
1Ð7 |||| Find the cross product and verify that it is orthogonal
to both a and b.
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2. ,

3. ,

4. ,

5. ,

6. ,

,

8. If a ! i ! 2k and b ! j " k, Þnd a # b. Sketch a, b, and 
a # b as vectors starting at the origin.

State whether each expression is meaningful. If not, explain
why. If so, state whether it is a vector or a scalar.
(a) (b)
(c) (d)
(e) (f)

10Ð11 |||| Find and determine whether u # v is directed
into the page or out of the page.

10. 11.

The Þgure shows a vector in the -plane and a vector in
the direction of . Their lengths are and 
(a) Find .! a # b !

! b ! ! 2.! a ! ! 3k
bxya12.

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

150¡

|u|=6

|v|=8

60¡
|u|=5

|v|=10

! u # v !

"a # b#! "c # d#"a ! b## "c ! d#
"a ! b## ca # "b # c#
a # "b ! c#a ! "b # c#

9.

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!
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b ! 2i " et j ! e! t ka ! i " et j " e! t k

b ! i ! 2 j ! 3ka ! 3i " 2 j " 4k
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a # b (b) Use the right-hand rule to decide whether the components
of are positive, negative, or 0.
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that .
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.
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SECTION 12.4THE CROSS PRODUCT! ! ! ! 821

26. , ,

27. , ,

28. , ,

29Ð30 |||| Find the volume of the parallelepiped determined by the
vectors , , and .

29. , ,

30. , ,

31Ð32 |||| Find the volume of the parallelepiped with adjacent edges
, , and .

31. , , ,

32. , , ,

33. Use the scalar triple product to verify that the vectors
, , and 

are coplanar.

34. Use the scalar triple product to determine whether the points
, , , and lie in the same

plane.

35. A bicycle pedal is pushed by a foot with a 60-N force as
shown. The shaft of the pedal is 18 cm long. Find the
magnitude of the torque about .

36. Find the magnitude of the torque about if a 36-lb force is
applied as shown.

37. A wrench 30 cm long lies along the positive -axis and grips a
bolt at the origin. A force is applied in the direction 
at the end of the wrench. Find the magnitude of the force
needed to supply 100 J of torque to the bolt.

38. Let v ! 5j and let u be a vector with length 3 that starts at 
the origin and rotates in the xy-plane. Find the maximum and

! 0, 3, ! 4"
y

30¡
36 lb

4 ft

4 ft
P

P

10¡

70¡
60 N

P

P

S#6, 2, 8$R#3, ! 1, 2$Q#2, 4, 6$P#1, 0, 1$

c ! 7i " 3 j " 2kb ! i ! ja ! 2i " 3 j " k

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

S#6, ! 1, 4$R#! 1, 0, 1$Q#2, 4, 5$P#0, 1, 2$

S#2, ! 2, 2$R#3, ! 1, 1$Q#4, 1, 0$P#2, 0, ! 1$

PSPRPQ

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

c ! ! i " j " kb ! i ! j " ka ! i " j ! k

c ! ! 4, ! 2, 5"b ! ! 0, 1, 2"a ! ! 6, 3, ! 1"

cba

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

R#5, 2, 2$Q#3, 1, 0$P#2, 0, ! 3$

R#5, 3, 1$Q#4, 1, ! 2$P#0, ! 2, 0$

R#3, 0, 6$Q#! 1, 3, 4$P#2, 1, 5$ minimum values of the length of the vector u # v. In what
direction does u # v point?

(a) Let be a point not on the line that passes through the
points and . Show that the distance from the point 
to the line is

where QR
l

and QP
l

.
(b) Use the formula in part (a) to Þnd the distance from 

the point to the line through and
.

40. (a) Let be a point not on the plane that passes through the
points , , and . Show that the distance from to the
plane is

where QR
l

, QS
l

, and QP
l

.
(b) Use the formula in part (a) to Þnd the distance from the

point to the plane through the points ,
, and .

Prove that .

42. Prove part 6 of Theorem 8, that is,

43. Use Exercise 42 to prove that

44. Prove that

Suppose that .
(a) If , does it follow that ?
(b) If , does it follow that ?
(c) If and , does it follow 

that ?

46. If , , and are noncoplanar vectors, let

(These vectors occur in the study of crystallography. Vectors of
the form , where each is an integer, form
a lattice for a crystal. Vectors written similarly in terms of ,

, and form the reciprocal lattice.)
(a) Show that is perpendicular to if .
(b) Show that for .

