subset Y of a subshift of finite type (S,U‘S) such

that, for some r € N and ¥* C §,
(@ S=UZr@E),
(b) the sets 7*(X*) and 77 (X*) are disjoint if and
only if ¢ # j modulo r, and

(c) 7|, is conjugate to a full shift with two ele-
ments.

We start with some notions and preliminary re-
sults. A set of closed subintervals of I with pair-
wise disjoint interiors will be called a basic system.
Let A be a basic system. Any bijective map from
the set {1,2,...,Card A} to A will be called a cod-
ing of A. Consider a triple (A, , f) where A is a
basic system, s is a coding of A and f € C(I,I).
To such a triple we can associate a subshift of fi-
nite type of order 2, denoted by A(A,k, f), as fol-
lows (here, when speaking about subshifts of finite
type, we will use the notation and definitions from
[Denker et al., 1976]). The alphabet of the subshift
will be the set {1,2,...,Card A} and the transition
matrix is defined to be the (Card A) x (Card A) ma-
trix T = (t;;) defined by t;; = 1 if f(x(¢)) D &(J)
and t;; = 0 otherwise. Any (n + 1)-block ¢ =
(ag,ai,...,a,) occurring in such a subshift of fi-
nite type is called a loop if a, = ag. The number
n is called the length of the loop and is denoted by
|a|. We will say that a loop is elementary if a; # a;
whenever i # j for 0 < 4,7 < n.

Let a = (ag, a1, ...) be either a block occurring
in A(A, K, f) or an element from A(A, &, f). Given
a point z € I we say that it f-follows a if f'(z) €
k(a;) for each 7 > 0. It is easy to see that, since f
is continuous and I is compact there exists at least
one point in I which f-follows a. This elementary
fact is known as the Itinerary Lemma.

Let f € C(I,I) and let P be a periodic orbit of
f. We will denote by (P) the convez hull of P (that
is, the smallest closed connected set containing P).
The closure of each connected component of (P)\ P
is called a P-basic interval. We say that the map f
is P-monotone if it is monotone on the closure of
each connected component of I\ P.

Given a map f € C(I,I) and a periodic or-
bit P of f we define an auxiliary map fp as fol-
lows. For each =z € (P) denote by 2z~ and z*
the two points from P such that (z~,2%) is a P-
basic interval, z € (z7,z%) and f(z7) < f(z¥).
(Here (z7,z7%) stands for ({z7,z%}); note that
f(z~) # f(z*) since P is a periodic orbit). Then
we define fp as the map from C(I,I) such that it



is constant on each connected component of I'\ (P)
and fp(z) = min{f(27), max,¢(,- . f(2)} for each
z € (P). Note that fp is P-monotone and fp
Ty

Now we start to develop the tools to prove The-
orem A. Let f € C(I, ) be with positive topological
entropy. By Theorem 4.4.10 and Corollary 4.4.7 of
[Alseda et al., 1993], it follows that f has a periodic
orbit P such that h(fp), the topological entropy of
fp, is positive. In the rest of this section we will
assume that f and P are fixed.

Let A be the set of all P-basic intervals of fp,
let k* be a coding of A and let M = (m;;) denote
the transition matrix of A(A, k*, fp). By changing
k* (if necessary) the matrix M can be written in
block form as:

‘P:

M; 0 0 0
* My 0 0
M — . )
* * .0
* * * M;

where each block M; is a square matrix which is ei-
ther irreducible or zero [Gantmacher, 1959] (recall
that a non-negative square matrix L is called ir-
reducible if, for each entry of L, there exists [ € N
such that the corresponding entry of L! is positive).

Since h(fp) > 0, from [Alseda et al., 1993;
Theorem 4.4.5] it follows that the spectral radius
of M is larger than one. So, there exists a block
T = M; of M having spectral radius larger than
one. Hence, T is an irreducible matrix which is
not a permutation matrix. Let U = {j € N :
mj; belongs to the block matrix M;} and let x be
a coding of k*(U). In what follows we will denote
A(k*(U), K, fp) by 8. Note that the transition ma-
trix of § is precisely T'.

