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ID #:

(see list below)

Lecture 01 | MW 4:00- 5:20pm Harriman Hall 108 | Insung Park
Lecture 02 | TuTh 10:00-11:20am Earth&Space 131 | Mikhail Movshev
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You are allowed to used calculators on this test

No notes, books. You must show your reasoning, not just the
answer. Answers without justification will get only partial
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Please cross out anything that is not part of your solution — e.g., some preliminary
computations that you didn’t need. All answers should be simplifies if possible — e.g.,

sin(0) should be replaced by 0. However, unless instructed, do not replace exact answers

by approximate ones — e.g. do not replace v/2 by 1.41
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Problem 1. Consider the following differential equations
a) Y = —x/y b) y*y' =1/3 )y =-y—1 d) a7l =1

1. Each of the following functions is a solution to one of the differential equations listed
above. Indicate which differential equation with the corresponding letter (a,b,c or

d) on the given line.
y(r) =ce ™ —1
y(a) = Ve —a?
y(w) = a3/2+ ¢
y() = YTz

2. Each of the following slope fields belongs to one of the differential equations listed

above. Indicate which differential equation on the given line.
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3. Find the equilibrium solutions of the differential equations given above (if any).
Write the equation of the equilibrium solutions in the space provided below. If the
equation does not have equilibrium solutions, write none.

a b C d

Solution. 1. y(z) =ce ™ —1 (c)
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d None
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b None c y(x)

3. None
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Problem 2.

1. Use the binomial series to find the fourth derivative f(0) and the twenty-first

1
derivative f(2)(0) for the function f(z) = At a22
2. Find the degree 3 Taylor polynomial with a = 0 of g(z) = 2+ 2° + (4+#2)2

Solution. 1. To find the fourth and twenty-first derivatives of the function f(z) =
m = (1) W’ we can utilize the binomial series expansion. The bino-
mial series allows us to express the function as a power series and find the desired
derivatives at = 0.

The binomial series for (1 + z)™ is given by:

iaa—l —2)...(a—k+1) 4,

(14 2)° X z
k=0
In our case, we have o = —2
1 _°°—2(—2—1)(—2—2)...(—2—k+1 i 2+1)(2+2)...(2+k¢—1)zk
2 | |
(1+2) — k! — k!
and z = %2 So
1 1 > 1224+1)(2+2)...2+k—1)2%F
F@) = oo = 2D ] T
1) 16 (1 + x2/4) — 16 k! 4
RN
16 32 256
We identify it with the Taylor expansion formula
f// a fl// a)
(2) f(x) = fla)+ f'(a)(z —a) + 2(')(33 —a)’ + 3('(:3 —a)®+...

in our case a = 0. In the formula we do not see ™ with odd n. This means that

f(n)( ) = 0 for odd n. In particular fY(0) = 0. If n = 4 = 2 x 2 we read off the

n!
coefficient fi() from I) to be equal to

,12...242-1)1 12-31 3 f®0)

—]_ —_— —_—_—=—— = —— =
(=1) 16 2! 4216 2! 42 256 24

and fM(0) = 2 x 24 = 2




MAT127C Fall 2023 Midterm II

2. We will keep terms of degree < 3

1 23
3
X X
-9 24 7 7 4.
+x +16 32+

The Taylor polynomial of degree tree is T(z) = 2+ 22 + & — %

Page 5
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Problem 3. Consider the function f(z) = sin(%).

1. Calculate the degree three Taylor polynomial T5(z) with a = 0.

2. Use Taylor’s inequality to estimate the error of the approximation f(z) ~ T3(x) on
the interval |z| < 2.

3. Determine the number of terms of the Maclaurin series for f(x) are required to

estimate the number sin(1) with an error less than .01.

Solution. The Taylor polynomial of a function f(z) of degree n centered at a is given by:

f™(a)

n!

n

(z —a)

£(0) ) _ g2 4 1@

o1 3 (x—a)®+... +

T(z) = f(a) + f'(a)(z — a) +

where T,,(z) is the Taylor polynomial, f(a) is the value of the function at x = a, and

f%)(a) represents the k-th derivative of the function f(z) evaluated at z = a.

1. We want to find the Taylor polynomial of degree 3 for the function f(z) = sin(%)
centered at a = 0.

1. Calculate the function and its derivatives:

f(z) = sin <g>

f(0) =sin(0) =0
2. Calculate the first derivative:

o=y )
1

£/(0) = 5 cos(0) = 5

3. Calculate the second derivative:

Fe--jn )

f(0) = —% sin(0) =
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4. Calculate the third derivative:

1

£(0) = — 5 cos(0) =

5. Assemble the Taylor polynomial of degree 3:

1y(x) = 10) + 7O —0) + T3P -0 + D g
1 1 a?
_1 1.3
T2t 4"

The Taylor polynomial of degree 3 for the function f(z) = sin (%) centered at
a =0 is given by T3(z) = o — 2>
2. We have the approximation f(z) ~ T3(x) on the interval |z| < 2.

