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" WRITE YOUR NAME, STUDENT ID AND LECTURE N. BELOW !!!

NAME : 1D :
LECTURE N.

1. Prove that the number /12 is irrational.

Solution. By contradiction, assume /12 = r/s, where r, s are
coprime natural numbers. We get 12s® = r3. Then 2 divides r, so that
r = 2r;. We get 22 - 3s® = 2315, We get 3s® = 2r?, so that 2 divides s.
This contradicts r, s coprime.
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2. In each case provide an example or state that it is not possible to
do so and explain why.

2a Give one example of a countable set that is not finite.

2b Give one example of a countable set that is not denumerable.
2c¢ Give one example of an uncountable set.

2d Give one example of an uncountable set that is not infinite.

Solution.

2a: N.

2b: the empty set.

2c: the set of subsets of N, or the set R.

2d: it is not possible: uncountable means not countable, countable
means finite or denumerable; it follows that uncountable means infinite
and not denumerable.
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3. Assume the triangle inequality

la+0b] <la|+1b], VabeR
and prove that

lla| = [b]| < |a—b] Va,beR.

Solution.
a = (a—b)+b => |a| = |(a—b)+b| < |a—b|+]b], or |a| <]a—b|+]|b].
Subtract |b] :
jaf = o] < la—0] ().
Repeat for b :
b= (b—a)+a = |b| = |(b—a)+a| < |b—al+]|al, or |b] < |b—al+]al,
which re-arranged gives
—la—0b] <la[ b (xx)

By combining (%) with (xx), we get the result.
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4. For this number 4, just provide the examples (no justification is
needed).

4a. Give one example of a subset A C R which has a supremum but
not an infimum.

4b. Give one example of a subset B C R which has an infimum, but
not a minimum.

4c. Give an example of a set ' C R which is denumerable, not
bounded below with a supremum that is not a maximum.

4d. Give an example of a set D C R\ Q (the irrational numbers)
for which sup D = 0 is not a maximum.

Solution.
4a: A = (—00,0].
4b: B = (0,1].

4c: C' = the strictly negative rational numbers.
4d: D = the negative irrational numbers.
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5. Prove that a subset S C R is unbounded if and only if it is not
contained in any closed bounded interval.

Solution.

We need to prove both directions.

Assume that S is unbounded, but contained in some closed and
bounded interval: S C [a,b], for some a < b € R. Then Vs € S, s < b.
This means that the set S is bounded above. Similarly, it is bounded
below. It follows that it is bounded. Contradiction.

Assume that S is not contained in any closed and bounded interval,
but that it is bounded. By definition of bounded, there are o < (8 €
R such that Vs € S, a < s < . This means that S C [«, ], a
contradiction.



6. Determine: )
lim ((n!)s%).

(You may use that lim (n'/") = 1 and the usual inequalities concerning
radicals.)

Solution.
We have 1 < n! so that, taking roots

1< ()ws (%)
We have n! < n" < n”Q, so that, by taking roots we obtain
(n‘)n% < (n”Q)n% = n%, or (n')n%“* < pn (xx).
By combining (%) and (*x), we get
1< (n')n%” <nn

and the Squeeze Theorem implies that the wanted limit is 1.
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