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EXAMPLE 5 If , then

FIGURE 6

y
x

z

0

 ! [!cos x]0
"!2 [sin y]0

"!2
! 1 ! 1 ! 1

 yy
R

 sin x cos y dA ! y"!2

0
 sin x dx y"!2

0
 cos y dy

R ! "0, "!2# # "0, "!2#

|||| The function in
Example 5 is positive on , so the integral rep-
resents the volume of the solid that lies above 
and below the graph of shown in Figure 6.f

R
R

f $x, y% ! sin x cos y

16. ,

,

18. ,

19. ,

20. ,

21–22 |||| Sketch the solid whose volume is given by the iterated
integral.

22.

23. Find the volume of the solid that lies under the plane
and above the rectangle

.

24. Find the volume of the solid that lies under the hyperbolic
paraboloid and above the square

.R ! "!1, 1# # "0, 2#
z ! 4 $ x 2 ! y 2

R ! &$x, y% ' 0 % x % 1, !2 % y % 3(
3x $ 2y $ z ! 12

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

y1

0
 y1

0
 $2 ! x 2 ! y 2 % dy dx

y1

0
 y1

0
 $4 ! x ! 2y% dx dy21.

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

R ! "1, 2# # "0, 1#yy
R

 
x

x 2 $ y 2  dA

R ! "0, 1# # "0, 2#yy
R

 xye x2y dA

R ! "0, 1# # "0, 1#yy
R

 
x

1 $ xy
 dA

R ! "0, "!6# # "0, "!3#yy
R

 x sin$x $ y% dA17.

R ! &$x, y% ' 0 % x % 1, 0 % y % 1(yy
R

 
1 $ x 2

1 $ y 2  dA
1–2 |||| Find and .

1. 2.

3–12 |||| Calculate the iterated integral.

4.

5. 6.

7. 8.

10.

11.

12.

13–20 |||| Calculate the double integral.

13. ,

14. ,

, R ! &$x, y% ' 0 % x % 1, !3 % y % 3(yy
R

 
xy 2

x 2 $ 1
 dA15.

R ! &$x, y% ' 0 % x % ", 0 % y % "!2(yy
R

 cos$x $ 2y% dA

R ! &$x, y% ' 0 % x % 3, 0 % y % 1(yy
R

 $6x 2y 3 ! 5y 4 % dA

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

y1

0
 y1

0
 

xy
sx 2 $ y 2 $ 1

 dy dx

yln
 
2

0
 y ln

 
5

0
 e 2x!y dx dy

y2

1
y1

0
 $x $ y%!2 dx dyy4

1
 y2

1
 ) x

y
$

y
x* dy dx9.

y1

0
y2

1
 
xe x

y
 dy dxy2

0
 y1

0
 $2x $ y%8 dx dy

y4

1
 y2

0
 (x $ sy ) dx dyy2

0
 y"!2

0
 x sin y dy dx

y4

2
 y1

!1
 $x 2 $ y 2 % dy dxy3

1
 y1

0
 $1 $ 4xy% dx dy3.

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

f $x, y% !
y

x $ 2
f $x, y% ! 2x $ 3x 2y

x40  f $x, y% dyx30  f $x, y% dx
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32. Graph the solid that lies between the surfaces
and for ,

. Use a computer algebra system to approximate the
volume of this solid correct to four decimal places.

33–34 |||| Find the average value of over the given rectangle.

, has vertices , , , 

34. ,

35. Use your CAS to compute the iterated integrals 

Do the answers contradict Fubini’s Theorem? Explain what is
happening.

36. (a) In what way are the theorems of Fubini and Clairaut 
similar?

(b) If is continuous on and 

for , , show that .txy ! tyx ! f !x, y"c ! y ! da ! x ! b

t!x, y" ! y x

a
 yy

c
  f !s, t" dt ds

#a, b$ " #c, d $f !x, y"

y1

0
 y1

0
 

x # y
!x $ y"3  dx dyandy1

0
 y1

0
 

x # y
!x $ y"3  dy dx

CAS

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

R ! #0, 4$ " #0, 1$f !x, y" ! e ysx $ e y

!1, 0"!1, 5"!#1, 5"!#1, 0"Rf !x, y" ! x 2 y33.

f

% y % % 1
% x % % 1z ! 2 # x 2 # y 2z ! e#x 2

cos !x 2 $ y 2 "
CASFind the volume of the solid lying under the elliptic 

paraboloid and above the rectangle
.

