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Abstract Let F' be the lifting of a circle map of degree one. In [?] a notion of F-rotation
interval of a point 2 € S! was given. In this paper we define and study a new notion of
a rotation set of a point which preserves more of the dynamical information contained
in the sequences {F™(y)}>2, than the preserved by the one from [?]. In particular, we
characterize dynamically the endpoints of these sets and we obtain an analogous version
of the Main Theorem of [?] in our settings.

1 Introduction and statement of the main results

Let C1(S') be the class of all continuous maps of the circle into itself of degree one. Let
f € C1(SY) and let F: R — R be a lifting of f. Denote by 7 the canonical projection from
R to S!. It is well known that, when f is a homeomorphism, then lim, )=y exists,
it does not depend on y and is called the rotation number of f. In the general case of
endomorphisms, this limit may not exist. Newhouse, Palis and Takens introduced in [?] the

notion of rotation set of an endomorphism, Lg, by defining:
Lp = Cl{pj(a) : € §'Y)
where Cl(-) means topological closure and

n
pr(z) = limsup )=y W)~y
n—oo

for any y € 7~ !(z) (note that since f has degree one, F(y+1) = F(y)+1 for each y € R and,
hence, p}.(z) does not depend on y). They also proved that Ly is an interval. Clearly, Lp is
defined up to translations by integers. In [?] Ito proved that each a € Lp is realized as the
rotation number of some point in S! in the sense that, for some z € S, o = lim,, %,
where y € 771(x). In such a case we will say that « is the rotation number of x and we will
denote it by pr(x). We note that each point in the orbit of z, that is in the set { f"(z) : n > 0},
has the same rotation number. So, we often will talk about the rotation number of an orbit

and will use the notation pp(P) with P the orbit of a point € S*.

Bamon, Malta, Pacifico and Takens defined in [?] the notion of rotation set of a point
r € S!', which will be denoted here by Lg(x), as the set of limit points of the sequence
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{% ., where y € 771(z). They prove that it is a closed subinterval of Lr and that

given [, 8] C L, a < 3, there exists x € S! such that Lp(z) = [a, 8].

We are interested in obtaining more dynamical information from the sequence { F"™(y)}>2,,.
More precisely, we are looking for a larger set of rotation numbers which could be calculated
from such a sequence (and, of course, included in Lr). We do it by considering not only the
rotation numbers of the f-orbit of x but the rotation numbers of the closure of such orbit.
This last set of rotation numbers can be easily calculated using only the numerical values of
the sequence {F"(y)}>, in the following way: Given a set C' € S!, consider the limits of all
convergent sequences of the form:

Fritmi(y;) — F™ (yi)

1

, with n; — oo, 7(y;) € C and m; € NU{0}.

The set obtained in such a way will be called the rotation set of C' and will be denoted by
Rp(C). To simplify the notation, in the case that C' = {z} we will simply write Rp(z)
instead of Rp({x}). It is straightforward to see that Lp(x) C Rp(x) but the inclusion may
be strict as it is shown in the example we exhibit in Section ?77.

Another way to express our definition is the following:

F™'(y) —y

Rp(C) = ﬂ Cl U K., (C) | where K,,(C) = {
n=0 m>n

 n(y) EUZ":of”(C)}-

;From this definition it follows immediately that the set Rp(C) is closed.

Both forms of the definition of Rp(C) are similar to the one given in [?] for rotation sets
of k-dimensional torus endomorphisms. Nevertheless, their definition is “global” (they take
C = T*) and we are going to work in a “local” context because our principal interest is to
study the case C = {z}. In the global context studied in [?] it is proved that Rp(S') = Lp.
A consequence of this equality is that for any C C S', Rp(C) C Lp.

The aim of this paper is to study the set defined above. In particular, we characterize
dynamically the endpoints of the sets of the form Rp(x) and we obtain an analogous version
of the Main Theorem of [?] in our settings. This is achieved in Theorems ?? and 7?7 below.