The irreducibility of T implies that & has a
loop a. Without loss of generality we can assume
that @ = (ag, a1,...,a;—1,a0) has minimal length.
Clearly, it is elementary. Therefore, the fact that
T is not a permutation matrix implies that there
is a symbol k in the alphabet of & which does
not lie in a. Also, there is a loop from ag to ag
through k. Thus, there is a loop in & contain-
ing a symbol from ¢ and a symbol which does
not lie in a. Let b be a loop of minimal length
having these properties. Denote by [ a common
symbol of ¢ and b. Without loss of generality we
may assume that a = (ao,ay,...,a)-1,a) and

Q = (b07b17---7b|é|—17b0) with ag = bo = [ and
a; # by. Note that, by the minimality of a and
b, [ appears only at the beginning and at the end of
a and b, and |b| > |a].

Let ¥* denote the space of all elements from S

which can be obtained by concatenating the loops
a®b? and a’bab and let ¥ denote U ;0" (XZ*). Set

r = |a®b?|. Since o"(X*) = X*, we have ¥ =
Ur_4o™(2*). Note that both ¥* and ¥ are com-
pact.

Our next objective is to show that Theo-
rem 3.11 holds with X replaced by ¥ and 7 by U|E.
To this end we consider the map 9 : X — ¥* de-
fined in the following way. For each x = {z;}2, €
X we define ¥(x) = dod; - - - € ¥* where

PR S )
T dPbab i =1,

for each ¢ € Z*T. It is not difficult to prove that )
is a homeomorphism and that the diagram

X 3 X

of v
T _O'T T

commutes. Therefore, by Corollary 2.2(c), Theo-
rem 3.11 holds with X replaced by ¥* and 7 by

o”.

Lemma 4.1. Leti,j € Z*. Then
(N (Z) =0
if and only if i Z 7 modulo r.

Proof. Suppose that d € o'(X*) N 07(=*). Since
o"(X*) = ¥* we may assume that 0 <7 < j < r.
Then, defining k = j — ¢, we obtain

o"7i(d) € 0" () No"HTHD) = B N ok (T)

where 0 < k < r. Hence 0"~*(d) € o*(=*) must be-
gin either with a3b? or with a?bab, which is impos-
sible when 0 < k < r because a and b are different.

The other implication is easy. [ |

Now, since Theorem 3.11 holds with X replaced
by ¥* and 7 by o”|5.,,
tion 2.3 we obtain the following.

by Lemma 4.1 and Proposi-



Proposition 4.2. Theorem 8.11 holds with X and
T replaced by X and O"E, respectively.

Before stating and proving Proposition 4.4 we
need another technical lemma.

Lemma 4.3. Assume that g € C(I,I) is a P-
monotone map such that g‘P = f‘P andd € S
is g-followed by a point of P. Thend ¢ X.

Proof. Assume that there exist x € Pand d € ¥
such that d is g-followed by z. Without loss of
generality we may assume that d begins with a%b
(otherwise we replace z and d by ¢"(z) and o"(d)
for a suitable n). Then, clearly, z is an extremal
point of (I). Since glal(z) € x(1), g9 (z) must be
the other extremal point of k() because the period
of P is strictly greater than |a|. This implies that
g9 (z) # 2 and thus, since g2l (2) also belongs to
#(1), we have g?lal(z) = z.

Recall that we have a = (I, a1,a3,...) and b =
(1,b1,bg,...) with a; # by. Then g(z) € k(a1) and
g(z) = g*la+1(z) € k(by). Hence, g(z) is a common
endpoint of two non-overlapping intervals £(a) and
£(b1). On the other hand ¢ is monotone on x(I),
z € k(1) is an endpoint of (/) and g(x(1)) D k(a1)U
k(b1) — a contradiction. [ |

Proposition 4.4. Let f € C(I,I) be a map with
positive topological entropy and let ¥ and o be de-
fined as above. Then there erists a compact set
B C I and a continuous map ¢ : B — ¥ which
is onto and one to one except for a countable set
where it is two to one such that f(B) = B and

00¢lg=wofl|s

Proof. For each d = (do,dy,...) € T set Iq =
Nizo fp'(k(d;)); that is, Iq is defined to be the set
of points which fp-follow d. Then we set

B= | Bd(Ig).
dex

We claim that
(a) Each Iq is a (possibly degenerate) closed
subinterval of (P).
(b) BNP =4.
(©) fr(B)=B.
(d) Each point in B fp-follows a unique sequence
from X.

