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WEIL-PETERSSON METRIC ON THE UNIVERSAL
TEICHMULLER SPACE I: CURVATURE PROPERTIES
AND CHERN FORMS

LEON A. TAKHTAJAN AND LEE-PENG TEO

Abstract. We prove that the universal Teichmiller space T (1) car-
ries a new structure of a complex Hilbert manifold. We show that the
connected component of the identity of T (1), the Hilbert submanifold
To(1), is a topological group. We define a Weil-Petersson metric on
T(1) by Hilbert space inner products on tangent spaces, compute its
Riemann curvature tensor, and show that T (1) is a Kéhler -Einstein
manifold with negative Ricci and sectional curvatures. We introduce
and compute Mumford-Miller-Morita characteristic forms for the verti-
cal tangent bundle of the universal Teichmiiller curve fibration over the
universal Teichmiiller space. As an application, we derive Wolpert cur-
vature formulas for the finite-dimensional Teichmiiller spaces from the
formulas for the universal Teichmiiller space.
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1. Introduction

The universal Teichmiiller space T'(1) is the simplest Teichmiiller space
that bridges spaces of univalent functions and general Teichmiiller spaces.
Introduced by Bers [Ber65, Ber72, [Ber73], the universal Teichmiiller space
is an infinite-dimensional complex manifold modeled on a Banach space. It
contains Teichmiiller spaces of Riemann surfaces as complex submanifolds.
The universal Teichmiiller space T'(1) also came to the forefront with the
advent of string theory. It contains as a complex submanifold an infinite-
dimensional complex Fréchet manifold Mob(S)\ Di [5(S*), which plays an
important role in one of the approaches to non-perturbative bosonic closed
string field theory based on K@hler geometry [BR87al, BR87b]. The manifold
Mob(SH\ Di L(S*) — a homogeneous space of the Lie group Di [L{S?), also
has an interpretation as a coadjoint orbit of the Bott-Virasoro group, and
as such carries a natural right-invariant Kahler metric [Kir87, [KY87].

The complex geometry of the finite-dimensional Teichmiiller spaces —
Teichmiiller spaces T'(I") of cofinite Fuchsian groups, has been extensively
studied in the context of Ahlfors-Bers deformation theory of complex struc-
tures on Riemann surfaces. In particular, A. Weil defined a natural Hermit-
ian metric on T'(I") by the Petersson inner product on the tangent spaces.
Called Weil-Petersson metric, it was shown to be a Kahler metric by Weil
and Ahlfors. In his seminal paper [AhI62] Ahlfors has studied the curva-
ture properties of the Weil-Petersson metric. In particular, he proved that
the Bers coordinates on T'(I") are geodesic at the origin, and computed the
Riemann curvature tensor of the Weil-Petersson metric in terms of multiple
principal value integrals. Using these formulas, Ahlfors proved that T(I")
has negative Ricci, holomorphic sectional, and scalar curvatures. Further re-
sults have been obtained by Royden [Roy75]. Wolpert re-examined Ahlfors’
approach in [WolI86|]. He developed a di[erent method for computing Rie-
mann and Ricci curvature tensors, and obtained explicit formulas in terms
of the resolvent kernel of the Laplace operator of the hyperbolic metric on
the corresponding Riemann surface.

Curvature properties of the infinite-dimensional complex Fréchet manifold
Mob(S1)\ Di [L1S') have been studied by Kirillov and Yuriev [KY87], and
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by Bowick and Rajeev [BR87a, BR87b]. In particular, they computed the
Riemann curvature tensor of the right-invariant Kahler metric and proved
that Mob(SY)\ Di [L{S?) is a Kahler -Einstein manifold.

Since both the finite-dimensional Teichmiiller spaces T'(I") and the ho-
mogeneous space Mob(S1)\DilL1S') are complex submanifolds of 7°(1),
it is natural to investigate whether the latter space carries a “universal”
Kahler metric which can be pulled back to the submanifolds. The imme-
diate di Cculty is that the universal Teichmiiller space T'(1) is a complex
Banach manifold, so that its tangent spaces do not carry Hermitian metric.
Nag and Verjovsky [NV90] were the first to address this problem. They
have shown that the Kzhler metric on Mdb(S*)\ Di [L{S?) is the pull-back
of a certain Hermitian metric defined on a Hilbert subspace of the tan-
gent space at the origin of 7'(1). The latter metric is analogous to the
Weil-Petersson metric on finite-dimensional Teichmiiller spaces. However,
finite-dimensional Teichmdiiller spaces 7'(I") embed into 7°(1) transversally to
the Hilbert subspace, so that the Weil-Petersson metric on 7'(I") can not be
pulled back from 7°(1). Nevertheless, following a suggestion by Velling, Nag
and Verjovsky [NV90] have shown that the Weil-Petersson metric on 7'(I")
can be obtained by a certain “averaging” procedure using Patterson’s uni-
form distribution of the “lattice points” of a cofinite Fuchsian group I in the
hyperbolic plane. The major open problem is to define the Weil-Petersson
metric on the whole space T°(1), to study its curvature properties, and to find
relation between curvatures of this metric and the Weil-Petersson metric on
finite-dimensional Teichmiiller spaces *.

An attempt to define the Weil-Petersson metric on the universal Te-
ichmiiller space based on the completion of di [{3%) /mob(S?) 2 in the Sobolev’s
%-norm was made in [STZ99]. However, the paper [STZ99] does not contain
a rigorous proof that is needed for introducing a Hilbert manifold struc-
ture on an infinite-dimensional manifold. Also, the identification between
the tangent space di [{3%)/mdb(St) and the space of holomorphic functions
on the unit disk made in [STZ99] is not correct and actually introduces
Sobolev’s %—norm rather than %—norm. As a result, the corresponding quasi-
symmetric homeomorphisms of S* are of class C3(S?).

