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For instance, the function

is a rational function of three variables and so is continuous at every point in except
where . In other words, it is discontinuous on the sphere with center the
origin and radius 1.

If we use the vector notation introduced at the end of Section 14.1, then we can write
the deÞnitions of a limit for functions of two or three variables in a single compact form
as follows.

If is deÞned on a subset D of , then means that for
every number there is a corresponding number such that

whenever and

Notice that if , then and , and (5) is just the deÞnition of a limit for
functions of a single variable. For the case , we have , ,
and , so (5) becomes DeÞnition 1. If , then

, , and (5) becomes the deÞnition of a limit of a function of
three variables. In each case the deÞnition of continuity can be written as

lim 
x l a

 f !x" ! f !a"

a ! #a, b, c$x ! #x, y, z$
n ! 3%x ! a%! s !x ! a"2 " ! y ! b"2

a ! #a, b$x ! #x, y$n ! 2
a ! ax ! xn ! 1

0 # %x ! a%# $x ! D%f !x" ! L %# %

$ & 0% &0
lim x l a f !x" ! L! nf5

x2 " y2 " z2 ! 1
! 3

f !x, y, z" !
1

x2 " y2 " z2 ! 1

8.

9. 10.

12.

13. 14.

15. 16.

17.

18.

20.

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

lim 
! x, y,

 
z" l !0, 0, 0"

 
xy " yz " zx
x2 " y2 " z2

lim
! x, y, z" l  !0, 0, 0"

 
 
xy " yz2 " xz2

x2 " y2 " z419.

lim
! x, y, z" l  !0, 0, 0"

 
 
x2 " 2y2 " 3z2

x2 " y2 " z2

lim 
! x, y, z" l !3, 0, 1"

 e! xy sin!' z&2"

lim
! x, y" l  !0, 0"

 
 

xy4

x2 " y8lim
! x, y" l  !0, 0"

 
 

x2 " y2

s x2 " y2 " 1 ! 1

lim
! x, y" l  !0, 0"

 
 

x2 sin2y
x2 " 2y2lim

! x, y" l  !0, 0"
 
 

2x2y
x4 " y2

lim
! x, y" l  !0, 0"

 
 
x4 ! y4

x2 " y2lim
! x, y" l  !0, 0"

 
 

xy
s x2 " y2

11.

lim
! x, y" l  !0, 0"

 
 

6x3y
2x4 " y4lim

! x, y" l  !0, 0"
 
 
xy cos y
3x2 " y2

lim
! x, y" l  !0, 0"

 
 
x2 " sin2y
2x2 " y2lim

! x, y" l  !0, 0"
 
 

x2

x2 " y27.
1. Suppose that . What can you say about

the value of ? What if is continuous?

2. Explain why each function is continuous or discontinuous.
(a) The outdoor temperature as a function of longitude,

latitude, and time
(b) Elevation (height above sea level) as a function of

longitude, latitude, and time
(c) The cost of a taxi ride as a function of distance traveled 

and time

3Ð4 |||| Use a table of numerical values of for near the
origin to make a conjecture about the value of the limit of 
as . Then explain why your guess is correct.

3. 4.

5Ð20 |||| Find the limit, if it exists, or show that the limit does 
not exist.

5.

6. lim
! x, y" l  !6, 3"

 
 xy cos!x ! 2y"

lim
! x, y" l  !5, ! 2"

 
 !x5 " 4x3y ! 5xy2"

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

f ! x, y" !
2xy

x2 " 2y2f !x, y" !
x2y3 " x3y2 ! 5

2 ! xy

!x, y" l !0, 0"
f !x, y"

!x, y"f !x, y"

ff !3, 1"
lim ! x, y" l !3, 1" f !x, y" ! 6

|||| 14.2 Exercises
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; 21Ð22|||| Use a computer graph of the function to explain why the
limit does not exist.

21.

22.

23Ð24|||| Find and the set on which is 
continuous.

,

24. ,

; 25Ð26|||| Graph the function and observe where it is discontinuous.
Then use the formula to explain what you have observed.

25.

27Ð36|||| Determine the set of points at which the function is 
continuous.

27. 28.

29.

30.

31.

32.

33.

34. f !x, y, z" ! s x ! y ! z

f !x, y, z" !
s y

x2 " y2 ! z2

G!x, y" ! sin" 1!x2 ! y2"

G!x, y" ! ln!x2 ! y2 " 4"

F!x, y" ! ex2y ! s x ! y2

F!x, y" ! arctan(x ! s y)

F!x, y" !
x " y

1 ! x2 ! y2F!x, y" !
sin!xy"
ex " y2

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

f ! x, y" !
1

1 " x2 " y226.f !x, y" ! e1#!x" y"

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

f ! x, y" ! x2 " yt !t" !
s t " 1
s t ! 1

f !x, y" ! 2x ! 3y " 6t !t" ! t 2 ! s t23.

hh!x, y" ! t ! f !x, y""

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

lim
! x, y" l  !0, 0"

 
 

xy3

x2 ! y6

lim
! x, y" l  !0, 0"

 
 
2x2 ! 3xy ! 4y2

3x2 ! 5y2

36.

