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Computer algebra systems have commands that plot sample gradient vectors. Each gra-
dient vector is plotted starting at the point . Figure 13 shows such a plot
(called a gradient vector Þeld) for the function superimposed on a con-
tour map off. As expected, the gradient vectors point ÒuphillÓand are perpendicular to the
level curves.
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directional derivative of this snowfall function at Muskegon,
Michigan, in the direction of Ludington. What are the units?

3. A table of values for the wind-chill index is given
in Exercise 3 on page 919. Use the table to estimate the value
of , where .

4Ð6 |||| Find the directional derivative of at the given point in the
direction indicated by the angle .
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A contour map of barometric pressure (in millibars) is shown
for 7:00 A.M. on September 12, 1960, when Hurricane Donna
was raging. Estimate the value of the directional derivative 
of the pressure function at Raleigh, North Carolina, in the
direction of the eye of the hurricane. What are the units of 
the directional derivative?

2. The contour map shows the average annual snowfall (in 
inches) near Lake Michigan. Estimate the value of the 
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7Ð10 ||||

(a) Find the gradient of .
(b) Evaluate the gradient at the point .
(c) Find the rate of change of at in the direction of the 

vector .

7. , ,

8. , ,

9. , ,

10. , ,

11Ð17|||| Find the directional derivative of the function at the given
point in the direction of the vector .

, ,

12. , ,

13. , ,

14. , ,

15. , ,

16. , ,

17. , ,

18. Use the Þgure to estimate .

Find the directional derivative of at in
the direction of .

20. Find the directional derivative of at
in the direction of the origin.

21Ð26|||| Find the maximum rate of change of at the given point
and the direction in which it occurs.
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(a) Show that a differentiable function decreases most
rapidly at in the direction opposite to the gradient vector,
that is, in the direction of .

(b) Use the result of part (a) to Þnd the direction in which the
function decreases fastest at the 
point .

28. Find the directions in which the directional derivative of
at the point (1, 0) has the value 1.

Find all points at which the direction of fastest change of the
function is .

30. Near a buoy, the depth of a lake at the point with coordinates
is , where , , and are

measured in meters. A Þsherman in a small boat starts at the
point and moves toward the buoy, which is located at

. Is the water under the boat getting deeper or shallower
when he departs? Explain.

31. The temperature in a metal ball is inversely proportional to
the distance from the center of the ball, which we take to be the
origin. The temperature at the point is .
(a) Find the rate of change of at in the direction

toward the point .
(b) Show that at any point in the ball the direction of greatest

increase in temperature is given by a vector that points
toward the origin.

32. The temperature at a point is given by 

where is measured in and , , in meters.
(a) Find the rate of change of temperature at the point

in the direction toward the point .
(b) In which direction does the temperature increase fastest 

at ?
(c) Find the maximum rate of increase at .

Suppose that over a certain region of space the electrical poten-
tial is given by .
(a) Find the rate of change of the potential at in the

direction of the vector .
(b) In which direction does change most rapidly at ?
(c) What is the maximum rate of change at ?

34. Suppose you are climbing a hill whose shape is given by the
equation , where and are
measured in meters, and you are standing at a point with coor-
dinates . The positive -axis points east and the
positive -axis points north.
(a) If you walk due south, will you start to ascend or descend?

At what rate?
(b) If you walk northwest, will you start to ascend or descend?

At what rate?
(c) In which direction is the slope largest? What is the rate of

ascent in that direction? At what angle above the horizontal
does the path in that direction begin?
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(a) Find the gradient of .
(b) Evaluate the gradient at the point .
(c) Find the rate of change of at in the direction of the 

vector .

7. , ,

8. , ,

9. , ,

10. , ,

11Ð17|||| Find the directional derivative of the function at the given
point in the direction of the vector .
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15. , ,

16. , ,

17. , ,

18. Use the Þgure to estimate .

Find the directional derivative of at in
the direction of .

20. Find the directional derivative of at
in the direction of the origin.

21Ð26|||| Find the maximum rate of change of at the given point
and the direction in which it occurs.
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(a) Show that a differentiable function decreases most
rapidly at in the direction opposite to the gradient vector,
that is, in the direction of .