26. Find the volume of the solid enclosed by the surface
and the planes , , , 

and .

27. Find the volume of the solid bounded by the surface
and the planes , , , , 

and .

28. Find the volume of the solid bounded by the elliptic paraboloid
, the planes and , and the

coordinate planes.

29. Find the volume of the solid in the first octant bounded by the
cylinder and the plane .

30. (a) Find the volume of the solid bounded by the surface
and the planes , , , ,

and .
; (b) Use a computer to draw the solid.

31. Use a computer algebra system to find the exact value of the
integral , where . Then use the
CAS to draw the solid whose volume is given by the integral.

R ! #0, 1$ " #0, 1$xxR x 5y 3e x y dA
CAS

z ! 0
y ! 3y ! 0x ! #2x ! 2z ! 6 # xy

x ! 2z ! 9 # y 2

y ! 2x ! 3z ! 1 $ !x # 1"2 $ 4y 2

z ! 0
y ! 1y ! 0x ! 1x ! 0z ! xsx 2 $ y

z ! 0
y ! &y ! 0x ! '1z ! 1 $ e x sin y

R ! ##1, 1$ " ##2, 2$
x 2&4 $ y 2&9 $ z ! 1

25.

|||| 15.3 D o u b l e  I n t e g r a l s  o v e r  G e n e r a l  R e g i o n s

For single integrals, the region over which we integrate is always an interval. But for 
double integrals, we want to be able to integrate a function not just over rectangles but
also over regions of more general shape, such as the one illustrated in Figure 1. We sup-
pose that is a bounded region, which means that can be enclosed in a rectangular
region as in Figure 2. Then we define a new function with domain by

0

y

x

D

y

0 x

D
R

FIGURE 2FIGURE 1

F!x, y" ! '0
f !x, y" if

if
!x, y" is in D
!x, y" is in R but not in D

1

RFR
DD

D
f



Under the surface and above the triangle with vertices
, , and 

22. Enclosed by the paraboloid and the planes ,
, , 

23. Bounded by the planes , , , and

24. Bounded by the planes , , , and 

25. Enclosed by the cylinders , and the planes 
, 

26. Bounded by the cylinder and the planes 
, in the first octant

27. Bounded by the cylinder and the planes ,
, in the first octant

28. Bounded by the cylinders and 

; 29. Use a graphing calculator or computer to estimate the 
-coordinates of the points of intersection of the curves 

and . If is the region bounded by these curves,
estimate .

; 30. Find the approximate volume of the solid in the first octant 
that is bounded by the planes , , and and the
cylinder . (Use a graphing device to estimate the
points of intersection.)

31–32 |||| Find the volume of the solid by subtracting two volumes.

31. The solid enclosed by the parabolic cylinders ,
and the planes ,

32. The solid enclosed by the parabolic cylinder and the
planes , 

33–36 |||| Use a computer algebra system to find the exact volume
of the solid.

33. Under the surface and above the region
bounded by the curves and for 

34. Between the paraboloids and 
and inside the cylinder 

35. Enclosed by 

36. Enclosed by 

37–42 |||| Sketch the region of integration and change the order of
integration.

37. 38. y1

0
 y4

4x
 f !x, y" dy dxy4

0
 ysx

0
 f !x, y" dy dx

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

z ! x 2 ! y 2 and z ! 2y

z ! 1 " x 2 " y 2 and z ! 0

x 2 ! y 2 ! 1
z ! 8 " x 2 " 2y 2z ! 2x 2 ! y 2

x # 0y ! x 2 ! xy ! x 3 " x
z ! x 3y 4 ! xy 2

CAS

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

z ! 2 ! yz ! 3y
y ! x 2

2x ! 2y " z ! 10 ! 0
x ! y ! z ! 2y ! x 2 " 1

y ! 1 " x 2

y ! cos x
z ! xz ! 0y ! x

xxD x dA
Dy ! 3x " x 2

y ! x 4x

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

y 2 ! z2 ! r 2x 2 ! y 2 ! r 2

z ! 0x ! 0
y ! zx 2 ! y 2 ! 1

z ! 0x ! 0
x ! 2y,y 2 ! z2 ! 4

y ! 4z ! 0
y ! x 2z ! x 2

z ! 0x ! y ! 2y ! xz ! x

x ! y ! z ! 1
z ! 0y ! 0x ! 0

z ! 0y ! xy ! 1
x ! 0z ! x 2 ! 3y 2

!1, 2"!4, 1"!1, 1"
z ! xy21.1–6 |||| Evaluate the iterated integral.

