MAT 311: Number Theory
Spring 2008

Homework 9
This is due Monday May 4

In the following d is a positive integer, not a perfect square.

1. Use methods of Theorem 7.25 p.353 to prove that z? — 80y? = —1 has no solutions in positive integers(By
inspection observe that 22 — 80y? = 1 has a solution). Generalize the argument that for any integer k equation
22 — (k* — 1)y? = —1 has no solutions in positive integers.

2. Given /18 =< 4,4,8 > find the least positive solution of 22 — 18y? = —1 (if any) and of 2% — 18y? = 1.
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3. Use the reciprocity law to prove that if d is divisible by a prime p , p = 3 mod 4 then 22 — dy? = —1 has no

solutions.

4. Suppose that N is a nonzero integer. Prove that if 22 — dy?> = N has a solution then it has infinitely many
solutions.

5. If k is any positive integer, prove that there are infinitely many integral solutions of x? — dy? = 1 with k|y.



6. Prove that n?+(n+1)? is a perfect square for infinitely many values of n. (Hint reduce this to the Pell’s equation
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x? —2y* = —1).