According to Taylor’s inequality, we have:

M
[Raa)] < rlal*

Now, let’s find the value of M, which is the maximum of |f(*)(z)| on the interval
[—2,2]. By utilizing our previous computations we see that f*(z) = T16 sin (%) and
1 1
D@ = s (3) | <
1 1 1 1
|R3(2)] < gz |2|* < max_a<u<o mraglel* = mgal2lt = o1
3. Our previous computation of the derivatives generalizes to the following expressions

for f4"(x), f4"+ (), f4" 3 (2), and f43(2):

" 1 . /z n 1 x
f4 (.%') - ZTn S (5) ) f4 +1(1’) - 24n+1 COS (5) )

1 z 1 z
dn+2 ; 4n+3
" (3:)——24n+2 sm<§>, " (3:)——24n+3cos<§).

In all cases, it holds that |f"(z)| < 5, since | + cos(z/2)| and | + sin(z/2)| are

both less than or equal to 1.

Now, we can use Taylor’s inequality to estimate the error of the approximation:
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1 n+1
Bnlo)l < G

We want to find n such that |R,(1)| < 0.01. From the above inequality, we have:

IR (1) - < 0.01

< - -
‘— 2"*1(n+1)

By computing the values of m for n =1 (resulting in %), n = 2 (resulting

in %), and n = 3 (resulting in zi;), it’s clear that 55 < 0.01.
Therefore, we conclude that it suffices to use 3 terms in the Taylor series to ensure

that the error is less than 0.01.
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Problem 4. A stone is dropped from the deck of a ship into the ocean. The downward
velocity v(t) of the stone satisfies the following differential equation:

dv
22— 10 — 32
z 0—3vw

Suppose the stone enters the water with an initial velocity of 1 m/s. You should use Euler’s
method with three time steps to approximate the velocity of the stone one second after it
is dropped into the water.

Fill in the table below with the approximations at each step. Be sure to include all your

work to receive full credit.

Time

Velocity

Solution. We are using Euler’s method to approximate the velocity of the stone one second
after it is dropped into the water. The given differential equation is:

dv 9
& o10-3
dt v

The initial conditions are:

vo =1m/s (initial velocity)
1 .

At = 3 second (time step)

t1 = = second
3

to = — second

73
ts = 1second

Now, let’s calculate the values at each time step:
1. At 1 = % seconds:

dv
V1 = v + gAt

Substituting the values:

v =1+ (10-3-(1%) -
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2. At ty = % seconds:

dv
= — At
Vg = V1 + I

Substituting the values:

10 10\2\ 1 40
vy 3—|—<0 3 (3)) 3 9m/s

3. At t3 = 1 second:

Substituting the values:

40 40\%\ 1 1690
= 10-3-=-= o=
v 9+< ( 9)) 3 81

2
Time — second | — second 1 second
10 40 1690
Velocity - m/s 9 m/s a1 m/s
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Problem 5.

1. Find the general solution of

22y = y?
2. Find the solution of
y/ + :L‘3 y = :L‘3
which satisfies y(1) = 2
Solution. 1. To find the general solution to the differential equation % = 22y2, we can
use separation of variables.
Separating the variables:
d
—g = 22dz
Yy

Now, integrate both sides:

1 1 1
—:/dy:/x2dx:$3+0
y y? 3

Where C' is the constant of integration. To solve for y, we can take the reciprocal

of both sides:

1
(157 +0)
Simplifying and absorbing 3 in the constant:

y=-

_ 3
V= mre
2. We will solve the differential equation y' = 23(1 — y) with the initial condition
y(1) = 2 using separation of variables.
The differential equation is in the form 3y = f(x)g(y), where f(z) = 2% and

g9(y) = 1 —y. We can separate variables and integrate:
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Now, integrate both sides:

1
/dy:/a:gdx
I-y

To integrate the left side, we can use a substitution. Let u =1 —y, so —du = dy:

1
— / —du = / 23 dx
U
This simplifies to:

4

—In |u] :%—G—Cﬁ

Now, substitute back for u:

4
x
—1n\1—y|:Z—|—C'1

Where C is the constant of integration. Exponentiate both sides to solve for

1—y:
ac4
1—y= +e Cle™ T
Since e~ 1 is a constant, we can write it as a single constant, Co = :l:efcl, so:
1;4
1—y=C0Che 7
Solve for y:
ac4
y=1—Che ¢

Now, we are given the initial condition y(1) = 2. Substitute this into the equation

to find Ch:
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14
2=1-—Che™ 7
Solving for Co
So, the final solution is:
174
y=1+ ei™T

This is the solution to the initial value problem y' = x3(1 — y) with the initial
condition y(1) = 2.

O