(c) Show that .k1 ! #k2 # k3$!
1

v1 ! #v2 # v3$

i ! 1, 2, 3k i ! vi ! 1
i " jvjk i

k3k2

k1

nin1v1 " n2v2 " n3v3

k3 !
v1 # v2

v1 ! #v2 # v3$

k2 !
v3 # v1

v1 ! #v2 # v3$
k1 !

v2 # v3

v1 ! #v2 # v3$

v3v2v1

b ! c
a # b ! a # ca ! b ! a ! c

b ! ca # b ! a # c
b ! ca ! b ! a ! c

a " 045.

#a # b$! #c # d$! %a ! c
a ! d

b ! c
b ! d %

a # #b # c$" b # #c # a$" c # #a # b$! 0

a # #b # c$! #a ! c$b ! #a ! b$c

#a ! b$# #a " b$! 2#a # b$41.

S#0, 0, 3$R#0, 2, 0$
Q#1, 0, 0$P#2, 1, 4$

c !b !a !

d ! &#a # b$! c&
&a # b &

PdSRQ
P

R#! 1, 4, 7$
Q#0, 6, 8$P#1, 1, 1$

b !a !

d ! &a # b &
&a&

L
PdRQ

LP39.
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SECTION 12.5EQUATIONS OF LINES AND PLANES! ! ! ! 829

2Ð5 |||| Find a vector equation and parametric equations for 
the line.

2. The line through the point and parallel to the 
vector 

3. The line through the point and parallel to the 
vector 

4. The line through the origin and parallel to the line ,
, 

The line through the point (1, 0, 6) and perpendicular to the
plane 

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

x ! 3y ! z ! 5
5.

z ! 4 ! 3ty ! 1 " t
x ! 2t

! 3, 1, " 8"
#" 2, 4, 10$

2i " 4 j ! 5k
#1, 0, " 3$

1. Determine whether each statement is true or false.
(a) Two lines parallel to a third line are parallel.
(b) Two lines perpendicular to a third line are parallel.
(c) Two planes parallel to a third plane are parallel.
(d) Two planes perpendicular to a third plane are parallel.
(e) Two lines parallel to a plane are parallel.
(f) Two lines perpendicular to a plane are parallel.
(g) Two planes parallel to a line are parallel.
(h) Two planes perpendicular to a line are parallel.
(i) Two planes either intersect or are parallel.
( j) Two lines either intersect or are parallel.
(k) A plane and a line either intersect or are parallel.

|||| 12.5 Exercises

is a point in this plane. By Formula 9, the distance between and the
plane is

So the distance between the planes is .

EXAMPLE 10In Example 3 we showed that the lines

are skew. Find the distance between them.

SOLUTIONSince the two lines and are skew, they can be viewed as lying on two
parallel planes and . The distance between and is the same as the distance
between and , which can be computed as in Example 9. The common normal 
vector to both planes must be orthogonal to both (the direction of )
and (the direction of ). So a normal vector is

If we put in the equations of , we get the point on and so an equa-
tion for is

If we now set in the equations for , we get the point on . So 
the distance between and is the same as the distance from to

. By Formula 9, this distance is

D ! %13#1$" 6#" 2$" 5#4$! 3%
s 132 ! #" 6$2 ! #" 5$2

!
8

s 230
& 0.53

13x " 6y ! 5z ! 3 ! 0
#1, " 2, 4$L2L1

P1#1, " 2, 4$L1t ! 0

13x " 6y " 5z ! 3 ! 0or13#x " 0$" 6#y " 3$" 5#z ! 3$! 0

P2

L2#0, 3, " 3$L2s ! 0

n ! v1 # v2 ! %i
1
2

j
3
1

k
" 1

4 %! 13i " 6j " 5k

L2v2 ! ! 2, 1, 4"
L1v1 ! ! 1, 3, " 1"

P2P1

L2L1P2P1

L2L1

 L2: x ! 2s  y ! 3 ! s  z ! " 3 ! 4s

 L1: x ! 1 ! t y ! " 2 ! 3t z ! 4 " t

s 3' 6

D ! %5(1
2) ! 1#0$" 1#0$" 1%
s 52 ! 12 ! #" 1$2

!
3
2

3s 3
!

s 3
6

5x ! y " z " 1 ! 0
(1

2, 0, 0)(1
2, 0, 0)



6Ð12 |||| Find parametric equations and symmetric equations for the
line.