(e) The sets Iq, for d € X, are pairwise disjoint.
To prove the claim note that since fp is P-
monotone, (a) follows from the Itinerary Lemma.
Statement (b) is a consequence of Lemma 4.3. Now
observe that if z € Ig then fp(z) € I,q). Hence,
(c) follows from the fact that fp is P-monotone.
Therefore, (d) and (e) can be obtained immediately
from (b). This ends the proof of the claim.

Now we will construct the map ¢. For each
r € B, we set ¢(z) = d if and only if z € Iq.
By (d), ¢ is well defined and clearly, is continuous.
Then, the fact that ¢ is onto and one to one except
for a countable set where it is two to one can be
proved by using (a) and (e).
The next step will be to prove that B is com-
pact. First we will prove that the set
H=Ula
dex
is compact. To do it, for each n € Z7*, de-
note by X" the set of finite sequences of the form
(do,dy,...,dy,) for which there exists d € ¥ which
starts with (do, dy, ..., d,). Clearly, each of the sets
" is finite. For each a = (ag, a1,...,a,) € ¥, we
denote by I? the set (i, fp'(#(a;)), which is a
compact subset of I. Then, we have

H=n(U 1)
n=0 ‘a€xn
which is clearly compact.

The continuity of fp and (e) of the above claim
imply that between two different sets Iq there is a
preimage of a point from P and, by Lemma 4.3,
this point does not belong to H. Therefore, it is
not difficult to see that for each z € B there exists
a sequence contained in the complement of H which
converges to z. Consequently, by the compacity of
H, B C Bd(H). Thus, clearly, B = Bd(#H) and,
hence, it is compact.

To prove that f(B) = B assume that there ex-
ists # € B such that fp(z) # f(z) then, by the
definition of fp, there is an open interval U con-
taining z such that fp is constant on U. Let d be
such that € Bd(Iq). Clearly, U U Iq » Igq and
all points in U U Igq fp-follow d — a contradiction.
Thus, from (c) it follows that f(B) = B.

To end the proof of the lemma notice that

coply=¢ofrls=wvofly



Proof of Theorem A. At the end of Section 1 we
have already seen that Conditions (a—c) imply
h(f) > 0. So we assume that h(f) > 0 and we prove
(a—c). Let {X;}eo,1] be the sets given by Theo-
rem 3.11 with X and 7 replaced by X and o, respec-
tively (see Proposition 4.2) and let ¢ be the map
given by Proposition 4.4. Clearly, ¢~ 1(X;) C B is
compact for each ¢ € [0, 1].

Now we state the following two elementary
facts which are valid in any second countable topo-
logical space:

(i) Any closed set has a unique decomposition
into a perfect set and a countable set (cf.
Cantor—-Bendixson Theorem).

(i) The difference A\ B of any perfect set A and
any closed set B is either empty or uncount-
able (by a perfect set we understand here a
closed set, locally uncountable at any point.)

Thus, from (i) it follows that there is a countable
set Ry such that w; = o7 1(X;) \ R; is perfect and,
since X} is uncountable, nonempty. Since ¢ is con-
tinuous, ¢(w;) C Xy is compact. On the other
hand, X; \ ¢(wt) C @(R:) is a countable set. So,
o(w) = Xy by (ii).

Now we claim that f(w;) C w;. Indeed, X, is
o-invariant, hence, by Proposition 4.4 ¢=1(X}) is
f-invariant. Therefore,

flo) \wr C o7 (Xi) \wi C Ry

and so f(w¢)\w is countable. Note that o is at most
two-to-one on X;. Hence, Proposition 4.4 implies
that f is at most four-to-one on w;. Consequently,
f(wy) is perfect and the claim follows from (ii).