(b) Use the result of part (a) to Þnd the direction in which the
function decreases fastest at the 
point .

28. Find the directions in which the directional derivative of
at the point (1, 0) has the value 1.

Find all points at which the direction of fastest change of the
function is .

30. Near a buoy, the depth of a lake at the point with coordinates
is , where , , and are

measured in meters. A Þsherman in a small boat starts at the
point and moves toward the buoy, which is located at

. Is the water under the boat getting deeper or shallower
when he departs? Explain.

31. The temperature in a metal ball is inversely proportional to
the distance from the center of the ball, which we take to be the
origin. The temperature at the point is .
(a) Find the rate of change of at in the direction

toward the point .
(b) Show that at any point in the ball the direction of greatest

increase in temperature is given by a vector that points
toward the origin.

32. The temperature at a point is given by 

where is measured in and , , in meters.
(a) Find the rate of change of temperature at the point

in the direction toward the point .
(b) In which direction does the temperature increase fastest 

at ?
(c) Find the maximum rate of increase at .

Suppose that over a certain region of space the electrical poten-
tial is given by .
(a) Find the rate of change of the potential at in the

direction of the vector .
(b) In which direction does change most rapidly at ?
(c) What is the maximum rate of change at ?

34. Suppose you are climbing a hill whose shape is given by the
equation , where and are
measured in meters, and you are standing at a point with coor-
dinates . The positive -axis points east and the
positive -axis points north.
(a) If you walk due south, will you start to ascend or descend?

At what rate?
(b) If you walk northwest, will you start to ascend or descend?

At what rate?
(c) In which direction is the slope largest? What is the rate of

ascent in that direction? At what angle above the horizontal
does the path in that direction begin?
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(a) Find the gradient of .
(b) Evaluate the gradient at the point .
(c) Find the rate of change of at in the direction of the 

vector .

7. , ,

8. , ,

9. , ,

10. , ,

11Ð17|||| Find the directional derivative of the function at the given
point in the direction of the vector .

, ,

12. , ,

13. , ,

14. , ,

15. , ,
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18. Use the Þgure to estimate .

Find the directional derivative of at in
the direction of .

20. Find the directional derivative of at
in the direction of the origin.

21Ð26|||| Find the maximum rate of change of at the given point
and the direction in which it occurs.

21. ,

22. ,

, (1, 0)

24. , (1, 1, 1)

25. ,

26. ,

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

!! 5, 1, 1"f !x, y, z" ! tan!x " 2y " 3z"

!1, ! 2, ! 3"f !x, y, z" ! ln!xy2z3"

f !x, y, z" ! x2y3z4

f !x, y" ! sin!xy"23.

!0, 0"f ! p, q" ! qe! p " pe! q

!2, 4"f !x, y" ! y2#x

f

P!2, 1, 3"
f !x, y, z" ! x2 " y2 " z2

Q!5, 4"
P!2, 8"f !x, y" ! s xy19.

y

x0

(2,!2)

±f (2,!2)

u

Du f !2, 2"

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

v ! 2 j ! k!1, 1, 2"t !x, y, z" ! !x " 2y " 3z"3#2

v ! $1, 2, 3%!4, 1, 1"f !x, y, z" ! x#!y " z"

v ! $! 6, 6, ! 3%!1, 2, ! 2"f !x, y, z" ! s x2 " y2 " z2

v ! 3i ! 2 j!0, ##3"t !r, $" ! e! r sin $

v ! i " j!2, 0"t !s, t" ! s2et

v ! $! 1, 2%!2, 1"f !x, y" ! ln!x2 " y2"

v ! $4, ! 3%!3, 4"f !x, y" ! 1 " 2xs y11.

v

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

u ! $2
7, 

3
7, 

6
7%P!1, 3, 1"f !x, y, z" ! s x " yz

u ! $2
3, !

2
3, 

1
3%P!3, 0, 2"f !x, y, z" ! xe2yz

u ! $! 4
5, 

3
5%P!1, ! 3"f !x, y" ! y ln x

u ! $5
13, 

12
13%P!1, 2"f !x, y" ! 5xy2 ! 4x3y

u
Pf

P
f

(a) Show that a differentiable function decreases most
rapidly at in the direction opposite to the gradient vector,
that is, in the direction of .

