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20. The wave heights in the open sea depend on the speed 
of the wind and the length of time that the wind has been
blowing at that speed. Values of the function are
recorded in the following table.

Use the table to Þnd a linear approximation to the wave height
function when is near 40 knots and is near 20 hours. Then
estimate the wave heights when the wind has been blowing for
24 hours at 43 knots.

21. Use the table in Example 3 to Þnd a linear approximation to
the heat index function when the temperature is near 
and the relative humidity is near 80%. Then estimate the heat
index when the temperature is and the relative humidity 
is 78%.

22. The wind-chill index is the perceived temperature when the
actual temperature is and the wind speed is , so we can
write . The following table of values is an excerpt
from Table 1 in Section 14.1.

Use the table to Þnd a linear approximation to the wind-chill
index function when is near and is near 50 km! h.
Then estimate the wind-chill index when the temperature is

and the wind speed is 55 km! h.

23Ð28|||| Find the differential of the function.
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vh1Ð6 |||| Find an equation of the tangent plane to the given surface at
the speciÞed point.

1. ,

2. ,

3. ,

4. ,

5. ,

6. ,

; 7Ð8 |||| Graph the surface and the tangent plane at the given point.
(Choose the domain and viewpoint so that you get a good view of
both the surface and the tangent plane.) Then zoom in until the 
surface and the tangent plane become indistinguishable.

7. ,

8. ,

9Ð10 |||| Draw the graph of and its tangent plane at the given
point. (Use your computer algebra system both to compute the 
partial derivatives and to graph the surface and its tangent plane.)
Then zoom in until the surface and the tangent plane become 
indistinguishable.

9.

10.

11Ð16|||| Explain why the function is differentiable at the given
point. Then Þnd the linearization of the function at 
that point.

, 12. ,

13. , 14. ,

15. ,

16. ,

17. Find the linear approximation of the function
at and use it to approximate

.

; 18. Find the linear approximation of the function
at and use it to approximate

. Illustrate by graphing and the tangent plane.

Find the linear approximation of the function
at and use it to

approximate the number .s "3.02#2 ! "1.97#2 ! "5.99#2

"3, 2, 6#f "x, y, z#! s x2 ! y2 ! z2

19.

ff "6.9, 2.06#
"7, 2#f "x, y#! ln"x # 3y#

f "1.95, 1.08#
"2, 1#f "x, y#! s 20 # x2 # 7y2

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

"# 3, 2#f "x, y#! sin"2x ! 3y#

"1, 0#f "x, y#! tan# 1"x ! 2y#

"3, 0#f "x, y#! s x ! e4y"0, 0#f "x, y#! ex cos xy

"6, 3#f "x, y#! x! y"1, 4#f "x, y#! xs y11.

L"x, y#

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

f "x, y#!
s 1 ! 4x2 ! 4y2

1 ! x4 ! y4 ,  "1, 1, 1#

f "x, y#! e# "x2! y2#!15"sin2x ! cos2y#,  "2, 3, f "2, 3##

fCAS

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

"1, 1, %! 4#z ! arctan"xy2#

"1, 1, 5#z ! x2 ! xy ! 3y2

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

"1, # 1, 1#z ! ex2# y2

"2, 2, 2#z ! y cos"x # y#

"1, 4, 0#z ! y ln x

"1, # 1, 1#z ! s 4 # x2 # 2y2

"1, 2, 18#z ! 9x2 ! y2 ! 6x # 3y ! 5

"# 1, 2, 4#z ! 4x2 # y2 ! 2y
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21Ð26|||| Use the Chain Rule to Þnd the indicated partial 
derivatives.

21. , , ;

, , when , ,

22. , , ;

, , when , ,

23. , , ,
;

, when 

24. , , , ;

, when 

25. , , , ;

, , when 

26. , , , ;

, , when 

27Ð30|||| Use Equation 6 to Þnd .

27. 28.

29. 30.

31Ð34|||| Use Equations 7 to Þnd and .

31.

33. 34.

The temperature at a point is , measured in degrees
Celsius. A bug crawls so that its position after seconds is
given by , where and are measured
in centimeters. The temperature function satisÞes 
and . How fast is the temperature rising on the
bugÕs path after 3 seconds?

36. Wheat production in a given year, , depends on the average
temperature and the annual rainfall . Scientists estimate 
that the average temperature is rising at a rate of 0.15¡C! year
and rainfall is decreasing at a rate of 0.1 cm! year. They also
estimate that, at current production levels, and

.
(a) What is the signiÞcance of the signs of these partial 

derivatives?
(b) Estimate the current rate of change of wheat production,

.dW! dt
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!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!
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s ! x # y sin tr ! y # x cos tu ! s r 2 # s2

w ! 0v ! 1u ! 2
! z
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y ! u # vewx ! uv2 # w3z ! x2 # xy3

1Ð6 |||| Use the Chain Rule to Þnd or .

1. , ,

2. , ,

3. , ,

4. , ,

, , ,

6. , , ,

7Ð12 |||| Use the Chain Rule to Þnd and .

7. , ,

8. , ,

9. , ,

10. , ,

, ,

12. , ,

13. If , where is differentiable, , ,
, , , , , and

, Þnd when .

14. Let , where are differen-
tiable, , , , ,

, , , and .
Find and .

15. Suppose is a differentiable function of and , and
. Use the table of values to

calculate 

16. Suppose is a differentiable function of and , and
Use the table of values in

Exercise 15 to calculate and 

17Ð20|||| Use a tree diagram to write out the Chain Rule for the
given case. Assume all functions are differentiable.