We recall that the w-limit of z, denoted by ws(z), is the set of points y € S! for which there
exists an strictly increasing sequence of natural numbers {ny }ren such that limy o " (z) =
y. If € wy(z) we will say that x is recurrent. Also, if C' C S! then wy(C) will denote the
set Uyeowy().

Given a set A in S! of R, Conv(C) will denote the convex hull of C' (that is, the set of all
convex combinations of elements of A).

Theorem A. Let f € Ci(S!) and let x € S'. Then there exist two recurrent points u,v €
wy(z) such that

Rp(z) = [p(u), p(v)] = Conv (U LF(Z)> .

zEwy ()

Theorem 7?7 will follow immediately as a corollary of a more general theorem which will
be stated and proved in Section ??. The example in Section 7?7 shows that without taking
the convex hull of the set UZwa(x)LF(z) Theorem 77 is no longer valid.
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Theorem B. Let f € C1(SY) and let F be a lifting of f. If [o, 3] C Ly then there exists
x € S! such that
Lp(z) = Rp(z) = [, B].

Theorem ?7 is an almost immediate consequence of a technical lemma on circle maps
(Lemma ?7?) and the results from [?] and [?]. However, as it is observed in the introduction,
in [?] the set R is defined globally by taking C' = S! whereas in our setting we have C' = {x}.
So, the use of the results of [?] in our problem would imply to translate them to the case
C = {x}. We have chosen to write the proof of Theorem ?? in full for completeness and
clarity. Moreover, the tools used in the proof will make easier to construct the example given
in Section ?7.

The paper is organized as follows: in Sections 77 and 7?7 we prove Theorems ??7 and 77,
respectively. In each case we develop the necessary tools. Section 77 is devoted to exhibit
the above mentioned example.

Acknowledgements. We thank an anonymous referee for careful reading and useful re-
marks on a previous version of the manuscript. The first and third author have been partially
supported by the DGES grant PB96-1153 and the CONACIT grant 1999SGR. 00349.

2 Characterization of the set Rp(C)

The aim of this section is to prove Theorem ?? from which Theorem 7?7 can be easily deduced.

In what follows, the connected subsets of S' will be called intervals. Also, given C' C S*
we will denote by W (C') the set CI(US2, f"(C)).

Theorem 2.1. Let f € C1(S') and let C C S' be an interval, possibly degenerated to a point.
Then there exist recurrent points u,v € W(C') such that

Re(C) = Re(CI(C) = [pu), ()] = Conv (| Le())

zewp(W(C))

To prove Theorem 7?7 we need some preliminary results.

Lemma 2.2. Let F be a lifting of a map f € Ci(S') and let C C S'. Then Rp(C) =
Rr(CLC)).

Proof. The continuity of f implies that:

UnZo /" (CL(C)) C UpZy CI(f™((C))) € W(C).

Hence, if we set G(z) = 972 then K,,(C) = G(r (U2, f"(C))). From the above

m
inclusion and the continuity of G we deduce that:

G(rH(UpZof"(C(C)))) € CUG(m™H(Upof"(C))))-

Therefore, Up,>p K, (CL(C)) C Cl(Up>n K, (C)) and, hence, Rp(Cl(C)) C Rp(C). Since the
other inclusion is obvious the lemma holds. | |



Note that, from the above lemma, we see that Rp(C) = Rp(W(C)) for each C C St.

Given a lifting F of f € C1(S') we define the displacement function p: S! — R as
o(z) = F(y) —y where y € 7~ !(x). This function is continuous and, as it is easy to see,
verifies that F"(y) —y = Zf’;ol ©(f(n(y))) for each n € N and y € R. Moreover, since f
has degree one ¢ does not depend on the choice of y. The above equality suggests, as it is
remarked in [?], that the problems of convergence of the sequence {%}nel\f are deeply
related with Birkhoft’s Ergodic Theorem (see [?] for the precise statement).