6. The line through the origin and the point 

7. The line through the points and 

8. The line through the points and 

The line through the points and 

10. The line through and perpendicular to both 
and 

11. The line through and parallel to the line

12. The line of intersection of the planes 
and 

Is the line through and parallel to the
line through and ?

14. Is the line through and perpendicular to the
line through and ?

15. (a) Find symmetric equations for the line that passes through
the point and is parallel to the line with para-
metric equations , , .

(b) Find the points in which the required line in part (a) inter-
sects the coordinate planes.

16. (a) Find parametric equations for the line through that
is perpendicular to the plane .

(b) In what points does this line intersect the coordinate
planes?

17. Find a vector equation for the line segment from 
to .

18. Find parametric equations for the line segment from 
to .

19Ð22|||| Determine whether the lines and are parallel, skew,
or intersecting. If they intersect, Þnd the point of intersection.

: , ,

: , ,

20. : , ,

: , ,

21. : , :

22. :

:

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

x ! 2
1

!
y ! 6
! 1

!
z " 2

3
L2

x ! 1
2

!
y ! 3

2
!

z ! 2
! 1

L1

x ! 3
! 4

!
y ! 2
! 3

!
z ! 1

2
L2

x
1

!
y ! 1

2
!

z ! 2
3

L1

z ! 1 " 3sy ! 4 " sx ! ! 1 " sL2

z ! 2 ! ty ! 3tx ! 1 " 2tL1

z ! sy ! 4 ! 3sx ! 1 " 2sL2

z ! ! 3ty ! 1 " 9tx ! ! 6tL119.

L2L1

!5, 6, ! 3"
!10, 3, 1"

!4, 6, 1"
!2, ! 1, 4"

2x ! y " z ! 1
!5, 1, 0"

z ! 5 ! 7ty ! 3tx ! 1 " 2t
!0, 2, ! 1"

!5, 1, 4"!! 3, 2, 0"
!2, 5, 3"!4, 1, ! 1"

!5, 3, 14"!10, 18, 4"
!! 2, 0 ! 3"!! 4, ! 6, 1"13.

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

x " z ! 0
x " y " z ! 1

x " 2 ! 1
2 y ! z ! 3

!1, ! 1, 1"

j " k
i " j!2, 1, 0"

!2, 1, ! 3"(0, 12, 1)9.

!2, 4, 5"!6, 1, ! 3"

!! 4, 3, 0"!1, 3, 2"

!1, 2, 3"

23Ð38|||| Find an equation of the plane.

23. The plane through the point and perpendicular to the
vector 

24. The plane through the point and with normal 
vector 

25. The plane through the point and with normal vector

26. The plane through the point and perpendicular to
the line , , 

27. The plane through the origin and parallel to the plane

28. The plane through the point and parallel to the
plane 

29. The plane through the point and parallel to the plane

30. The plane that contains the line , , 
and is parallel to the plane 

The plane through the points , , and 

32. The plane through the origin and the points 
and 

33. The plane through the points , , and

34. The plane that passes through the point and contains
the line , , 

35. The plane that passes through the point and contains
the line , , 

36. The plane that passes through the point and 
contains the line with symmetric equations 

37. The plane that passes through the point and contains
the line of intersection of the planes and

38. The plane that passes through the line of intersection of the
planes and and is perpendicular to the
plane 

39Ð41|||| Find the point at which the line intersects the given plane.

39. , , ;

40. , , ;

41. ;

42. Where does the line through and intersect
the plane ?

43. Find direction numbers for the line of intersection of the planes
and .

44. Find the cosine of the angle between the planes 
and .x " 2y " 3z ! 1

x " y " z ! 0

x " z ! 0x " y " z ! 1

x " y " z ! 6
!4, ! 2, 2"!1, 0, 1"

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

4x ! y " 3z ! 8x ! y ! 1 ! 2z

x " 2y ! z " 1 ! 0z ! 2 ! 3ty ! 4tx ! 1 " 2t

x ! y " 2z ! 9z ! 5ty ! 2 " tx ! 3 ! t

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

x " y ! 2z ! 1
y " 2z ! 3x ! z ! 1

2x ! y " 3z ! 1
x " y ! z ! 2

!! 1, 2, 1"

x ! 2y ! 3z
!1, ! 1, 1"

z ! 7 " 4ty ! 3 " 5tx ! 4 ! 2t
!6, 0, ! 2"

z ! 2 ! ty ! 1 " tx ! 3t
!1, 2, 3"

!! 1, ! 2, ! 3"
!8, 2, 4"!3, ! 1, 2"

!5, 1, 3"
!2, ! 4, 6"

!1, 1, 0"!1, 0, 1"!0, 1, 1"31.