Here we introduce Weil-Petersson metric on the universal Teichmiiller
space 7'(1) and study its curvature properties. We prove that 7'(1) carries
a new structure of a Hilbert manifold such that in the underlying topology
T'(1) has uncountably many components. We prove that the connected com-
ponent of the identity in T'(1), the Hilbert submanifold 7y(1), is a topological
group. We define the Weil-Petersson metric on T'(1) by Hilbert space inner
products on tangent spaces. We re-examine the Ahlfors original computation
[AnI62] of the second variation of the hyperbolic metric and of the Riemann
tensor for the finite-dimensional Teichmiiller spaces in terms of the principal

1See the remark on p. 136 in [NVI0).
2Here diff(S*) and mob(S?) are Lie algebras of Lie groups Diff+(S?) and M6b(S?).
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value integrals. We show how to extend the Ahlfors’ method to the case of
the universal Teichmiiller space and how to convert formulas using principal
value integrals into closed expressions using resolvent kernel of the Laplace
operator on the hyperbolic plane. Our results extend the Wolpert’s formu-
las [WWolI86] to the infinite-dimensional Hilbert manifold 7°(1). We also prove
that T'(1) is a Kahler -Einstein manifold with negative Ricci and sectional
curvatures. Using the averaging procedure, we derive Wolpert’s curvature
formulas [Wol86] for the finite-dimensional Teichmiiller spaces from the cur-
vature formulas for the universal Teichmiiller space. Finally, we introduce
and compute Mumford-Morita-Miller characteristic forms for the vertical
tangent bundle associated with the fibration = : T (1) - T'(1), where T (1)
is the universal Teichmdiiller curve. Here again we consider 7'(1) and T (1)
as Hilbert manifolds and show that the integration over the fibers opera-
tion, used in the definition of Mumford-Morita-Miller characteristic forms,
is well-defined.

This is the first paper in a series. In the subsequent paper we will con-
struct a Kahler potential for the Weil-Petersson metric on 7'(1) and will
study the properties of the period mapping.

Here is the more detailed content of the paper. In Section 2 we present
necessary facts from Teichmiiller theory, mainly following classical mono-
graphs by Ahlfors [AhI87], Lehto [Len87] and Nag [Nag88]. Namely, in
Section 2.1 we briefly cover: the main definitions, the group structure of
the universal Teichmiiller space 7'(1), the Bers embedding, structure of 7°(1)
as an infinite-dimensional complex Banach manifold modeled on the com-
plex Banach space A. (D), and the basic properties of the universal Te-
ichmiller curve 7 : T (1) —» T'(1). In Section 2.2 we realize T'(1) and T (1) as
homogeneous spaces of the group Homeoqs(Sl) of quasi-symmetric homeo-
morphisms of S*, and by using conformal welding we identify 7°(1) and T (1)
with the spaces of univalent functions on the unit disk D. We describe the de-
composition of the tangent bundle of T (1) over the fiber 7=1(0) and present
isomorphisms between the tangent spaces. Lemma which describes a
special property of the quasiconformal mapping with harmonic Beltrami
di Lerkntial seems to be a new result. In Section 2.3 we present, in a suc-
cinct form, basic facts about the Teichmiiller spaces and Teichmdiiller curves
of Fuchsian groups, including the definition of the Weil-Petersson metric,
and Patterson’s lemma on the uniform distribution of lattice points on the
hyperbolic plane. In Section 2.4 we collect necessary properties of the resol-
vent kernel G = 5(Oo + %)‘1 of the Laplace operator g on the hyperbolic
plane, and in Section 2.5 we present Ahlfors’ classical variational formulas.
In Section 3 we introduce new Hilbert manifold structure on T'(1). Namely,
in Section 3.1 we define the Hilbert subspaces H~+Y(DY and A, (D) of the
tangent spaces to 7'(1) and to A (D). In Theorem we prove that the
di Lerkntial of the Bers embedding 5 : T (1) - Ao (D) is a bounded bijection
between these Hilbert spaces. In Section 3.2 we prepare all L2-estimates
used in Section 3.3. The main result there is Theorem B0 — the existence
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of a Hilbert manifold atlas for 7'(1). In Theorem we prove that the
Bers embedding is also a biholomorphic mapping of Hilbert manifolds. In
Section 4.1, following [Tea02], we recall the definition of the Velling-Kirillov
metric on the universal Teichmdiiller curve T (1) considered as a Banach man-
ifold, and in Section 4.2 we define the Weil-Petersson metric on the Hilbert
manifold 7°(1). In Section 5.1 we prove that Velling-Kirillov metric is real-
analytic on T (1) by explicitly constructing its real-analytic Kahler potential
— Theorem We introduce Mumford-Miller-Morita characteristic forms
by considering 7 : T (1) » T'(1) as a fibration of Hilbert manifolds. The lat-
ter property is crucial for the operation “integration over the fibers” (which
are non-compact) to be well-defined. In Theorem we explicitly com-
pute Mumford-Miller-Morita forms in terms of the resolvent G. This is an
infinite-dimensional generalization of Wolpert’s result in [\WoI86]. In Sec-
tion 6 we give a simple derivation of the second variation of the hyperbolic
metric — Proposition In Section 7 we prove that the Weil-Petersson
metric on T'(1) is Kahler and explicitly compute its Riemann and Ricci cur-
vature tensors, showing that 7'(1) is a Kahler -Einstein manifold. The main
results there are Theorem [L71and [LT1l They are based on a more technical
Proposition and Lemma [Z8, and the proof of the latter is presented in
Appendix B. In Section 8 we derive Wolpert’s curvature formulas [Wol86]
for finite-dimensional Teichmiiller spaces from the corresponding “universal”
curvature formulas for 7°(1), obtained in Section 7. Finally, in Appendix A
we prove that 7p(1) and the corresponding Teichmiiller curve To(1) — the
inverse image of Tp(1) under the projection =, are topological groups in
Hilbert manifold topology. Moreover, we show that Tp(1) is the closure of
Mob(S1)\ Di LSt) in T'(1) with respect to the Hilbert manifold topology,
and prove that Tp(1) is the inverse image of S(7°(1)) n A>(D) under the Bers
embedding.

Acknowledgments. We appreciate useful discussions with C. Bishop. The
work of the first author was partially supported by the NSF grant DMS-
0204628. The work of the second author was partially supported by the
grant NSC 91-2115-M-009-017. The second author also thanks CTS for the
fellowship to visit Stony Brook University in the Summer of 2003, where
part of this work was done.

