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Abstract Let F be the lifting of a circle map of degree one. In [?] a notion of F -rotation
interval of a point x ∈ S1 was given. In this paper we define and study a new notion of
a rotation set of a point which preserves more of the dynamical information contained
in the sequences {Fn(y)}∞n=0 than the preserved by the one from [?]. In particular, we
characterize dynamically the endpoints of these sets and we obtain an analogous version
of the Main Theorem of [?] in our settings.

1 Introduction and statement of the main results

Let C1(S1) be the class of all continuous maps of the circle into itself of degree one. Let
f ∈ C1(S1) and let F : R −→ R be a lifting of f . Denote by π the canonical projection from
R to S1. It is well known that, when f is a homeomorphism, then limn→∞

F n(y)−y
n exists,

it does not depend on y and is called the rotation number of f . In the general case of
endomorphisms, this limit may not exist. Newhouse, Palis and Takens introduced in [?] the
notion of rotation set of an endomorphism, LF , by defining:

LF = Cl({ρ+
F (x) : x ∈ S1})

where Cl(·) means topological closure and

ρ+
F (x) = lim sup

n→∞

Fn(y)− y

n

for any y ∈ π−1(x) (note that since f has degree one, F (y+1) = F (y)+1 for each y ∈ R and,
hence, ρ+

F (x) does not depend on y). They also proved that LF is an interval. Clearly, LF is
defined up to translations by integers. In [?] Ito proved that each α ∈ LF is realized as the
rotation number of some point in S1 in the sense that, for some x ∈ S1, α = limn→∞

F n(y)−y
n ,

where y ∈ π−1(x). In such a case we will say that α is the rotation number of x and we will
denote it by ρF (x). We note that each point in the orbit of x, that is in the set {fn(x) : n ≥ 0},
has the same rotation number. So, we often will talk about the rotation number of an orbit
and will use the notation ρF (P ) with P the orbit of a point x ∈ S1.

Bamon, Malta, Paćıfico and Takens defined in [?] the notion of rotation set of a point
x ∈ S1, which will be denoted here by LF (x), as the set of limit points of the sequence
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{F n(y)−y
n }∞n=0, where y ∈ π−1(x). They prove that it is a closed subinterval of LF and that

given [α, β] ⊂ LF , α ≤ β, there exists x ∈ S1 such that LF (x) = [α, β].
We are interested in obtaining more dynamical information from the sequence {Fn(y)}∞n=0.

More precisely, we are looking for a larger set of rotation numbers which could be calculated
from such a sequence (and, of course, included in LF ). We do it by considering not only the
rotation numbers of the f -orbit of x but the rotation numbers of the closure of such orbit.
This last set of rotation numbers can be easily calculated using only the numerical values of
the sequence {Fn(y)}∞n=0 in the following way: Given a set C ∈ S1, consider the limits of all
convergent sequences of the form:

Fni+mi(yi)− Fmi(yi)
ni

, with ni →∞, π(yi) ∈ C and mi ∈ N ∪ {0}.

The set obtained in such a way will be called the rotation set of C and will be denoted by
RF (C). To simplify the notation, in the case that C = {x} we will simply write RF (x)
instead of RF ({x}). It is straightforward to see that LF (x) ⊂ RF (x) but the inclusion may
be strict as it is shown in the example we exhibit in Section ??.

Another way to express our definition is the following:

RF (C) =
∞⋂

n=0

Cl

 ⋃
m≥n

Km(C)

 where Km(C) =
{

Fm(y)− y

m
: π(y) ∈ ∪∞n=0f

n(C)
}

.

¿From this definition it follows immediately that the set RF (C) is closed.
Both forms of the definition of RF (C) are similar to the one given in [?] for rotation sets

of k-dimensional torus endomorphisms. Nevertheless, their definition is “global” (they take
C = Tk) and we are going to work in a “local” context because our principal interest is to
study the case C = {x}. In the global context studied in [?] it is proved that RF (S1) = LF .
A consequence of this equality is that for any C ⊂ S1, RF (C) ⊂ LF .

The aim of this paper is to study the set defined above. In particular, we characterize
dynamically the endpoints of the sets of the form RF (x) and we obtain an analogous version
of the Main Theorem of [?] in our settings. This is achieved in Theorems ?? and ?? below.

We recall that the ω-limit of x , denoted by ωf (x), is the set of points y ∈ S1 for which there
exists an strictly increasing sequence of natural numbers {nk}k∈N such that limk→∞ fnk(x) =
y. If x ∈ ωf (x) we will say that x is recurrent . Also, if C ⊂ S1 then ωf (C) will denote the
set

⋃
x∈C ωf (x).

