
15Ð18|||| Show that the equation represents a sphere, and Þnd its
center and radius.

15.

16.

17.

18.

19. (a) Prove that the midpoint of the line segment from
to is

(b) Find the lengths of the medians of the triangle with vertices
, , and .

20. Find an equation of a sphere if one of its diameters has end-
points and .

Find equations of the spheres with center that touch
(a) the -plane, (b) the -plane, (c) the -plane.

22. Find an equation of the largest sphere with center (5, 4, 9) that
is contained in the Þrst octant.

23Ð34|||| Describe in words the region of represented by the
equation or inequality.

23. 24.

25. 26.

28.

29.

30.

31. 32.

34.

35Ð38|||| Write inequalities to describe the region.

35. The half-space consisting of all points to the left of the 
-plane

36. The solid rectangular box in the Þrst octant bounded by the
planes , , and 

The region consisting of all points between (but not on) the
spheres of radius and centered at the origin, where 

38. The solid upper hemisphere of the sphere of radius 2 centered
at the origin

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

r ! RRr
37.

z ! 3y ! 2x ! 1

xz

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!

xyz ! 0x2 " z2 # 933.

x2 " y2 ! 1x2 " y2 " z2 $ 2z ! 3

1 # x2 " y2 " z2 # 25

x2 " y2 " z2 % 1

y ! z0 # z # 627.

y & 0x % 3

x ! 10y ! $ 4

! 3

xzyzxy
!2, $ 3, 6"21.

!4, 3, 10"!2, 1, 4"

C!4, 1, 5"B!$ 2, 0, 5"A!1, 2, 3"

#x1 " x2

2
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 y1 " y2

2
, 
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2 $
P2!x2, y2, z2"P1!x1, y1, z1"

!!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!   !!
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x2 " y2 " z2 ! 4x $ 2y

x2 " y2 " z2 $ 6x " 4y $ 2z ! 11
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1. Suppose you start at the origin, move along the -axis a
distance of 4 units in the positive direction, and then move
downward a distance of 3 units. What are the coordinates 
of your position?

2. Sketch the points , , , and 
on a single set of coordinate axes.

3. Which of the points , , and is
closest to the -plane? Which point lies in the -plane?

4. What are the projections of the point (2, 3, 5) on the -, -,
and -planes? Draw a rectangular box with the origin and

as opposite vertices and with its faces parallel to the
coordinate planes. Label all vertices of the box. Find the length
of the diagonal of the box.

Describe and sketch the surface in represented by the equa-
tion .

6. (a) What does the equation represent in ? What does
it represent in ? Illustrate with sketches.

(b) What does the equation represent in ? What does
represent? What does the pair of equations ,
represent? In other words, describe the set of points

such that and . Illustrate with a sketch.

7. Show that the triangle with vertices , ,
and is an equilateral triangle.

8. Find the lengths of the sides of the triangle with vertices
, , and . Is a right 

triangle? Is it an isosceles triangle?

9. Determine whether the points lie on a straight line.
(a)
(b)

10. Find the distance from to each of the following.
(a) The -plane (b) The -plane
(c) The -plane (d) The -axis
(e) The -axis (f ) The -axis

11. Find an equation of the sphere with center and
radius 5. What is the intersection of this sphere with the 

-plane?

12. Find an equation of the sphere with center and
radius . Describe its intersection with each of the coordinate
planes.

Find an equation of the sphere that passes through the point 
and has center .

14. Find an equation of the sphere that passes through the origin
and whose center is .!1, 2, 3"

!3, 8, 1"!4, 3, $ 1"
13.

s 7
!6, 5, $ 2"

xz

!1, $ 4, 3"

zy
xxz
yzxy

!3, 7, $ 5"

K!0, 3, $ 4", L!1, 2, $ 2", M!3, 0, 1"
A!5, 1, 3", B!7, 9, $ 1", C!1, $ 15, 11"

ABCC!3, $ 2, 1"B!3, 4, $ 2"A!1, 2, $ 3"

R!$ 1, 1, 2"
Q!1, 2, $ 1"P!$ 2, 4, 0"

z ! 5y ! 3!x, y, z"
z ! 5

y ! 3z ! 5
! 3y ! 3

! 3
! 2x ! 4

x " y ! 2
! 35.

!2, 3, 5"
xz

yzxy

yzxz
R!0, 3, 8"Q!$ 5, $ 1, 4"P!6, 2, 3"

!1, $ 1, 2"!2, 4, 6"!4, 0, $ 1"!0, 5, 2"

x
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15Ð18|||| Show that the equation represents a sphere, and Þnd its
center and radius.
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16.

17.

18.

19. (a) Prove that the midpoint of the line segment from
to is

(b) Find the lengths of the medians of the triangle with vertices
, , and .