1. 2.

3. 4.

6.

7–18 |||| Evaluate the double integral.

7.

8.

9.

10.

11. ,

12. ,

, is bounded by , ,

14. , is bounded by 

15. ,

is the triangular region with vertices (0, 2), (1, 1), and 

16.

is bounded by the circle with center the origin and radius 2

18. is the triangular region with vertices ,

, and 

19–28 |||| Find the volume of the given solid.

19. Under the plane and above the region
bounded by and 

20. Under the surface and above the region bounded
by and x ! y 3x ! y 2

z ! 2x ! y 2

y ! x 4y ! x
x ! 2y " z ! 0

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

!0, 3"!1, 2"

!0, 0"yy
D

 2xy dA, D

D

yy
D

 !2x " y" dA,17.

yy
D

 xy 2 dA, D is enclosed by x ! 0 and x ! s1 " y 2

!3, 2"D

yy
D

 y 3 dA

y ! sx and y ! x 2Dyy
D

 !x ! y" dA

x ! 1y ! x 2y ! 0Dyy
D

 x cos y dA13.

D ! #!x, y" $ 0 $ y $ 1, 0 $ x $ y%yy
D

 xsy 2 " x 2 dA

D ! #!x, y" $ 1 $ y $ 2, y $ x $ y 3 %yy
D

 e x&y dA

yy
D

 e y2
 dA, D ! #!x, y" $ 0 $ y $ 1, 0 $ x $ y%

yy
D

 
2y

x 2 ! 1
 dA, D ! {!x, y" $ 0 $ x $ 1, 0 $ y $ sx}

yy
D

 
4y

x 3 ! 2
 dA, D ! #!x, y" $ 1 $ x $ 2, 0 $ y $ 2x%

yy
D

 x 3y 2 dA, D ! #!x, y" $ 0 $ x $ 2, "x $ y $ x%

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

y1

0
 yv

0
 s1 " v 2 du dvy%&2

0
 ycos &

0
 e sin & dr d&5.

y1

0
 y2"x

x
 !x 2 " y" dy dxy1

0
 ye y

y
 sx dx dy

y2

1
 y2

y
 xy dx dyy1

0
 yx 2

0
 !x ! 2y" dy dx
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Under the surface and above the triangle with vertices
, , and 

22. Enclosed by the paraboloid and the planes ,
, , 

23. Bounded by the planes , , , and

24. Bounded by the planes , , , and 

25. Enclosed by the cylinders , and the planes 
, 

26. Bounded by the cylinder and the planes 
, in the first octant

27. Bounded by the cylinder and the planes ,
, in the first octant

28. Bounded by the cylinders and 

; 29. Use a graphing calculator or computer to estimate the 
-coordinates of the points of intersection of the curves 

and . If is the region bounded by these curves,
estimate .

; 30. Find the approximate volume of the solid in the first octant 
that is bounded by the planes , , and and the
cylinder . (Use a graphing device to estimate the
points of intersection.)

31–32 |||| Find the volume of the solid by subtracting two volumes.

31. The solid enclosed by the parabolic cylinders ,
and the planes ,

32. The solid enclosed by the parabolic cylinder and the
planes , 

33–36 |||| Use a computer algebra system to find the exact volume
of the solid.

33. Under the surface and above the region
bounded by the curves and for 

34. Between the paraboloids and 
and inside the cylinder 

35. Enclosed by 

36. Enclosed by 

37–42 |||| Sketch the region of integration and change the order of
integration.
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2x ! 2y " z ! 10 ! 0
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z ! 0x ! y ! 2y ! xz ! x

x ! y ! z ! 1
z ! 0y ! 0x ! 0

z ! 0y ! xy ! 1
x ! 0z ! x 2 ! 3y 2

!1, 2"!4, 1"!1, 1"
z ! xy21.1–6 |||| Evaluate the iterated integral.

1. 2.

3. 4.

6.

7–18 |||| Evaluate the double integral.

7.

8.

9.

10.

11. ,

12. ,

, is bounded by , ,

14. , is bounded by 

15. ,

is the triangular region with vertices (0, 2), (1, 1), and 

16.

is bounded by the circle with center the origin and radius 2

18. is the triangular region with vertices ,

, and 

19–28 |||| Find the volume of the given solid.