2x " 4y " 8z ! 17
z ! 8 ! ty ! tx ! 3 " 2t

3x ! 7z ! 12
!4, ! 2, 3"

x " y " z " 2 ! 0
!! 1, 6, ! 5"

2x ! y " 3z ! 1

z ! 4 ! 3ty ! 2tx ! 1 " t
!! 2, 8, 10"

i " j ! k
!1, ! 1, 1"

j " 2k
!4, 0, ! 3"

#! 2, 1, 5$
!6, 3, 2"
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6Ð12 |||| Find parametric equations and symmetric equations for the
line.

6. The line through the origin and the point 

7. The line through the points and 

8. The line through the points and 

The line through the points and 

10. The line through and perpendicular to both 
and 

11. The line through and parallel to the line

12. The line of intersection of the planes 
and 

Is the line through and parallel to the
line through and ?

14. Is the line through and perpendicular to the
line through and ?

15. (a) Find symmetric equations for the line that passes through
the point and is parallel to the line with para-
metric equations , , .

(b) Find the points in which the required line in part (a) inter-
sects the coordinate planes.

16. (a) Find parametric equations for the line through that
is perpendicular to the plane .

(b) In what points does this line intersect the coordinate
planes?

17. Find a vector equation for the line segment from 
to .

18. Find parametric equations for the line segment from 
to .

19Ð22|||| Determine whether the lines and are parallel, skew,
or intersecting. If they intersect, Þnd the point of intersection.

: , ,

: , ,

20. : , ,

: , ,

21. : , :

22. :

:

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

x ! 2
1

!
y ! 6
! 1

!
z " 2

3
L2

x ! 1
2

!
y ! 3

2
!

z ! 2
! 1

L1

x ! 3
! 4

!
y ! 2
! 3

!
z ! 1

2
L2

x
1

!
y ! 1

2
!

z ! 2
3

L1

z ! 1 " 3sy ! 4 " sx ! ! 1 " sL2

z ! 2 ! ty ! 3tx ! 1 " 2tL1

z ! sy ! 4 ! 3sx ! 1 " 2sL2

z ! ! 3ty ! 1 " 9tx ! ! 6tL119.

L2L1

!5, 6, ! 3"
!10, 3, 1"

!4, 6, 1"
!2, ! 1, 4"

2x ! y " z ! 1
!5, 1, 0"

z ! 5 ! 7ty ! 3tx ! 1 " 2t
!0, 2, ! 1"

!5, 1, 4"!! 3, 2, 0"
!2, 5, 3"!4, 1, ! 1"

!5, 3, 14"!10, 18, 4"
!! 2, 0 ! 3"!! 4, ! 6, 1"13.

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

x " z ! 0
x " y " z ! 1

x " 2 ! 1
2 y ! z ! 3

!1, ! 1, 1"

j " k
i " j!2, 1, 0"

!2, 1, ! 3"(0, 12, 1)9.

!2, 4, 5"!6, 1, ! 3"

!! 4, 3, 0"!1, 3, 2"

!1, 2, 3"

23Ð38|||| Find an equation of the plane.

23. The plane through the point and perpendicular to the
vector 

24. The plane through the point and with normal 
vector 

25. The plane through the point and with normal vector

26. The plane through the point and perpendicular to
the line , , 

27. The plane through the origin and parallel to the plane

28. The plane through the point and parallel to the
plane 

29. The plane through the point and parallel to the plane

30. The plane that contains the line , , 
and is parallel to the plane 

The plane through the points , , and 

32. The plane through the origin and the points 
and 

33. The plane through the points , , and

34. The plane that passes through the point and contains
the line , , 

35. The plane that passes through the point and contains
the line , , 

36. The plane that passes through the point and 
contains the line with symmetric equations 

37. The plane that passes through the point and contains
the line of intersection of the planes and

38. The plane that passes through the line of intersection of the
planes and and is perpendicular to the
plane 

39Ð41|||| Find the point at which the line intersects the given plane.