(b) Use the result of part (a) to Þnd the direction in which the
function decreases fastest at the 
point .

28. Find the directions in which the directional derivative of
at the point (1, 0) has the value 1.

Find all points at which the direction of fastest change of the
function is .

30. Near a buoy, the depth of a lake at the point with coordinates
is , where , , and are

measured in meters. A Þsherman in a small boat starts at the
point and moves toward the buoy, which is located at

. Is the water under the boat getting deeper or shallower
when he departs? Explain.

31. The temperature in a metal ball is inversely proportional to
the distance from the center of the ball, which we take to be the
origin. The temperature at the point is .
(a) Find the rate of change of at in the direction

toward the point .
(b) Show that at any point in the ball the direction of greatest

increase in temperature is given by a vector that points
toward the origin.

32. The temperature at a point is given by 

where is measured in and , , in meters.
(a) Find the rate of change of temperature at the point

in the direction toward the point .
(b) In which direction does the temperature increase fastest 

at ?
(c) Find the maximum rate of increase at .

Suppose that over a certain region of space the electrical poten-
tial is given by .
(a) Find the rate of change of the potential at in the

direction of the vector .
(b) In which direction does change most rapidly at ?
(c) What is the maximum rate of change at ?

34. Suppose you are climbing a hill whose shape is given by the
equation , where and are
measured in meters, and you are standing at a point with coor-
dinates . The positive -axis points east and the
positive -axis points north.
(a) If you walk due south, will you start to ascend or descend?

At what rate?
(b) If you walk northwest, will you start to ascend or descend?

At what rate?
(c) In which direction is the slope largest? What is the rate of

ascent in that direction? At what angle above the horizontal
does the path in that direction begin?
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If we complete the square in this expression, we obtain

We are given that and . But and are con-
tinuous functions, so there is a disk with center and radius such that

and whenever is in . Therefore, by looking at Equation
10, we see that whenever is in . This means that if is the curve
obtained by intersecting the graph of with the vertical plane through in
the direction of , then is concave upward on an interval of length . This is true in
the direction of every vector , so if we restrict to lie in , the graph of lies
above its horizontal tangent plane at . Thus, whenever is in .
This shows that is a local minimum.f !a, b"
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4.

5Ð18 |||| Find the local maximum and minimum values and saddle
point(s) of the function. If you have three-dimensional graphing
software, graph the function with a domain and viewpoint that
reveal all the important aspects of the function.
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uous second derivatives. In each case, what can you say 
about ?
(a)

(b)

2. Suppose (0, 2) is a critical point of a function t with contin-
uous second derivatives. In each case, what can you say 
about t ?
(a)

(b)

(c)

3Ð4 |||| Use the level curves in the Þgure to predict the location of
the critical points of and whether has a saddle point or a local
maximum or minimum at each of those points. Explain your
reasoning. Then use the Second Derivatives Test to conÞrm your
predictions.
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an absolute maximum. But this is not true for functions of two
variables. Show that the function

has exactly one critical point, and that has a local maximum
there that is not an absolute maximum. Then use a computer to
produce a graph with a carefully chosen domain and viewpoint
to see how this is possible.

37. Find the shortest distance from the point to the 
plane .

38. Find the point on the plane that is closest to the
point .

Find the points on the surface that are closest to
the origin.

40. Find the points on the surface that are closest to 
the origin.

Find three positive numbers whose sum is 100 and whose 
product is a maximum.

42. Find three positive numbers , , and whose sum is 100 such
that is a maximum.

43. Find the volume of the largest rectangular box with edges 
parallel to the axes that can be inscribed in the ellipsoid 

44. Solve the problem in Exercise 43 for a general ellipsoid 

45. Find the volume of the largest rectangular box in the Þrst
octant with three faces in the coordinate planes and one vertex
in the plane .

46. Find the dimensions of the rectangular box with largest 
volume if the total surface area is given as 64 cm .

47. Find the dimensions of a rectangular box of maximum volume
such that the sum of the lengths of its 12 edges is a constant .