, where ,

18. , where , ,

19. ,
where , ,

20. , where ,
!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

t ! t"w, x, y, z#s ! s"w, x, y, z#u ! f "s, t#

r ! r "x, y, z#q ! q"x, y, z#p ! p"x, y, z#
v ! f " p, q, r#

z ! z"t, u#y ! y"t, u#x ! x"t, u#w ! f "x, y, z#

y ! y"r, s, t#x ! x"r, s, t#u ! f "x, y#17.

t s"1, 2#.t r"1, 2#
t "r, s#! f "2r " s, s2 " 4r#.

yxf

t u"0, 0# and t v"0, 0#.
t "u, v#! f "eu # sin v, eu # cos v#

yxf

Wt"1, 0#Ws"1, 0#
Fv"2, 3#! 10Fu"2, 3#! " 1vt"1, 0#! 4vs"1, 0#! 5

v"1, 0#! 3ut"1, 0#! 6us"1, 0#! " 2u"1, 0#! 2
F, u, and vW"s, t#! F"u"s, t#, v"s, t##

t ! 3dz! dtfy"2, 7#! " 8
fx"2, 7#! 6h%"3#! " 4h"3#! 7t %"3#! 5t "3#! 2

y ! h"t#x ! t "t#fz ! f "x, y#

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

& ! s " t' ! 3s # tz ! sin '  tan &

$ ! s s2 # t 2r ! stz ! er cos $11.

y ! s! tx ! s # 2tz ! exy tan y

y ! s ln tx ! s2tz ! arctan"2x # y#

y ! 1 # se" tx ! setz ! x! y

y ! stx ! s # tz ! x2 # xy # y2

! z! ! t! z! ! s

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

z ! et cos ty ! et sin tx ! etw ! xy # yz2

z ! 1 # 2ty ! 1 " tx ! t 2w ! xey! z5.

y ! cos tx ! sin tz ! x ln"x # 2y#

y ! s tx ! ( tz ! sin x cos y

y ! e" 2tx ! e2tz ! s x2 # y2

y ! 1 " t 3x ! 2 # t 4z ! x2y # xy2

dw! dtdz! dt
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21Ð26|||| Use the Chain Rule to Þnd the indicated partial 
derivatives.

21. , , ;

, , when , ,

22. , , ;

, , when , ,

23. , , ,
;

, when 

24. , , , ;

, when 

25. , , , ;

, , when 

26. , , , ;

, , when 

27Ð30|||| Use Equation 6 to Þnd .

27. 28.

29. 30.

31Ð34|||| Use Equations 7 to Þnd and .

31.

33. 34.

The temperature at a point is , measured in degrees
Celsius. A bug crawls so that its position after seconds is
given by , where and are measured
in centimeters. The temperature function satisÞes 
and . How fast is the temperature rising on the
bugÕs path after 3 seconds?

36. Wheat production in a given year, , depends on the average
temperature and the annual rainfall . Scientists estimate 
that the average temperature is rising at a rate of 0.15¡C! year
and rainfall is decreasing at a rate of 0.1 cm! year. They also
estimate that, at current production levels, and

.
(a) What is the signiÞcance of the signs of these partial 

derivatives?
(b) Estimate the current rate of change of wheat production,
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1Ð6 |||| Use the Chain Rule to Þnd or .
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2. , ,

3. , ,

4. , ,

, , ,

6. , , ,

7Ð12 |||| Use the Chain Rule to Þnd and .
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13. If , where is differentiable, , ,
, , , , , and

, Þnd when .

14. Let , where are differen-
tiable, , , , ,

, , , and .
Find and .

15. Suppose is a differentiable function of and , and
. Use the table of values to

calculate 

16. Suppose is a differentiable function of and , and
Use the table of values in

Exercise 15 to calculate and 

17Ð20|||| Use a tree diagram to write out the Chain Rule for the
given case. Assume all functions are differentiable.

, where ,

18. , where , ,

19. ,
where , ,

20. , where ,
!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

t ! t"w, x, y, z#s ! s"w, x, y, z#u ! f "s, t#

r ! r "x, y, z#q ! q"x, y, z#p ! p"x, y, z#
v ! f " p, q, r#

z ! z"t, u#y ! y"t, u#x ! x"t, u#w ! f "x, y, z#

y ! y"r, s, t#x ! x"r, s, t#u ! f "x, y#17.

t s"1, 2#.t r"1, 2#
t "r, s#! f "2r " s, s2 " 4r#.
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& ! s " t' ! 3s # tz ! sin '  tan &

$ ! s s2 # t 2r ! stz ! er cos $11.

y ! s! tx ! s # 2tz ! exy tan y

y ! s ln tx ! s2tz ! arctan"2x # y#

y ! 1 # se" tx ! setz ! x! y

y ! stx ! s # tz ! x2 # xy # y2

! z! ! t! z! ! s

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

z ! et cos ty ! et sin tx ! etw ! xy # yz2

z ! 1 # 2ty ! 1 " tx ! t 2w ! xey! z5.

y ! cos tx ! sin tz ! x ln"x # 2y#

y ! s tx ! ( tz ! sin x cos y

y ! e" 2tx ! e2tz ! s x2 # y2

y ! 1 " t 3x ! 2 # t 4z ! x2y # xy2

dw! dtdz! dt
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