39. , , ;

40. , , ;

41. ;

42. Where does the line through and intersect
the plane ?

43. Find direction numbers for the line of intersection of the planes
and .

44. Find the cosine of the angle between the planes 
and .x " 2y " 3z ! 1

x " y " z ! 0

x " z ! 0x " y " z ! 1

x " y " z ! 6
!4, ! 2, 2"!1, 0, 1"

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

4x ! y " 3z ! 8x ! y ! 1 ! 2z

x " 2y ! z " 1 ! 0z ! 2 ! 3ty ! 4tx ! 1 " 2t

x ! y " 2z ! 9z ! 5ty ! 2 " tx ! 3 ! t

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

x " y ! 2z ! 1
y " 2z ! 3x ! z ! 1

2x ! y " 3z ! 1
x " y ! z ! 2

!! 1, 2, 1"

x ! 2y ! 3z
!1, ! 1, 1"

z ! 7 " 4ty ! 3 " 5tx ! 4 ! 2t
!6, 0, ! 2"

z ! 2 ! ty ! 1 " tx ! 3t
!1, 2, 3"

!! 1, ! 2, ! 3"
!8, 2, 4"!3, ! 1, 2"

!5, 1, 3"
!2, ! 4, 6"

!1, 1, 0"!1, 0, 1"!0, 1, 1"31.

2x " 4y " 8z ! 17
z ! 8 ! ty ! tx ! 3 " 2t

3x ! 7z ! 12
!4, ! 2, 3"

x " y " z " 2 ! 0
!! 1, 6, ! 5"

2x ! y " 3z ! 1

z ! 4 ! 3ty ! 2tx ! 1 " t
!! 2, 8, 10"

i " j ! k
!1, ! 1, 1"

j " 2k
!4, 0, ! 3"

#! 2, 1, 5$
!6, 3, 2"

830 " " " " CHAPTER 12VECTORS AND THE GEOMETRY OF SPACE



6Ð12 |||| Find parametric equations and symmetric equations for the
line.

6. The line through the origin and the point 

7. The line through the points and 

8. The line through the points and 

The line through the points and 

10. The line through and perpendicular to both 
and 

11. The line through and parallel to the line

12. The line of intersection of the planes 
and 

Is the line through and parallel to the
line through and ?

14. Is the line through and perpendicular to the
line through and ?

15. (a) Find symmetric equations for the line that passes through
the point and is parallel to the line with para-
metric equations , , .

(b) Find the points in which the required line in part (a) inter-
sects the coordinate planes.

16. (a) Find parametric equations for the line through that
is perpendicular to the plane .

(b) In what points does this line intersect the coordinate
planes?

17. Find a vector equation for the line segment from 
to .

18. Find parametric equations for the line segment from 
to .

19Ð22|||| Determine whether the lines and are parallel, skew,
or intersecting. If they intersect, Þnd the point of intersection.

: , ,

: , ,

20. : , ,

: , ,

21. : , :

22. :

:

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

x ! 2
1

!
y ! 6
! 1

!
z " 2

3
L2

x ! 1
2

!
y ! 3

2
!

z ! 2
! 1

L1

x ! 3
! 4

!
y ! 2
! 3

!
z ! 1

2
L2

x
1

!
y ! 1

2
!

z ! 2
3

L1

z ! 1 " 3sy ! 4 " sx ! ! 1 " sL2

z ! 2 ! ty ! 3tx ! 1 " 2tL1

z ! sy ! 4 ! 3sx ! 1 " 2sL2

z ! ! 3ty ! 1 " 9tx ! ! 6tL119.

L2L1

!5, 6, ! 3"
!10, 3, 1"

!4, 6, 1"
!2, ! 1, 4"

2x ! y " z ! 1
!5, 1, 0"

z ! 5 ! 7ty ! 3tx ! 1 " 2t
!0, 2, ! 1"

!5, 1, 4"!! 3, 2, 0"
!2, 5, 3"!4, 1, ! 1"

!5, 3, 14"!10, 18, 4"
!! 2, 0 ! 3"!! 4, ! 6, 1"13.

