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MAT 310
HW 3

Section 1.5
Exercise 1

a) False, possibly just one.

b) True, since {0} is already linearly dependent.

c) False, by definition.

d) False. For example, {e;, ez} C {e1,e2,€; + €2} C R2.
e) True, by Corollary to Theorem 1.6.

f) True, by definition.

Exercise 6

Consider a linear combination of the given matrices

> D awEY

i=1,....mj=1,..,n

for some scalars a;; € F', and assume that it equals zero. Since, for fixed ¢ and j, the
(h, k)—entry of a;; E¥ is:

Q;; lth'L, ]=k

(ai; EY )py, = { (1)

0  otherwise

it is clear that the linear combination above equals a matrix whose (i, j)—entry is a;;:

a;n G122 @13 ... Qin

;s a1 Q22 Q23 ... Q2q
E E ai; EY = | . . . .

i=1,....,mj=1,..,n
Aml AGm2 Qm3 ... GQmp

Since such matrix equals the zero matrix, necessarily a;; = 0 for all i = 1,...,m and j =
1,...,n. Therefore the given set of matrices is linearly independent.



Exercise 15

If uy = 0 or ugy1 € span{uy,...,ux} for some k = 1,..,n — 1, then 0 has a nontrivial
representation as linear combination of vectors of S, i.e. S is linearly dependent.

Conversely, assume S is linearly dependent. If u; = 0 for some index i = 1,..,n (which
after renumbering can be assumed to be 1), then there is nothing to prove. Therefore we
can assume that u; # 0 for all ¢ = 1,...,n. By hypothesis, there is a linear combination
aiuy + ... + apuy, = 0 for some @, ...,a, € F not all zero. Let k + 1 be the biggest index such
that ax4; # 0. Then we have aju; + ... + ax41ur41 = 0 and we can rewrite it as

Ukl = ——(a1u1 + ...+ akuk).
Qk+1

Le., ugy1 € span{uy, ..., ux}.
Exercise 16

Assume that S is linearly independent, and that S; is a (finite) subset of S. Then; by
Corollary to Theorem 1.6, S; is linearly independent.

Assume that every finite subset of S is linearly independent. Now consider any linear
combination of vectors of S that equals zero, i.e. a finite sum

E a;v;
i=1,...,n

for some v; € S and a; € F. Consider the (finite) subset S; := {vi,...,v,} of S. By
hypothesis, S} is linearly independent. Therefore, since

i=1,...,n

a;v; = 0,
1

necessarily a; = 0 for all = 1,...,n. This proves that S is lineaﬂy independent.
Exercise 18

Assume by contradiction that S is linearly dependent. This means that we can find a
nontrivial linear combination of polynomials in S that is equal to zero:

Z akpk('/'v) = 0,
k=1

with ax € F and pi(z) polynomial of degree m;,. We can assume that the coefficients of such
linear combination are all nonzero. Because of the hypothesis on S, the degrees m, ..., m,
are all distinct. Thus we can also assume, up to renumbering, that m; < ms < ... < m,.
Therefore » ) _; axpr(z) is a polynomial of degree m,,, and the leading coefficient is a,z".

2



If the linear combiation is zero, by the identity principle for polynomials we must have in
particular that a, = 0, a contradiction. Therefore S is linearly independent.