2. The universal Teichmuller space

2.1. Teichmiiller theory. Here we present, in a succinct form, necessary
facts from Teichmiiller theory (for more details, see monographs [AhI87,
Leh87, [Nag88] and the exposition in [Tea02]).

2.1.1. Main definitions. Let D = {z [Q : |z] < 1} be the open unit disk
and let D= {» [Q : |z| > 1} be its exterior. Denote by L*(DY and
L°°(D) the complex Banach spaces of bounded Beltrami di [erentials on D™
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and D respectively, and let L*>(D5} be the open unit ball in Z<(DY! Two
classical models of the universal Teichmiiller space T'(1) are the following.
Model A. Extend every ;. [CIF°(DD] to D by the reflection

TN W2
@.1) W) = p (%) 5. -

and consider the unique quasiconformal (g.c.) mapping w, : C — C, which
fixes —1,—¢ and 1 (i.e., is normalized) and satisfies the Beltrami equation

(wu)i = M(wu)z .

Here and in what follows subscripts z and z always stand for the partial
derivatives 2 and Z, unless it is explicitly stated otherwise. Due to the

reflection symmetry (Z1) the g.c. mapping wy, satisfies

1 1
2.2 L
(22) e T <z>
and fixes domains D, D%Jand the unit circle St. For u,v (DY, set

p Cdif wyl|s: = wy|s1. The universal Teichmiiller space T'(1) is defined as
a set of equivalence classes of normalized g.c. mappings wy,

T(1) = L=(DYH1/ I

Model B. Extend every . CZF°(DY] to be zero outside D5'and consider
the unique g.c. mapping w* which satisfies the Beltrami equation

wh = pwk,
and is normalized by the conditions f(0) = 0, fX0) = 1 and f™0) = 0.
Here f = wH|p is holomorphic on D and prime stands for the derivative. For
w,v CIFP(DYY, set p Cdif wM|p = w¥|p. The universal Teichmiiller space
T(1) is defined as a set of equivalence classes of normalized g.c. mappings
wH,
T(1) =L=([DYH/ 1

Since wyls1 = wyls: if and only if wH|p = wY|p, these two definitions of
the universal Teichmiiller space are equivalent. The set T'(1) is a topological
space with the quotient topology induced from L>>(DY1. Denote by L>(DY’
the subspace of L*°(DY consisting of real-analytic Beltrami di[erentials.
Every point in 7'(1) can be represented by ;. [CIF°(DY'[Leh87, Sect. I11.1.1].

The space T'(1) has a unique structure of a complex Banach manifold,
such that the projection map

o : L=2(DYl - TQ)
is a holomorphic submersion. The di [erkntial of ® at the origin

Do® : LY = ToT(1)
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is a complex linear surjection of holomorphic tangent spaces. The kernel of
Do® is the subspace N (DY of infinitesimally trivial Beltrami di [erentials.
Explicitly,

N((DY'= {u CZrP (DY //,uq&dzz =0 for all ¢ |1ul(D'§‘},
Dl
where d?z = dx [dy, z = x + iy, and
A,(DH'= {gzb holomorphic on D™ |p|d?= < 00} .
I

The Banach space of bounded harmonic Beltrami di [erentials on D™s de-
fined by

Q0= {i CTPOY": u(z) = A~ 1:P?6E), ¢ A=Y},

where
A (DY'= {¢ holomorphic on D™ [aId = sup |(1 = |2[)?¢(2)| < oo}.

The Banach space Q~11(DYis not separable. The decomposition
(2.3) L=OY=NOY oy’

identifies the holomorphic tangent space 757 (1) = L*°(DYH/N (DY at the
origin of T'(1) with the Banach space Q~11(D5! The universal Teichmiiller
space T'(1) is a complex Banach manifold modeled on Q~11(DH!

Remark 2.1. Traditionally, the universal Teichmuller space is defined using
the complex Banach space L°°(D);. The reflection (1) establishes natural
complex anti-linear isomorphism between L*°(DY} and L*(D);, and the
universal Teichmiiller space in the traditional definition is complex conjugate
to the space T'(1) defined above.

2.1.2. The group structure. The unit ball L>(DY] carries a group structure
induced by the composition of g.c. mappings. The group law

A=v gt
is defined through wy = wy © wil, where £ ~1 stands for the inverse element
to u, i.e., p CA~ = 0. The group law is given explicitly by
_(v—unu (wu)z> —1
A= — °owy .
(1 —pv (Wy)z H

It follows from this formula that L*>(D5Y] is a subgroup of L=>(D5.

For every A [C®*(DD] set [\] = ®()\) [7I(1). The group structure on
L (DY projects to T(1) by [\] CJk] = [\ Cd]. For every p CIF°(DD] the
right translations

Ryy:TA) - TQ), [NB XL,
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are biholomorphic automorphisms of 7'(1). The left translations, in general,
are not even continuous mappings (see, e.g., [Len87, Sect. 111.3.4]). For every
p CI° (DY the kernel of D@ is the subspace DoRy (N (DD) of L=(DY
and

Ty T(1) = DoRyy (ToT(1)) CIHR, (Q~H(DY).

2.1.3. The Bers embedding. Let A.(D) be the complex Banach space

Aw(D) = {gzb holomorphic on D : [@ld = sup |(1 — |21%)?¢(2)| < oo} .
z ]

The Bers embedding 5 : T'(1) <= A (D) is defined as follows. Denote by
S(f) the Schwarzian derivative of a conformal map f,

fZZZ 3 <f22>2
S(f) = —-—— (== .
SR fz 2\ f
For every p [C11°(DYY the holomorphic function S(uw|p) A« (D) (by
Kraus-Nehari inequality it lies in the ball of radius 6 in A« (D)). Set
BuD) = S(w¥p).