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

x " z ! 0
x " y " z ! 1

x " 2 ! 1
2 y ! z ! 3

!1, ! 1, 1"

j " k
i " j!2, 1, 0"

!2, 1, ! 3"(0, 12, 1)9.

!2, 4, 5"!6, 1, ! 3"

!! 4, 3, 0"!1, 3, 2"

!1, 2, 3"

23Ð38|||| Find an equation of the plane.

23. The plane through the point and perpendicular to the
vector 

24. The plane through the point and with normal 
vector 

25. The plane through the point and with normal vector

26. The plane through the point and perpendicular to
the line , , 

27. The plane through the origin and parallel to the plane

28. The plane through the point and parallel to the
plane 

29. The plane through the point and parallel to the plane

30. The plane that contains the line , , 
and is parallel to the plane 

The plane through the points , , and 

32. The plane through the origin and the points 
and 

33. The plane through the points , , and

34. The plane that passes through the point and contains
the line , , 

35. The plane that passes through the point and contains
the line , , 

36. The plane that passes through the point and 
contains the line with symmetric equations 

37. The plane that passes through the point and contains
the line of intersection of the planes and

38. The plane that passes through the line of intersection of the
planes and and is perpendicular to the
plane 

39Ð41|||| Find the point at which the line intersects the given plane.

39. , , ;

40. , , ;

41. ;

42. Where does the line through and intersect
the plane ?

43. Find direction numbers for the line of intersection of the planes
and .

44. Find the cosine of the angle between the planes 
and .x " 2y " 3z ! 1

x " y " z ! 0

x " z ! 0x " y " z ! 1

x " y " z ! 6
!4, ! 2, 2"!1, 0, 1"

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

4x ! y " 3z ! 8x ! y ! 1 ! 2z

x " 2y ! z " 1 ! 0z ! 2 ! 3ty ! 4tx ! 1 " 2t

x ! y " 2z ! 9z ! 5ty ! 2 " tx ! 3 ! t

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

x " y ! 2z ! 1
y " 2z ! 3x ! z ! 1

2x ! y " 3z ! 1
x " y ! z ! 2

!! 1, 2, 1"

x ! 2y ! 3z
!1, ! 1, 1"

z ! 7 " 4ty ! 3 " 5tx ! 4 ! 2t
!6, 0, ! 2"

z ! 2 ! ty ! 1 " tx ! 3t
!1, 2, 3"

!! 1, ! 2, ! 3"
!8, 2, 4"!3, ! 1, 2"

!5, 1, 3"
!2, ! 4, 6"

!1, 1, 0"!1, 0, 1"!0, 1, 1"31.

2x " 4y " 8z ! 17
z ! 8 ! ty ! tx ! 3 " 2t

3x ! 7z ! 12
!4, ! 2, 3"

x " y " z " 2 ! 0
!! 1, 6, ! 5"

2x ! y " 3z ! 1

z ! 4 ! 3ty ! 2tx ! 1 " t
!! 2, 8, 10"

i " j ! k
!1, ! 1, 1"

j " 2k
!4, 0, ! 3"

#! 2, 1, 5$
!6, 3, 2"
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6Ð12 |||| Find parametric equations and symmetric equations for the
line.

6. The line through the origin and the point 

7. The line through the points and 

8. The line through the points and 

The line through the points and 

10. The line through and perpendicular to both 
and 

11. The line through and parallel to the line

12. The line of intersection of the planes 
and 

Is the line through and parallel to the
line through and ?

14. Is the line through and perpendicular to the
line through and ?

15. (a) Find symmetric equations for the line that passes through
the point and is parallel to the line with para-
metric equations , , .

(b) Find the points in which the required line in part (a) inter-
sects the coordinate planes.

16. (a) Find parametric equations for the line through that
is perpendicular to the plane .

(b) In what points does this line intersect the coordinate
planes?

17. Find a vector equation for the line segment from 
to .

18. Find parametric equations for the line segment from 
to .

19Ð22|||| Determine whether the lines and are parallel, skew,
or intersecting. If they intersect, Þnd the point of intersection.

: , ,

: , ,

20. : , ,

: , ,

21. : , :

22. :

:

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

x ! 2
1

!
y ! 6
! 1

!
z " 2

3
L2

x ! 1
2

!
y ! 3

2
!

z ! 2
! 1

L1

x ! 3
! 4

!
y ! 2
! 3

!
z ! 1

2
L2

x
1

!
y ! 1

2
!

z ! 2
3

L1

z ! 1 " 3sy ! 4 " sx ! ! 1 " sL2

z ! 2 ! ty ! 3tx ! 1 " 2tL1

z ! sy ! 4 ! 3sx ! 1 " 2sL2

z ! ! 3ty ! 1 " 9tx ! ! 6tL119.