48. The base of an aquarium with given volume is made of slate
and the sides are made of glass. If slate costs Þve times as
much (per unit area) as glass,Þnd the dimensions of the aquar-
ium that minimize the cost of the materials.

A cardboard box without a lid is to have a volume of
32,000 cm Find the dimensions that minimize the amount 
of cardboard used.

50. A rectangular building is being designed to minimize heat loss.
The east and west walls lose heat at a rate of per
day, the north and south walls at a rate of per day,
the ßoor at a rate of per day, and the roof at a rate of

per day. Each wall must be at least 30 m long, the
height must be at least 4 m, and the volume must be exactly

.
(a) Find and sketch the domain of the heat loss as a function of

the lengths of the sides.
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49.

V

c

2

x ! 2y ! 3z ! 6

x2

a2 !
y2

b2 !
z2

c2 ! 1

9x2 ! 36y2 ! 4z2 ! 36

xaybzc
zyx

41.

x2y2z ! 1

z2 ! xy ! 139.

"1, 2, 3#
x " y ! z ! 4

x ! y " z ! 1
"2, 1, " 1#

f

f "x, y#! 3xey " x3 " e3y

; 19Ð22|||| Use a graph and/or level curves to estimate the local 
maximum and minimum values and saddle point(s) of the function.
Then use calculus to Þnd these values precisely.

19.

20.

21. ,
,

22. ,
,

; 23Ð26|||| Use a graphing device as in Example 4 (or NewtonÕs
method or a rootÞnder) to Þnd the critical points of correct to
three decimal places. Then classify the critical points and Þnd the
highest or lowest points on the graph.

23.

24.

25.

26.

27Ð34|||| Find the absolute maximum and minimum values of on
the set .

27. , is the closed triangular region
with vertices , , and 

28. , is the closed triangular region
with vertices , , and 

,

30. ,

31. ,

32. ,

33. ,

34. , is the quadrilateral whose
vertices are , , , and .

; 35. For functions of one variable it is impossible for a continuous
function to have two local maxima and no local minimum. But
for functions of two variables such functions exist. Show that
the function

has only two critical points, but has local maxima at both of
them. Then use a computer to produce a graph with a carefully
chosen domain and viewpoint to see how this is possible.

; 36. If a function of one variable is continuous on an interval and
has only one critical number, then a local maximum has to be 

f "x, y#! " "x2 " 1#2 " "x2y " x " 1#2

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

"" 2, " 2#"2, 2#"2, 3#"" 2, 3#
Df "x, y#! x3 " 3x " y3 ! 12y

D ! $"x, y#%x2 ! y2 # 1&f "x, y#! 2x3 ! y4

D ! $"x, y#%x $ 0, y $ 0, x2 ! y2 # 3&f "x, y#! xy2

D ! $"x, y#%0 # x # 3, 0# y # 2&
f "x, y#! x4 ! y4 " 4xy ! 2

D ! $"x, y#%0 # x # 4, 0# y # 5&
f "x, y#! 4x ! 6y " x2 " y2

D ! $"x, y#%%x%# 1, %y%# 1&
f "x, y#! x2 ! y2 ! x2y ! 429.

"1, 4#"5, 0#"1, 0#
Df "x, y#! 3 ! xy " x " 2y

"0, 3#"2, 0#"0, 0#
Df "x, y#! 1 ! 4x " 5y

D
f

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

f "x, y#! ex ! y4 " x3 ! 4 cos y

f "x, y#! 2x ! 4x2 " y2 ! 2xy2 " x4 " y4

f "x, y#! 5 " 10xy " 4x2 ! 3y " y4

f "x, y#! x4 " 5x2 ! y2 ! 3x ! 2

f

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

0 # y # %! 40 # x # %! 4
f "x, y#! sin x ! sin y ! cos"x ! y#

0 # y # 2%0 # x # 2%
f "x, y#! sin x ! sin y ! sin"x ! y#

f "x, y#! xye" x2" y2

f "x, y#! 3x2y ! y3 " 3x2 " 3y2 ! 2
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