19. Under the plane and above the region
bounded by and 

20. Under the surface and above the region bounded
by and x ! y 3x ! y 2

z ! 2x ! y 2

y ! x 4y ! x
x ! 2y " z ! 0

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

!0, 3"!1, 2"

!0, 0"yy
D

 2xy dA, D

D

yy
D

 !2x " y" dA,17.

yy
D

 xy 2 dA, D is enclosed by x ! 0 and x ! s1 " y 2

!3, 2"D

yy
D

 y 3 dA

y ! sx and y ! x 2Dyy
D

 !x ! y" dA

x ! 1y ! x 2y ! 0Dyy
D

 x cos y dA13.

D ! #!x, y" $ 0 $ y $ 1, 0 $ x $ y%yy
D

 xsy 2 " x 2 dA

D ! #!x, y" $ 1 $ y $ 2, y $ x $ y 3 %yy
D

 e x&y dA

yy
D

 e y2
 dA, D ! #!x, y" $ 0 $ y $ 1, 0 $ x $ y%

yy
D

 
2y

x 2 ! 1
 dA, D ! {!x, y" $ 0 $ x $ 1, 0 $ y $ sx}

yy
D

 
4y

x 3 ! 2
 dA, D ! #!x, y" $ 1 $ x $ 2, 0 $ y $ 2x%

yy
D

 x 3y 2 dA, D ! #!x, y" $ 0 $ x $ 2, "x $ y $ x%

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

y1

0
 yv

0
 s1 " v 2 du dvy%&2

0
 ycos &

0
 e sin & dr d&5.

y1

0
 y2"x

x
 !x 2 " y" dy dxy1

0
 ye y

y
 sx dx dy

y2

1
 y2

y
 xy dx dyy1

0
 yx 2

0
 !x ! 2y" dy dx
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SECTION 15.4 DOUBLE INTEGRALS IN POLAR COORDINATES ! ! ! ! 1003

51–52 |||| Use Property 11 to estimate the value of the integral.

51. ,

52. , is the disk with center the origin and radius 

53. Prove Property 11.

In evaluating a double integral over a region , a sum of 
iterated integrals was obtained as follows:

Sketch the region and express the double integral as an 
iterated integral with reversed order of integration.

55. Evaluate , where

[Hint: Exploit the fact that is symmetric with respect to both
axes.]

56. Use symmetry to evaluate , where 
is the region bounded by the square with vertices 
and .

57. Compute , where is the disk
, by first identifying the integral as the volume 

of a solid.

58. Graph the solid bounded by the plane and 
the paraboloid and find its exact volume.
(Use your CAS to do the graphing, to find the equations of the
boundary curves of the region of integration, and to evaluate
the double integral.)

z ! 4 ! x 2 ! y 2
x " y " z ! 1CAS

x 2 " y 2 # 1
DxxD s1 ! x 2 ! y 2 dA

!0, $5"
!$5, 0"

DxxD !2 ! 3x " 4y" dA

D

D ! #!x, y" $ x 2 " y 2 # 2%.
xxD !x 2 tan x " y 3 " 4" dA

D

yy
D

 f !x, y" dA ! y1

0
 y2y

0
 f !x, y" dx dy " y3

1
 y3!y

0
 f !x, y" dx dy

D54.

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

1
2Dyy

D

 e x 2"y 2 dA

D ! &0, 1' % &0, 1'yy
D

 sx 3 " y 3 dA

39. 40.

42.

43–48 |||| Evaluate the integral by reversing the order of 
integration.

44.

45. 46.

47.

48.

49–50 |||| Express as a union of regions of type I or type II and
evaluate the integral.

50.

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

x0

y

y=_1

x=_1

x=1

x=¥

y=1+≈

Dx0

y

1

_1

_1 1

D
(1, 1)

yy
D

 xy dAyy
D

 x 2 dA49.

D

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

y8

0
 y2

sy3
 e x4

 dx dy

y1

0
 y&(2

arcsin y
 cos x s1 " cos2x dx dy

y1

0
 y1

x 2
 x 3 sin!y 3 " dy dxy3

0
y9

y 2
 y cos!x 2 " dx dy

y1

0
 y1

sy
 sx 3 " 1 dx dyy1

0
 y3

3y
 e x2 

dx dy43.