L2L1

!5, 6, ! 3"
!10, 3, 1"

!4, 6, 1"
!2, ! 1, 4"

2x ! y " z ! 1
!5, 1, 0"

z ! 5 ! 7ty ! 3tx ! 1 " 2t
!0, 2, ! 1"

!5, 1, 4"!! 3, 2, 0"
!2, 5, 3"!4, 1, ! 1"

!5, 3, 14"!10, 18, 4"
!! 2, 0 ! 3"!! 4, ! 6, 1"13.

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

x " z ! 0
x " y " z ! 1

x " 2 ! 1
2 y ! z ! 3

!1, ! 1, 1"

j " k
i " j!2, 1, 0"

!2, 1, ! 3"(0, 12, 1)9.

!2, 4, 5"!6, 1, ! 3"

!! 4, 3, 0"!1, 3, 2"

!1, 2, 3"

23Ð38|||| Find an equation of the plane.

23. The plane through the point and perpendicular to the
vector 

24. The plane through the point and with normal 
vector 

25. The plane through the point and with normal vector

26. The plane through the point and perpendicular to
the line , , 

27. The plane through the origin and parallel to the plane

28. The plane through the point and parallel to the
plane 

29. The plane through the point and parallel to the plane

30. The plane that contains the line , , 
and is parallel to the plane 

The plane through the points , , and 

32. The plane through the origin and the points 
and 

33. The plane through the points , , and

34. The plane that passes through the point and contains
the line , , 

35. The plane that passes through the point and contains
the line , , 

36. The plane that passes through the point and 
contains the line with symmetric equations 

37. The plane that passes through the point and contains
the line of intersection of the planes and

38. The plane that passes through the line of intersection of the
planes and and is perpendicular to the
plane 

39Ð41|||| Find the point at which the line intersects the given plane.

39. , , ;

40. , , ;

41. ;

42. Where does the line through and intersect
the plane ?

43. Find direction numbers for the line of intersection of the planes
and .

44. Find the cosine of the angle between the planes 
and .x " 2y " 3z ! 1

x " y " z ! 0

x " z ! 0x " y " z ! 1

x " y " z ! 6
!4, ! 2, 2"!1, 0, 1"

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

4x ! y " 3z ! 8x ! y ! 1 ! 2z

x " 2y ! z " 1 ! 0z ! 2 ! 3ty ! 4tx ! 1 " 2t

x ! y " 2z ! 9z ! 5ty ! 2 " tx ! 3 ! t

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

x " y ! 2z ! 1
y " 2z ! 3x ! z ! 1

2x ! y " 3z ! 1
x " y ! z ! 2

!! 1, 2, 1"

x ! 2y ! 3z
!1, ! 1, 1"

z ! 7 " 4ty ! 3 " 5tx ! 4 ! 2t
!6, 0, ! 2"

z ! 2 ! ty ! 1 " tx ! 3t
!1, 2, 3"

!! 1, ! 2, ! 3"
!8, 2, 4"!3, ! 1, 2"

!5, 1, 3"
!2, ! 4, 6"

!1, 1, 0"!1, 0, 1"!0, 1, 1"31.

2x " 4y " 8z ! 17
z ! 8 ! ty ! tx ! 3 " 2t

3x ! 7z ! 12
!4, ! 2, 3"

x " y " z " 2 ! 0
!! 1, 6, ! 5"

2x ! y " 3z ! 1

z ! 4 ! 3ty ! 2tx ! 1 " t
!! 2, 8, 10"

i " j ! k
!1, ! 1, 1"

j " 2k
!4, 0, ! 3"

#! 2, 1, 5$
!6, 3, 2"
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SECTION 12.5EQUATIONS OF LINES AND PLANES! ! ! ! 831

45Ð50|||| Determine whether the planes are parallel, perpendicular,
or neither. If neither, Þnd the angle between them.

,

46. ,

47. ,

48. ,

49. ,

50. ,

51Ð52|||| (a) Find symmetric equations for the line of intersection
of the planes and (b) Þnd the angle between the planes.