The Bers embedding is a holomorphic map of complex Banach manifolds,
and its diLerential at the origin is

24) Dof()(:) = = / | e

The complex-linear mapping Dof induces the isomorphism Q~%1(D5 <

Ao (D) of the holomorphic tangent spaces to T'(1) and A« (D) at the origin.
The mapping A : Awo(D) - Q~11(DY! inverse to Dgj3, is given by

u(=) =ANOE) =-2@—12P% (1) &

According to the Ahlfors-Weill theorem, over the ball of radius 2 in Aw(D)
the map ¢ B [A(¢)] is the right inverse to 3, G A =id.

2.1.4. The complex structure. For every p CIF°(DY] let Unp LT11) be the
image of the ball of radius 2 in A (D) under the map h;l =R A
The maps hyy = hy © hyt: hy(UyunUy) - hy(UynUy) are biholomorphic as
functions on the Banach space A« (D). The structure of 7°(1) as a complex
Banach manifold modeled on the Banach space A« (D) is explicitly described
by the complex-analytic atlas given by the open covering

= |J u
p I @B
with coordinate maps hy, and transition maps hy,,. The canonical projection
o : L=(DYHY - T(1) is a holomorphic submersion and the Bers embedding
6 :T(0) - Aw(D) is a biholomorphic map with respect to this complex
structure.
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Remark 2.2. Since every point T'(1) can be represented by a real-analytic
Beltrami di [erkntial, it is su Lcieht to consider the atlas formed by the charts
(U, hy) with g CIP°(DH.

Complex coordinates on 7'(1) defined by the coordinate charts (Uy, hy)
are called Bers coordinates. For every v CQ~3Y(DY'set ¢ = Dy3(r) and
define a holomorphic vector field % on Uy by setting

Dho (as\,) =¢

at all points in Up 3. At every point [u] [T, identified with the corre-
sponding harmonic Beltrami diLerkntial 1, the vector field % in terms of
the Bers coordinates on U, corresponds to

&= Duhy (32;) = (Duhu (Duho) ™) (8) = Do (3 = ) (DuBy* (M) -

Using identification Q~%Y(DY [Al.(D), provided by the mapping Do/3, we
get

(2.5) % = P (DuR;'(v)) = P(R(v, 1)),
Vi
where
(2.6) R(v, 1) = ( v (w“)z> o wyt
7 1= |ul? @)z ’

and P : L=(DY - Q~LY(DY'is the projection onto the subspace of har-
monic Beltrami di [erentials, defined by the decomposition (Z3). Explicitly,

— 1~]12)2
S O

Remark 2.3. Right translating v [IhT'(1) defines a holomorphic tangent
vector

(wu)z

( H)Z EZIH]T(l)

at every [p] [T)(1). In Bers coordinates on U, this tangent vector is repre-
sented by v CQ~14(D5! However, the family {DoRy(v)} g rqny of holo-
morphic tangent vectors does not form a smooth vector field on T'(1) since
the left translations are not continuous on 7'(1).

DoRpg(v) = (1 = |ul?) v o wy

3We identify holomorphic tangent space to A (D) at every point with Acs(D).
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2.1.5. The universal Teichmiiller curve. The universal Teichmiiller curve T (1)
is a natural complex fiber space over T'(1) with a holomorphic projection map
7:T (1) - T(1). The fiber over each point [1] is a quasi-disk w*(D5’ CCl
with complex structure induced from C and

(2.8) T (1) ={([ul,2) : [p] CT(L), = Cu¥(DH}

The fibration 7 : T(1) - 7'(1) has a natural holomorphic section given
by T(1) CLI4] B ([u],o°) L[TI(1) — the “zero section”, which defines the
embedding T'(1) <= T (1). The universal Teichmiiller curve is a complex
Banach manifold modeled on A..(D) [CCI% and the mapping

T(1) x D"l 2) B ([u], wh(2)) CTUL)

is a real-analytic isomorphism.

2.2. Homogeneous spaces of Homeoqs(Sl). Let Homeoqs(Sl) be the
group of orientation preserving quasi-symmetric homeomorphisms of the
unit circle St (see, e.g., [Leh87] for the definition), and let Di [L{S'), Mob(S?),
and S? be the subgroups of Homeoqs(Sl) consisting, respectively, of smooth
orientation preserving di [edmorphisms of S, of Mdbius transformations of
S1, and of rotations of S*.

Denote by U the set of univalent functions on D and let

D= {f CW: f(0) =0, f{0) = 1, f0) = 0, f admits a g.c. extension to C},
D ={f CW: £(0) =0, f%0) = 1, f admits a g.c. extension to C} .
According to the Beurling-Ahlfors extension theorem, the maps
T(1) O] B w¥p O

and

T(1) [d] B wyls: CMOb(S*)\Homeogs(S)
define bijections
(2.9) D = 71(1) 5 Mob(S1)\Homeogs(S1),

which endow the spaces D and Mb‘b(Sl)\Homeoqs(Sl) with the structure
of complex Banach manifolds modeled on the Banach space Ao(D). In
what follows, we will always identify the coset space M'db(Sl)\Homeoqs(Sl)
with the subgroup of Homeoqs(Sl) fixing —1, —i and 1, so that the bijection

T(1) —'—>:I\/I'db(Sl)\Homeoqs(Sl) is a group isomorphism.

Remark 2.4. It is a non-trivial problem to describe the complex Banach
manifold structure of the spaces D and Mob(S*)\Homeogs(S?) intrinsically,
without using the bijection (Z3).

4Here C\ {0} is identified with C via the conformal map z & 1/z.
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2.2.1. Conformal welding. According to Beurling-Ahlfors extension theo-
rem, for every v [CMGb(S)\Homeogs(S?) there exists a unique o« CMob(S?)
which fixes 1, and univalent functions f and g on D and D% satisfying the
following properties.

CW1. f and g admit g.c. extensions to C.

CW2. acy= (3" f)lst.

CW3. f(0)=0, f{0) =1, fMo)=o.

CW4. g(o0) = oo.

The factorization CW2 is known as conformal welding. For v = wy|sz,
[1] CI(), f=wHlp and g = (wM e wit e a7 )|proso that g(DY'= wH (DY’
Here w* is normalized so that f satisfies CW3 and o [Mob(S?) is uniquely
determined by the conditions «(1) = 1 and CW4. For [p] [C7(1) we will
always denote v, = (a ° wy)|st, f* = f and gy = g, so that

T = (9;1 o fM)st.