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

y1

0
 y&(4

arctan x
 f !x, y" dy dxy2

1
 yln

 
x

0
 f !x, y" dy dx41.

y3

0
 ys9!y

0
 f !x, y" dx dyy3

0
 ys9!y 2 

!s9!y 2
  f !x, y" dx dy

|||| 15.4 D o u b l e  I n t e g r a l s  i n  P o l a r  C o o r d i n a t e s

Suppose that we want to evaluate a double integral , where is one of the
regions shown in Figure 1. In either case the description of in terms of rectangular coor-
dinates is rather complicated but is easily described using polar coordinates.

FIGURE 1

x0

y

R

≈+¥=1

(a) R=s(r, ¨) | 0¯r¯1, 0¯¨¯2πd

x0

y

R

≈+¥=4

≈+¥=1

(b) R=s(r, ¨) | 1¯r¯2, 0¯¨¯πd

R
R

RxxR f !x, y" dA
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Because of the symmetry of and about the -plane, we can immediately say that
and, therefore, . The other moments are

Therefore, the center of mass is

!x, y, z" ! #Myz

m
, 

Mxz

m
, 

Mxy

m $ ! ( 5
7, 0, 5

14 )

 !
!

3
 y1

0
 !1 " y 6 " dy !

2!

7

 ! ! y1

"1

 y1

y
2
 % z2

2 &z!0

z!x

 dx dy !
!

2
 y1

"1
 y1

y
2 x

2 dx dy

 Mxy ! yyy
E

 z! dV ! y1

"1
 y1

y
2 y x

0
 z! dz dx dy

 !
2!

3
 y1

0
 !1 " y 6 " dy !

2!

3
 %y "

y 7

7 &0

1

!
4!

7

 ! ! y1

"1
 y1

y
2 x

2 dx dy ! ! y1

"1

 % x 3

3 &x!y2

x!1

 dy

 Myz ! yyy
E

 x! dV ! y1

"1
 y1

y
2 y x

0
 x! dz dx dy

y ! 0Mxz ! 0
xz!E

10. , where is bounded by the planes , ,
, and 

11. , where is the solid tetrahedron with vertices
, , , and 

12. , where is the solid tetrahedron with vertices
, , , and 

13. , where is bounded by the parabolic cylinder
and the planes , , and 

14. , where is bounded by the parabolic cylinder
and the planes , , and 

15. , where is bounded by the paraboloid 
and the plane 

16. , where is bounded by the cylinder and
the planes , , and in the first octant

17–20 |||| Use a triple integral to find the volume of the given solid.

The tetrahedron enclosed by the coordinate planes and the
plane 

18. The solid bounded by the cylinder and the planes
, and y ! 9z ! 4z ! 0,

y ! x 2

2x # y # z ! 4
17.

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

z ! 0y ! 3xx ! 0
y 2 # z2 ! 9ExxxE z dV

x ! 4
x ! 4y 2 # 4z2ExxxE x dV

z ! 0x ! yx ! zy ! x 2
ExxxE !x # 2y" dV

x ! "1x ! 1z ! 0z ! 1 " y 2
ExxxE x 2e y dV

!0, 1, 1"!1, 1, 0"!0, 1, 0"!0, 0, 0"
ExxxE xz dV

!0, 0, 3"!0, 2, 0"!1, 0, 0"!0, 0, 0"
ExxxE xy dV

2x # 2y # z ! 4z ! 0
y ! 0x ! 0ExxxE y dV1. Evaluate the integral in Example 1, integrating first with

respect to , then , and then .

2. Evaluate the integral , where

using three different orders of integration.

3–6 |||| Evaluate the iterated integral.

3. 4.

5. 6.

7–16 |||| Evaluate the triple integral.

7. , where

8. , where

, where lies under the plane 
and above the region in the -plane bounded by the curves

, , and x ! 1y ! 0y ! sx
xy

z ! 1 # x # yExxxE 6xy dV9.

E ! '!x, y, z" ( 0 $ x $ 1, 0 $ y $ x, x $ z $ 2x)
xxxE yz cos!x 5 " dV

E ! {!x, y, z" ( 0 $ y $ 2, 0 $ x $ s4 " y 2, 0 $ z $ y}
xxxE 2x dV

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

y1

0
 yz

0
 yy

0
 ze"y2

 dx dy dzy3

0
 y1

0
 ys1"z 2

0
 ze y dx dz dy

y1

0
 y2x

x
 yy

0
 2xyz dz dy dxy1

0
 yz

0
 yx#z

0
 6xz dy dx dz

E ! '!x, y, z" ( "1 $ x $ 1, 0 $ y $ 2, 0 $ z $ 1)

xxxE !xz " y 3" dV

yxz

|||| 15.7 Exercises