Given a set A in S1 of R, Conv(C) will denote the convex hull of C (that is, the set of all
convex combinations of elements of A).

Theorem A. Let f ∈ C1(S1) and let x ∈ S1. Then there exist two recurrent points u, v ∈
ωf (x) such that

RF (x) = [ρ(u), ρ(v)] = Conv
(⋃

z∈ωf (x)
LF (z)

)
.

Theorem ?? will follow immediately as a corollary of a more general theorem which will
be stated and proved in Section ??. The example in Section ?? shows that without taking
the convex hull of the set ∪z∈ωf (x)LF (z) Theorem ?? is no longer valid.
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Theorem B. Let f ∈ C1(S1) and let F be a lifting of f . If [α, β] ⊂ LF then there exists
x ∈ S1 such that

LF (x) = RF (x) = [α, β].

Theorem ?? is an almost immediate consequence of a technical lemma on circle maps
(Lemma ??) and the results from [?] and [?]. However, as it is observed in the introduction,
in [?] the set RF is defined globally by taking C = S1 whereas in our setting we have C = {x}.
So, the use of the results of [?] in our problem would imply to translate them to the case
C = {x}. We have chosen to write the proof of Theorem ?? in full for completeness and
clarity. Moreover, the tools used in the proof will make easier to construct the example given
in Section ??.

The paper is organized as follows: in Sections ?? and ?? we prove Theorems ?? and ??,
respectively. In each case we develop the necessary tools. Section ?? is devoted to exhibit
the above mentioned example.

Acknowledgements. We thank an anonymous referee for careful reading and useful re-
marks on a previous version of the manuscript. The first and third author have been partially
supported by the DGES grant PB96-1153 and the CONACIT grant 1999SGR 00349.

2 Characterization of the set RF (C)

The aim of this section is to prove Theorem ?? from which Theorem ?? can be easily deduced.
In what follows, the connected subsets of S1 will be called intervals. Also, given C ⊂ S1

we will denote by W (C) the set Cl(∪∞n=0f
n(C)).

Theorem 2.1. Let f ∈ C1(S1) and let C ⊂ S1 be an interval, possibly degenerated to a point.
Then there exist recurrent points u, v ∈ W (C) such that

RF (C) = RF (Cl(C)) = [ρ(u), ρ(v)] = Conv
(⋃

z∈ωf (W (C))
LF (z)

)
.

To prove Theorem ?? we need some preliminary results.

Lemma 2.2. Let F be a lifting of a map f ∈ C1(S1) and let C ⊂ S1. Then RF (C) =
RF (Cl(C)).

Proof. The continuity of f implies that:

∪∞n=0f
n(Cl(C)) ⊂ ∪∞n=0 Cl(fn((C))) ⊂ W (C).

Hence, if we set G(x) = F m(x)−x
m then Km(C) = G(π−1(∪∞n=0f

n(C))). From the above
inclusion and the continuity of G we deduce that:

G(π−1(∪∞n=0f
n(Cl(C)))) ⊂ Cl(G(π−1(∪∞n=0f

n(C)))).

Therefore, ∪m≥nKm(Cl(C)) ⊂ Cl(∪m≥nKm(C)) and, hence, RF (Cl(C)) ⊂ RF (C). Since the
other inclusion is obvious the lemma holds.
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Note that, from the above lemma, we see that RF (C) = RF (W (C)) for each C ⊂ S1.
Given a lifting F of f ∈ C1(S1) we define the displacement function ϕ : S1 −→ R as

ϕ(x) = F (y) − y where y ∈ π−1(x). This function is continuous and, as it is easy to see,
verifies that Fn(y) − y =

∑n−1
i=0 ϕ(f i(π(y))) for each n ∈ N and y ∈ R. Moreover, since f

has degree one ϕ does not depend on the choice of y. The above equality suggests, as it is
remarked in [?], that the problems of convergence of the sequence {F n(y)−y

n }n∈N are deeply
related with Birkhoff’s Ergodic Theorem (see [?] for the precise statement).

If C is a subset of S1, we denote by Mf
e (C) and Mf

m(C) the spaces of ergodic and
invariant probabilistic measures for f

∣∣
W (C)

respectively. It is well known that Mf
m(C) is

convex, compact with the weak*-topology and µ is an extremal point of Mf
m(C) if and only

if µ ∈ Mf
e (C) (see, for instance, [?, Theorem 6.10]). In this context, we define the following

sets:

Re
F (C) =

{∫
W (C)

ϕdµ : µ ∈ Mf
e (C)

}
,

Rm
F (C) =

{∫
W (C)

ϕdµ : µ ∈ Mf
m(C)

}
.

The next result was proved for k-dimensional torus homeomorphisms homotopic to the
identity in the case C = Tk by Misiurewicz and Ziemian in [?]. The proof we present here
follows ideas that Fathi developed in [?] for the global case. We note that Lemmas ?? and ??
as well as their proofs are valid not only for the circle but also for the k-dimensional torus.

Lemma 2.3. Let C be a closed interval of S1 and let F be a lifting of a map f ∈ C1(S1).
Then:

Re
F (C) ⊂ RF (C) ⊂ Rm

F (C).

Moreover, Rm
F (C) = Conv(Re

F (C)).

Proof. If µ ∈ Mf
e (C), by Birkhoff’s Ergodic Theorem, for µ-almost every x ∈ W (C) we have

that
Fn(y)− y

n
=

1
n

n−1∑
i=0

ϕ(f i(x)) →
∫

W (C)
ϕdµ

where y ∈ π−1(x). Therefore,
∫
W (C) ϕdµ ∈ RF (W (C)) = RF (C). Hence, the first inclusion

holds.
Denote by δx the measure defined by

δx(U) =

{
1 if x ∈ U ,
0 otherwise,

for each U ⊂ W (C).
To prove the second inclusion, we take xj ∈ ∪∞n=0f

n(C) and a strictly increasing sequence
{nj}∞j=1 ⊂ N such that limj→∞

F nj (yj)−yj

nj
exists, where yj ∈ π−1(xj). Then observe that

Fnj (yj)− yj

nj
=

1
nj

nj−1∑
i=0

ϕ(f i(xj)) =
∫

W (C)
ϕ d

 1
nj

nj−1∑
i=0

δf i(xj)

 .
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Moreover, since Mf
m(C) is compact with the weak*-topology, there exists a subsequence of

{ 1
nj

∑nj−1
i=0 δf i(xj)}j∈N which converges to an f -invariant probability measure on W (C). So,

the second inclusion holds.
To prove the last statement we note that the map µ 7−→

∫
W (C) ϕdµ is linear and contin-

uous. Hence, Rm
F (C) is convex and compact because so is Mf

m(C). Now take an extremal
point a ∈ Rm

F (C) and denote by Ma the set of µ ∈ Mf
m such that

∫
W (C) ϕdµ = a. Since Ma

is compact and convex, by the Krein-Milman Theorem (see, for instance, [?, page 138]), Ma

contains an extreme point ν. We claim that ν is also an extreme point of Mf
m(C) (that is,

ν ∈ Mf
e ). We will prove the claim in the case that a is a maximum of Rm

F (C). The proof in
the other case is similar. If ν is not an extreme point of Mf

m(C) there exists µ1, µ2 ∈ Mf
m(C)

and λ1, λ2 ∈ R such that λ1 + λ2 = 1 and ν = λ1µ1 + λ2µ2. Therefore,

a =
∫

W (C)
dν = λ1

∫
W (C)

dµ1 + λ2

∫
W (C)

dµ2 < (λ1 + λ2)a = a;

a contradiction. This ends the proof of the claim.
In view of the claim, in Ma there exist an ergodic measure and, hence, Re

F contains the
extremal points of Rm

F . Putting all together we get the last statement of the lemma.

It was proved in [?] that for two-dimensional torus homeomorphisms homotopic to the
identity, the interiors of Re

F (T2) and Rm
F (T2) coincide. This result is no longer valid in our

context (see, for instance, the example in Section ??).
The proof of the next lemma follows standard ideas that can be found in [?] and [?]. We

need the following notions. Assume that A ⊂ R and let x, y ∈ A. An ε-chain in A between
x and y will be a finite subset {x = x1, . . . , xm = y} ⊂ A such that |xi − xi+1| < ε for
i = 1, . . . ,m − 1. A set A ⊂ R will be called ε-chained if for any x, y ∈ A there exists an
ε-chain in A between x and y.

Lemma 2.4. Let f ∈ C1(S1) and let C be a connected subset of S1. Then, for each lifting F
of f , RF (C) is a closed interval of R.

Proof. It is an easy exercise to prove the following assertions:

(i) If A is ε-chained then Cl(A) is also ε-chained.
(ii) Assume that {Ai}i∈N is a descending sequence of subsets of R such that for every ε > 0

there exist i ∈ N such that the set Ai is ε-chained. Then ∩i∈NAi is ε-chained for each
ε > 0.

(iii) If a closed set A ⊂ R is ε-chained for every ε > 0 then it is connected.

Therefore, we only have to prove that for every ε > 0 there exist n ∈ N such that
⋃

m≥n Km(C)
is ε-chained. In what follows, to simplify the notation, for m ∈ N and x ∈ S1 we will set
Am(x) = F m(y)−y

m , where y ∈ π−1(x). As above, since f has degree one, Am(x) does not
depend on the choice of y. An easy calculation proves that |Ak(x) − Ak(f(x))| ≤ 2|ϕ|

k and
|Ak(x) − Ak+1(x)| ≤ |ϕ|

k for each k ∈ N and x ∈ S1. So, given ε > 0, k large enough and
j ∈ N there exist ε-chains between Ak(x) and Ak(f j(x)) and between Ak(x) and Ak+j(x).
Besides, for each i ∈ N, there is an ε-chain between Ai(u) and Ai(v) if u and v belong to
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f l(C) for some l. Consequently, if x ∈ f i(C), y ∈ f i+j(C), m1,m2 ∈ N and m1,m2 > k we
have the following diagram (where each arrow means that there is an ε-chain between the
elements it joins): Am1(x) → Am1(f

j(x)) → Am1(y) → Am2(y). In short we have proved
that

⋃
m≥n Km(C) is ε-chained.

In what follows, if f is a map, we will denote by Rec(f) the set of all recurrent points of
f .

Lemma 2.5. Let f ∈ C1(S1) have a lifting F and let C be a closed subset of S1. Then, for
each extremal point α of Rm

F (C), there exist x ∈ Rec(f
∣∣
W (C)

) such that ρF (x) = α.

Proof. If a is an extremal point of Rm
F (C) then, by Lemma ??, a ∈ Re

F (C). So, by Birkhoff’s
Ergodic Theorem there exist an ergodic measure µ and a set B ⊂ W (C) of µ-measure 1 such
that for every x ∈ B, a = limm→∞

1
m

∑m−1
i=0 ϕ(f i(x)) =

∫
W (C) ϕdµ. The set Rec(f

∣∣
W (C)

) has
µ-measure equal to one (see Theorem 6.15(i) and the remark after it of [?]). Consequently,
B ∩ Rec(f

∣∣
W (C)

) is non-empty and for all y ∈ B ∩ Rec(f
∣∣
W (C)

) we have that ρ(y) = α.

Proof of Theorem ??. By Lemmas ?? and ?? there exist a, b ∈ R such that

RF (Cl(C)) = RF (C) = [a, b].

Besides, by Lemma ??, we have that

Conv(Re
F (Cl(C))) = Conv(RF (Cl(C))) = [a, b] = Rm

F (Cl(C)).

This implies that a and b are the extremal points of Rm
F (Cl(C)). Thus, from Lemma ??, there

exist recurrent points u, v ∈ W (C) such that a = ρ(u) and b = ρ(v). Since ωf (W (C)) ⊂
W (C), from the definitions we get that⋃

z∈ωf (W (C))
LF (z) ⊂ RF (W (C)) = RF (C).

Therefore, Conv
(⋃

z∈ωf (W (C)) LF (z)
)
⊂ RF (C). On the other hand,

RF (C) = Conv(ρ(u), ρ(v)) ⊂ Conv
(⋃

z∈ωf (W (C))
LF (z)

)
since u, v ∈ ωf (W (C)). This ends the proof of the theorem.

Now we are ready to prove Theorem ??.

Proof of Theorem ??. It follows from Theorem ?? and the fact that ωf (W ({x})) = ωf (x) for
each x ∈ S1.
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3 Proof of Theorem ??

To prove Theorem ?? we need to introduce again some notions.
If I and J are intervals of S1 and f ∈ C1(S1) we say that I f-covers J if there exists a

subinterval K of I such that f(K) = J . We say that I f-covers J n times if there exist n
subintervals K1, . . . ,Kn of I with pairwise disjoint interiors such that f(Ki) = J .

Let P be a finite subset of S1. A P-basic interval is an interval I of S1 having both
endpoints in P and such that it does not contain any point of P in its interior. The partition
determined by P is defined to be the set of all P -basic intervals. The P -graph of a map
f ∈ C1(S1) is an oriented generalized (i.e., with several arrows joining the same vertices)
graph with vertices I1, . . . , In such that there are n arrows from Ii to Ij if Ii covers Ij n times
but not n + 1 times. A path is a finite sequence of P -basic intervals Ii1 , . . . , Iin such that for
every 1 ≤ j < n there exists an arrow from Iij to Iij+1 .

Let P ⊂ S1 be a finite set such that 0 ∈ π−1(P ). If J is a subset of a P -basic interval,
we define J̃ as π−1(J) ∩ [0, 1]. Suppose now that F is a lifting of a map f ∈ C1(S1) and
consider two P−basic intervals I and J . If in the oriented generalized P−graph of f there
are exactly m arrows from I to J , take the m corresponding subintervals K1, . . . ,Km of I
with pairwise disjoint interiors such that f(Ki) = J for each i = 1, . . . ,m. There exist integer
numbers k1, . . . , km verifying that F (K̃i) = J̃ + ki. We define the rotational P -graph of f as
the directed labeled P -graph of f where the arrow from I to J corresponding to the interval
Ki is labeled with the integer ki. We will say that a sequence of the form Ak1

1 . . . Akn
n where

the A′
is are P -basic intervals and the k′is are integer numbers is admissible for the rotational

P -graph of f (or, if there is no confusion, admissible for f) if for every i = 1, . . . , n− 1 there
is an arrow from Ai to Aj with label ki in the rotational P -graph of f . (Observe that an
admissible sequence corresponds to a path in the rotational P -graph of f).

Consider a sequence {Pi}n
i=1 of finite subsets of S1 such that 0 ∈ π−1(Pi) for each

i = 1, 2, . . . , n. Let A = Ak1
1 . . . Akn

n be a sequence such that each Ai is a Pi-basic inter-
val and k1, k2, . . . , kn are integer numbers. The number n will be called the length of the
sequence A and will be denoted by len(A). The rotation number of A, denoted by ρ(A), is
defined to be the rational number 1

n

∑n
j=1 kj . Assume that B = Bm1

1 . . . Bmn
n also satisfies

that each Bi is a Pi-basic interval and m1,m2, . . . ,mn are integer numbers. The concatena-
tion Ak1

1 . . . Akn
n Bm1

1 . . . Bmn
n of A and B will be denoted by AB. We also will denote the

concatenation of A with itself m ≥ 1 times as Am. Let F be a lifting of a map f ∈ C1(S1). We
say that a point x ∈ S1 f-follows the sequence A if for every 1 ≤ i ≤ n and y ∈ π−1(x)∩ [0, 1]
we have that F i−1(y) ∈ Ãi +

∑i−1
j=1 kj .

Lemma 3.1. Let {ki}i∈N ⊂ N and let A1, A2, . . . be an infinite sequence such that, for each
i ∈ N, Ai is a Pi-basic interval for some finite subset Pi ⊂ S1 such that 0 ∈ π−1(Pi). Let
f ∈ C1(S1) and assume that a point x ∈ S1 f-follows the sequence Ak1

1 Ak2
2 . . . Akn

n for each
n ∈ N. Then, for each lifting F of f , the rotation set of x, LF (x), is the set of accumulation
points of the sequence

{
1
n

∑n
i=1 ki

}
n∈N and RF (x) is the set of accumulation points of all

sequences of the form
{

1
ni

∑ni+mi
i=mi

ki

}
i∈N

, where ni →∞ as i →∞ and mi ∈ N.

Proof. Since f has degree one we have that

(i) for every i ∈ N, |ki| ≤ maxx∈[0,1] |F (x)|+ 1, and
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(ii) for every n ∈ N, |Fn(x)−
∑n

i=1 ki| ≤ 1.

So the statement can be easily deduced from the these observations.

A point x is periodic of period n if fn(x) = x and f i(x) 6= x if 1 ≤ i < n. The (finite)
orbit of a periodic point will be called a periodic orbit . Also, the orbit of a point x ∈ S1 will
be denoted as Orbf (x).

Assume that P is a periodic orbit of a map f ∈ C1(S1) with rotation number p
q and that

P ⊂ Q for some finite subset Q of S1. We note that for each x ∈ P there exists an admissible
sequence A = Ak1

1 Ak2
2 . . . Akn

n for the rotational Q-graph of f such that ρ(A) = p
q and the

point x f -follows the sequence Am for every m ∈ N. Such a sequence A will be called the
code of x in the rotational Q-graph of f .

The proof of the next lemma follows easily from Lemma 1.2.6 of [?].

Lemma 3.2. If A = Ak1
1 . . . Akn

n is an admissible sequence for the rotational P − graph of f

then there exists I ⊂ A1 such that every x ∈ I f-follows A and Fn−1(Ĩ) = Ãn +
∑n−1

i=1 ki.

Let f ∈ C1(S1) and let F be a lifting of f . We say that the orbit of a point x ∈ S1

is twist if F
∣∣
π−1(Orbf (x))

is non-decreasing. A periodic orbit P of f of period n is said to
be irreducible if there does not exist m < n, x ∈ R and a set of closed disjoint intervals
{I1, I2, . . . , Im} ⊂ [x, x + 1] such that for each i ∈ {1, . . . ,m} there exist j ∈ {1, . . . ,m} and
k ∈ Z verifying that F (π−1(P ) ∩ Ii) = (π−1(P ) ∩ Ij) + k.

If f, g ∈ C1(S1) are two degree one circle maps and P ⊂ S1, we will say that the rotational
P -graph of g is a subgraph of the rotational P -graph of f if for each labeled arrow of the
rotational P -graph of g there is an arrow of the rotational P -graph of f joining the same
vertices with the same label. A graph is strongly connected if there is a finite path between
each pair of vertices. The following lemma studies some conditions to assure that a graph
has this property.

Lemma 3.3. Assume that P1, . . . , Pn are irreducible periodic orbits of a map f ∈ C1(S1) with
different rotation numbers. Then the ∪n

k=1Pk-graph of f is strongly connected

Proof. Let F be a lifting of f and consider the continuous map G : R −→ R defined as follows:
G(x) = F (x) if x ∈ π−1(∪n

k=1Pk) and G is affine on each connected component of R \
π−1(∪n

k=1Pk). The map G turns to be the lifting of a map g ∈ C1(S1) and its ∪n
k=1Pk-graph is

a subgraph of the ∪n
k=1Pk-graph of f . Then if we prove that the ∪n

i=1Pi-graph of g is strongly
connected we are done. Suppose that it is not strongly connected. Then there are two basic
intervals I and J such that there is no path from I to J . Let W = ∪∞i=1g

i(I). The interval J
cannot be included in W and so W 6= S1. The number of connected components of W is finite
because each one has both endpoints in ∪n

k=1Pk. Let W1, . . . ,Wm be the set of all connected
components of W . We note that for each i = 1, 2, . . . ,m there exists j ∈ {1, 2, . . . ,m} such
that g(Wi) ⊂ Wj . The set W must contain, at least, one of the periodic orbits, say Pi, so we
can assume that gp(W1) ∩W1 6= ∅ where p is the period of Pi. Then gp(W1) ⊂ W1. On the
other hand, the set W1 cannot contain any other point of Pi. Otherwise, this would imply
that Pi is reducible which is a contradiction because g coincides with f on Pi. So, m must be
larger than one and W1 must contain a point of an orbit Pj , with j 6= i. Let V be a connected
component of π−1(W1). Clearly, its diameter is smaller than one. So, if r

p is the rotation
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number of Pi, we have that Gp(V ) ⊂ V + r. Then, for any x ∈ W1, ρG(x) = r
p . In particular,

ρG(Pi) = ρG(Pj). Consequently, ρF (Pi) = ρF (Pj) contradicting our hypothesis.

For the proofs of Lemma ?? and Corollary ?? follow from Propositions 3.7.11 and 3.7.19
of [?].

Lemma 3.4. Let F be a lifting of a continuous circle map of degree one. If F is non-
decreasing then

lim
n→∞

Fn(y)− y

n

exist and is independent on y ∈ R.

Corollary 3.5. Let F , G and H be liftings of degree one circle maps such that F and H are
non-decreasing and F ≤ G ≤ H. If LG = [α, β] and x ∈ S1 then ρF (x) ≤ α and ρH(x) ≥ β.

Lemma 3.6. Suppose that F is the lifting of a degree one circle map and that [α, β] ⊂ LF

where α < β. Then there exist a map g ∈ C1(S1) with a lifting G such that

(1) LG = [α, β]
(2) If for some x ∈ R, G(x) 6= F (x) then there exist a neighborhood U of x such that G

∣∣
U

is
constant.

Proof. From [?] (see also [?, Proposition 3.7.17]) there exist two non-decreasing liftings of
degree one circle maps, maps Fα and Fβ , such that:

(i) Fα ≤ Fβ

(ii) LFα = {α}
(iii) LFβ

= {β}
(iv) If for some x ∈ R, Fα(x) 6= F (x) then there exist a neighborhood U of x such that Fα

∣∣
U

is constant.
(v) If for some x ∈ R, Fβ(x) 6= F (x) then there exist a neighborhood U of x such that Fβ

∣∣
U

is constant.

Define a map G : R −→ R in the following way:

G(x) =


Fα(x) if F (x) ≤ Fα(x),
F (x) if Fα(x) ≤ F (x) ≤ Fβ(x),
Fβ(x) if Fβ(x) ≤ F (x).

This map is continuous and verifies that G(x + 1) = G(x) + 1. So it is the lifting of a map
g ∈ C1(S1). Clearly the map G satisfies statement (2). Next we will show that LG = [α, β].
By Corollary ?? and the inequalities Fα ≤ G ≤ Fβ we deduce that LG ⊂ [α, β]. To prove the
other inclusion we note that, from [?], there exists xα ∈ S1 such that Fn

α (yα) = Fn(yα) for each
n ≥ 0 and yα ∈ π−1(xα). Therefore, from the definition of G it follows that Fn

α (yα) = Gn(yα)
for each n ≥ 0 and yα ∈ π−1(xα). So, from (ii) it follows that α ∈ LG. The fact that β ∈ LG

can be shown in a similar way.
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Proof of Theorem ??. Suppose first that α = β ∈ LF . By [?] there exists a point x ∈ S1 such
that its orbit has rotation number α and it is twist. Consider W = Cl(Orbf (x)) and observe
that F

∣∣
W

is still non-decreasing. Define a continuous map G : R −→ R in the following way:
F

∣∣
W

= G
∣∣
W

and G is affine on each connected component of R\W . This map G is the lifting
of a degree one circle map and it is non-decreasing. Hence, by Lemma ??, LG = {α}. Since
Fn(y) = Gn(y) for every y ∈ π−1(Orbf (x)), then LF (x) = LG(x) = {α} = LG = RG(x) =
RF (x).

Now we consider the case α < β. Take a sequence of rational numbers {pi

qi
}i∈N ⊂ [α, β]

such that pi and qi are coprime and p2i

q2i
↘ α and p2i+1

q2i+1
↗ β when i → ∞. Let g ∈ C1(S1)

and G be the maps from Lemma ??. ¿From [?] it follows that for each i there exist a twist
periodic orbit Pi of g with rotation number {pi

qi
} such that, if U is a neighborhood of a point

x ∈ π−1(Pi), then G
∣∣
U

is not constant. We note that, in view of Lemma ??(2), we have that
F

∣∣
π−1(Pi)

= G
∣∣
π−1(Pi)

. Without loss of generality we can assume that π(0) ∈ P1.

For each i ∈ N denote by Xi the set ∪i
j=1Pj and let I1,i, . . . , Imi,i be the Xi-basic intervals.

Let Ri be the code of a point from Pi in the rotational Xi-graph of g and denote its first
symbol by Iji,i. Since the partition given by Xi+1 is finer than the one given by Xi for
each i, there exists an Xi-basic interval containing Iji+1,i+1. Denote this interval by Iti,i. By
Lemma ?? there exist an admissible sequence Si for the rotational Xi-graph of g such that
the sequence RiSiI

mi
ti,i

is admissible for some mi ∈ Z. The sequence Si will be used to ”glue”
sequences of the form Rni

i with ni growing in a ”convenient” way with i. Let us denote the
last symbol of Si by Ihi

li,i
.

Claim 1. There exists a sequence of natural numbers {ni}i∈N and a sequence of positive reals
{εi}i∈N converging to zero when i tends to ∞ such that:

(a) If i is odd, then pi

qi
− εi < ρ(Rn1

1 S1 . . .Rni
i Si) < β,

(b) If i is even, then α < ρ(Rn1
1 S1 . . .Rni

i Si) < pi

qi
+ εi.

Proof of Claim 1. First take any sequence of positive reals {εi}i∈N tending to zero. Now
we will prove (a) and (b) by induction. Since the proofs for i = 1 and the inductive steps
when i is even and when is odd are similar, we are only going to make the proof for the case
i is odd.

Suppose that i is odd and we have n1, . . . , ni verifying conditions (a) and (b). If

ρ(Rn1
1 S1 . . .Rni

i SiSi+1) =
a

b

then we have
ρ(Rn1

1 S1 . . .Rni+1

i SiR
n
i+1Si+1) =

a + npi+1

b + nqi+1
,

which converges to pi+1

qi+1
as n tends to infinity. So, choosing ni+1 large enough, (b) is satisfied.

This ends the proof of Claim 1.

Claim 2. For each i ∈ N let ρ(Rni
i Si) = ai

bi
where bi = len(Rni

i Si). Then there exist a non
increasing sequence of closed intervals {Ii}i∈N of S1 such that:

(i) If x ∈ Ii then x f -follows Rn1
1 S1 . . .Rni

i Si
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(ii) Gki(Ĩi) = Ĩli,i + (
∑i

j=1 aj)− hi where ki = (
∑i

j=1 bj)− 1.

Proof of Claim 2. The case i = 1 follows from Lemma ??. Suppose now that there exist
intervals I1, . . . , Ii verifying (i) and (ii). Since the sequence SiI

mi
ti,i

is admissible, from (ii),
it follows that Ĩji+1,i+1 +

∑i
j=1 aj ⊂ Ĩti,i +

∑i
j=1 aj ⊂ Gki+1(Ĩi). On the other hand, by

Lemma ?? there exist an interval J ⊂ Iji+1,i+1 such that every x ∈ J f -follows the sequence
Rni+1

i+1 Si+1 and Gbi+1−1(J̃) = Ĩli+1,i+1 + ai+1− hi+1. Taking Ii+1 as the subinterval of Ii such
that Gki+1(Ĩi+1) = J̃ +

∑i
j=1 aj , Claim 2 follows.

Now take x in the intersection of all intervals Ii from Claim 2. By Claim 1 and Lemma ??
we have that [α, β] ⊂ LG(x). On the other hand, LG(x) ⊂ RG(x) ⊂ LG = [α, β]. So,
LG(x) = RG(x) = [α, β]. Observe that because of the definition of G (see the proof of
Lemma ??), for any finite set P ⊂ S1, the rotational P -graph of g is a subgraph of the
rotational P -graph of f . Therefore, Claims 1 and 2 also hold for F instead of G. Let {IF

i }i∈N
be the sequence given by Claim 2 for F and take y ∈ ∩∞i=1I

F
i . By the definition of x and y

and Lemma ?? we get that LG(x) = RG(x) = LF (y) = RF (y). This ends the proof of the
theorem.

4 Example

In this section we present an example of a map f ∈ C1(S1) with lifting F such that for some
x ∈ S1 the following statements hold:

(1) LF (x) = {ρF (x)} is strictly included in RF (x).
(2) ∪z∈ωf (x)LF (z) is not convex.
(3) Re

F (x) only contains the extremal points of RF (x), therefore its interior is empty but the
interior of RF (x) is the set (0, 1).

We will say that a point x ∈ S1 f -follows an infinite sequence Ak1
1 Ak2

2 . . . if it f -follows
the sequence Ak1

1 Ak2
2 . . . Akn

n for each n ∈ N.

Example 4.1. Take two disjoint intervals I0, I1 ⊂ S1 and take P as the set of endpoints of
I0 and I1. Consider a map f ∈ C1(S1) with lifting F such that in its rotational P -graph there
exist one arrow from Ii to Ij with label i where i, j ∈ {0, 1} and suppose that F is affine on
Ĩ0 and Ĩ1. Take a point x which f -follows the sequence

∏
i∈N(I0

0 )i(I1
1 )i. Then by Lemma ??,

ρF (x) = 1
2 . Clearly, each element of the ω-limit of x f -follows a sequence in the set

{(I0
0 )i(I1

1 )∞, (I1
1 )i(I0

0 )∞ : i ∈ N ∪ {0}}.

Again by Lemma ??, we have that ∪z∈ωf (x)LF (z) = {0, 1}. By Theorem ?? and the fact that
the interior of RF is (0, 1) this shows (1) and (2).

To prove (3) we note that, since F is expansive in Ĩ0 and Ĩ1, for each infinite sequence of
symbols I0

0 and I1
1 , there exists a unique point f -following it. If µ ∈ Mf

e (Cl(Orbf (x))) then
sup(µ) ⊂ Rec(f

∣∣
Cl(Orbf (x))

) ⊂ ωf (x). So, Mf
e (Cl(Orbf (x))) = {µ0, µ1} where xi is the only

point that f -follows the sequence (Ii
i )
∞ and µi = δxi . Then we have RF

e (Cl(Orb(x))) = {0, 1}
and RF (Cl(Orb(x))) = RF

m(Cl(Orb(x))) = [0, 1]. This shows (3).

11



References
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lunya, Diagonal 647, 08028 Barcelona, Spain.

E-mail: alseda@mat.uab.es

Address of Moira Chas: Department of Mathematics, CUNY Graduate Center, 365
Fifth Avenue, New York, NY 10016, USA.

E-mail: MChas@gc.cuny.edu

12



Address of Francesc Mañosas: Departament de Matemàtiques, Edifici Cc, Universitat
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