Slightly abusing notations, we will denote by ~, a g.c. extension of v, =
(a °wy)|s: [CMBb(ST)\Homeogs(St) given by a © wy. Since a [Mob(S?t)
fixes 1, the g.c. mapping ~, satisfies the reflection property (ZZ) and the
factorization

(2.10) Ww=gut e M

where f* = w* and gy = wh o w;t oo™t We will distinguish between
v CMIob(ST)\Homeogs(S1) and its g.c. extension by explicitly specifying
either the property CW?2 or the factorization ZZI0).

The following result will be used in Section 3.

Lemma 2.5. Let ¢ CO3Y(DYH] = Q724D YHn L=(DYH] and Yu = e wy
the g.c. mapping introduced above. Then the mapping ~, fixes 0 and oo.

Proof. By the reflection property (Z2) and the factorization ZIO), it is
su [cieht to prove that f* = w* fixes co. Denote

iz
Y=t°Yue°t  g=t°gu°t, f=uefley, Z%):N"ZZ—Za
z
where 2(2) = 2~1. The factorization ZIO) for ~, gives v = g~1 = f, and the
property CW3 for f* yields the following Laurent expansion of f at oo,
(2.11) f=+2+ 2.
z VA
We will prove that f(0) = 0 for . COr (DY} by exploiting the argument in
Royden-Earle’s proof of the Ahlfors-Weill theorem, as presented in [Nag88,
Sect. 3.8.5].
Namely, f satisfies the Beltrami equation with the Beltrami diLerkntial
v = 1Y) |p, which is supported on D. The fundamental theorem from the
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theory of g.c. mappings (see, e.g. [AhI87]) asserts that f admits the series
representation

(212)  f(e) =2+ P()(2) + P(WHW))(2) + PWHWHW))(2) + -,

which is uniformly and absolutely convergent on C. Here for h CQP(D) we

denote
P()(:) = / =

H(h)(z) = / / (gh(gz)z d?

where the latter integral — the Hilbert transform, is understood in the
principal value sense. Since v has compact support, it immediately follows
from the definition of the operators P and H that the series (ZI2) has
the Laurent expansion (ZII) at co. We will prove that for » CQ~11(D)
each term of this series vanishes at z = 0. Representing v(z) = —%(1 -
|212)% Sp2y anz" and using polar coordinates, we get for any (n—1) — iterate
of the operator vH, n > 1,

PwH(H((v...H()))(0)

n ma 1 mp+1,_—im10 —imnp0
_(1 Zml,...mn -ampT LT e TR e TnEN
o A 7aleiel (rzelez — Tlenel)z o (Tneien _ Tn_leien—l)z
D D

A =732, (1 —r2)%drid0y ... dradé,

where each integral in the definition of H is understood in the principal
value sense. The interchange of the orders of summation and integration
can be easily justified. For fixed r1 80,71 B ro,rp B r3,...,rn—1 B rn, let

----- Mn (Tl7 Tn)

21 21 —|m191 B e_im”e”d91 L. d9n
rlelel (Tzelez — Tlelel)z (rneien — Tn_leien_l)z :

A change of varlables OB Oc+0,k=1,...,ngives

Im,.... mn(rl,...,rn)=e_'(m1+“'+m”+(2n_1))eIml ..... N (T

Since all mk = 0and 2n—1 > 0 for n = 1, we have ¢ /(Mi+-.+Mn+(@2n=1))6 5 1
and hence

Iml ..... mn(rlw--ﬂ‘n) =0.

This proves that all Iyy,,,..m, vanish. Therefore f(0) = 0. 1

.....
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Remark 2.6. Since P(f), = H(Jf), it also follows from the proof that f,(0) =
1.

Similar to (Z39) , there are bijections
D &7 (1) = 5"\Homeogs(Sh),

where we always identify the coset space S?\Homeogs(S) with the stabilizer
of 1 in Homeogs(S?) (see, e.g., [Tea02]). For every v [—3'\Homeo,s(S?t)
there exist unique univalent functions f and ¢ on D and D% satisfying the
properties CW1, CW4 and
CW2% = (g7t e f)lst;
cw3st f(0) =0, fX0) = 1.
Namely, the fibration = : T (1) — T(1) corresponds to the fiber space
S™\Homeogs(St) over Mdb(S1)\Homeogs(S1) with the fibers isomorphic to
ST\ Mob(S*) DI The points in the fiber at [;] [CT)(1) correspond to the
points oy © v, CSF\Homeogs(S1), w [CDIHith?

)= 2217

—w zZ—w

Using the properties CW1 and CW2 for 4, we get the factorization cw2H
for ~ is

S\ Mob(S?).

’Y=Uw°’Yu:(9_l°f)|Sla
where
F=we M g=Awegueon,
and
z _ 1 1 f0)
e+l T ) T 2740)

so that (g ° o) (o0) = gu(w), and the functions f and g satisfy the prop-
ertiess CW3Yand CW4 respectively. The mapping

T (1) T, gu(w)) B v = ow © vy CSF\Homeogs(S*)

establishes the isomorphism T (1) —-»':bl\Homeoqs(Sl).

As before, we will also denote by v a g.c. extension of ~ I:ST-\Homeoqs(Sl)
which satisfies the reflection property (Z2) and admits the factorization
y=gtef
Remark 2.7. It is known [Kir87] that Di[5{S?) is an infinite-dimensional
Lie group and homogeneous spaces Mdb(S*)\ Di [1S*) and S\ Di[L{(S?)
are infinite-dimensional complex Fréchet manifolds. In this case conformal
welding readily follows from the Riemann mapping theorem without using
g.c. mappings [Kir87]. Note that our convention for the conformal welding
is dilerent from that in [Kir87]: we are using right cosets instead of left
cosets.

Aw(2) =

SHere the subscript W does not stand for the derivative.
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The bijection T (1) %1\Homeoqs(sl) endows the universal Teichmdiller
curve T (1) with the group structure. Explicitly,

(M1 2) = (¥, ©) Tul,w) ™,

where

(2.13) A= ( - Z—Z> oyt
1—pv 7z

and

(2.14) 2= <w7‘ oo (wV)—l) ©).

