
12. ,
where 

, where D is the region bounded by the
semicircle and the y-axis

14. , where is the region in the Þrst quadrant enclosed
by the circle 

15. ,
where 

16. , where is the region in the Þrst quadrant that lies
between the circles and 

17Ð20|||| Use a double integral to Þnd the area of the region.

One loop of the rose 

18. The region enclosed by the curve 

19. The region within both of the circles and 

20. The region inside the circle and outside the 
circle 

21Ð27|||| Use polar coordinates to Þnd the volume of the given
solid.

Under the paraboloid and above the 
disk 

22. Inside the sphere and outside the 
cylinder 

23. A sphere of radius 

24. Bounded by the paraboloid and the 
plane 

Above the cone and below the sphere

26. Bounded by the paraboloids and

27. Inside both the cylinder and the ellipsoid

28. (a) A cylindrical drill with radius is used to bore a hole
through the center of a sphere of radius . Find the volume
of the ring-shaped solid that remains.

(b) Express the volume in part (a) in terms of the height of
the ring. Notice that the volume depends only on , not on

or .

29Ð32|||| Evaluate the iterated integral by converting to polar 
coordinates.

29. 30. y
a

! a
 ys a2! y2

0
 !x2 " y2"3#2 dx dyy

1

0
 ys 1! x2

0
 ex 2" y 2 dy dx

r 2r 1

h
h

r 2

r 1

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

4x2 " 4y2 " z2 ! 64
x2 " y2 ! 4

z ! 4 ! x2 ! y2
z ! 3x2 " 3y2

x2 " y2 " z2 ! 1
z ! s x2 " y225.

z ! 4
z ! 10 ! 3x2 ! 3y2

a

x2 " y2 ! 4
x2 " y2 " z2 ! 16

x2 " y2 # 9
z ! x2 " y221.

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

r ! 2
r ! 4 sin $

r ! sin $r ! cos $

r ! 4 " 3 cos $

r ! cos 3$17.

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

x2 " y2 ! 2xx2 " y2 ! 4
DxxD x dA

R ! $!x, y" %1 # x2 " y2 # 4, 0 # y # x&
xxR arctan! y#x" dA

x2 " y2 ! 25
RxxR yex dA

x ! s 4 ! y2

xxD e! x 2! y 2
 dA13.

R ! $!x, y" %x2 " y2 # 4, x % 0&
xxR s 4 ! x2 ! y2 dA1Ð6 |||| A region is shown. Decide whether to use polar coordi-

nates or rectangular coordinates and write as an iter-
ated integral, where is an arbitrary continuous function on .

1. 2.

3. 4.

6.

7Ð8 |||| Sketch the region whose area is given by the integral and
evaluate the integral.

7. 8.

9Ð16 |||| Evaluate the given integral by changing to polar 
coordinates.

9. ,
where is the disk with center the origin and radius 3

10. , where is the region that lies to the left of
the -axis between the circles and 

11. , where is the region that lies above the
-axis within the circle x2 " y2 ! 9x

RxxR cos!x2 " y2" dA

x2 " y2 ! 4x2 " y2 ! 1y
RxxR !x " y" dA

D
xxD xy dA

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

y
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0
 y

4 cos $

0
 r dr d$y
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4
 r dr d$

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!
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Because of the symmetry of and about the -plane, we can immediately say that
and, therefore, . The other moments are

Therefore, the center of mass is

! x, y, z" ! #Myz

m
, 

Mxz

m
, 

Mxy

m $! (5
7, 0, 514)

 !
!
3

 y
1

0
 !1 " y6" dy !

2!
7

 ! !  y
1

" 1

 y
1

y
2
 %z2

2&z! 0

z! x

 dx dy !
!
2

 y
1

" 1
 y

1

y
2
 x2 dx dy

 Mxy ! yyy
E

 z!  dV ! y
1

" 1
 y

1

y
2
 y

x

0
 z!  dz dx dy
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2!
3

 y
1

0
 !1 " y6" dy !

2!
3

 %y "
y7

7 &0

1

!
4!
7

 ! !  y
1

" 1
 y

1
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2
 x2 dx dy ! !  y

1

" 1

 %x3

3 &x! y2

x! 1

 dy

 Myz ! yyy
E

 x!  dV ! y
1

" 1
 y

1

y
2
 y

x

0
 x!  dz dx dy

y ! 0Mxz ! 0
xz!E

10. , where is bounded by the planes , ,
, and 

11. , where is the solid tetrahedron with vertices
, , , and 

12. , where is the solid tetrahedron with vertices
, , , and 

13. , where is bounded by the parabolic cylinder
and the planes , , and 

14. , where is bounded by the parabolic cylinder
and the planes , , and 

15. , where is bounded by the paraboloid 
and the plane 

16. , where is bounded by the cylinder and
the planes , , and in the Þrst octant

17Ð20|||| Use a triple integral to Þnd the volume of the given solid.

The tetrahedron enclosed by the coordinate planes and the
plane 

18. The solid bounded by the cylinder and the planes
, and y ! 9z ! 4z ! 0,

y ! x2

2x # y # z ! 4
17.

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

z ! 0y ! 3xx ! 0
y2 # z2 ! 9ExxxE z dV

x ! 4
x ! 4y2 # 4z2ExxxE x dV

z ! 0x ! yx ! zy ! x2
ExxxE !x # 2y" dV

x ! " 1x ! 1z ! 0z ! 1 " y2
ExxxE x2ey dV

!0, 1, 1"!1, 1, 0"!0, 1, 0"!0, 0, 0"
ExxxE xz dV

!0, 0, 3"!0, 2, 0"!1, 0, 0"!0, 0, 0"
ExxxE xy dV

2x # 2y # z ! 4z ! 0
y ! 0x ! 0ExxxE y dV1. Evaluate the integral in Example 1, integrating Þrst with

respect to , then , and then .

2. Evaluate the integral , where

using three different orders of integration.

3Ð6 |||| Evaluate the iterated integral.

3. 4.

5. 6.

7Ð16 |||| Evaluate the triple integral.

7. , where

8. , where

, where lies under the plane 
and above the region in the -plane bounded by the curves

, , and x ! 1y ! 0y ! s x
xy

z ! 1 # x # yExxxE 6xy dV9.

E ! '! x, y, z" (0 $ x $ 1, 0 $ y $ x, x $ z $ 2x)
xxxE yz cos!x5" dV

E ! { !x, y, z" (0 $ y $ 2, 0 $ x $ s 4 " y2, 0 $ z $ y}
xxxE 2x dV

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""
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0
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 dx dy dzy
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0
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0
 2xyz dz dy dxy

1
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 y

x# z

0
 6xz dy dx dz

E ! '! x, y, z" ( " 1 $ x $ 1, 0$ y $ 2, 0$ z $ 1)

xxxE !xz " y3" dV

yxz
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