If C is a subset of S!, we denote by MJ(C) and M,’;L(C) the spaces of ergodic and

invariant probabilistic measures for respectively. It is well known that M,J;(C) is

f ‘W(C)
convex, compact with the weak*-topology and p is an extremal point of M/;(C) if and only
if pe Ml (C) (see, for instance, [?, Theorem 6.10]). In this context, we define the following
sets:

RH(C) = {/W(C) pdp € M!(C)},

RE(C) = {/W(C) pdp: € M%Z(C)}-

The next result was proved for k-dimensional torus homeomorphisms homotopic to the
identity in the case C' = T* by Misiurewicz and Ziemian in [?]. The proof we present here
follows ideas that Fathi developed in [?] for the global case. We note that Lemmas ?? and 77
as well as their proofs are valid not only for the circle but also for the k-dimensional torus.

Lemma 2.3. Let C be a closed interval of S' and let F be a lifting of a map f € C1(Sh).
Then:

Rp(C) C Rp(C) C RE(C).
Moreover, R}J}(C) = Conv(R%(C)).

Proof. If u € M (C), by Birkhoff’s Ergodic Theorem, for y-almost every z € W (C) we have
that

n . n—1 ‘
F(ggy = %Zw(fz(x)) = o pdy
=0

where y € 7 1(x). Therefore, fW(C) wdp € Rp(W(C)) = Rp(C). Hence, the first inclusion
holds.

Denote by d, the measure defined by

5x(U)—{1 if x € U,

0 otherwise,

for each U C W(C).

To prove the second inclusion, we take z; € Up2, f*(C) and a strictly increasing sequence

{n;}321 C N such that lim; . %i)_y] exists, where y; € 7~ 1(z;). Then observe that
n;—1 n;—1
Fry;) -y _ 1 X i 13
— = — @(f(ﬂf'))Z/ pdl — > Opi(;
n; n; Zz; ’ we) \ Zz; )



Moreover, since M,{l(C) is compact with the weak*-topology, there exists a subsequence of
{% S al Ofi(x;)}jen which converges to an f-invariant probability measure on W(C). So,
the second inclusion holds.

To prove the last statement we note that the map p — fW(C) pdp is linear and contin-

uous. Hence, R (C) is convex and compact because so is M%;(C’) Now take an extremal
point a € R7(C) and denote by M, the set of p € M, such that fW(C) @dp = a. Since M,
is compact and convex, by the Krein-Milman Theorem (see, for instance, [?, page 138]), M,
contains an extreme point v. We claim that v is also an extreme point of M,];(C) (that is,
ve M ). We will prove the claim in the case that a is a maximum of R} (C). The proof in
the other case is similar. If v is not an extreme point of M, (C) there exists p1, uo € ML (C)
and A1, Ao € R such that A\; + Ao = 1 and v = A1 1 + Aope. Therefore,

a:/ dV:Al/ d,u1+)\2/ dupg < (A1 + A2)a = a;
W(C) w(C) w(C)

a contradiction. This ends the proof of the claim.

In view of the claim, in M, there exist an ergodic measure and, hence, R% contains the
extremal points of R7. Putting all together we get the last statement of the lemma. |

It was proved in [?] that for two-dimensional torus homeomorphisms homotopic to the
identity, the interiors of R%(T?) and R (T?) coincide. This result is no longer valid in our
context (see, for instance, the example in Section 77).

The proof of the next lemma follows standard ideas that can be found in [?] and [?]. We
need the following notions. Assume that A C R and let =,y € A. An e-chain in A between
x and y will be a finite subset {x = x1,...,2, = y} C A such that |z; — zi41| < € for
i=1,....,m—1. A set A C R will be called e-chained if for any x,y € A there exists an
e-chain in A between z and y.

Lemma 2.4. Let f € Ci(S') and let C be a connected subset of S*. Then, for each lifting F
of f, Rrp(C) is a closed interval of R.