Here + is a g.c. extension of oy oy, © = ggl(w), and the point ([A], z) CTI(2)
does not depend on the choice of the extension -.
The mapping
T(1) ] B 4y, CSM\Homeogs(SY) CTX1)
is a complex—analytic embedding of 7°(1) into T (1) which is not a group
homomorphism. On the other hand, the natural embedding
Mob(S*)\Homeogs(S) [CTT1) [Td] B w, CSF\Homeogs(S') CT11)

is a group homomorphism, though not a complex—analytic mapping. Con-
sidering wy as an element of Sl\Homeoqs(Sl) via this embedding, it admits
a conformal welding

(2.15) wy =g, * oM

that satisfies the properties CW1, CW2Y CW3Y CW4. In terms of the

functions fH and g, satisfying properties CW1-CW4, we have
'I:Ib'l:/\uc’flvl and gU:/\Uog“oaJ]-’

where oy, [CBSU(1,1) is such that wy, = ay ° vy, and Ay [CBSL(2,C) is
uniquely determined by the conditions f*(0) = 0, (f*)€0) = 1 and gy (c0) =

oo,

2.2.2. The horizontal and vertical subspaces. The right translations R, ) :
T(1) - T (1) are biholomorphic automorphisms of T (1) [Ber73]. The holo-
morphic tangent space to T (1) at ([u], z) is identified with the holomorphic
tangent space at (0, c0) — the origin of T (1) by

Tw.T (1) = D(o,00) Bu1,2)(T(0,00) T (1)) TTh,e0) T (1).

The holomorphic tangent space at the origin naturally splits into the direct
sum of horizontal and vertical subspaces,

To,T (1) =Q7 (DY ]

The identification of holomorphic tangent spaces provides a natural splitting
of the tangent space at every point in T (1) into the direct sum of horizontal
and vertical subspaces. Lifts of horizontal and vertical tangent vectors at
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the origin of T (1) to every point in the fiber at the origin are explicitly
described as follows.

TVL. Let p CO™ (DY [Ty o) T (1) be a horizontal tangent vector to
T (1) at the origin. A curve ([tu], 2(t)), z(0) = z, which defines the
horizontal lift of 4 to the point (0, z) [CTI(1) in the fiber 7=1(0) at
the origin, for small ¢ is given by the equation

([(®)], 20) LD, 2) = ([tp], 2(2))-
Using I3), I4) and Lemma 25, we get

-1 (Uz_l)D

* (o7 H)P

Thus the horizontal lift of 1 [T} o) T (1) to every point in the fiber

(0, 2) CI1(0) is the vector field

and  z(t) = w*(z).

p(t) = (o)) =tpeoo

d : d . —d
7'“ - E 0 + UJIJ(Z)E, Whel’e ’UJ”(Z) — d—%(O)

(cf. [MaIB6]). At the point (0,z) [ 1(0) the vector field 7, is
identified with the horizontal tangent vector (1) [T}p,00)T (1).
TV2. Let 1 A [T} 0T (1) be the vertical tangent vector to T (1) at

the origin, given by the value of the vector field 9, = 5’—2 at z = oo,
A curve defining the right translate of 1 to the point (0, z) L[TI(1)
in the fiber 7=1(0) at the origin for small ¢ is given by the equation

(0,t7) 1D, 2) = (0, 2(1)),
and it follows from (ZI4) that
(L=2 -1
(1-2
Thus the right translate of 1 [fg )T (1) to the point (0,z) [1
771(0) is the vector %82 at (0,z). As a result, the vector

field 0, at every point (0,z) [zl 1(0) is identified with the vertical
tangent vector

dz , .
HOE

1-2)
(1=21 =1z

2.2.3. The isomorphisms of the tangent spaces. The real tangent vector
space Tt ST\Homeogs(S*) to S™\Homeogs(S) at the origin is identified
with the subspace of Zygmund class continuous real-valued vector fields
u= u(@)% on St (see, e.g., [Tea02] for the definition), satisfying

1 [Tg 00T (1)

21
/ u(f)db = 0.
0
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In particular, the Fourier series u(9) = >, [z:Fneine is absolutely convergent.

For |z| =1 set
u(z) =1 Z cnz"HL
n [ZN{0}
The function % on S* admits the decomposition
U= us+ +u_,

where u+ and u— are boundary values of functions holomorphic on D and
D “tespectively and u+(0) = 0. Explicitly,

[ee)
u+(2) =i Z cnz"L,
n=1

[ee]
u—(2) =i Z conzt™"
n=1

It is a di Lcullt problem to characterize the Zygmund class in terms of the
Fourier series (cf. Remark Z4]). On the other side, in terms of the Fourier
series the almost complex structure J on T5* SY\Homeo(S?) is explicitly
given by the classical conjugation operator

ing d ing d
— inb — inb
Ju=:¢ Z sgn(n)cne 70 for u= Z e g
n [ZN{0} n [Z¥{0}
Remark 2.8. Note that our definition of the operator J dilerk by a nega-
tive sign from the definition in [Kir87, INVV90] for the homogeneous space

SN\ Di GISY).

The holomorphic and anti-holomorphic tangent vectors at the origin are

. oo . -1
u—idiJu ing d —_u+iJu ing d
= = — d = = nv_—
\/ 5 nE:l Cneé a0 an \" 2 n=g_ Cnheé a0

For every smooth function F in a neighborhood of the origin in T (1) and
u CTF SY\Homeogs(S1) set

Flul= g FGY.
t=

where ~¢ is a curve in S"\Homeogs(S!) with the tangent vector u at the
origin. Corresponding directional derivatives of F at the origin in T (1) in
the holomorphic and anti-holomorphic directions v and v are defined by
(2.16)

aF(v)zg(F'[u]—iF'[Ju]), and 5F(V)=%(|:'[u]+u:'[Ju]>.
For s [Rllet

H(sh) = {u = > aneined%: > InlPlanl? < oo}

Nn=—oo n=—oo
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be the Sobolev space of complex-valued vector fields on S1. The properties of
the tangent spaces 7pS\Homeogs(S?), ToD and Tp Mdb(S1)\Homeogs(S?),
which will be used in Section 5, can be succinctly summarized as follows
(see [TeaQ?] for details).

