Math 310 MIDTERM 1iI SPRING 2017

1. (30 pts) Let V be a finite dimensional vector space over a field F, let 8 be an ordered basis
of V. Given any vector v € V, we have the vector [v]g € F™ (the coordinates of v with
respect to (). Prove that the assignment v+ [v]s defines an isomorphism ¢ : V — F™.
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2. (30pts) Let P3(R) be the space of polynomials of degree at most two over R. Let § ==
(1—a,1+2% —z+2?). Determine the change of coordinate

(1,1+2,1+z+2?) and 3’ :
matrix @ from f'-coordinates to S-coordinates.
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3. (40pts)

(a) (QUpts) Let V = P(R) and consider the two linear functionals fi, fo € V* given by

(p(z)) = fﬂ p(t)dt, falp(z)) = p(0) — p'(0). They form an ordered basis {f1, fo}
for V* {do not prove this fact). Find an ordered basis 8 = {p1(z), p2(z)} whose dual

basis 8* equals {fi, fa}.
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(b) (20pts) Let V be a vector space of dimension n, and let {f1, fa, .- -, fn} be an ordered
basis for V*. Prove that there exists an ordered basis 8 = {v1,v2,...,vn} of V such
that its dual basis ﬁ* equals {f1, f2,..., fo}. (Hint: consider the double dual V**).
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4. {30 pts) Express the invertible matrix

o

as an explicit product! of elementary matrices.
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1The final answer should be a product of matrices: if, for example, a factor is [g ﬂ , you need to

write it explicitly as E ““11} .



5. (30pts) Let T : R® — R?® be defined by T(a,b,¢) := (a -+ b,b — 2¢,a + 2¢). Determine
whether v := (2,1,1) € R(T).
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6. (40pts) Let V C RS be the subspace of solutions to the system of linear equations
$1—$2+2$4—3I5+3}5 ZO, 2:131 “$2—$3+3$4—4$5+4CE6 = 0.

Let S := {(0,-1,0,1,1,0),(1,0,1,1,1,0}} C R% Then S is linearly independent and
contained in V' (do not show this). Complete S to a basis for V.
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