37Ð38|||| Use polar coordinates to Þnd the limit. [If are 
polar coordinates of the point with , note that 
as .]

38.

39. Use spherical coordinates to Þnd

; 40. At the beginning of this section we considered the function

and guessed that as on the basis of
numerical evidence. Use polar coordinates to conÞrm the value
of the limit. Then graph the function.

41. Show that the function given by is continuous 
on . [Hint: Consider .]

42. If , show that the functionf given by is
continuous on .! n

f !x" ! c ! xc " Vn

$x " a$2 ! !x " a" ! !x " a"! n
f !x" ! $x $f

!x, y" l !0, 0"f !x, y" l 1

f !x, y" !
sin!x2 ! y2"

x2 ! y2

lim
! x, y, z" l  !0, 0, 0"

 
 

xyz
x2 ! y2 ! z2

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

lim
! x, y" l  !0, 0"

 
 !x2 ! y2" ln!x2 ! y2"

lim
! x, y" l  !0, 0"

 
 
x3 ! y3

x2 ! y237.

!x, y" l !0, 0"
r l 0!r # 0!x, y"

!r, $"

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

f ! x, y" ! %
0

xy
x2 ! xy ! y2 if

if

!x, y" " !0, 0"

!x, y" ! !0, 0"

f !x, y" ! %
1

x2y3

2x2 ! y2 if

if

!x, y" " !0, 0"

!x, y" ! !0, 0"
35.

|||| 14.3 Partial Derivatives

On a hot day, extreme humidity makes us think the temperature is higher than it really 
is, whereas in very dry air we perceive the temperature to be lower than the thermom-
eter indicates. The National Weather Service has devised the heat index(also called the 
temperature-humidity index, or humidex, in some countries) to describe the combined
effects of temperature and humidity. The heat index I is the perceived air temperature when
the actual temperature is T and the relative humidity is H. So I is a function of T and H and
we can write The following table of values of I is an excerpt from a table
compiled by the National Weather Service.

I ! f !T, H".



8. A contour map is given for a function . Use it to estimate
and .

9. If , Þnd and and inter-
pret these numbers as slopes. Illustrate with either hand-drawn
sketches or computer plots.

10. If , Þnd and and
interpret these numbers as slopes. Illustrate with either hand-
drawn sketches or computer plots.

; 11Ð12|||| Find and and graph , , and with domains and
viewpoints that enable you to see the relationships between them.

11. 12.

13Ð34|||| Find the Þrst partial derivatives of the function.

13.

14.

15. 16.

18.

19. 20.

21. 22.

23. 24.

25. 26.

28.

29. 30.

31. 32.

33.

34.

35Ð38|||| Find the indicated partial derivatives.

35. ;

36. ; fy!! 6, 4"f !x, y" ! sin!2x " 3y"

fx!3, 4"f !x, y" ! s x2 " y2

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

u ! sin!x1 " 2x2 " # # # " nxn"

u ! s x2
1 " x2

2 " # # # " x2
n

f !x, y, z, t" !
xy2

t " 2z
f !x, y, z, t" ! xyz2 tan! yt"

u ! xy#zu ! xe! t sin $

w ! s r 2 " s2 " t 2w ! ln!x " 2y " 3z"27.

f !x, y, z" ! x2eyzf !x, y, z" ! xy2z3 " 3yz

f !x, y" ! y
x

y
 cos!t 2" dtu ! tew#t

f !x, t" ! arctan(xs t )f !r, s" ! r ln!r 2 " s2"

f !s, t" ! st2#!s2 " t 2"w ! sin % cos &

f !x, y" ! xyf !x, y" !
x ! y
x " y

17.

z ! y ln xz ! xe3y

f !x, y" ! x5 " 3x3y2 " 3xy4

f !x, y" ! 3x ! 2y4

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

f ! x, y" ! xe! x 2! y 2

f !x, y" ! x2 " y2 " x2y

fyfxffyfx

fy!1, 0"fx!1, 0"f !x, y" ! s 4 ! x2 ! 4y2

fy!1, 2"fx!1, 2"f !x, y" ! 16 ! 4x2 ! y2

3 x

y

3

_2
0

6 8

10

14
16

12

18

2
4

_4

1

fy!2, 1"fx!2, 1"
f5Ð6 |||| Determine the signs of the partial derivatives for the func-

tion whose graph is shown.