TS1. Under the R-linear isomorphism 75t ST\Homeogs(S?) 1D
u(d) = Z ne'™ 0 us(z) = Z'chan,
n [Z3{0} n=1

and le = U+, golpc= —u—, where
. d
) g = -4t
t=0 dt

% = gt_l o ftis a smooth curve in T (1) tangent to u at the origin,
and go(2) = (2) — g(0)=.
TS2. Under the R-linear isomorphism

9

: d
= _ft
dt t=0

TE Mob(SL)\Homeogs (S1) — To7(1) 2. Au.(D)

i d3u — _
u(®) = Z Cnﬁme B d7;(2) =1 Z(n3 —n)enz" 2,
n=2

n [ZN{—1,0,1}
TS3. If N
$(z) =) (0 = n)anz""? (Ao (D)

n=2

then

> n®lan|* <o forall s< 1.
n=2

TS4. T5 S"\Homeogs(S1) CHF(S?) for all s < 1.

2.3. Teichmiiller spaces and Teichmiiller curves of Fuchsian groups.
Let I' be a Fuchsian group, i.e., a discrete subgroup of PSU(1,1). Let

[l
LD = {ﬂ CIFP(DY: ﬂoy%:u for all ~ Elj}

be the space of bounded Beltrami di [erkntials for I and
L=(D5) = L2051 n L=(D5T)

be the open unit ball in L*=>(D5T). The Teichmiiller space of the Fuchsian
group I is defined by

T(r) = L=(D 1)/
where the equivalence relation is the same as the one used to define the

universal Teichmiiller space T'(1) in Section ZZI.Tl The Teichmiiller space
T (N has a natural structure of a complex Banach manifold such that the
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tangent space at the origin of T'(I") is identified with the Banach space
Q~1Y(D5T) of bounded harmonic Beltrami di [efkentials for T,

QD) = (DY L= (D).

For every Fuchsian group I" the canonical embedding T'(I") <~ 7°(1) is holo-
morphic, so that the universal Teichmiiller space 7'(1) contains all the Te-
ichmiller spaces T'(I") as complex submanifolds. The universal Teichmiiller space
T(1) is the Teichmiiller space for the trivial Fuchsian group I = {1}.

The inverse image of T'(I") under the projectionmap T (1) —» T'(I") is called
the Bers fiber space BF (I"). The quasi-Fuchsian group ' = wt oo (wH)™!
acts on the fiber w*(DY'at the point [¢] (). The Teichmiiller curve
T (") of the Fuchsian group I is a fiber space over T'(I") with the fiber
rM\uwH (DY at the point [p] ().

The domain D™s a model of the hyperbolic plane H2. The hyperbolic
(Poincaré) metric on D™— a Hermitian metric of constant Gaussian curva-
ture —1, is

2 _ I

(2.17) ds® = p(2)|dz|* = A—1P2’

and the hyperbolic area 2-form is p(z)d?z. The Fuchsian group I is of
finite type (cofinite) if the corresponding Riemann surface — the orbifold
MD%has a finite hyperbolic area. In this case, the Teichmiiller space 7'(I")
is a finite-dimensional complex manifold with a natural Hermitian metric,
called the Weil-Petersson metric. It is defined as Petersson’s inner product
on tangent spaces 7j,,7(l") Cr*4(D5T), where [¢] (M) and I, =
wyeol e w;l. For u,v CIRT(IN),

[, viWp = //w?p(z)dZZ-

mnpH-

The Weil-Petersson metric on 7°(I") is a Kahler metric.
The following result, due to Patterson [Pat75], will be used in Section B
Here we present it in a convenient form as in [Teo02].

Lemma 2.9. Let " be a cofinite Fuchsian group and h CII°(D5h(2)d?2)
be M-automorphic, i.e., h o~y = h for all v [Tl Then

/ / h(2)p(z)d?z = rlir{L % / / h(z)p(2)d? =,
b= DH

where D= {z D™ |2| = r}, A(M\DY'is the hyperbolic area of the
Riemann surface M\D5and A(D[)is the hyperbolic area of D!

2.4. Resolvent kernel. Let

(2.18) Do = —p(2) 10,07
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be the Laplace-Beltrami operator of the hyperbolic metric on D, acting on
functions. It is well-known (see, e.g., [Hej76), [Lan85]) that the di [erkntial ex-
pression (ZI8) defines a unique positive, self-adjoint operator on the Hilbert
space L?(D, p(z)d?z), which we still denote by Ag. Let

G=5(0o+3)"
be (a one-half of) the resolvent of Ay at the regular point \ = —%.
Remark 2.10. Note that the Laplace-Beltrami operator in [Hej76) [Lan85] is

4/\y, so that the regular point A = —% for the operator Ay corresponds to
A = —2 for the Laplace-Beltrami operator in [Hej76} [Lan85].

The resolvent G is a bounded integral operator on L?(D, p(z)d?z) with
kernel

(2.19) G(z,w) = log —
2m U

where u(z,w) is a point-pair invariant on D,

9

2u+1 u+1 1
T

|2 — wl?
1=z = [wP)

The resolvent kernel G(z, w) has the following properties (see, e.g., [Hej76]
and [Lan85, Sect. XIV.3]).

RK1. G is symmetric, G(z,w) = G(w, z), and is a point-pair invariant,
G(yz,yw) = G(z,w) for all v CPBU(1,1).

RK2. G(z,w) is positive for all z,w [DI.
RK3. If ¢ [CBC*(D) — the space of smooth bounded functions on D,
then the integral

J(z) = G(z, w)g(w)p(w)d*w
I

u(z,w) =

is absolutely convergent for all z [CD and f = G(g) [CBC*(D)
satisfies the diLerential equation

2(o+3) () =y

Conversely, if f CBC*(D) and g = 2 (Ao + 3) (f) CBC=(D),
then f = G(g).
RK4. For all z [,

4/ G(z, w)p(w)d?w = 1.

