
16. (a) Use the Midpoint Rule for double integrals with
to estimate the area of the surface

, , .
(b) Use a computer algebra system to approximate the surface

area in part (a) to four decimal places. Compare with the
answer to part (a).

17. Find the exact area of the surface ,
, .

18. Find the exact area of the surface

Illustrate by graphing the surface.

19. Find, to four decimal places, the area of the part of the surface
that lies above the disk .

20. Find, to four decimal places, the area of the part of the 
surface that lies above the square

. Illustrate by graphing this part of the surface.

21. Show that the area of the part of the plane 
that projects onto a region in the -plane with area is

.

22. If you attempt to use Formula 2 to find the area of the top half
of the sphere , you have a slight problem
because the double integral is improper. In fact, the integrand
has an infinite discontinuity at every point of the boundary 
circle . However, the integral can be computed 
as the limit of the integral over the disk as

. Use this method to show that the area of a sphere of
radius is .

23. Find the area of the finite part of the paraboloid 
cut off by the plane . [Hint: Project the surface onto
the -plane.]

24. The figure shows the surface created when the cylinder
intersects the cylinder . Find the 

area of this surface.
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1–12 |||| Find the area of the surface.

1. The part of the plane that lies above the 
rectangle 

2. The part of the plane that lies inside the
cylinder 

The part of the plane that lies in the 
first octant

4. The part of the surface that lies above the
triangle with vertices , , and 

5. The part of the cylinder that lies above the
rectangle with vertices , , , and 

6. The part of the paraboloid that lies above 
the -plane

7. The part of the hyperbolic paraboloid that lies
between the cylinders and 

8. The surface , ,

The part of the surface that lies within the cylinder

10. The part of the sphere that lies above the
plane 

11. The part of the sphere that lies within the
cylinder and above the -plane

The part of the sphere that lies inside the
paraboloid 

13–14 |||| Find the area of the surface correct to four decimal places
by expressing the area in terms of a single integral and using your
calculator to estimate the integral.

13. The part of the surface that lies above the disk

14. The part of the surface that lies inside the
cylinder 

15. (a) Use the Midpoint Rule for double integrals (see Sec-
tion 15.1) with four squares to estimate the surface area 
of the portion of the paraboloid that lies above
the square .

(b) Use a computer algebra system to approximate the surface
area in part (a) to four decimal places. Compare with the
answer to part (a).
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22. Evaluate , where lies between the spheres 
and and above the cone .

23. Find the volume of the solid that lies above the cone 
and below the sphere .

Find the volume of the solid that lies within the sphere
, above the -plane, and below the cone

.

25. Find the centroid of the solid in Exercise 21.

26. Let be a solid hemisphere of radius whose density at any
point is proportional to its distance from the center of the base.
(a) Find the mass of .
(b) Find the center of mass of .
(c) Find the moment of inertia of about its axis.

27. (a) Find the centroid of a solid homogeneous hemisphere of
radius .

(b) Find the moment of inertia of the solid in part (a) about a
diameter of its base.

28. Find the mass and center of mass of a solid hemisphere of
radius if the density at any point is proportional to its 
distance from the base.

29–32 |||| Use cylindrical or spherical coordinates, whichever seems
more appropriate.

Find the volume and centroid of the solid that lies above the
cone and below the sphere .

30. Find the volume of the smaller wedge cut from a sphere of
radius by two planes that intersect along a diameter at an
angle of .

31. Evaluate , where lies above the paraboloid 
and below the plane . Use either the

Table of Integrals (on the back Reference Pages) or a 
computer algebra system to evaluate the integral.

32. (a) Find the volume enclosed by the torus .
; (b) Use a computer to draw the torus.

33–34 |||| Evaluate the integral by changing to cylindrical
coordinates.

33.

34.

35–36 |||| Evaluate the integral by changing to spherical
coordinates.

35.

36.
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# ! 2ExxxE xyz dV7–16 |||| Use cylindrical coordinates.

Evaluate , where is the region that lies
inside the cylinder and between the planes

and .

8. Evaluate , where is the solid in the first
octant that lies beneath the paraboloid .

9. Evaluate , where is enclosed by the paraboloid
, the cylinder , and the -plane.

10. Evaluate , where is enclosed by the planes 
and and by the cylinders and

.

Evaluate , where is the solid that lies within 
the cylinder , above the plane , and below the
cone .

12. Find the volume of the solid that lies within both the cylinder
and the sphere .

13. (a) Find the volume of the region bounded by the parabo-
loids and .

(b) Find the centroid of (the center of mass in the case where
the density is constant).

14. (a) Find the volume of the solid that the cylinder 
cuts out of the sphere of radius centered at the origin.

; (b) Illustrate the solid of part (a) by graphing the sphere and
the cylinder on the same screen.

15. Find the mass and center of mass of the solid bounded by the
paraboloid and the plane if has
constant density .

16. Find the mass of a ball given by if the
density at any point is proportional to its distance from the 
-axis.

17–28 |||| Use spherical coordinates.

Evaluate , where is the unit ball
.

18. Evaluate , where is the hemispherical
region that lies above the -plane and below the sphere

19. Evaluate , where lies between the spheres
and in the first octant.

20. Evaluate , where is enclosed by the sphere
in the first octant.

21. Evaluate , where is bounded by the -plane and
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