Proof. 1t is an easy exercise to prove the following assertions:

(i) If A is e-chained then CI(A) is also e-chained.

(ii) Assume that {4;};en is a descending sequence of subsets of R such that for every e > 0
there exist i € N such that the set A; is e-chained. Then N;enA; is e-chained for each
e > 0.

(iii) If a closed set A C R is e-chained for every € > 0 then it is connected.

Therefore, we only have to prove that for every e > 0 there exist n € N such that (J,,,~.,, Km(C)
is e-chained. In what follows, to simplify the notation, for m € N and z € S* we will set
Ap(z) = %, where y € 77 1(x). As above, since f has degree one, A,,(x) does not
depend on the choice of y. An easy calculation proves that |[Ax(x) — Ax(f(x))| < % and
|Ak(x) — Ag+1(2)| < % for each k € N and = € S*. So, given € > 0, k large enough and
J € N there exist e-chains between Ay (z) and Ax(f7’(z)) and between Ag(x) and Ay ;(z).
Besides, for each i € N, there is an e-chain between A;(u) and A;(v) if v and v belong to



fH(C) for some I. Consequently, if x € fi(C), y € f77(C), m1,ma € N and my, ma > k we
have the following diagram (where each arrow means that there is an e-chain between the
elements it joins): Ay (1) — Ay (7 (2)) — Ay (y) — Am,(y). In short we have proved
that | J m(C) is e-chained. [ |

m>n

In what follows, if f is a map, we will denote by Rec(f) the set of all recurrent points of

f.

Lemma 2.5. Let f € C1(S') have a lifting F and let C be a closed subset of S'. Then, for
each extremal point a of R} (C), there exist x € Rec(f‘W(C)) such that pp(z) = «a.

Proof. If a is an extremal point of R}}(C) then, by Lemma ??, a € R%(C). So, by Birkhoff’s
Ergodic Theorem there exist an ergodlc measure ,u and a set B C W(C) of y-measure 1 such
that for every = € B, a = lim,,_0o ~ el S go fW wdp. The set Rec( f‘W(C)) has
p-measure equal to one (see Theorem 6.15(i) and the remark after it of [?]). Consequently,
Bn Rec(f‘W(C)) is non-empty and for all y € BN Rec(f’W(c)) we have that p(y) =a. B

Proof of Theorem 7?. By Lemmas 72 and ?? there exist a,b € R such that
Rp(CI(C)) = Rp(C) = [a,b].
Besides, by Lemma ??, we have that
Conv(R%(CL(C))) = Conv(R#(CL(C))) = [a,b] = RT(CL(C)).

This implies that a and b are the extremal points of R} (CI(C')). Thus, from Lemma ?7?, there
exist recurrent points u,v € W(C) such that a = p(u) and b = p(v). Since wr(W(C)) C
W(C), from the definitions we get that

Uzwa(W(C)) Lp(z) C Rp(W(C)) = Rr(C).

erefore, Conv r(z)) C R . On the other hand,
Theref C zewf(W(C))L Rp(C). On th her hand

Rp(C) = Conv(p(u), p(v)) C Conv <U LF(Z))

zewp(W(C))
since u,v € wg(W(C)). This ends the proof of the theorem. [ |
Now we are ready to prove Theorem ?7.

Proof of Theorem ??. It follows from Theorem ?7 and the fact that ws(W({z})) = ws(x) for
each z € St. [ |



3 Proof of Theorem 77?

To prove Theorem ?? we need to introduce again some notions.

If I and J are intervals of S! and f € C1(S!) we say that I f-covers J if there exists a
subinterval K of I such that f(K) = J. We say that I f-covers J n times if there exist n
subintervals K71, ..., K, of I with pairwise disjoint interiors such that f(K;) = J.

Let P be a finite subset of S'. A P-basic interval is an interval I of S! having both
endpoints in P and such that it does not contain any point of P in its interior. The partition
determined by P is defined to be the set of all P-basic intervals. The P-graph of a map
f € Ci(S!) is an oriented generalized (i.e., with several arrows joining the same vertices)
graph with vertices I, ..., I, such that there are n arrows from I; to I; if I; covers I; n times
but not n + 1 times. A path is a finite sequence of P-basic intervals I; , ..., I;, such that for
every 1 < j < n there exists an arrow from I;; to I;, .

Let P C S! be a finite set such that 0 € 7=1(P). If J is a subset of a P-basic interval,
we define J as 71(J) N [0,1]. Suppose now that F is a lifting of a map f € Ci(S!) and
consider two P—basic intervals I and J. If in the oriented generalized P—graph of f there
are exactly m arrows from I to J, take the m corresponding subintervals Ki,..., K, of I
with pairwise disjoint interiors such that f(K;) = J for each i = 1,...,m. There exist integer
numbers k1, ...,k verifying that F(f(z) = J + k;. We define the rotational P-graph of f as
the directed labeled P-graph of f where the arrow from I to J corresponding to the interval
K; is labeled with the integer k;. We will say that a sequence of the form A’fl ... AFn where
the Als are P-basic intervals and the k}s are integer numbers is admissible for the rotational
P-graph of f (or, if there is no confusion, admissible for f) if for every i = 1,...,n — 1 there
is an arrow from A; to A; with label k; in the rotational P-graph of f. (Observe that an
admissible sequence corresponds to a path in the rotational P-graph of f).

Consider a sequence {P;}" ; of finite subsets of S! such that 0 € 7=1(P;) for each
1 =1,2,...,n. Let A = Alfl ... AFn be a sequence such that each A; is a P;-basic inter-
val and ki, k2, ..., k, are integer numbers. The number n will be called the length of the
sequence A and will be denoted by len(A). The rotation number of A, denoted by p(A), is
defined to be the rational number %2?21 kj. Assume that B = B]"' ... B)'* also satisfies
that each B; is a P;-basic interval and mq, ms, ..., m, are integer numbers. The concatena-
tion Alfl Ak [ BMn of A and B will be denoted by AB. We also will denote the
concatenation of A with itself m > 1 times as A™. Let F be a lifting of a map f € Cy(S!). We
say that a point € St f-follows the sequence A if for every 1 <i <mn and y € 7~ 1(x)NJ0,1]

we have that F©=1(y) € A; + 23;11 k;j.

Lemma 3.1. Let {k;};en C N and let Ay, As, ... be an infinite sequence such that, for each
i € N, A; is a P;-basic interval for some finite subset P; C S' such that 0 € 7~ (P;). Let
f € Ci(SY) and assume that a point v € St f-follows the sequence A/’{“Aé€2 ... AFn for each
n € N. Then, for each lifting F of f, the rotation set of x, Lr(x), is the set of accumulation

points of the sequence {% Yoy ki}neN and Rp(x) is the set of accumulation points of all

sequences of the form {ni Z:ﬁ:{?l k‘l} , where n; — 0o as i — oo and m; € N.
v - €N

Proof. Since f has degree one we have that

(i) for every i € N, |k;| < maxge(oq1) |F(2)] + 1, and
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(ii) for every n € N, |F"(z) — Y ", k| < 1.

So the statement can be easily deduced from the these observations. [ |

A point x is periodic of period n if f*(z) = x and fi(z) # x if 1 < i < n. The (finite)
orbit of a periodic point will be called a periodic orbit. Also, the orbit of a point z € S! will
be denoted as Orb¢(x).

Assume that P is a periodic orbit of a map f € C;(S') with rotation number g and that

P C @ for some finite subset Q of S'. We note that for each z € P there exists an admissible
sequence A = A’flASQ ... Akn for the rotational Q-graph of f such that p(A) = % and the
point x f-follows the sequence A™ for every m € N. Such a sequence A will be called the
code of x in the rotational Q-graph of f.

The proof of the next lemma follows easily from Lemma 1.2.6 of [?].