20. Find an equation of a sphere if one of its diameters has end-
points and .

Find equations of the spheres with center that touch
(a) the -plane, (b) the -plane, (c) the -plane.

22. Find an equation of the largest sphere with center (5, 4, 9) that
is contained in the Þrst octant.

23Ð34|||| Describe in words the region of represented by the
equation or inequality.

23. 24.

25. 26.

28.

29.

30.

31. 32.

34.

35Ð38|||| Write inequalities to describe the region.

35. The half-space consisting of all points to the left of the 
-plane

36. The solid rectangular box in the Þrst octant bounded by the
planes , , and 

The region consisting of all points between (but not on) the
spheres of radius and centered at the origin, where 

38. The solid upper hemisphere of the sphere of radius 2 centered
at the origin
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37.

z ! 3y ! 2x ! 1
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xyz ! 0x2 " z2 # 933.
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x2 " y2 " z2 % 1

y ! z0 # z # 627.

y & 0x % 3

x ! 10y ! $ 4

! 3

xzyzxy
!2, $ 3, 6"21.

!4, 3, 10"!2, 1, 4"

C!4, 1, 5"B!$ 2, 0, 5"A!1, 2, 3"
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1. Suppose you start at the origin, move along the -axis a
distance of 4 units in the positive direction, and then move
downward a distance of 3 units. What are the coordinates 
of your position?

2. Sketch the points , , , and 
on a single set of coordinate axes.

3. Which of the points , , and is
closest to the -plane? Which point lies in the -plane?

4. What are the projections of the point (2, 3, 5) on the -, -,
and -planes? Draw a rectangular box with the origin and

as opposite vertices and with its faces parallel to the
coordinate planes. Label all vertices of the box. Find the length
of the diagonal of the box.

Describe and sketch the surface in represented by the equa-
tion .

6. (a) What does the equation represent in ? What does
it represent in ? Illustrate with sketches.

(b) What does the equation represent in ? What does
represent? What does the pair of equations ,
represent? In other words, describe the set of points

such that and . Illustrate with a sketch.

7. Show that the triangle with vertices , ,
and is an equilateral triangle.

8. Find the lengths of the sides of the triangle with vertices
, , and . Is a right 

triangle? Is it an isosceles triangle?

9. Determine whether the points lie on a straight line.
(a)
(b)

10. Find the distance from to each of the following.
(a) The -plane (b) The -plane
(c) The -plane (d) The -axis
(e) The -axis (f ) The -axis

11. Find an equation of the sphere with center and
radius 5. What is the intersection of this sphere with the 

-plane?

12. Find an equation of the sphere with center and
radius . Describe its intersection with each of the coordinate
planes.

Find an equation of the sphere that passes through the point 
and has center .

14. Find an equation of the sphere that passes through the origin
and whose center is .!1, 2, 3"

!3, 8, 1"!4, 3, $ 1"
13.

s 7
!6, 5, $ 2"

xz

!1, $ 4, 3"

zy
xxz
yzxy

!3, 7, $ 5"

K!0, 3, $ 4", L!1, 2, $ 2", M!3, 0, 1"
A!5, 1, 3", B!7, 9, $ 1", C!1, $ 15, 11"

ABCC!3, $ 2, 1"B!3, 4, $ 2"A!1, 2, $ 3"

R!$ 1, 1, 2"
Q!1, 2, $ 1"P!$ 2, 4, 0"

z ! 5y ! 3!x, y, z"
z ! 5

y ! 3z ! 5
! 3y ! 3

! 3
! 2x ! 4
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! 35.
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15Ð18|||| Show that the equation represents a sphere, and Þnd its
center and radius.

15.

16.

17.

18.

19. (a) Prove that the midpoint of the line segment from
to is

(b) Find the lengths of the medians of the triangle with vertices
, , and .

20. Find an equation of a sphere if one of its diameters has end-
points and .

Find equations of the spheres with center that touch
(a) the -plane, (b) the -plane, (c) the -plane.

22. Find an equation of the largest sphere with center (5, 4, 9) that
is contained in the Þrst octant.

23Ð34|||| Describe in words the region of represented by the
equation or inequality.

23. 24.

25. 26.

28.

29.

30.

31. 32.

34.

35Ð38|||| Write inequalities to describe the region.

35. The half-space consisting of all points to the left of the 
-plane

36. The solid rectangular box in the Þrst octant bounded by the
planes , , and 

The region consisting of all points between (but not on) the
spheres of radius and centered at the origin, where 

38. The solid upper hemisphere of the sphere of radius 2 centered
at the origin
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37.

z ! 3y ! 2x ! 1

xz
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xyz ! 0x2 " z2 # 933.

x2 " y2 ! 1x2 " y2 " z2 $ 2z ! 3
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x2 " y2 " z2 % 1

y ! z0 # z # 627.

y & 0x % 3

x ! 10y ! $ 4

! 3
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1. Suppose you start at the origin, move along the -axis a
distance of 4 units in the positive direction, and then move
downward a distance of 3 units. What are the coordinates 
of your position?

2. Sketch the points , , , and 
on a single set of coordinate axes.

3. Which of the points , , and is
closest to the -plane? Which point lies in the -plane?

4. What are the projections of the point (2, 3, 5) on the -, -,
and -planes? Draw a rectangular box with the origin and

as opposite vertices and with its faces parallel to the
coordinate planes. Label all vertices of the box. Find the length
of the diagonal of the box.

Describe and sketch the surface in represented by the equa-
tion .

6. (a) What does the equation represent in ? What does
it represent in ? Illustrate with sketches.

(b) What does the equation represent in ? What does
represent? What does the pair of equations ,
represent? In other words, describe the set of points

such that and . Illustrate with a sketch.

7. Show that the triangle with vertices , ,
and is an equilateral triangle.

8. Find the lengths of the sides of the triangle with vertices
, , and . Is a right 

triangle? Is it an isosceles triangle?

9. Determine whether the points lie on a straight line.
(a)
(b)

10. Find the distance from to each of the following.
(a) The -plane (b) The -plane
(c) The -plane (d) The -axis
(e) The -axis (f ) The -axis

11. Find an equation of the sphere with center and
radius 5. What is the intersection of this sphere with the 

-plane?

12. Find an equation of the sphere with center and
radius . Describe its intersection with each of the coordinate
planes.

Find an equation of the sphere that passes through the point 
and has center .

14. Find an equation of the sphere that passes through the origin
and whose center is .!1, 2, 3"

!3, 8, 1"!4, 3, $ 1"
13.

s 7
!6, 5, $ 2"

xz

!1, $ 4, 3"

zy
xxz
yzxy

!3, 7, $ 5"

K!0, 3, $ 4", L!1, 2, $ 2", M!3, 0, 1"
A!5, 1, 3", B!7, 9, $ 1", C!1, $ 15, 11"

ABCC!3, $ 2, 1"B!3, 4, $ 2"A!1, 2, $ 3"

R!$ 1, 1, 2"
Q!1, 2, $ 1"P!$ 2, 4, 0"

z ! 5y ! 3!x, y, z"
z ! 5

y ! 3z ! 5
! 3y ! 3

! 3
! 2x ! 4

x " y ! 2
! 35.

!2, 3, 5"
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yzxy

yzxz
R!0, 3, 8"Q!$ 5, $ 1, 4"P!6, 2, 3"

!1, $ 1, 2"!2, 4, 6"!4, 0, $ 1"!0, 5, 2"
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15Ð18|||| Show that the equation represents a sphere, and Þnd its
center and radius.

15.

16.

17.

18.

19. (a) Prove that the midpoint of the line segment from
to is

(b) Find the lengths of the medians of the triangle with vertices
, , and .

20. Find an equation of a sphere if one of its diameters has end-
points and .

Find equations of the spheres with center that touch
(a) the -plane, (b) the -plane, (c) the -plane.

22. Find an equation of the largest sphere with center (5, 4, 9) that
is contained in the Þrst octant.

23Ð34|||| Describe in words the region of represented by the
equation or inequality.

23. 24.

25. 26.

28.

29.

30.

31. 32.

34.

35Ð38|||| Write inequalities to describe the region.

35. The half-space consisting of all points to the left of the 
-plane

36. The solid rectangular box in the Þrst octant bounded by the
planes , , and 

The region consisting of all points between (but not on) the
spheres of radius and centered at the origin, where 

38. The solid upper hemisphere of the sphere of radius 2 centered
at the origin
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1. Suppose you start at the origin, move along the -axis a
distance of 4 units in the positive direction, and then move
downward a distance of 3 units. What are the coordinates 
of your position?

2. Sketch the points , , , and 
on a single set of coordinate axes.

3. Which of the points , , and is
closest to the -plane? Which point lies in the -plane?

4. What are the projections of the point (2, 3, 5) on the -, -,
and -planes? Draw a rectangular box with the origin and

as opposite vertices and with its faces parallel to the
coordinate planes. Label all vertices of the box. Find the length
of the diagonal of the box.

Describe and sketch the surface in represented by the equa-
tion .

6. (a) What does the equation represent in ? What does
it represent in ? Illustrate with sketches.

(b) What does the equation represent in ? What does
represent? What does the pair of equations ,
represent? In other words, describe the set of points

such that and . Illustrate with a sketch.

7. Show that the triangle with vertices , ,
and is an equilateral triangle.

8. Find the lengths of the sides of the triangle with vertices
, , and . Is a right 

triangle? Is it an isosceles triangle?

9. Determine whether the points lie on a straight line.
(a)
(b)

10. Find the distance from to each of the following.
(a) The -plane (b) The -plane
(c) The -plane (d) The -axis
(e) The -axis (f ) The -axis

11. Find an equation of the sphere with center and
radius 5. What is the intersection of this sphere with the 

-plane?

12. Find an equation of the sphere with center and
radius . Describe its intersection with each of the coordinate
planes.

Find an equation of the sphere that passes through the point 
and has center .

14. Find an equation of the sphere that passes through the origin
and whose center is .!1, 2, 3"

!3, 8, 1"!4, 3, $ 1"
13.

s 7
!6, 5, $ 2"

xz

!1, $ 4, 3"

zy
xxz
yzxy

!3, 7, $ 5"

K!0, 3, $ 4", L!1, 2, $ 2", M!3, 0, 1"
A!5, 1, 3", B!7, 9, $ 1", C!1, $ 15, 11"

ABCC!3, $ 2, 1"B!3, 4, $ 2"A!1, 2, $ 3"

R!$ 1, 1, 2"
Q!1, 2, $ 1"P!$ 2, 4, 0"

z ! 5y ! 3!x, y, z"
z ! 5

y ! 3z ! 5
! 3y ! 3

! 3
! 2x ! 4

x " y ! 2
! 35.

!2, 3, 5"
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15Ð18|||| Show that the equation represents a sphere, and Þnd its
center and radius.

15.

16.

17.

18.

19. (a) Prove that the midpoint of the line segment from
to is

(b) Find the lengths of the medians of the triangle with vertices
, , and .

20. Find an equation of a sphere if one of its diameters has end-
points and .

Find equations of the spheres with center that touch
(a) the -plane, (b) the -plane, (c) the -plane.

22. Find an equation of the largest sphere with center (5, 4, 9) that
is contained in the Þrst octant.

23Ð34|||| Describe in words the region of represented by the
equation or inequality.

23. 24.

25. 26.

28.

29.

30.

31. 32.

34.

35Ð38|||| Write inequalities to describe the region.

35. The half-space consisting of all points to the left of the 
-plane

36. The solid rectangular box in the Þrst octant bounded by the
planes , , and 

The region consisting of all points between (but not on) the
spheres of radius and centered at the origin, where 

38. The solid upper hemisphere of the sphere of radius 2 centered
at the origin
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37.
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1. Suppose you start at the origin, move along the -axis a
distance of 4 units in the positive direction, and then move
downward a distance of 3 units. What are the coordinates 
of your position?

2. Sketch the points , , , and 
on a single set of coordinate axes.

3. Which of the points , , and is
closest to the -plane? Which point lies in the -plane?

4. What are the projections of the point (2, 3, 5) on the -, -,
and -planes? Draw a rectangular box with the origin and

as opposite vertices and with its faces parallel to the
coordinate planes. Label all vertices of the box. Find the length
of the diagonal of the box.

Describe and sketch the surface in represented by the equa-
tion .

6. (a) What does the equation represent in ? What does
it represent in ? Illustrate with sketches.

(b) What does the equation represent in ? What does
represent? What does the pair of equations ,
represent? In other words, describe the set of points

such that and . Illustrate with a sketch.

7. Show that the triangle with vertices , ,
and is an equilateral triangle.

8. Find the lengths of the sides of the triangle with vertices
, , and . Is a right 

triangle? Is it an isosceles triangle?

9. Determine whether the points lie on a straight line.
(a)
(b)

10. Find the distance from to each of the following.
(a) The -plane (b) The -plane
(c) The -plane (d) The -axis
(e) The -axis (f ) The -axis

11. Find an equation of the sphere with center and
radius 5. What is the intersection of this sphere with the 

-plane?

12. Find an equation of the sphere with center and
radius . Describe its intersection with each of the coordinate
planes.

Find an equation of the sphere that passes through the point 
and has center .

14. Find an equation of the sphere that passes through the origin
and whose center is .!1, 2, 3"

!3, 8, 1"!4, 3, $ 1"
13.

s 7
!6, 5, $ 2"

xz

!1, $ 4, 3"

zy
xxz
yzxy

!3, 7, $ 5"

K!0, 3, $ 4", L!1, 2, $ 2", M!3, 0, 1"
A!5, 1, 3", B!7, 9, $ 1", C!1, $ 15, 11"

ABCC!3, $ 2, 1"B!3, 4, $ 2"A!1, 2, $ 3"

R!$ 1, 1, 2"
Q!1, 2, $ 1"P!$ 2, 4, 0"

z ! 5y ! 3!x, y, z"
z ! 5

y ! 3z ! 5
! 3y ! 3

! 3
! 2x ! 4

x " y ! 2
! 35.

!2, 3, 5"
xz
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SECTION 12.2VECTORS! ! ! ! 805

1. Are the following quantities vectors or scalars? Explain.
(a) The cost of a theater ticket
(b) The current in a river
(c) The initial ßight path from Houston to Dallas
(d) The population of the world

2. What is the relationship between the point (4, 7) and the 
vector ? Illustrate with a sketch.

Name all the equal vectors in the parallelogram shown.

4. Write each combination of vectors as a single vector.

(a) PQ
l

QR
l

(b) RP
l

PS
l

(c) QS
l

PS
l

(d) RS
l

SP
l

PQ
l

5. Copy the vectors in the Þgure and use them to draw the 
following vectors.
(a) (b)
(c) (d)

6. Copy the vectors in the Þgure and use them to draw the follow-
ing vectors.
(a) (b)
(c) (d)
(e) (f)

7Ð12 |||| Find a vector with representation given by the directed
line segment AB

l
. Draw AB

l
and the equivalent representation start-

ing at the origin.

7. , 8. , B!5, 3"A!! 2, ! 2"B!! 2, 1"A!2, 3"

a

a b

b ! 3a2a " b
! 1

2 b2a
a ! ba " b

wvu

w " v " uv " w
u ! vu " v

Q

R
S

P

""!

""

B

E

A

D C

3.

#4, 7$

9. , 10. ,

, 12. ,

13Ð16|||| Find the sum of the given vectors and illustrate 
geometrically.

13. , 14. ,

15. , 16. ,

17Ð22|||| Find , a " b, a !  b, , and .

17. ,

18. ,

19. ,

20. ,

21. ,

22. ,

23Ð25|||| Find a unit vector that has the same direction as the given
vector.

23. 24.

26. Find a vector that has the same direction as but has
length 6.

If lies in the Þrst quadrant and makes an angle with the
positive -axis and , Þnd in component form.

28. If a child pulls a sled through the snow with a force of 50 N
exerted at an angle of above the horizontal, Þnd the
horizontal and vertical components of the force.

Two forces and with magnitudes 10 lb and 12 lb act 
on an object at a point as shown in the Þgure. Find the 
resultant force acting at as well as its magnitude and its
direction. (Indicate the direction by Þnding the angle shown
in the Þgure.)

P

45¡
¬

30¡

FªFÁ

F

#
PF

P
F2F129.

38 $

v%v %! 4x
%&3v27.

#! 2, 4, 2$

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

8i ! j " 4k25.

12i ! 5j#9, ! 5$

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

b ! i ! j " ka ! 3i ! 2k
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""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""
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""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

B!4, 2, 1"A!4, 0, ! 2"B!2, 3, ! 1"A!0, 3, 1"11.

B!3, 0"A!! 2, 2"B!! 3, 4"A!! 1, ! 1"

|||| 12.2 Exercises



SECTION 12.2VECTORS! ! ! ! 805
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Thus, the work done by a constant force is the dot product , where is the dis-
placement vector.

EXAMPLE 7A crate is hauled 8 m up a ramp under a constant force of 200 N applied at
an angle of to the ramp. Find the work done.

SOLUTIONIf are the force and displacement vectors, as pictured in Figure 7, then
the work done is

EXAMPLE 8A force is given by a vector and moves a particle from
the point to the point . Find the work done.

SOLUTIONThe displacement vector is PQ
l

, so by Equation 12, the work
done is

If the unit of length is meters and the magnitude of the force is measured in newtons,
then the work done is 36 joules.

 ! 6 ! 20 ! 10 ! 36

 W ! F ! D ! ! 3, 4, 5" ! ! 2, 5, 2"

! ! 2, 5, 2"D !

Q#4, 6, 2$P#2, 1, 0$
F ! 3i ! 4j ! 5k

 ! #200$#8$ cos 25" % 1450 N#m ! 1450 J

W ! F ! D ! &F & &D & cos 25"

F and D

25"

DF ! DF

D

F
25¡

FIGURE 7

11Ð12|||| If u is a unit vector, Þnd and .

12.

13. (a) Show that .
(b) Show that .

14. A street vendor sells hamburgers, hot dogs, and soft
drinks on a given day. He charges $2 for a hamburger, $1.50
for a hot dog, and $1 for a soft drink. If and

, what is the meaning of the dot product ?

15Ð20|||| Find the angle between the vectors. (First Þnd an exact
expression and then approximate to the nearest degree.)

15. ,

16. , b ! ! 0, 5"a ! ! s 3, 1"
b ! ! 5, 12"a ! ! 3, 4"

A ! PP ! ! 2, 1.5, 1"
A ! ! a, b, c"

cba

i ! i ! j ! j ! k ! k ! 1
i ! j ! j ! k ! k ! i ! 0

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

w

u

v

w

u v

11.

u ! wu ! v1. Which of the following expressions are meaningful? Which are
meaningless? Explain.
(a) (b)
(c) (d)
(e) (f)

2. Find the dot product of two vectors if their lengths are 6 
and and the angle between them is .

3Ð10 |||| Find .

3. ,

4. ,

5. ,

6. ,

7. ,

8. ,

9. , , the angle between a and b is 

10. , , the angle between a and b is 120¡

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

&b &! 10&a&! 4

$ ' 6&b &! 15&a&! 12

b ! 2i ! 4 j ! 6ka ! 4 j % 3k

b ! 5i ! 9ka ! i % 2j ! 3k

b ! ! t, %t, 5t"a ! ! s, 2s, 3s"

b ! ! 3, %1, 10"a ! ! 5, 0, %2"

b ! ! %8, %3"a ! ! 1
2 , 4"

b ! ! 3, 6"a ! ! 4, %1"

a ! b

$ ' 41
3

&a&! #b ! c$a ! b ! c
a ! #b ! c$&a&#b ! c$
#a ! b$c#a ! b$! c
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37. ,

38. ,

39. ,

40. ,

Show that the vector is orthogonal to .
(It is called an orthogonal projection of .)

42. For the vectors in Exercise 36, Þnd and illustrate by
drawing the vectors , , , and .

If , Þnd a vector such that .

44. Suppose that and are nonzero vectors.
(a) Under what circumstances is ?
(b) Under what circumstances is ?

45. A constant force with vector representation
moves an object along a straight line

from the point to the point . Find the work
done if the distance is measured in meters and the magnitude of
the force is measured in newtons.

46. Find the work done by a force of 20 lb acting in the direction
N W in moving an object 4 ft due west.

47. A woman exerts a horizontal force of 25 lb on a crate as she
pushes it up a ramp that is 10 ft long and inclined at an angle
of above the horizontal. Find the work done on the box.

48. A wagon is pulled a distance of 100 m along a horizontal path
by a constant force of 50 N. The handle of the wagon is held at
an angle of above the horizontal. How much work is done?

Use a scalar projection to show that the distance from a point
to the line is

Use this formula to Þnd the distance from the point to
the line .

50. If , and , show
that the vector equation represents a
sphere, and Þnd its center and radius.

Find the angle between a diagonal of a cube and one of its
edges.

52. Find the angle between a diagonal of a cube and a diagonal of
one of its faces.

53. A molecule of methane, , is structured with the four hydro-
gen atoms at the vertices of a regular tetrahedron and the car-
bon atom at the centroid. The bond angleis the angle formed
by the HÑ CÑ H combination; it is the angle between the
lines that join the carbon atom to two of the hydrogen atoms.
Show that the bond angle is about .Hint: Take the
vertices of the tetrahedron to be the points , , !0, 1, 0"!1, 0, 0"

[109.5!

CH4

51.

!r " a" ! !r " b" ! 0
b ! #b1, b2, b3$r ! #x, y, z$, a ! #a1, a2, a3$

3x " 4y # 5 ! 0
!" 2, 3"

%ax1 # by1 # c%
s a2 # b2

ax # by # c ! 0P1!x1, y1"
49.

30!

20!

50!

!4, 9, 15"!2, 3, 0"
F ! 10i # 18j " 6k

proja b ! projb a
compa b ! compb a

ba

compa b ! 2ba ! #3, 0, " 1$43.

ortha bproja bba
ortha b

b
aortha b ! b " proja b41.

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

b ! i # 6 j " 2ka ! 2i " 3 j # k

b ! i " ja ! i # k

b ! #3, 3, 4$a ! #" 1, " 2, 2$

b ! #1, 1, 1$a ! #4, 2, 0$17. ,

18. ,

,

20. ,

21Ð22|||| Find, correct to the nearest degree, the three angles of the
triangle with the given vertices.

21. , ,

22. , ,

23Ð24|||| Determine whether the given vectors are orthogonal, 
parallel, or neither.

23. (a) ,
(b) ,
(c) ,
(d) ,

24. (a) ,
(b) ,
(c) ,

25. Use vectors to decide whether the triangle with vertices
, , and is right-angled.

26. For what values of are the vectors and 
orthogonal?

Find a unit vector that is orthogonal to both and .

28. Find two unit vectors that make an angle of with
.

29Ð33|||| Find the direction cosines and direction angles of the 
vector. (Give the direction angles correct to the nearest degree.)

29.

30.

31.

32.

33. , where 

34. If a vector has direction angles and , Þnd the
third direction angle .

35Ð40|||| Find the scalar and vector projections of onto .

35. ,

36. , b ! #" 4, 1$a ! #1, 2$

b ! #5, 0$a ! #3, " 4$

ab

$
%! &&3' ! &&4

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

c ( 0#c, c, c$

2i " j # 2k

2i # 3j " 6k

#1, " 2, " 1$

#3, 4, 5$

v ! #3, 4$
60!

i # ki # j27.

#b, b2, b$#" 6, b, 2$b

R!6, " 2, " 5"Q!2, 0, " 4"P!1, " 3, " 2"

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

v ! #" b, a, 0$u ! #a, b, c$
v ! 2i " j # ku ! i " j # 2k
v ! #4, " 12, " 8$u ! #" 3, 9, 6$

b ! " 3i " 9 j # 6ka ! 2i # 6 j " 4k
b ! 3i # 4 j " ka ! " i # 2 j # 5k

b ! #" 3, 2$a ! #4, 6$
b ! #6, " 8, 2$a ! #" 5, 3, 7$

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

F!1, 2, " 1"E!" 2, 4, 3"D!0, 1, 1"

C!" 1, 4"B!3, 6"A!1, 0"

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

b ! 3i # 2 j " ka ! 2i " j # k

b ! i # 2 j " 3ka ! j # k19.

b ! #2, 1, " 2$a ! #6, " 3, 2$

b ! #4, 0, " 1$a ! #1, 2, 3$
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Show that the vector is orthogonal to .
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Use a scalar projection to show that the distance from a point
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Show that the bond angle is about .Hint: Take the
vertices of the tetrahedron to be the points , , !0, 1, 0"!1, 0, 0"

[109.5!

CH4

51.

!r " a" ! !r " b" ! 0
b ! #b1, b2, b3$r ! #x, y, z$, a ! #a1, a2, a3$

3x " 4y # 5 ! 0
!" 2, 3"

%ax1 # by1 # c%
s a2 # b2

ax # by # c ! 0P1!x1, y1"
49.

30!

20!

50!

!4, 9, 15"!2, 3, 0"
F ! 10i # 18j " 6k

proja b ! projb a
compa b ! compb a

ba

compa b ! 2ba ! #3, 0, " 1$43.

ortha bproja bba
ortha b

b
aortha b ! b " proja b41.

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

b ! i # 6 j " 2ka ! 2i " 3 j # k

b ! i " ja ! i # k

b ! #3, 3, 4$a ! #" 1, " 2, 2$

b ! #1, 1, 1$a ! #4, 2, 0$17. ,

18. ,

,

20. ,

21Ð22|||| Find, correct to the nearest degree, the three angles of the
triangle with the given vertices.

21. , ,

22. , ,

23Ð24|||| Determine whether the given vectors are orthogonal, 
parallel, or neither.

23. (a) ,
(b) ,
(c) ,
(d) ,

24. (a) ,
(b) ,
(c) ,

25. Use vectors to decide whether the triangle with vertices
, , and is right-angled.

26. For what values of are the vectors and 
orthogonal?

Find a unit vector that is orthogonal to both and .

28. Find two unit vectors that make an angle of with
.

29Ð33|||| Find the direction cosines and direction angles of the 
vector. (Give the direction angles correct to the nearest degree.)

29.

30.

31.

32.

33. , where 

34. If a vector has direction angles and , Þnd the
third direction angle .

35Ð40|||| Find the scalar and vector projections of onto .

35. ,

36. , b ! #" 4, 1$a ! #1, 2$

b ! #5, 0$a ! #3, " 4$

ab

$
%! &&3' ! &&4

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

c ( 0#c, c, c$

2i " j # 2k

2i # 3j " 6k

#1, " 2, " 1$

#3, 4, 5$

v ! #3, 4$
60!

i # ki # j27.

#b, b2, b$#" 6, b, 2$b

R!6, " 2, " 5"Q!2, 0, " 4"P!1, " 3, " 2"

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

v ! #" b, a, 0$u ! #a, b, c$
v ! 2i " j # ku ! i " j # 2k
v ! #4, " 12, " 8$u ! #" 3, 9, 6$

b ! " 3i " 9 j # 6ka ! 2i # 6 j " 4k
b ! 3i # 4 j " ka ! " i # 2 j # 5k

b ! #" 3, 2$a ! #4, 6$
b ! #6, " 8, 2$a ! #" 5, 3, 7$

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

F!1, 2, " 1"E!" 2, 4, 3"D!0, 1, 1"

C!" 1, 4"B!3, 6"A!1, 0"

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

b ! 3i # 2 j " ka ! 2i " j # k

b ! i # 2 j " 3ka ! j # k19.

b ! #2, 1, " 2$a ! #6, " 3, 2$

b ! #4, 0, " 1$a ! #1, 2, 3$



SECTION 12.3THE DOT PRODUCT! ! ! ! 813

37. ,

38. ,

39. ,

40. ,

Show that the vector is orthogonal to .
(It is called an orthogonal projection of .)

42. For the vectors in Exercise 36, Þnd and illustrate by
drawing the vectors , , , and .

If , Þnd a vector such that .

44. Suppose that and are nonzero vectors.
(a) Under what circumstances is ?
(b) Under what circumstances is ?

45. A constant force with vector representation
moves an object along a straight line

from the point to the point . Find the work
done if the distance is measured in meters and the magnitude of
the force is measured in newtons.

46. Find the work done by a force of 20 lb acting in the direction
N W in moving an object 4 ft due west.

47. A woman exerts a horizontal force of 25 lb on a crate as she
pushes it up a ramp that is 10 ft long and inclined at an angle
of above the horizontal. Find the work done on the box.

48. A wagon is pulled a distance of 100 m along a horizontal path
by a constant force of 50 N. The handle of the wagon is held at
an angle of above the horizontal. How much work is done?

Use a scalar projection to show that the distance from a point
to the line is

Use this formula to Þnd the distance from the point to
the line .

50. If , and , show
that the vector equation represents a
sphere, and Þnd its center and radius.

Find the angle between a diagonal of a cube and one of its
edges.

52. Find the angle between a diagonal of a cube and a diagonal of
one of its faces.

53. A molecule of methane, , is structured with the four hydro-
gen atoms at the vertices of a regular tetrahedron and the car-
bon atom at the centroid. The bond angleis the angle formed
by the HÑ CÑ H combination; it is the angle between the
lines that join the carbon atom to two of the hydrogen atoms.
Show that the bond angle is about .Hint: Take the
vertices of the tetrahedron to be the points , , !0, 1, 0"!1, 0, 0"
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51.

!r " a" ! !r " b" ! 0
b ! #b1, b2, b3$r ! #x, y, z$, a ! #a1, a2, a3$

3x " 4y # 5 ! 0
!" 2, 3"

%ax1 # by1 # c%
s a2 # b2

ax # by # c ! 0P1!x1, y1"
49.

30!

20!

50!

!4, 9, 15"!2, 3, 0"
F ! 10i # 18j " 6k

proja b ! projb a
compa b ! compb a

ba

compa b ! 2ba ! #3, 0, " 1$43.

ortha bproja bba
ortha b

b
aortha b ! b " proja b41.

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

b ! i # 6 j " 2ka ! 2i " 3 j # k

b ! i " ja ! i # k

b ! #3, 3, 4$a ! #" 1, " 2, 2$

b ! #1, 1, 1$a ! #4, 2, 0$17. ,

18. ,

,

20. ,

21Ð22|||| Find, correct to the nearest degree, the three angles of the
triangle with the given vertices.

21. , ,

22. , ,

23Ð24|||| Determine whether the given vectors are orthogonal, 
parallel, or neither.

23. (a) ,
(b) ,
(c) ,
(d) ,

24. (a) ,
(b) ,
(c) ,

25. Use vectors to decide whether the triangle with vertices
, , and is right-angled.

26. For what values of are the vectors and 
orthogonal?

Find a unit vector that is orthogonal to both and .

28. Find two unit vectors that make an angle of with
.

29Ð33|||| Find the direction cosines and direction angles of the 
vector. (Give the direction angles correct to the nearest degree.)

29.

30.

31.

32.

33. , where 

34. If a vector has direction angles and , Þnd the
third direction angle .

35Ð40|||| Find the scalar and vector projections of onto .

35. ,

36. , b ! #" 4, 1$a ! #1, 2$

b ! #5, 0$a ! #3, " 4$

ab

$
%! &&3' ! &&4

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

c ( 0#c, c, c$

2i " j # 2k

2i # 3j " 6k

#1, " 2, " 1$

#3, 4, 5$

v ! #3, 4$
60!

i # ki # j27.

#b, b2, b$#" 6, b, 2$b

R!6, " 2, " 5"Q!2, 0, " 4"P!1, " 3, " 2"

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

v ! #" b, a, 0$u ! #a, b, c$
v ! 2i " j # ku ! i " j # 2k
v ! #4, " 12, " 8$u ! #" 3, 9, 6$

b ! " 3i " 9 j # 6ka ! 2i # 6 j " 4k
b ! 3i # 4 j " ka ! " i # 2 j # 5k

b ! #" 3, 2$a ! #4, 6$
b ! #6, " 8, 2$a ! #" 5, 3, 7$

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

F!1, 2, " 1"E!" 2, 4, 3"D!0, 1, 1"

C!" 1, 4"B!3, 6"A!1, 0"

""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""   ""

b ! 3i # 2 j " ka ! 2i " j # k

b ! i # 2 j " 3ka ! j # k19.

b ! #2, 1, " 2$a ! #6, " 3, 2$

b ! #4, 0, " 1$a ! #1, 2, 3$