By Proposition 4.2, there exists z; € X; such
that X; = w,(2). So, there exists z; € w; N~ (2).
By the above claim, w¢(z;) C f(wy) C wi. By
Lemma 2.1 and Proposition 4.4,

plwp(ee)) = wo(p(a1)) = wo (21) = Xy

So, since p(w; \ wy(zy)) C Xy, wy \ wy(2y) is count-
able by Proposition 4.4. Thus, ws(z:) = wi by
(ii). Therefore, we have proved statement (a) and
wi & w, for any t < s. Now, take z € I such
that wy(z) is maximal with respect to the inclu-
sion relation containing some w;. Since any two
distinct maximal w-limit sets of points for any con-
tinuous map of the interval have finite intersection
(cf., e.g., [Schweizer et al., 1994]), w, C wy(z) for

any s € I. This ends the proof of (b). Finally,
(c) follows from Proposition 4.2, Corollary 2.2 and
Proposition 4.4. |

Acknowledgements

The essential part of this paper was written in 1994,
when the third author was Visiting Professor at
the Centre de Recerca Matematica in Barcelona.
The first two authors have been partially supported
by the DGICYT grant number PB93-0860, the
third author by the Grant Agency of Czech Repub-
lic, grants numbers 201/94/1088 and 201/97/0001.
Support of these institutions is gratefully acknowl-

edged.

References

Alseda, Ll., Llibre, J. & Misiurewicz, M. [1993]
Combinatorial dynamics and entropy in dimen-
sion one (Advanced Series in Nonlinear Dynam-
ics 5, World Scientific, Singapore).

Birkhoff, G. D. & Smith, P. A. [1928] “Structure
analysis of surface transformations,” J. Math.
Pures. Appl. 7, 345-379.

Block, L. S. & Coppel, W. A. [1992] Dynamics in
one dimension (Lectures Notes in Math. 1513,
Springer, New York).

Bruckner, A. M. & J. Smital, J. [1993] “A charac-
terization of w-limit sets of maps of the interval
with zero topological entropy,” Ergod. Th. € Dy-
nam. Sys. 13, 7 — 19.

Denker, M., Grillenberger C. & Sigmund, K. [1976]
FErgodic theory on compact spaces (Lecture Notes
in Math. 527, Springer, Berlin).

Gantmacher, F. R. [1959] The theory of Matrices,
vol. 2, (Chelsea, New York).

Kolyada, S. F. & Sharkovskii, A. N. [1991] On the
topological dynamics of triangular maps of the
plane (in Proceedings of E.C.I.T. 89, Batschuns,
Austria) (World Scientific, Singapore), pp. 177
183.

Mathias, A. R. D.[1995] “An application of descrip-
tive set theory to a problem in dynamics,” CRM
Preprint nim. 308.



Mathias, A. R. D. [1996] “Long delays in dynam-
ics,” CRM Preprint nim. 384.

Mathias, A. R. D. [1997] “Recurrent points and hy-
perarithmetic sets,” CRM Preprint nim. 349.

Misiurewicz, M. [1979] “Horseshoes for mappings
of an interval,” Bull. Acad. Pol. Sci., Sér. Sci.
Math. 27, 167-169.

Schweizer, B. & Smital, J. [1994] “Measures of
chaos and a spectral decomposition of dynami-
cal systems on the interval,” Trans. Amer. Math.
Soc. 344, 737-754.

Sharkovskii, A. N. [1966] “Behavior of a map in a
neighborhood of an attracting set,” Ukrain. Mat.
Zhurnal (in Russian) 18(2), 60 — 83.

Sharkovskii, A. N. [1968] “Attracting sets contain-
ing no cycles,” Ukrain. Mat. Zhurnal (in Rus-
sian) 20(1), 136 — 142.

Sharkovskii, A. N. [1982] “On some properties of
discrete dynamical systems, in Théorie de l'ite-

ration et ses applications,” Editions du C.N.R.S.
332, 153-158.

Sharkovskii, A. N., Maistrenko, Yu. L., & Roma-
nenko, E. Yu. [1993] Difference equations and
their applications (translated from the 1986 Rus-
sian original), (Kluwer Academic Publishers,
Dordrecht).

Simé, C. [1997] private communication.

Young, L.-S. [1981] “On the prevalence of horse-
shoes,” Trans. Amer. Math. Soc. 263, 25-88.