Lemma 3.2. I[f A = A]fl ... AFn s an admissible sequence for the rotational P — graph of f
then there ewists I C Ay such that every x € I f-follows A and F" (1) = A, + E?;ll k;.

Let f € C1(S') and let F be a lifting of f. We say that the orbit of a point z € S!
is twist if F ‘rl(Orbf @) is non-decreasing. A periodic orbit P of f of period n is said to
be irreducible if there does not exist m < n, x € R and a set of closed disjoint intervals
{Ii,I2,...,1} C [z,x 4+ 1] such that for each ¢ € {1,...,m} there exist j € {1,...,m} and
k € Z verifying that F(r~Y(P)N L) = (==Y (P) N I;) + k.

If f,g € C1(S!) are two degree one circle maps and P C S!, we will say that the rotational
P-graph of ¢ is a subgraph of the rotational P-graph of f if for each labeled arrow of the
rotational P-graph of g there is an arrow of the rotational P-graph of f joining the same
vertices with the same label. A graph is strongly connected if there is a finite path between
each pair of vertices. The following lemma studies some conditions to assure that a graph
has this property.

Lemma 3.3. Assume that Py, ..., P, are irreducible periodic orbits of a map f € C1(S*) with
different rotation numbers. Then the Uy_, Py-graph of f is strongly connected

Proof. Let F be a lifting of f and consider the continuous map G: R — R defined as follows:
G(z) = F(z) if z € 71 (Ul_,P;) and G is affine on each connected component of R \
71 (UR_, P;). The map G turns to be the lifting of a map g € C;(S') and its UP_, Py-graph is
a subgraph of the U}_, Py-graph of f. Then if we prove that the U} P;-graph of g is strongly
connected we are done. Suppose that it is not strongly connected. Then there are two basic
intervals I and J such that there is no path from I to J. Let W = U2, ¢*(I). The interval .J
cannot be included in W and so W # S'. The number of connected components of W is finite
because each one has both endpoints in U}_; P. Let W1q,...,W,, be the set of all connected
components of W. We note that for each i = 1,2,...,m there exists j € {1,2,...,m} such
that g(W;) C W;. The set W must contain, at least, one of the periodic orbits, say P;, so we
can assume that g?(Wi) N W, # () where p is the period of P;. Then ¢gP(W;) C Wi. On the
other hand, the set W; cannot contain any other point of P;. Otherwise, this would imply
that P; is reducible which is a contradiction because g coincides with f on P;. So, m must be
larger than one and W must contain a point of an orbit P;, with j # 4. Let V' be a connected
component of 7~ 1(W7). Clearly, its diameter is smaller than one. So, if % is the rotation
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number of F;, we have that GP(V) C V +r. Then, for any x € W1, pg(x) = 7. In particular,
pc(P;) = pa(Pj). Consequently, pp(F;) = prp(P;) contradicting our hypothesis. [ |

For the proofs of Lemma 7?7 and Corollary ?? follow from Propositions 3.7.11 and 3.7.19
of [?].

Lemma 3.4. Let F be a lifting of a continuous circle map of degree one. If F is non-
decreasing then
F(y) —
tim W)~y
n—oo mn

exist and is independent on y € R.

Corollary 3.5. Let F', G and H be liftings of degree one circle maps such that F' and H are
non-decreasing and F < G < H. If Lg = [o, 8] and © € St then pr(x) < o and py(z) > B.

Lemma 3.6. Suppose that F' is the lifting of a degree one circle map and that [o, f] C Lp
where a < 3. Then there exist a map g € C1(S') with a lifting G such that

(1) La = [a, 5]
(2) If for some x € R, G(z) # F(x) then there exist a neighborhood U of x such that G‘U is
constant.

Proof. From [?] (see also [?, Proposition 3.7.17]) there exist two non-decreasing liftings of
degree one circle maps, maps Fi, and Fjg, such that:

(i) Fa < Fp
(i) Lr, = {a}
(iii) Lr, = {5}
(iv) If for some z € R, Fo(z) # F(x) then there exist a neighborhood U of  such that F,|,,
is constant.

(v) If for some x € R, Fg(x) # F(x) then there exist a neighborhood U of  such that Fﬂ‘U
is constant.

Define a map G: R — R in the following way:

Fy(x) if F(x) < Fy(x),
G(r) = { F(z) if Fy(z) < F(x) < Fz(x),
Fg(z) if Fg(x) < F(x).

This map is continuous and verifies that G(x + 1) = G(x) 4+ 1. So it is the lifting of a map
g € C1(SY). Clearly the map G satisfies statement (2). Next we will show that Lg = [o, 5].
By Corollary ?? and the inequalities F,, < G < Fj3 we deduce that Lg C [o, §]. To prove the
other inclusion we note that, from [?], there exists z, € S! such that F?(y,) = F™(y,) for each
n >0 and yo € 7 '(z4). Therefore, from the definition of G it follows that F*(ya) = G™(Ya)
for each n > 0 and y, € 7 (z4). So, from (ii) it follows that o € L. The fact that 8 € Lg
can be shown in a similar way. |

<
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Proof of Theorem ??. Suppose first that « = 3 € Lp. By [?] there exists a point 2 € S! such
that its orbit has rotation number a and it is twist. Consider W = Cl(Orbs(x)) and observe
that F ‘W is still non-decreasing. Define a continuous map G: R — R in the following way:
F ‘W =G |W and G is affine on each connected component of R\ W. This map G is the lifting
of a degree one circle map and it is non-decreasing. Hence, by Lemma 7?7, Ls = {a}. Since
F'(y) = G"(y) for every y € 7~ 1(Orby(x)), then Lp(z) = Lg(z) = {a} = Lg = Ra(z) =
Rp(z).

Now we consider the case a < 3. Take a sequence of rational numbers {%}iEN C [a, O]
such that p; and ¢; are coprime and % N\, @ and 1;2%3 /" 3 when i — oo. Let g € C1(S!)
and G be the maps from Lemma ??. jFrom [?] it follows that for each ¢ there exist a twist
periodic orbit P; of g with rotation number {%} such that, if U is a neighborhood of a point
r € 7~ 1(P;), then G’U is not constant. We note that, in view of Lemma ?7(2), we have that
F’ﬂ'_l(Pi) = G‘ﬂ'_l(Pi)’ Without loss of generality we can assume that w(0) € P;.

For each 7 € N denote by X; the set Ué»:le and let I ;, ..., I, ; be the X;-basic intervals.
Let R, be the code of a point from P; in the rotational X;-graph of g and denote its first
symbol by I;, ;. Since the partition given by X, is finer than the one given by X; for
each 7, there exists an Xj-basic interval containing I, ,, ;+1. Denote this interval by I, ;. By
Lemma ?7? there exist an admissible sequence S, for the rotational Xj;-graph of g such that
the sequence R;S; ;™" is admissible for some m; E Z. The sequence S; will be used to ”glue”
sequences of the form R} with n; growing in a ”convenient” way Wlth t. Let us denote the
last symbol of S; by I}".

Claim 1. There exists a sequence of natural numbers {n;};en and a sequence of positive reals
{€i}ien converging to zero when i tends to oo such that:

(a) Ifiis odd, then Bt —e; < p(RY"S, ... R}"S;) < 3,
(b) If i is even, then a<p(R"'S,...R"S;) <P+

Proof of Claim 1. First take any sequence of positive reals {¢;};cn tending to zero. Now
we will prove (a) and (b) by induction. Since the proofs for ¢ = 1 and the inductive steps

when 7 is even and when is odd are similar, we are only going to make the proof for the case
1 is odd.

Suppose that 7 is odd and we have nq, ..., n; verifying conditions (a) and (b). If
a
P(E;Llﬁl : R‘z Zszsz—i—l)
then we have 4
i a T Npi+1
PRY'S, . RIS R S,) =

which converges to 2L as n tends to infinity. So, choosing n;;1 large enough, (b) is satisfied.

This ends the proof of Claim 1.

Claim 2. For each i € N let p(R"S;) = - where by = len(R S;). Then there exist a non
increasing sequence of closed intervals {I;}ien of St such that:

(i) If x € I; then x f-follows RY'S, ... R S;
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(ii) G¥ (L) = I, i + (g aj) — hy where k; = (35— b;) — 1.

Proof of Claim 2. The case i = 1 follows from Lemma ?7. Suppose now that there exist
intervals Iy, ..., I; verifying (i) and (ii). Since the sequence S,I;”"; is admissible, from (ii),
it follows that ]A:thHl + 22:1 a; C I + Z;Zl a; C GF+Y(I;). On the other hand, by
Lemma ?7? there exist an interval J C I, ;+1 such that every x € J f-follows the sequence
E?_ﬁlﬁiﬂ and Gbi+1_1(j) = Ei-&-l»i‘i‘l +air1 — hir1. Taking I;11 as the subinterval of I; such
that GFH1(I;,) = J + Z;Zl aj, Claim 2 follows.

Now take z in the intersection of all intervals I; from Claim 2. By Claim 1 and Lemma ?7
we have that [, 5] C Lg(z). On the other hand, Lg(z) C Rg(x) C Lg = [o, 5]. So,
Lg(xz) = Rg(xz) = [a, 8]. Observe that because of the definition of G (see the proof of
Lemma ??), for any finite set P C S!, the rotational P-graph of g is a subgraph of the
rotational P-graph of f. Therefore, Claims 1 and 2 also hold for F instead of G. Let {I} };en
be the sequence given by Claim 2 for F' and take y € ﬂ;’illf . By the definition of z and y
and Lemma ?? we get that Lg(z) = Rg(r) = Lr(y) = Rp(y). This ends the proof of the
theorem. [ |

4 Example

In this section we present an example of a map f € C1(S!) with lifting F such that for some
x € S! the following statements hold:

(1) Lp(xz) = {pr(x)} is strictly included in Rp(z).
(2) U.ew,(z)Lr(2) is not convex.

(3) R%(x) only contains the extremal points of Rp(z), therefore its interior is empty but the
interior of Rp(x) is the set (0,1).

We will say that a point z € S' f-follows an infinite sequence AlflAé€2 ... if it f-follows
the sequence A¥ A% . Ak for each n € N.

Example 4.1. Take two disjoint intervals Iy, I; C S' and take P as the set of endpoints of
Iy and I;. Consider a map f € Cy(S!) with lifting F' such that in its rotational P-graph there
exist one arrow from I; to I; with label ¢ where 4,5 € {0,1} and suppose that F' is affine on
Iy and I;. Take a point 2 which f-follows the sequence [Lien(I$)'(I1)". Then by Lemma ??,
pr(x) = % Clearly, each element of the w-limit of = f-follows a sequence in the set

{(I0)' (1), (1)'(15)™ = i e NU{0}}.
Again by Lemma ?7?, we have that U.c,,,(»)Lr(2) = {0,1}. By Theorem ?? and the fact that
the interior of Rp is (0, 1) this shows (1) and (2).
To prove (3) we note that, since F' is expansive in I~0 and INl, for each infinite sequence of
symbols I§ and I{, there exists a unique point f-following it. If pu € Mef(Cl(Orbf(a:))) then
sup(p) C Rec(f‘Cl(Orbf(x))) C wy(x). So, Mef(Cl(Orbf(a:))) = {0, 11} where z; is the only

point that f-follows the sequence (If)°° and y; = d,. Then we have RL'(C1(Orb(z))) = {0,1}
and RF(Cl(Orb(z))) = RE (Cl(Orb(z))) = [0, 1]. This shows (3). O
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