51. ,    

52. ,

53Ð54|||| Find parametric equations for the line of intersection of
the planes.

53. ,

54. ,

55. Find an equation for the plane consisting of all points that are
equidistant from the points and .

56. Find an equation for the plane consisting of all points that are
equidistant from the points and .

Find an equation of the plane with -intercept , -intercept ,
and -intercept .

58. (a) Find the point at which the given lines intersect:

and

(b) Find an equation of the plane that contains these lines.

59. Find parametric equations for the line through the point
that is parallel to the plane and 

perpendicular to the line , , .

60. Find parametric equations for the line through the point
that is perpendicular to the line , 

, and intersects this line.

61. Which of the following four planes are parallel? Are any of
them identical?

z ! 2x ! y ! 3P4:! 6x " 3y ! 9z ! 5P3:

4x ! 2y ! 2z ! 6P2:4x ! 2y " 6z ! 3P1:

z ! 2ty ! 1 ! t
x ! 1 " t!0, 1, 2"

z ! 2ty ! 1 ! tx ! 1 " t
x " y " z ! 2!0, 1, 2"

 r ! #2, 0, 2$ " s#! 1, 1, 0$

 r ! #1, 1, 0$ " t #1, ! 1, 2$

cz
byax57.

!2, ! 4, 3"!! 4, 2, 1"

!0, 1, 1"!1, 1, 0"

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

x ! 3y " z " 2 ! 02x " 5z " 3 ! 0

2x ! 5y ! z ! 1z ! x " y

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

2x " y " z ! 1x ! 2y " z ! 1

3x ! 4y " 5z ! 6x " y ! z ! 2

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

2x ! y " 2z ! 1x " 2y " 2z ! 1

8y ! 1 " 2x " 4zx ! 4y ! 2z

x " 6y " 4z ! 32x ! 3y " 4z ! 5

x ! y " z ! 1x " y " z ! 1

3x ! 12y " 6z ! 12z ! 4y ! x

! 3x " 6y " 7z ! 0x " 4y ! 3z ! 145.

62. Which of the following four lines are parallel? Are any of them
identical?

, ,

63Ð64|||| Use the formula in Exercise 39 in Section 12.4 to Þnd the
distance from the point to the given line.

63. ; , ,

64. ; , ,

65Ð66|||| Find the distance from the point to the given plane.

65. ,

66. ,

67Ð68|||| Find the distance between the given parallel planes.

67. ,

68. ,

Show that the distance between the parallel planes
and is

70. Find equations of the planes that are parallel to the plane
and two units away from it.

71. Show that the lines with symmetric equations and
are skew, and Þnd the distance between

these lines.

72. Find the distance between the skew lines with parametric 
equations , , , and ,

, .

73. If , , and are not all 0, show that the equation
represents a plane and is a

normal vector to the plane.
Hint: Suppose and rewrite the equation in the form

74. Give a geometric description of each family of planes.
(a)
(b)
(c) y cos # " zsin # ! 1

x " y " cz ! 1
x " y " z ! c

a%x "
d
a&" b! y ! 0" " c!z ! 0" ! 0

a " 0

#a, b, c$ax " by " cz " d ! 0
cba

z ! ! 2 " 6sy ! 5 " 15s
x ! 1 " 2sz ! 2ty ! 1 " 6tx ! 1 " t

x " 1 ! y' 2 ! z' 3
x ! y ! z

x " 2y ! 2z ! 1

D ! (d1 ! d2 (
s a2 " b2 " c2

ax " by " cz " d2 ! 0ax " by " cz " d1 ! 0
69.

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

x " 2y ! 3z ! 13x " 6y ! 9z ! 4

3x " 6y ! 3z ! 4z ! x " 2y " 1

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

4x ! 6y " z ! 5!3, ! 2, 7"

x ! 2y ! 2z ! 1!2, 8, 5"

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

z ! 1 " 2ty ! 3tx ! 5 ! t!1, 0, ! 1"

z ! 5ty ! 2 ! 3tx ! 2 " t!1, 2, 3"

r ! #2, 1, ! 3$ " t #2, 2, ! 10$L4:

x ! 1 " t, y ! 4 " t, z ! 1 ! tL3:

x " 1 ! y ! 2 ! 1 ! zL2:

z ! 2 ! 5ty ! tx ! 1 " tL1:


