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1 Introduction

These notes cover the theory of vector and principal bundles from a pure mathematics viewpoint,
with which the author hopes to later understand some physics and gauge theory. We will use the
summation convention through these notes, and we always work in the smooth category.

2 Some Linear Algebra

For an n-dimensional vector space V, the space of tensors of type (r,s) on V' will be denoted by

Vis =V ® - VV*®...V"

r times s times

The tensor algebra T'(V') over V is the direct sum of all of the spaces, i.e.

T(V):= P Vi

r,5>0

Its a non-commutative, associated, graded algebra, with multiplication given by ®. Let C(V)
denote the sub-algebra of pure covariant tensors, i.e.

C(V) = @ V:,«,()

r>0

Let I(V) be the two-sided ideal in C(V') generated by all elements of the form u ® w. This is a
graded ideal, where we set I;,(V') = I(V) N Vj 0. Then we define the k-th exterior power of V to
be the vector space A¥(V) =V} o/I;(V), and define the exterior algebra of V to be the algebra

A(V) = C(V)/I(V)

This inherits a multiplication structure by taking the equivalence class of the tensor product of
representatives of two equivalence classes. We denote this multiplication by A, hence the equivalence
class of v1 ® - - - ® v, is denoted by v1 A -+ A v,..

A pairing of vector spaces V and W is a bilinear map (, ): V x W — R. A pairing is said
to be non-degenerate if for each non-zero v € V there is a w € W such that (v, w) # 0. This
is equivalent to saying that the association v — (v, —) defines an isomorphism V' = W*. Suppose
(, ) is a non-degenerate pairing on V' and W so that V' is isomorphic to W*, and suppose these
vector spaces are of dimension n. The process of turning vectors in V' into covectors in W is called
lowering an index (and the inverse is called raising an index). Let us look at this process in a basis.

Fix a basis (e;) and (f;) for V and W respectively, and let (¢?) and (f?) denote the dual bases.
This determines an n by n matrix g;; = (e;, f;j), which is non-singular since the pairing is non-
degenerate. For v = v'e; in V let A = \; f* denote the covector corresponding to v, i.e. A = (v, —).
Then

A =Af) = (e, f5) = gig” (2.1)
So, A in the basis (f?) is equal to v in the basis (e;) multiplied by the transpose of the matrix
(9ij)- On the other hand, if we knew the covector A and wanted to find the corresponding vector
v in V, we would need to multiply by the inverse of the transpose of (g;;). However, the inverse of
the transpose is the transpose of the inverse, so we have that the components of v in terms of the

components of A are given by A -
v =g\ (2.2)



To make sure this is correct we see that
v = gUNi = gl gt = sk =)

Non-degenerate pairings most often come in the form of inner products. Let (, ) be an inner
product on V, that is, (, ) is a symmetric, bilinear, non-degenerate pairing on V x V' (note that we
are allowing indefinite signature here). We have a canonical isomorphism V' = V*, and the process
of converting vectors (covectors) to covectors (vectors) is again called lowering (raising) an index.

This time, however, the matrix g;; = (e;,e;) in a basis is symmetric, so the transpose of (g;;) is
equal to itself, and so and can be written as

)\i = gijvj (23)

vt = gV (2.4)
When written like this we see that lowering (or raising) an index means to multiply by the inner
product matrix (or its inverse) and contract a pair of indices. More generally, given any tensor
F €V, s we can use the metric to lower or raise any index. For example, suppose F' € V@V*@VV*
has components F' ijl and we wanted to lower the first index to get the corresponding tensor in

V*@V*®V ®@V*. This tensor would have components F j]? defined by

Fyk o= gim P 5
Now suppose we wanted to raise the last index to get the corresponding tensor in V*@V*QV V.
This tensor has component F; kI defined by
kl l k l k
Fij =g nFij n—J9 ngimij n

The inner product ( , ) can be extended to an inner product on all the vector spaces we construct
from V, such as V*, V ® V, and more generally V, ;. For example, if A, € V* are covectors, then
we can define (\,7) to simply be (v,w), where v,w are the corresponding vectors of A\,n from
raising an index. In components, if A = \;e’ and 7 = n;e’, then v = gij)\jez- and w = gijnjei are the
corresponding vectors, and so

(A ) = (v,w) = <gij)\jei»gkl77l€k> = g g g\ jm = g I8N = g \im;

On the other hand, for V®V we can first define ( , ) on the simple tensors, v®w, and extend linearly.
So we define (v ® wy, v ® wa) = (v1,w1) (v2, ws), then if F = Fie; ® ej and G = Gle; ® ej, then

(F.G) = (Fle; @ ¢, GMey © o)) = FIGHgg,

Putting these two examples together we can more generally say that if F, G € V,. ; have the following
expressions o . ‘
F=F"'"7¢ ® Qe '@ Qe

GRS

G:Gjl"'jrejl ® - Qe ®ei1 ®___®€is

11°1s
then
(F,G) = <ﬂﬂ1,1j;irej1 ® @@ Q@ Gl e, ® e @M@ ® ek5>
= szllljs Gk'll"‘k?sgjlll e gjrlrg“ P gZA
We can easily compute dim APV = (Z) = (nli p) = dim APV, so these vector spaces are
isomorphic. There is a particularly nice isomorphism, called the Hodge star. We will give 3

equivalent definitions of the star operator, as each has its own advantages.



1. The first is the most natural way of defining the star operator. Consider the pairing ( , ) :
APV x APV — A"V 2 R given by (w,n) = w An. This pairing is non-degenerate, so we get
a canonical isomorphism APV — (A""PV)". Since the inner product (, ) on V induces an
inner product on A" PV, we can raise indices to get an isomorphism (A" PV)" = A"~PV and
composing these two isomorphisms gives an isomorphism, which is called the Hodge star,
*: APV — APV,

2. Let (e1,...,e,) be a positively oriented basis for V, and let w = e; A --- A e,, which is a
generator of the 1-dimensional space A™V. Fix a tensor p € APV and define the linear map
F: APV — A"V by F(A) = p A A. This map must be of the form F(\) = f(A)w for some
functional f : A" PV — R. Functionals on an inner product space take a special form. This
follows from the the Reisz representation theorem, but we state and prove a baby version of
this theorem.

Proposition 2.1. Let V' be an n-dimensional vector space with inner product (,). Then for
any functional f :V — R there is a vector w € V' such that

f(w) = (v, w)
forallveV.

Proof. Let (e1,...,en) be an orthonormal basis, that is, (e;, e;) = ;5. Define w =3 f(e;)e;.
Then for any v = Y v;e; in V' we have

(v,w) = <Z Ui€i72f(ej)ej> = vifej) (eives) =Y vif(e;)dij = > vif(e:) = f(v)

O

So, by proposition we must have that there is some i € A""PV such that

HAN= FN) = (A R)

where (,) is the induced inner product on A" PV. The tensor [ is called the Hodge star of
u, and is denoted by *pu.

We show that x : APV — A" 7PV is well-defined, that is, it does not depend on the basis (e;).
Let (e}) be another positively oriented basis for V, and let w’ =€} A--- Ae}. The w and w’
are related by

W' = (det Tw

where T': V — V is the linear map such that Te; = e/. Since (e;) and (e}) are both positively
oriented and orthonormal we have detT = 1, hence w = w’. With F defined as before we
see that there must be a linear map f' : A" PV — R such that F(\) = f/(No’ = f/(Nw,
hence f' = f. Therefore the p’ constructed from proposition for f’ will be equal to the [
constructed for f, hence xu = i =y is well-defined.

3. For a positively oriented, orthonormal basis (e;) define
*x(er N Nep) =epp1 Ao Nep

This property uniquely determines x as a linear map APV — A" PV,



Note that the x operator depends on the inner product ( , ), but we do not include this in the
notation.

There is a certain kind of equivalence between the concept of exterior powers and alternating
multilinear maps. We formulate this now. An r-multilinear map f : V x --- x V — W is called
alternating if

f(vcr(l), s 7UO'(7‘)) = (_1)Uf(vla s aUT)

for all permutations o € S,, where (—1)? denotes the sign of 0. When W = R, the vector space of
all multilinear maps will be denoted by M, (V) and the subspace of all alternating will be denoted
by Alt,.(V). The most important property of exterior powers is that it solves a certain universal
problem. First recall that tensor products have a universal property, and because of this property
there is a natural isomorphism

(V;“,O)* = Mr(v) (25)

There is a natural pairing (, ) : V9 x (V*);0 — R. For simple tensors of the form
U=U1 R Qu, €VR---QV

U*ZUT®~--®’U: cV*R---V*
then
(u,v) = 1 (u1) - - vy (ur)
It is easy to see that this gives a bilinear map and is a non-singular pairing, so if we add in the
natural isomorphism from (2.5) we get the following three canonical isomorphisms

(V)ro = (Veo)™ = M (V)

This allows us to induce an algebra structure on M, ¢(V') from the algebra structure of (V*), 5.
We can formulate a universal property for alternating maps, and induce an algebra structure
on the space of alternating maps.

Proposition 2.2. Let m: V x---x V — A¥(V) denote the natural map (v1,...,vg) — vi A-- AU
For each multilinear, alternating map f : 'V x --- x V. — W there is a unique linear map f :
A¥(V) — W such that the following diagram commutes

Proof. Tt is clear how we should define the missing map: f(vy A--- Avg) = f(v1,...,v;). We just
have to show this is well-defined and unique. O

Let us apply proposition to the case W = R. The universal property says that the space of
alternating maps Alty (V) is isomorphic to the space of linear maps A¥(V) — R, therefore we have
a natural isomorphism

Alty(V) = (Akv)* (2.6)



There is a pairing (, ) : A¥(V) x A¥(V*) given by

(u,0") = det(v] (u;)) (2.7)

It is easy to see that this gives a bilinear map and is a non-singular pairing, so if we add in the
natural isomorphism from (2.6 we get the following three canonical isomorphisms

AR(V*) (Ak(V))* > Alty,(V) (2.8)
We can also direct sum all of these isomorphisms to get a sequence of isomorphisms
A(V*) = (A(V))" = Alt(V)

These isomorphisms allow us to induce an algebra structure on Alt, (V') and Alt(V') from the algebra
structure on A*(V*) and A(V*) respectively.

Unfortunately there is another pairing we could have chosen instead of , and is the cause of
great confusion in differential geometry. It comes up naturally in certain situations, such as physics
and complex geometry, and it is defined by

1
Tk

(u,v") det(v; (uj)) (2.9)
This pairing is also non-singular, so we get natural isomorphisms as in , except the isomor-
phisms will of course be different. Since the algebra structure on Alt; (V') comes from these isomor-
phisms we have that each pairing leads to a different algebra structure on Alt;(V'), so we investigate
this now.

Let the multiplication on Alt(V) induced by the pairing be denoted by Aj, and the
multiplication induced by be denoted by Ag. Let f € Alt,(V) and g € Alt,(V). By the
natural isomorphism Alt(V) = (A(V))* we can find vf,..., vy € V* such that (—,vf,...,v5) = f,
and similarly with wp,,,...,w,,, and g. Actually, asking for this is a little much since we might
really need linear combinations of elements of this form. However, let us assume this special case
and the general case will follow from linearity. By definition we now have

v (uj)

fALg(ur,. .. upyq) = det
wy (u;)

It turns out this is equal to (todo: explain why)

f A1 g(ula cee 7up+q) = Z (_1)Uf(uo(1)v cee 7U(p))g(ua(p+1)7 cee 7ucr(p+q))

0ESp.q

where S, is the subgroup of S,1, consisting of permutations ¢ such that o(1) < --- < o(p) and
olp+1)<---<oa(p+q), called the (p, g)-shuffles. One can also check that

1
Y g(uh cee Uerq) = m Z (_l)af(ua(l)a s ?O-(p))g(ua(p—i—l)? s aua(p+q))
prar 0€Sp+q



It is easy to check that the formulas that these two formulas are related by

p+q)!
f/\lgz(p,q,) fA2g

We will always use the first pairing , and so we will just write A instead of A; when wedging
alternating maps. The discussion of these two conventions is necessary because different authors
use different pairings, and it can mess up formulas if you are not careful. Choosing this pairing is
also related to taking alternations in the following way

+q)!
frg= ' ?) Alt(f ® g) (2.10)
pq
where Alt is the alternation functor, i.e. for an r-multilinear map 7 : V x --- x V — R, AIt T is

the alternating, r-multilinear map defined by

1
AltT = — Y (-1)’Too

‘oS,

If we remove the coefficient in (2.10)) we get the equivalent statement for the second pairing ([2.9)).
Note that if f, g € Alt1(V), then their wedge is particularly simple

fAgv,w) = fv)g(w) — flw)g(v) (2.11)

The choice of pairings also give different formulas for the exterior derivative and interior multipli-
cation. Since we are not dealing with the second pairing we will list these formulas only for the

pairing (2.7).

(note: this does not belong here... move) If w € QF(M) is a k-form, then

k+1
dw(X1,. ., Xpp1) =D (1) Xiw(X1, .., Xy, X))+
=1

ST )X X)X X X Xk
1<i<j<k+1

In particular, if w is a 1-form, then we have the simple formula

dw(X,Y) = Xw(Y) - Yu(X) — w([X,Y]) (2.12)

3 Fiber Bundles and Associated Bundles

3.1 Fiber Bundles

A fiber bundle E with base M and fiber F consists of a smooth map E - M such that at each
point p € M there is an open set U containing p and a diffeomorphism ¢ : 7=1(U) — U x F such that
myowp = m, where 7y is projection onto the first factor of U x F'. This last condition simply says that
@ is a fiber preserving diffeomorphism. We call ¢ a local trivialization, or sometimes a chart, of
the fiber bundle, and when restricted to a fiber 71(p) we get a diffeomorphism 7=*(p) — F. So,
the fibers are isomorphic to F', but not canonically so. We shall use the notation £, = 7 1(p) to
denote the fiber over a point p. An atlas for a fiber bundle is a choice of preferred trivializations,
so it consists of an open cover {U, } and charts @, : TF_l(Ua) — Uy X F. Any fiber bundle possesses



many atlases, some of which may be preferred over others. Given an atlas, consider the composition
of two charts:
(paogpgl :(UanNUg) x F — (UsNUg) x F

Since the charts preserve fibers we must have that this function is of the form (p, z) — (p, gas(p)(z))
for some smooth function g.g : Uy N Ug — Diff(¥). These functions are called the transition
functions of the atlas. It is easy to see that for any triple of indices «, 3,7 € A the transition
functions satisfy what is known as the cocycle condition

9ap(P) © gpy(P) © gra(p) = id (3.1)

for all p € Uy N Ug N Ug. The name for this condition comes from its connection with Cech
cohomology. Note that two immediate consequences of the coycle condition are

Jaa(p) =id (3.2)
gaﬁ(p) © 9Ba (p) =id

For a general fiber bundle we call Diff (F') the structure group of the fiber bundle, but sometimes
the image of the g,g’s take values in a subgroup of Diff (F') rather than the full diffeomorphism
group. For example, the trivial fiber bundle M x F' — M can be covered by a single chart
p=id: 7 Y (M) — M x F, and so the transition function (there is only one) from this atlas is the
constant map at the identity g(p) = idp. The image of g is clearly a lot smaller than Diff(F'). In
general, if the image of all the g,p’s lie in a subgroup G C Diff(F'), then we also say that G is the
structure group of the fiber bundle. In general, a fiber bundle can have many structure groups, and
the one we call the structure group largely depends on what extra structure the bundle carries.

Suppose we only started with a manifold M with open cover {Ua} ¢4, @ subgroup G C Diff (F),
and smooth maps g.3 : Uy N Ug — G that satisfy . Can we construct a fiber bundle with
structure group G and transition functions {g.g}? Let E be the disjoint union of the spaces
U, X F, as a ranges over A. Put an equivalence relation on E by saying two points (p,z) € Uy X F
and (q,y) € Ug x F are equivalent if p = ¢ and y = gog(p)(x). Let E be the quotient space of
E by this equivalence relation, and 7 : E — M defined by 7([p,z]) = p. Then E is a smooth
manifold, 7 is smooth, and E = M is a fiber bundle. The atlas of this fiber bundle consist of the
local trivializations o, : 771 (Us) — U, x F where 4 ([p,x]) = (p, ), and clearly the transition
functions are {gng}.

If U is an open set of M, then we can form the restricted fiber bundle 7 : 7=Y(U) — U by

looking only at the fibers that lie above U. A morphism of bundles £ = M and E’ M s
a pair of maps f': E — E’ and f : M — M’ such that fon’ = mo f. Note that f is completely
determined by f’, so sometimes we will refer to f’ as the morphism. Most of the time we will be
concerned with the case where M = M’ and f = idy;, in which case we require 7’ = wo f. A fiber
bundle FF — E — M is said to be trivial if it is isomorphic to the trivial bundle M x F — M.

If f: N — M is a smooth map into the base, we can form the pullback fiber bundle f*FE M
which is defined by
B = {(z,¢) € N x E': f(z) = n(e)}
7'(z,e) =z
Then f*E is a fiber bundle. It is easy to see that an atlas on E with transition functions {gns}
induces an atlas on f*E with transition functions {gn3 o f}.

A section of a fiber bundle is a smooth map s : M — E such that 7o s = id, i.e. s(p) is an
element of the fiber E,. Not every fiber bundle admits a section. A nice example is to let £ — S!



be the non-trivial R-bundle over S', i.e. E is the open Mébius band fibered over S'. There is a
copy of S' embedded in E corresponding to the 0 element of R, the fiber. Let E’ be E with this
copy of S' removed, then ' — S! is an R*-bundle. A section of this bundle is simply a smooth
choice of component of R* over each point of S'. Such a choice cannot be made smoothly, as can
be easily checked by drawing a picture of the Mobius band. The set of sections of E is denoted by
I'(E), and the set of locally defined sections over an open set U is denoted by I'(U).

A section s of a fiber bundle E — M has a local representation in charts. Let o, : 7~ (Uy) —
Uy X F be a chart, then ¢, 05 : Uy — U, x F is of the form p +— (p, so(p)) for some s, : Uy, — F,
called the local representation of s. If g is another chart and sg is the local representation of
s in this chart, then s, and sg are related on U, N Ug by

sa(P) = gap(p)(s5(p)) (3.4)

3.2 Vector Bundles

A fiber bundle FF — E — M with transition functions {g,g} is said to be a rank k real vector
bundle if F is R* and the transition functions take values in GL(RF). If we replace R by C or
H then we get the definition of a rank £ complex or quaternionic vector bundle respectively.
When k = 1 we call the vector bundle a (real, complex, quaternionic) line bundle. We can endow
each fiber E, with the structure of a (real, complex, quaternionic) vector space. Let F = R, C or
H, and let ¢ : 7 1(Uy) — Ua x F* be a chart around p € M, then ¢u|g, : E, — {p} x F¥ is a
linear map. So, for points v, w € E, and scalar ¢ € R, C,H we define

v+ w = (@a(v) + pa(w))

cv = 95 (epa(v))

The fact that the transition functions take values in the linear maps means these operations are
well-defined, i.e. does not depend on the chart ¢,. The trivial vector bundle of rank k over M will
be denoted by £*(M), or simply ¥ when M is clear from context.

All vector bundles admit many sections, namely the zero section s(p) = the zero vector of E,,.
A frame for a rank k£ vector bundle £ — M is a collection of sections s1,...,8; : M — E such
that s1(p),...,sk(p) forms a basis for E, for all p € M. Only trivial vector bundles admit global
frames, but locally we can always find frames (this is equivalent to local triviality).

Functors on the category of vector spaces usually lift to functors on the category of vector
bundles. Let F' : Vect — Vect a functor on the category of vector spaces. We say that F' is a
C* functor (with k possibly 0 or oo) if for fixed vector spaces V and W the map Hom(V, W) —
Hom(F(V), F(W)) defined by f — T(f) is C*, where Hom(V, W) is given its natural C* structure.
We can similarly define C* functors on product categories, i.e. Vect x --- x Vect — Vect.

If Fis a C* functor on Vect, then F' can be lifted to a functor F' : Vect(M) — Vect(M)
on the category of smooth vector bundles over M. The structure is to simply let F(E) be the
vector bundle obtained by replacing each fiber E, with F'(E,). The space F'(F) inherits a natural
manifold structure making F'(F) into a smooth vector bundle.

Using these constructions we can form new vector bundles from old. Let E, E’ be two vector
bundles over M. Then E ® E',E ® E', Hom(E, E'), End(E) and E* = Hom(FE,¢e') are new
vector bundles obtained by replacing fibers with direct sums, tensor products, homomorphisms,
endomorphisms and duals respectively. An important consequence of these constructions is that if
two functors F' and G are naturally isomorphism, then F'(E) and G(F) will be isomorphic as vector
bundles. For example, there is a natural isomorphism V ® V* = End(V) for any vector space V,



hence for any vector bundle £ we have F ® E* = End(E). Two other important functors are A*
and S*, the k-th exterior and symmetric power.
We can describe the transition functions of vector bundles obtained from applying functors in

terms of the original transition functions. Suppose E — M and E’ M have transition functions
Jap and g;ﬁ, and let £ @ F’ T, M be the direct sum of these vector bundles. If Vo 1 T HUy) —
Uy x R and ¢!, : 7'~ Y(U,) — U, x R™ are trivializations, then we can form a trivialization of
E & E' by

Do 7~T_I(UOz) — R Pale, €) = (pale), pu(€))

If we take another set of such trivializations ¢g, <p’ﬁ, g then we see that the transition functions of
E @ E' are of the form

Pa 0 @5 (P, (v,w)) = Gales' (p,0), ¢ (p,w))
= (pa 0 95" (p,0), ¥ 0 @5 ' (pw))
= (9a5(P)(v), 9o3(p) (w))

Therefore '@ E' has transition functions gas @ g,,5- A similar argument shows that £'® E' has
transition functions gag ® g, 5-

If we can figure out the transition functions of the dual bundle E* of E, then we automatically
get the transition functions for Hom(E, E’) due to the natural isomorphism V* @ W = Hom(V, W)

for any vector spaces V,W. Let E* 5 M be the dual bundle of E, and fix an isomorphism
¢ R" — (RM)*. Let ¢q : 7 1(Uy) — Uy x R™ be a trivialization of E. This induces a trivialization
Ba + T H(Us) — Uy x R™ of E* in the following way. The restriction of ¢, to a fiber E, is
a linear isomorphism ¢q|p, : 7 1(p) — {p} x R™. The dual of ¢4|g, is a linear isomorphism
(¢alE,)* : {p} x (R")* — (E},)* = E;. This map is going the wrong direction if we want to use it
for a trivialization, so we define ¢, restricted to the fiber EJ by

- _ oy —1

Galp; = 07 o ((¢al,)")
Note that we post-compose with ¢! so that the range of this function is R” and not (R")*. Now

we have a trivialization ¢, of E*. Let ¢g be another trivialization of £ and ¢g the induced
trivialization of E*. Then

Pa 0@y = ([dxd™) o ()~ oo (id x¢)
(idx¢™h) o (pa')* 0 wh o (id )
(id ><¢_1) o ((pﬂ o (p;l)* o (id x¢)

So the transition functions {ga3} of E* satisfy
~ _ -1 * _ -1 —1\*
JaB =9 ©°gsa0® =9 o(g,) 0d

This is precisely the equation that tells us that the matrix g,g is the inverse of the transpose of
gap- Therefore the transition functions of the dual bundle are (g(’;ﬁ)*l.

A metric g on a real vector bundle £ — M is a section of S?E* — M such that for every
p € M the association X — g,(X,—) € Ej is an isomorphism. This is equivalent to saying that
we have a bilinear, non-degenerate form defined on each fiber E), that varies smoothly with p. It
is easy to see that every vector bundle has a metric by patching together local metrics with a

10



partition of unity. If the metric happens to be positive-definite on each fiber, then we may call it
a positive-definite metric or Riemannian metric. Otherwise, we may call g an indefinite
metric or a pseudo-Riemannian metric, and define its signature to be the signature of g on
any fiber, which is the number of positive eigenvalues of g. A Hermitian metric on a complex
vector bundle £ — M is a section g of E* ® E* — M such that g, : F, x E, — C is a Hermitian
inner product, which means that g,(—, —) is C-linear in the first variable, conjugate linear in the
second variable, satisfies g, (v, w) = g,(w,v) and gp(v,v) > 0 with equality only for v = 0.

We say that a real vector bundle £ — M is orientable if we can choose an orientation for each
fiber E, and find an atlas of E such that each trivialization ¢, : 771(U,) — U x R" is orientation
preserving on all fibers, where each {*} x R™ is given the standard orientation. We clearly have
that a vector bundle is orientable if and only if there is an atlas whose transition functions takes
values in GLT(RF), the group of matrices of positive determinant. Since complex vector spaces
have a natural orientation when regarded as a real vector space we we have that a complex vector
bundle is always orientable when regarded as a real vector bundle.

There is another way of looking at orientability of real vector bundles. First we prove two
elementary results concerning real line bundles.

Proposition 3.1. Let E — M be a real line bundle over a connected base and let E be E with the
zero section removed so that E is an R* fiber bundle.

1. F is orientable if and only if it is trivial.

2. E is orientable if and only if E is disconnected.

Proof.

1. If E is trivial then it is obvious that E is orientable. Suppose F is orientable and let g be any
Riemannian metric on E. Since E is orientable we have that there is a chosen component of
E, — 0 for each fiber. We construct a section s : M — FE by mapping p to the unique vector
in the chosen component of E, — 0 with unit length (using the metric). This is a smooth,
non-zero section, which gives a global trivialization of E since it is a line bundle.

2. If FE is orientable, then F is trivial by the above, and so E = M x R*, which is disconnected.
Conversely, suppose E is disconnected and let g be a Riemannian metric on E. Let E+ be a
component of E, then define a section s : M — E by mapping p to the unique vector in the
of E+ over p of unit length. This is a smooth, non-zero section, and so FE is trivial and hence
orientable.

O]

Applying the functor A* to our vector bundle E, where k is the rank of E, produces a one-
dimensional vector bundle, called the determinant line bundle of E. If we remove the zero
section, A*E — 0, then each fiber has two components, and a choice of one of the components is
equivalent to choosing an orientation on that fiber. Choosing a component of these fibers in a
smooth manner is equivalent to find a smooth, non-zero section, hence A¥E must be the trivial line
bundle. Conversely, if Ak(V) is trivial, then we can find a smooth non-zero section, and so we can
choose orientations on fibers in a smooth manner. We have proved the following.

Proposition 3.2. The follow statements are equivalent to a vector bundle E — M being orientable.

1. There is an atlas for E whose transition functions take values in GL*(RF).

11



2. The determinant line bundle AFE is trivial.

3. The determinant line bundle minus the zero section, A*E — 0, consists of exactly two compo-
nents.

Further, we can interpret a choice of non-zero section in [2] of proposition [3.2] as a choice of
orientation for E, and a choice of component of A¥E — 0 in 3| of as a choice of orientation of FE.
Therefore every orientable vector bundle has precisely two orientations.

We have just seen that choosing an orientation on a vector bundle is equivalent to “reducing” the
structure group from the full linear group GL(R¥) to just those matrices with positive determinant
GL*(RF). This reduction of structure group comes up often, so we explore it more now. Suppose
we put a metric g of signature s on E£. We can choose our atlas so that the trivializations ¢, :
71 (Uy) — Uy x R*, when restricted to fibers, preserve the inner product. Specifically, we should
have

9p(v, 0) = (Pa(v), Pa(w))

for all v,w € E,, where (, ) is the standard inner product on R* of signature s. With these
trivializations it is clear that the transition functions will take values in O(s, k — s). In particular,
introducing a Riemannian metric on F is equivalent to reducing the structure group to O(k), and
since every vector bundle supports a metric we can always reduce to O(k). Combining this with our
results on orientability we see that an orientable vector bundle can have its structure group reduced
to SO(k). Similarly, introducing a Hermitian metric on a complex vector bundle is equivalent to
reducing the structure group from G L(CF) to U (k).
(todo: abstract way of defining reduction of structure group)

3.3 Principal G-Bundles

Given a Lie group G, a principal G-bundle is a fiber bundle G — P 5 M such that G acts
freely and transitively on the right of P and preserves the fibers. This means the fibers of P are
principal homogeneous spaces of GG, hence they are diffeomorphic to G. A chart of a principal G-
bundle is a fiber preserving, G-equivariant diffeomorphism ¢, : 7=1(U,) — U, x G, which means
va(x - g) = palz) - g, where the action of G on U, X G is just right-multiplication on the second
factor. An atlas for a principal bundle is a collection of such charts where the U,’s cover the base.

An atlas for P — M leads to a collection of transition functions {h.s : Uy N Ug — Diff(G)}
as before. However, due to the G-equivariance of charts, these transition functions induce smooth
maps gag : Ua NUg — G that satisfy a cocycle-like condition

9ap(P) - 98+(P) - Gra(p) = 1 (3.5)

where - denotes the group multiplication in G, and 1 is the identity in G. These maps are defined
in the following way. For two charts ¢., @3 we have

(P, has(P)(9)) = Pales' (0, 9))
= ¢alps' (1) - 9))
= ¢allps' (1)) - 9)
= ¢alps' (p1)) - g
= (p, hap(p)(1) - 9)
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which implies hag(p)(9) = hap(p)(1) - g. So we set gos(p) = hap(p)(1), and these gop’s clearly
satisfy the cocycle condition . The maps g, are called principal transition functions for
the atlas of P. Conversely, suppose we are given an open covering {U, } and a collection of smooth
maps gog : Us NUg — G that satisfy , then we can create a principal G-bundle with principal
transition functions {gng} in the following way. Let P be the disjoint union of U, x G as « runs
over the index set of our cover. Say two elements (p, g) € Uy x G and (¢, h) € Ug x G are equivalent
if p=gq and g = gag(p) - h (where - is group multiplication), and let P be the quotient of P by
this relation. The right action of G on P is given by [p,g] - ¢’ = [p, g¢’']. With this action we have
that the obvious charts ¢, ([p,g]) = (p,g) are G-equivariant since o ([p,g] - ¢') = ¢a(lp,9d']) =
(p,99") = (p,g) - ¢’ The obvious projection P — M makes P into a principal G-bundle.

This seemingly esoteric reworking of the definition of principal bundles is actually quite enlight-
ening. It tells us that principal G-bundles are the special class of G fiber bundles whose transition
functions can be taken to be left-multiplication by a group element:

a0 95" (0,9) = (P, 9ap(p) - 9)

A morphism of principal G-bundles P — M and P’ — M’ is a morphism of fiber bundles (f’, f),
defined before, that is also G-equivariant, i.e. f(z-g) = f(x)-g for all x € P. Most of the time we
will take M’ = M and f = idj;. Also the pullback of a principal G-bundle is a principal G-bundle.

The existence of a global section of a principal G-bundle turns out to be quite restrictive.

Proposition 3.3. A principal G-bundle is trivial if and only if it admits a section.

Proof. One direction is obvious. Suppose P — M is a principal G-bundle, and let s : M — P be
a section. We define a bundle map f : P — M x G in the following way. For v € P, let g be the
unique element in G such that ug = s(mw(u))g. Existence of such an element is guaranteed by the
transitivity of the action of GG, and uniqueness is guaranteed by the freeness of the action. Then
define f(u) = (m(u),g). This map is clearly smooth, bijective, and a bundle map, and so it follows
that it is an equivalence of bundles. ]

Corollary 3.1. If P 5 M is a principal G-bundle, then ©*P is trivial (the pullback bundle along
).

Proof. The total space of the pullback is 7*P = {(p,q) € P x P : w(p) = 7(q)}, that is, it consists
of pairs of points that lie in the same fiber. There is a global section s : P — 7*P of this bundle
by setting s(p) = (p,p). By proposition we have that 7* P is trivial. O

3.4 Associated Fiber Bundles

There is a construction that allows one to create many fiber bundles out of a fixed bundle. Let
E — M be a fiber bundle with fiber F, structure group G C Diff(F), and equipped with an atlas
with transition functions are {go3}. Suppose G acts effectively on a space F’, that is, there is a
smooth injective, homomorphism p : G — Diff (F’). The collection of functions {p o g,g} satisfy the
cocycle condition , and so they determine a fiber bundle £/ — M with fiber F’ and structure
group G (since the action is effective), which is called the associated fiber bundle to E. If E is
a vector bundle with structure group G and V' a vector space. Let p : G — GL(V) be a faithful
linear representation of G on V. Then the associated fiber bundle E’ is a vector bundle called the
associated vector bundle.
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There is an invariant way of describing associated bundles when applied to principal G-bundles.
Let P 5 M be a principal G-bundle, and let p : G — Diff(F) be an effective left action of G on F.
Then G acts on the right of the product P x F via

(,f)-g="(x-g,p(g7")(f)) (3.6)

Let E = P x, F denote the quotient of P x F by this action, and define 7’ : E — M by

7'([x, f]) = w(x). Then E ™. M is a fiber bundle with fiber F, structure group imp (which is
isomorphic to G since the action is effective), called the associated fiber bundle to P — M. If P
has principal transition functions {gng}, then E has transition functions {p o gog}. Most times we
will apply this construction to a vector space F' =V and a linear representation p : G — GL(V),
and so the associated bundle will be called the associated vector bundle to P — M.

A popular example of these constructions is to consider the adjoint action of a Lie group G
on itself, Ad : G — Aut(G) defined by Ad(g) = C,, where Cy(h) = ghg™!. The associated fiber
bundle P x 5q G is denoted by Ad(P), and has fiber G and structure group G but is not necessarily
a principal G-bundle. Related to this, let ad : G — GL(g) denote the adjoint representation of G,
ie. ad(g) = (Cy)« : g — g. The associated vector bundle P x,q g is denoted by ad(P).

4 Bundle-Valued Differential Forms

When working with connections and curvature in general vector bundles, one quickly realizes that
a certain generalization of differential forms makes things nicer. We will assume the basic theory
of differential forms is known.

Let E = M be a vector bundle. A differential p-form w with values in the vector bundle E
will be a section of the bundle APT*M ® E — M, where APT*M is the p-th exterior power of
the cotangent bundle. The C*°(M)-module of E-valued differential p-forms will be denoted by
OP(M; E), and we will use the convention that QU(M; E) is just sections of E. There is a natural
isomorphism of QP(M; E) with alternating, C°°(M )-multilinear maps

I(TM) x --- x I(TM) — I'(E) (4.1)

as C°°(M)-modules. Elements of QP(M; E) can be written as linear combinations of elements of
the form w ® s, where w € QP(M) and s € I'(E). This is because for any vector bundles E;, Ey
over M we have an isomorphism of C°°(M)-modules

F(El X EQ) = F(El) ®COO(M) F(EQ)

If the bundle F is trivial, i.e. £ = M x V for some vector space V', then we call forms with
values in this bundle V-valued forms, and denote them by QF(M; V). As a special case, if E is just
the trivial line bundle, £ = M x R, then an E-valued differential form is the same as a regular
differential form.

Most everything one does with regular differential forms goes through to bundle-valued forms
with very little changes. For example, if E7, F5 are vector bundles over M, then we can define the
wedge product of Eij-valued and FEs-valued differential forms. In particular, if w € QP(M; Ey) and
n € QI(M; E5), then we define w An € QPTI(M; Ey; @ Es) by

WAV, ... Upyq) = Z (—1)0(,0(1)0(1), . ,’Ug(p)) & T](UU(erl), . ,UU(erq))
0E€Sp.q
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All of the usual properties of wedge product follow easily, such as graded commutativity.

However, the exterior derivative does not always carry over naturally to bundle-valued differ-
ential forms. If the vector bundle is flat (to be defined later), then we can define the exterior
derivative and find that it has all of the same properties as the regular exterior derivative. For
example, if w is a V-valued differential form, where V is a vector space, then w can be written as
w = w! ® v;, where v; is a basis for V (and also thought of as constant sections) and w’ is a regular
differential form. Then we define

dw = (dwi) R v;

One can show that this does not depend on how we write w as a linear combination of simple
elements w!@v;. This exterior differential is a map QF(M; V) — QFF1(M; V), and satisfies dod = 0.
Using our extension of the wedge product to V-valued forms, we also have the property that

dwAn) =dwAn+ (=1)*w Adny

However, in the general case, when the vector bundle is not necessarily trivial, we will need to
choose a connection before we can define anything that resembles the exterior derivative.

There is a special case of bundle-valued forms for when we take forms with values in a Lie algebra
g. In this case we can define one extra operation. Suppose g is a Lie algebra, and w € QP(M;g)
and n € Q9(M;g). Then we define their bracket [w, ] to be the composition

[

OP(M; g) x QI(M; g) 2 QPH(M; g © g) = QPHI(M; g)

where the first map is the wedge product for g-valued forms, and the second map is induced by the
bracket in g. It is easy to see that this operation satisfies the following:

[w,n] = (=P n,w] (4.2)
dlw,n] = [dw,n] + (=1)"[w, dn] (4.3)
[[w’w]vw] =0 (4.4)

If w € QY(M;g), then we have a simple formula

w,W](X,Y) = [wAw(X,Y)]
= wX)@w(lY) - wl)@w(X)]
(X),w(Y)] = [w(Y), w(X)]

(X),w(Y)]

. (4.5)
= 2[

since the bracket in g is antisymmetric.

Let G be a Lie group and g its Lie algebra. Recall that we identify g with left-invariant vector
fields on G, with the bracket in g given by the regular Lie bracket of vector fields. If Xi,..., X,
are a basis for g, then we can uniquely write

[XZ‘,XJ'] = CZ-Xk (46)

The constants cl are called the structure constants of g with respect to this basis. A left-

J
invariant 1-form on G is a 1-form w € Q'(G) such that Liw = w, where Ly is left translation by g.
Recall that the dual space g* can be identified with the set of left-invariant 1-forms on G.

For any w € g* and X,Y € g we see that w(X) and w(Y) are constant as maps G — R (by

the left-invariance of everything). This clearly implies that Xw(Y) = Yw(X) = 0, so the popular
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formula for the exterior differential of a 1-form (2.12), when acting on left-invariant vector fields,
reduces to
dw(X,Y) = —w([X, Y)) (4.7)

Because the tangent bundle of a Lie group is trivial and dw is tensorial, knowing this formula on
left invariant vector fields implies that it holds on all vector fields. Therefore holds for all
vector fields X, Y, not just those vector fields in g.

Let 6',...,0" be the dual basis to X1, ..., X,. We are going to show that df; can be expressed
in terms of the structure constants. Keeping the structure constants in mind and using
for a dual basis element 6* acting on basis elements X j» X we get

dei(Xﬁ Xk) =0 ([va Xk])
S— (cgng>

= _C]k‘
The following 2-form acts the same on X, Xj:
1, 1,
—§C%m9£ NO™ (X, Xi) = =5 Com (00(X;5)0m (Xn) — Oc(Xk)0m (X))

= _i(C}k — Chj)
i
jk
where the last line follows from the fact c§ = —c}%j. Therefore df’ can be expressed in terms of the
structure constants by
, L, 0

These equations are called the Maurer-Cartan equations for G with respect to the basis
X1,...,X,. These equations can be interpreted as an integrability condition in the sense of Frobe-
nius.

With the basis X1,..., X, and dual basis 0', ..., 0" define the g-valued 1-form wy = 6*X;. Note
that we should technically write 8’ ® X; for a g-valued 1-form, but this tensor product is a nuisance
to write. Just remember that if we juxtapose a vector and its dual, such as 6'X;, then we mean

their tensor product, and if we write 6°(X j) we mean 0° acting on X j. Surprisingly this form does
not depend on the basis. For suppose X = a'Xj;, then

wo(X) = wo(aiXi)
= 93(a1XZ)X]
= aZHJ(Xz)X]
=dX; =X

Therefore wp(X) = X for all X € g, and this uniquely determines wy. This distinguished 1-form
on a Lie group G is called the Maurer-Cartan form of G. It satisfies a Maurer-Cartan type
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equation. Namely, we see that
dwo = do"X;
1. .
= =50kt A o~ X;

= S 10(X,),0()]
1

= —§[wo,wo]

Therefore wy satisfies )
dwo + 5[010, wo] =0 (4.9)

5 Hodge Theory

We will now apply the ideas of the Hodge start to differential forms. A pseudo-Riemannian
manifold is a smooth n-manifold M with a metric g on its tangent bundle. If the metric is positive-
definite, then (M, g) is simply called a Riemannian manifold. Let (M, g) be a compact, smooth,
pseudo-Riemannian manifold, and let s denote the signature of ¢g. In coordinates x : U — R" the
metric can be written as

g= gijdxi ® da*
where (g;;) is a symmetric, non-degenerate matrix of signature s.

The metric gives us a canonical identification of tangent spaces with cotangent spaces, via
X — g(X,—), which can be used for index raising and lowering, as before. Since the constructions
are the same as in section |2l we will not spell out the details. For a vector X, its associated covector
will be denoted by X° (lowering the index), and for a covector w, its associated vector will be
denoted by w! (raising the index). We can apply the b and # operators to any tensor to lower and
raise any index.

A metric g on the tangent bundle of a manifold naturally induces a metric on all of the vector
bundles we can derive from T'M. Again, we will not spell out the details since it is very similar to
before, but we will introduce the notation 7). ;(T'M) — M for the tensor bundle of type (r, s) over
M, ie.

Ts(ITM)=TM®@--- TMT"M®---T*"M

~~
T S

A pseudo-Riemannian n-manifold (M, g) carries a distinguished n-form, called the volume
form, which we will usually denote by w, or w, to show its dependence on g. In coordinates it is

written as
w = /| det(gi;)| dz' A -+ A dz"

When M is compact, orientable and g is positive definite, [w] will be a generator of H},(M) = R.

6 Connections on Vector Bundles and Curvature

We want to get some invariants (hopefully numerical and computable) of vector bundles that will
help us get information on the global “twistedness” of the vector bundle. To this end we define a
connection. Let E 5 M be a vector bundle. A connection V on F is an R-bilinear map

V:I(TM) x I'(E) — I'(E)
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that is C°°(M)-linear in the first variable and satisfies a Leibniz rule in the second variable. This
means that the following two conditions are met:

Vixs=fVxs (6.1)
Vx(fs)=fVxs+ (Xf)s (6.2)

We think of V as allowing us to differentiate sections of E in the direction of vector fields on M.
It is easy to see that an equivalent definition of connection is an R-linear map
V:I(E) - T(T*M ® E) = Q'(M; E)
that satisfies the Leibniz rule
V(fs)=fVs+df ®s

Consider the trivial vector bundle E = M x R*. Sections of this bundle are simply R*-valued
functions on M, and so can be written as a column vector (s'), where s € C°°(M). The trivial
connection V on this bundle is simply the exterior derivative:

S1 dsl(X)
@XS = @X =
Sk dsk(X)

or simply written as Vs = ds, where d is understood to act component-wise. Let w € Q1 (M; gl(RF))

be a gl(R¥)-valued 1-form, i.e. can be written as w = (w’), where wzj are regular 1-forms. Then

)

d 4 w is also a connection on E — M. It is clear that d +w is C°°(M) in the first variable. That
it is Leibniz in the second comes from quick calculuation:
(d+w)x(fs) =d(fs)(X) +w(X) - [fs
=(df - s+ f-ds)(X) + fw(X)s
=df(X)-s+ fe-ds(X) + fw(X)s
=df(X)-s+ f(d+w)(X)s
It turns out that all connections on a trivial bundle are of this form.

Proposition 6.1. Every connection ¥V on a trivial vector bundle E = M x RF is of the form
V =d + w, where w € QY (M; gl(RF)).

Proof. Let V be any connection on E, and let e; : M — RF be the constant, standard basis sections,

i=1,...,k. Letting V act on these sections we see that for any X,
SO\
Vxe; = : = w!(X)e;
wi(X)

for some 1-forms wlj . So, if an arbitrary section s = s'e; is expressed in the standard basis we have
Vs = Vysle;
=ds'(X)e; + s'Vxe;
=ds'(X)e; + Siwzj (X)e;

So, if we let w = (wf ) be the matrix of 1-forms, then this last line is precisely d + w applied to
s. ]
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Since every vector bundle is locally trivial, we can choose a connection on each trivialization
and patch them together using a partition of unity to get a globally defined connection. Therefore
every vector bundle has a connection. Given a connection V on E 5 M and local chart ¢, :
71 (Uy) — Uq x RE, we get a local expression for V, which is simply (Vxs)a = dsa + waSa,
for some gl(R¥)-valued 1-form w,, called the local connection 1-form. Suppose we have two local
expressions of the connection V, and Vg, corresponding to two charts ¢, and ¢g respectively.
Since sections transform by , we must have dog, +waSa = gag(dog+wpsg). So, using (3.4) we
get,

dog + wa = gap(dog + wgsg)
= gap (d(g;ﬁlaa + wgggésCY)
= Gag (dg;ﬁlaa + goé_ﬁlda(l + wgg;ﬁlsa>
= gagdg;éaa + dog + gagw[;gojﬁlsa
Therefore w, and wg are related by

Wo = gaﬂdg;gl"’_gaﬂwﬁg;gl

_ “ 6.3
Wg = opdgas + gosWalas (6:3)

This leads to an alternate definition of connection. A connection on a vector bundle £ — M
with transition functions {gg} is a collection of differential operators {d 4+ w,} such that the wq’s
transform like (6.3]).

A vector bundle with connection can pullback to a vector bundle with connection. If V is
a connection on E — M given by {d+ w,}, then f*V is the connection on f*E — N given
by {d+ f*wa}, where f*w, is simply the component-wise pullback. It is easy to see that this
collection transforms like (6.3]) (this is mostly due to the fact that the pullback of a 0-form is just
precomposition)

f*wa = f* (gaﬁdg(zﬁl + gaﬁwﬁggﬁl)
= (gaﬂof)'d(gaﬁof)_1+(gaﬁof)'f*wﬁ'(gaﬁof)_l

Intuitively we now want to define the curvature of a connection V on £ — M as the “derivative”
of V. This means that if {d + w, } are the local expressions of V, then we define a collection gl(R¥)-
valued 2-forms 2, by

QaSqa = VoVs,
= (d 4 wa)(dsq + wasa)
= d*s + d(Wasa) + Waldwe + Wa A Wasa
= dwySe — WadSq + Wadoy + wa A waSa

= dwy + W A wq
The collection of 2-forms {Q,} is called the curvature of V, and the equation
Qo = dwg + wo N wg (6.4)
is called the structure equation. The transformation from an ), to an {3 is given by

Qy = gaﬁgﬁg;gl (6'5)
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which tells us that the €2,’s actually patch together to form a global End(FE)-valued 2-form, which
we denote by 2. The local expressions for the curvature satisfy the Bianchi Identity:

dQn = Qo ANwag — wa A Qo = [Qa, wa

There is a more invariant definition of the curvature of a connection, but we will not use it in
what follows. But, for completeness, the curvature of V can be defined to be the map FV :
IN(TM)xT'(TM) x I'(E) — T'(F) given by

FY(X,Y)s =VxVys—VyVxs — Vixys

7 Characteristic Classes of Vector Bundles

The transformation rules in and tells us that all of the w,’s and €2,’s cannot necessarily
be patched together to make global gl(R™)-valued forms. If our transition functions happen to take
values in an abelian Lie group, then we could make a global curvature form, but otherwise this is
not possible.

However, there is an easy way to form a globally defined, real differential form out of the local
expressions of the curvature. We say that a polynomial function f : gl(R") — R of n? variables
is invariant if f(X) = f(A"1XA) for all X, A € gl(R"). The collection of such polynomials forms
a commutative algebra, denoted by I(n). Examples of such polynomials are f(X) = det X and

f(X)=trX.
Let 01,...,0, denote the elementary symmetric polynomials in n variables. That is
oo=1 o1=z1+ 2y O2=TT2+TIT3 A+ FTp_ 1Ty 0 Op =TT

We can extend the o;’s to maps o; : gl(R") — R by defining 0;(X) = o;(A1,...,\,), where
AL, ..., \p are the eigenvalues of X (the order does not matter since o; is symmetric). In particular,
0;(X) is simply the coefficient of #*~% in the characteristic polynomial of det(tI — X), so clearly o;
is an invariant polynomial on gl(R™). The elementary symmetric polynomials turn out to generate
all of the invariant polynomials.

Proposition 7.1. The algebra I(n) is isomorphic to a polynomial ring
I(?’L) = R[Gl7 s aan]
Proof. (Sketch) O

There is another generating set of invariant polynomials of I(n), which will be useful. For each
1 <i <k let s; be the invariant polynomial defined by

si(X) = tr X*
We can easily express some of the s;’s in terms of o;’s, for small i. For example,
— _ 2 _ 3
s1 =01 S92 =07 — 209 s3 =0° — 30102 + 303

Formulas like these hold for all s;’s, and conversely the o;’s can be written as polynomials of the
s;’s. This implies
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Proposition 7.2. The algebra I(n) is isomorphic to a polynomial ring
I(n) = R[s1,...,sn)

(todo: rewrite this trash)
Let f € I(n) be an invariant polynomial of degree k. Then f(,) is a 2k-form on U,. For two
overlapping charts U,,Ug we have that f(€Q,) and f(Q23) are related by

f(Uﬁ) = f(g;éUagaﬁ) = f(Ua)
Therefore the f(Q4)’s can be patched together to form a global form, which we denote by f(Q2) €
Q2k (M.
Proposition 7.3. For any invariant polynomial f € I(n), the form f() is closed.

Proof. Since I(n) is generated by the s;’s it suffices to show ds;(€2) = 0. To do this we use Bianchi’s
identity:
ds;i(Q) = dtr(Q)
= tr(dQ)
—tr(dQA QLTI+ QAIQAQ 2+ 4 QL AdQ)
—tr(QANw—wADAL T AN QAW —wADAQL 2+ QT A QAW —wAQ))
= tr(—w A Q' + Q" Aw)
= —tr(w A Q) +tr(wA Q) =0

8 Connections on Principal Bundles and Curvature

Well will now attempt to repeat the program of connections and curvature we implemented in
vector bundles for the more general case of fiber bundles. Unfortunately we cannot get very far
on a general principal bundle, but we get a very rich theory on principal bundles. The theory is
similar to what we got for vector bundles, but different enough to be interesting.

First we will consider something that may seem a little off topic, but will be important soon.
Suppose a Lie group G acts on a manifold M, and denote this action by 7 : G x M — M. Then
the pushforward is a map 7. : g x TM — T M. For an element X € g of the Lie algebra of G, we
will define a vector field X* € I'(T'M). For p € M it is defined by

X; = Tx(e,p) (Xa 0)

One can prove the following about the association of X* to X.

Proposition 8.1. The association X — X* defines a Lie algebra homomorphism o : g — T'(TM).
Further, if G acts effectively, then o is an embedding, and if G acts freely, then X* does not vanish

if X 0.

Let us consider the case of a trivial fiber bundle, F — E = B x F' 5 B, where 7 is projection
onto B. Also let 7’ : B x F' — F be projection onto F. At a point u = (b,p) € E we see that the
tangent space T, F splits as

T,FE = ker W;u @ ker my, £ Ty B ® T, F

21



The first summand can be thought of as the vectors “along” the base, and the second summand
can be thought of as vectors “along” the fiber. For this reason we define H, = kern,, and call
these vectors horizontal, and we define V,, = ker 7, and call these vertical. The tangent bundle TFE
splits as H ® V', where H and V are the sub-bundles determined by H, and V,,, so every tangent
vector of E can be uniquely written as a sum of a horizontal and vertical vector.

Now consider a general fiber bundle F — E = B. At a point u € E we still have a natural
choice of vertical vectors in Ty, F, which we will denote by V,, = ker 7r,,,. The V,,’s form a sub-bundle
of TE, which we will denote by V. However, we no longer have a natural map «’ : £ — F with
which we can define horizontal vectors. This leads us to define a connection on F as a sub-bundle
H of TE such that TE = H @ V. This means we are choosing a sub-bundle of T'E' whose fibers
are transverse to the fibers of the vertical sub-bundle. This type of connection is also sometimes
called an Ehresmann connection.

Proposition 8.2. Fvery fiber bundle admits a connection

Proof. Give the total space F a Riemannian metric. Then we can define H to be the orthogonal
complement of V. 0

Since a principal bundle is just a fiber bundle, the above definition of connection clearly applies
to principal bundles. However, principal bundles have extra structure, and so we want our con-
nection to be compatible with this extra structure. First we recall the definition and properties of
principal bundles.

A principal G-bundle is a fiber bundle P = M such that G acts freely and transitively on the
right on P, and the action preserves the fibers. In this case we clearly see that P/G = M, and
each fiber is diffeomorphic to GG. A local chart of the principal bundle is an open set U C M and
diffeomorphism ¢ : 771(U) — U x G such that

p(ug) = p(u)g

for all g € G and u € 71 (U), where the action of G on U x G is by right translation of the second
factor. A condensed way of saying this is that ¢ is a chart in the sense of fiber bundles that is also
equivariant with respect to the action of G.

Proposition 8.3. A principal G-bundle is trivial if and only if it admits a section.

Proof. One direction is obvious. Suppose P — M is a principal G-bundle, and let s : M — P be
a section. We define a bundle map f : P — M x G in the following way. For u € P, let g be the
unique element in G such that ug = s(mw(u))g. Existence of such an element is guaranteed by the
transitivity of the action of GG, and uniqueness is guaranteed by the freeness of the action. Then
define f(u) = (7(u),g). This map is clearly smooth, bijective, and a bundle map, and so it follows
that it is an equivalence of bundles. O

A connection on a principal G-bundle P = M is a connection H in the fiber bundle sense, such
that each H,, is invariant under the action of G. This last condition means that for each © € P and
g € G we have Hyy = (Ry)«H,, where R, is right translation by g.

Like in the case of vector bundles, we can get a differential form representation of connections
in a principal G-bundle. Let P — M be a principal G-bundle with a connection H. First we
claim that the vertical subspaces V,, can be naturally identified with g. Let X € g and X™ the
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induced vector field on P. Since G acts freely on P, by proposition we have that X is non-
zero. Therefore the association X — X is injective. We claim that the image of this association
is contained in V,,. Since G preserves fibers we have the following commutative diagram:

PxG——P
projl lw
P M

UNFINISHED Since the dimensions of the two vector spaces g and V,, are obviously equal, we
have a canonical isomorphism g — V,, given by X — X.
We define a 1-form w € Q'(P; g) in the following way. For u € P and X, € T, P, let w(X,) be
the composition
WP —V,—g

where the first map is the projection of T3, P onto the vertical subspace (possible since we have
a connection H), and the second map is the natural isomorphism. The 1-form w is called the
connection 1-form. It is clear then that H = kerw. Conversely, given any form w € Q!(P;g), what
conditions does it have to satisfy so that H = kerw is a connection?

Proposition 8.4. If H is a connection on a principal bundle P, then a I-form w € QY(P;g) is
determined such that

1. w(X*)=X forall X € g
*, -1
2. Ryw=Ad(g™)w
Conversely, given any w that satisfy these two conditions, then H = kerw is a connection on P.

Given a trivial principal bundle P = M x G 5 M, what is the trivial connection? In terms
of horizontal subspaces it is clearly the kernel of the projection M x G 3 G. In terms of the
connection 1-form it is just the pullback of the Maurer-Cartan form wy. So, let w = 75wy be the
trivial connection 1-form. Then, by we have

dw = dmywy = mydwy = 5 <—;[w0,w0]> = —%[Wé‘wo,ﬂgwg] = —%[w,w]

For a general principal bundle and connection 1-form, the above will hold on each fiber, but will
not necessarily hold globally. The failure for this to hold globally is measured by the curvature of
the connection.

So, let P = M be a principal bundle with connection bundle H and induced 1-form w. Let
h : TP — H denote the horizontal projection of vectors on P to H along the vertical sub-bundle
V. We will also sometimes use the notation X} to denote the horizontal part of a vector X on P.
Let 2 be the g-valued 2-form defined by

Q:=(dw)oh xh

That is, we first project the vectors to the vertical bundle, and the evaluate dw on them. The
connection 1-form and curvature 2-form are related more explicitly by the structure equation:
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Proposition 8.5 (Structure Equation). If w is the connection 1-form on a principal bundle and
Q is the curvature 2-form, then for all X,Y € T, P we have

dw(X,Y) = —%[M(X),W(Y)] (X, Y)

So, another way of defining the curvature 2-form is by the equation

dw = —%[w,w] +Q (8.1)

Take a basis X1,..., X, with structure constants cfj Suppose we write the connection 1-form as
w = w'X;, where w' are real 1-forms, and similarly Q = Q*X;, where Q' are real 2-forms. Then the
curvature can be written as

. 1. . ,
dw' = ) Lrw? A Wk 4 Q (8.2)

The following properties of the curvature 2-form are easy to prove, two of which are immediate
from the definition of curvature.

Proposition 8.6. Let w, () be the connection and curvature forms associated to a principal bundle
P — M. Then

1. For g€ G, (Ry)*Q = Ad(¢g~ 1.
2. For any vectors X,Y € T,,P we have Q(X,Y) = Q(Xp,Y).

3. If X,Y are horizontal vectors in T, P, then Q(X,Y) = —3[w(X),w(Y)].

[\

4. (Bianchi’s Identity) dQ) = [Q,w].
Proof.
1.
2. Obvious from definition.
3. If X,Y are horizontal, then w(X) = w(Y) = 0, so this follows from (3.1).
4. Differentiating both sides of gives

1
dQ = d*w + 5w, ]

1
=3 ([dw, w] — [w, dw])

= [dw, w]
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9 Characteristic Classes of Principal Bundles

Unfortunately there is not any workable theory of characteristic classes in general fiber bundles.
However, principal G-bundles provide a rich theory. We will review some basic Chern-Weil theory
of characteristic classes for principal G-bundles.

Let us continue using the basis X1, ..., X,, from before, and now let 8!, ..., 0" be its dual basis.
Let w be a connection 1-form with curvature 2-form €2, and express w = w’X; and Q = Q'X;, where
w?, Q) are real differential forms. Suppose we are given a linear map « : g — R, i.e. an element
of g*. Then for each u € P, the composite avow : T, P — R depends smoothly on u, hence oo w
determines a 1-form, which we shall denote by W(a) € QY(P). We clearly have @(") = w’. This
association depends linearly on «, hence the connection 1-form induces a linear map, which we will
denote by @ : g* — Q!(P). We can extend this to exterior powers to give a linear map

w:ANg— Q*(P)
In particular, we have ' , ‘ ,
WOTAN L ANO*) =W A AW

In general, this induced map does not commute with the exterior derivative, i.e. d o w does not
necessarily equal @ o d, where this last d is defined on g* = Q!(G). The failure of this to commute
is related to the curvature.

So, lets try to repeat these constructions with the curvature 2-form €. For a € g* we see that
aoQ:T,P x T,P — R depends smoothly on u, hence defines a 2-form, denoted by Q(a) € Q?(P).
This gives an induced map, which we shall denote by Q : g* — Q2?(P). In particular, we see that

Q(0%) = Q. Using and we get
Q' = dw' + %cé.kwj AWk
= dw' + %c;lkw(eﬂ' A 6F)
=dv'+© <;c§k0j A 9k>
= dw' — w(db")
This implies that for any « € g* we have
Qa) = (dow —wod)(a)

This shows how curvature can be thought of as measuring the commutativity of @ with the exterior
derivative d.
UNFINISHED

10 Spin Geometry and the Dirac Operator

The orthogonal group O(k+1) acts on S* in the obvious way, and the stabilizer of any point p € S™
is the set of rotations and reflections through the plane perpendicular to p, which is isomorphic to
O(k). Therefore we have O(k + 1)/O(k) = S*, and so we have a fibration O(k) — O(k + 1) — S*.
This gives a long exact sequence of homotopy groups

- — (8% — 1 (SO(k)) — 71 (SO(k + 1)) — m1(S¥)
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If k > 3, then m(S*) = 71(S*) = 0, hence 71(SO(k)) = m1(SO(k + 1)). We know that SO(3) =
RP3, and that 71 (RP3) = Z/2, hence 71(SO(k)) = Z/2 for k > 3. This implies that SO(k) has a
two-fold universal Lie group cover; it is called the Spin group and we denote it by p : Spin(k) —
SO(k).

Let E 5 M be an orientable rank k vector bundle with transition functions {9as}, which we
assume take values in SO(k) by orientability. We can always choose our cover {Ua},cp of the
base manifold so that any finite intersection of open sets from this collection is contractible (such a
cover is called good), and so we assume that our cover satisfies this. Then by the lifting theorem
in covering space theory we can lift each transition function to a map gos : Uy N Ug — Spin(k)
such that p o o3 = ga, Where p is the covering map. Unfortunately the collection of maps {gns}
will not always satisfy the cocycle condition [3.1] But, if they do, we can use them as transition
functions for a principal Spin(k)-bundle. Thus we define a spin structure on E to be the principal
Spin(k)-bundle formed from lifting the transition functions of E — M to Spin(k) such that they
satisfy the cocycle condition, and denote it by Egp;, k). A general vector bundle can admit many
spin structures or no spin structure. An orientable manifold M is said to be spin if the tangent
bundle TM — M has a spin structure.

For any triple of indices (o, 3,v) € A% we define the maps NaBy = JaBIsyGya- SINce p o nag, =
9ap98v9va = I we see that 7,4,’s image is contained in p’s kernel, hence

Nagy : Ua NUgNUy — kerp =2 7Z/2

One can check that the collection of these maps {73} satisfy the relations to be a Cech cocycle
in H?(M,7/2), and one can show that this cohomology element is precisely the second Steifel-
Whitney class of the bundle wq(E). If this class is trivial, then all the maps are constant mapping
into the identity, which of course implies the coycle condition is satisfied for the collection {gag}-
Therefore a spin structure exists on a vector bundle if and only if its second Steifel-Whitney class
is trivial.

Let Ego(x) be the frame bundle of £, and suppose F is equipped with a spin structure Egpn(x)-
We will show that there is a bundle map f : Egpink) — Esok) such that restricted to a fiber is a
2:1 covering map. For a point p € M take charts ¢, : 71 (U,) — Uy x SO(k) and @, : 71 (Uy) —
Ua % Spin(k), and for a point z,, in the fiber of Egy;, k) over p define

flzp) = ‘Pgl o (id xp) o @a(2p)
We need to check that this is well-defined. Suppose we had another pair of charts ¢3 and ¢g, and
suppose (p,Y') € Ug x Spin(k) such that gbgl(p, Y) = x,. Note that cpaogogl(p, X) = (D, 9a3()-X),
and similarly for ¢, o @51. Therefore f being well-defined is equivalent to

pa’ o (id xp) 0 Galwy) = @5 o (id xp) 0 Ga(xy)
ppo @y o(idxp)o@aody(p,Y)=(idxp)(p,Y)
(id xgga-) o (id xp)(p, Gap(p) - Y) = (p, p(Y))

(id Xgga) (P, gap(p) - p(Y)) = (p, p(Y))

(P, 98a(P) - 9ap(p)(p(Y))) = (p, p(Y))

(p,p(Y)) = (p, p(Y))

Therefore f is well-defined. Conversely, a principal Spin(k)-bundle P — M that admits a morphism
[+ P — Ego) such that f restricts to a 2:1 covering map on fibers determines a spin structure

1rree
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on £ — M. Yet another description of spin structures, in view of our discussion on associated
bundles, is a principal Spin(k)-bundle P — M such that P x, SO(k) is isomorphic to Egox) as
principal SO(k)-bundles.

There is yet another way of looking at spin structures, which is more universal and gives an easy
proof that if a spin structure exists, then the 2nd Steifel-Whitney class vanishes. Let Bp denote the
map induced on the classifying spaces BSpin(k) — BSO(k), where p is the double cover of SO(k).
If E — M is an orientable, rank k vector bundle, then there is a classifying map f : M — BSO(k)
such that £ = f*ESO(k). A spin structure on E is simply a lift f:M - BSpin(k) such
that Bpo f = f. One can show that the Z/2 cohomology of BSO(k) is a polynomial algebra
Z/2[wa, ..., wy], where w; € H(BSO(k);Z/2) are the universal Steifel-Whitney classes. Since
Spin(k) is simply connected, and 7, (G) = m,+1(BG) for any topological group G and its classifying
space BG, we see that mo(BSpin(k)) = 0, hence Ha(BSpin(k)) = 0, and so H2(BSpin(k),Z/2) = 0.
Then the 2nd Steifel-Whitney class of E is f*ws = Bp* o f*wy = 0.

Suppose E' — M has a spin structure Egnk), and let p : Spin(k) — GL(V) be any represen-
tation of Spin(k) on V. The vector bundle Pgyp;,x) X, V — M is called the bundle of spinors of
type p, and sections of this bundle are called spinor fields of type p.

11 Mathematics-to-Physics Gauge Theory Dictionary
12 Maxwell’s Electricity and Magentism as a Gauge Theory
13 Chern-Simons Theory

14 Seiberg-Witten Equations
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