(a) (b)

6. (a) (b)
(c) (d)

The following surfaces, labeled , , and , are graphs of a
function and its partial derivatives and . Identify each
surface and give reasons for your choices.

b_4

_3 _1 0 1 3
0

_2

y
x

z 0

2

4

2_2

a

8

_8

_4

_3 _1 0 1 3
0

_2

y
x

z 0

2

4

2_2

c

8

_8
_3 _1 0 1 3

0
_2

y
x

z 0

2

4

2_2

_4

fyfxf
cba7.

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

fyy!! 1, 2"fxx!! 1, 2"
fy!! 1, 2"fx!! 1, 2"

fy!1, 2"fx!1, 2"5.

1x

y

z

2

f
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37. ;

38. ;

39Ð40|||| Use the deÞnition of partial derivatives as limits (4) to
Þnd and .

39. 40.

41Ð44|||| Use implicit differentiation to Þnd and .
(You can see what these surfaces look like in TEC Visual 14.3.)

41. 42.

43. 44.

45Ð46|||| Find and .

45. (a) (b)

(a) (b)
(c)

47Ð52|||| Find all the second partial derivatives.

47. 48.

49. 50.

51. 52.

53Ð56|||| Verify that the conclusion of ClairautÕs Theorem holds,
that is, .

53. 54.

55. 56.

57Ð64|||| Find the indicated partial derivative.

57. ; ,

58. ; ,

59. ; ,

60. ; ,

61. ;

62. ;

63. ; ,

64. ;

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

! 6u
! x ! y2 ! z3u ! xaybzc

! 3w

! x2 ! y
! 3w

! z! y ! x
w !

x
y " 2z

! 3z
! u ! v ! w

z ! us v # w

! 3u
! r 2 ! $

u ! er $ sin $

frstfrssf !r, s, t" ! r ln!rs2t 3"

fyzzfxyzf !x, y, z" ! cos!4x " 3y " 2z"

ftxxftt tf !x, t" ! x2e# ct

fyyyfxxyf !x, y" ! 3xy4 " x3y2

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

u ! xyeyu ! ln s x2 " y2

u ! x4y2 # 2xy5u ! x sin!x " 2y"

ux y ! uyx

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

v ! s x " y2u ! e# s sin t

z ! y tan 2xz ! x#!x " y"

f !x, y" ! ln!3x " 5y"f !x, y" ! x4 # 3x2y3

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

z ! f !x#y"
z ! f !xy"z ! f !x"t ! y"46.

z ! f !x " y"z ! f !x" " t ! y"

! z#! y! z#! x

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

sin!xyz" ! x " 2y " 3zx # z ! arctan! yz"

yz ! ln!x " z"x2 " y2 " z2 ! 3xyz

! z#! y! z#! x

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

f ! x, y" ! s 3x # yf !x, y" ! x2 # xy " 2y2

fy!x, y"fx!x, y"

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

fv!2, 0, 3"f !u, v, w" ! w tan!uv"

fz!3, 2, 1"f !x, y, z" ! x#!y " z" Use the table of values of to estimate the values of
, , and .

66. Level curves are shown for a function . Determine whether
the following partial derivatives are positive or negative at the
point .
(a) (b) (c)
(d) (e)

67. Verify that the function is a solution of the
heat conduction equation .

68. Determine whether each of the following functions is a solution
of LaplaceÕs equation .
(a)
(b)
(c)
(d)
(e)
(f)

69. Verify that the function is a solution of
the three-dimensional Laplace equation .

70. Show that each of the following functions is a solution of the
wave equation .
(a)
(b)
(c)
(d)

71. If and are twice differentiable functions of a single vari-
able, show that the function

is a solution of the wave equation given in Exercise 70.

72. If , where , 
show that

! 2u
! x2

1
"

! 2u
! x2

2
" % % % "

! 2u
! x2

n
! u

a2
1 " a2

2 " % % % "a2
n ! 1u ! ea1x1" a2 x2"%%%"an xn

u!x, t" ! f !x " at" " t !x # at"

tf

u ! sin!x # at" " ln!x " at"
u ! !x # at"6 " !x " at"6
u ! t#!a2t 2 # x2"
u ! sin!kx" sin!akt"

ut t ! a2uxx

uxx " uyy " uzz ! 0
u ! 1#s x2 " y2 " z2

u ! e# x cos y # e# y cos x
u ! sin x cosh y " cos x sinh y
u ! ln s x2 " y2

u ! x3 " 3xy2
u ! x2 # y2
u ! x2 " y2

uxx " uyy ! 0

ut ! &2uxx

u ! e# &2k2t sin kx

10 8 6 4 2

y

x

P

fyyfxy

fxxfyfx
P

f

12.5

18.1

20.0

10.2

17.5

22.4

9.3

15.9

26.1

x
y

2.5

3.0

3.5

1.8 2.0 2.2

fx y!3, 2"fx!3, 2.2"fx!3, 2"
f !x, y"65.