The last property immediately follows from RK3 since
2(0o+3)(1) =1,
where 1 is the constant function equal to 1 on D.



20 LEON A. TAKHTAJAN AND LEE-PENG TEO

The resolvent kernel G of the Laplace-Beltrami operator on D™s given
by the same formula (ZI9) and satisfies the properties RK1 — RK4.

When T is a cofinite Fuchsian group, we denote by G the one-half of the
resolvent of the Laplace-Beltrami operator on the Riemann surface N\D at
A =—3. Itis a bounded integral operator on L?(M\D, p(z)d?z) with kernel

(2.20) Gr(zw) =) G(z,yw), z,w D)

y 1
and it enjoys all the properties RK1-RK4. The corresponding resolvent
kernel on M\D™s given by the same formula with z,w D~

Remark 2.11. The operator G plays a prominent role in the Weil-Petersson
geometry of the finite-dimensional Teichmiiller space T'(I") [WWoI86].

2.5. Variational formulas. Here we collect necessary variational formulas.
To simplify the computations in the following sections, we will use di[Lerent
realizations of the hyperbolic plane H?, given either by the unit disk D or
its exterior D5Jor by the upper half-plane U.

Let [ and m be integers and I a Fuchsian group (we will be primarily
interested in the cases when I' = {1}, i.e., is a trivial group, and when I" is
a cofinite Fuchsian group). Using the model H? [CD] tensor of type (I, m)
for I is a C"*>-function w on D satisfying

w2 )7 = ~(2) for all y [T
Let w® be a smooth family of tensors of type (I,m) for gy = wey o o w;ul,
where p COr1Y(D, M) and e [CClis su [ciehtly small. Set
(wep) %8 =wbe wsu((wsu)z)l((wsu)f)my
which is a tensor of type (I,m) for ' — a pull-back of the tensor w® by

wey. Lie derivatives of the family w® along vector fields 0/0e, and 0/0e,
are defined in the standard way,

_0 e o _ 9 e
Lyw= 5| (a9 and Liw= o=|  (we) @),
When w is a function on T'(I") — a tensor of type (0,0), the Lie derivatives
reduce to directional derivatives
Lyw=0w(p) and Ljw = dw ()

— the evaluation of the 1-forms dw and dw on the holomorphic and anti-
holomorphic tangent vectors p and i to T'(I") at the origin. Corresponding

real vector fields % are defined by
0 0

0
—_—+t —
oty Oey  Oey’
so that

O 10 9\ gg 2 =1(0 ;9
dep 2\ 0ty Oty ey 2\ 0ty Otin)’
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For the model H2 [Ulwe have
0 1
(2-21) %wsu(z) = _; / R (wsu(z)7 wsu(u)) N(U)(wsu)a(u)dzw
U

sz = =1 [[ R (1w, 0@ iR
U

where the g.c. mapping wey, is normalized by fixing 0,1, c0 and the kernel
Ris

_ z2(z — 1) 1 z—1 z
Rz u) = (u—2)u(u—1) u—=z M v u—1
Setting
Fid= 2w and o= | w
e e=0 : e e=0 H
we get from ZZI)
(2.22) FE) ==+ [ B
U

1 I
o) =~ [ [ RGDn@
U
The function ®[u](z) is holomorphic on U and satisfies

Plplzzz(2) = // (u Eu'z)4 o

As it follows from @), the projection P : L=(U) — Q~11(U) is given by
L — )2
(2.23) (Pu)(z) = - 7 / / ( Hw) dPu.

’LL_Z

Equivalently, for u(z) = (o) 2) &(2) with ¢ [Ae(U), P[ulzzz = ¢ on U.
The function F[u] satisfies F[,U]z = p on U, and is holomorphic on the lower
half-plane U .

Lemma 2.12. For ; COr+(U) and » [,
o) o // o) o
I|m // (u_z)4d I|m (u—z)5 =0,
U(z,g) U(z,€)
where U(z,e) = U\ {u [ |u—z| < e}.

Proof. The proof of the first formula essentially follows the classical Ahlfors’
2 —
proof in [ARI87, Lemma 2 in Sect. VI D] by using pu(u) = %q&(u) with
¢ [A(V), the identity
(w—u)? 0 <_ 1 u—z _1(ﬂ—z)2>
=5

(u— 2)* u—z (W—2)2 3@u-—=z)°3
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and Stokes’ theorem. The second formula is proved similarly. —1

Another classical result of Ahlfors JAhI61] is the following.
Lemma 2.13. For p COrtY(U) and » [0,

O(z) + (2 — 2)O(z) + D(2),

— )2
P = €572
where @(z) = ®[u](2).

Remark 2.14. It follows from LemmaZT3 that F[;],,, = 0 for u CQr11(U),
in agreement with Lemma ZT2

Corollary 2.15. For . COrti(U) and > [0,

4/ (u_f)((z)_z ~dPu=0.

Proof. Using (ZZ2), we have
(== 5)

Flu)(2) — OTz) — (2 — 2)Pl) — B(2)

1 (z—2)° 2
W/U/'u(u)(u—z)(u—z sd'w.

For p [CLF°(U); set

_ (wu)u(u)(wu)v(v) _ (wu)u(u)(wu)v(v)
Bl ) = Gy —wa(oyz. 2 ) =y — o)

We have from (ZZI)) the following formulas [AhI62|

@2 5 Eaa) = [ [ u0)Ka a0 do,
U

0 1 — _
o Keueow) ==+ [ [0 Ko, D K6, 0) o,
U

and

(2.25) Kep(z,u) // p(0) Kep (2, v) Kep (v, w) d?v,

Y Kewei) = / / () Koy (2, 0) K (0, ) 0,

where the integrals are understood in the principal value sense.
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For the model H> [0 the g.c. mapping wy is normalized by fixing
—1,—i4,1. The kernel R is given by

(z+DE+i)E—1)
(uw—2)(u+Dw+i)(u—1)
and formulas similar to (ZZ2) hold for £ and ®. In particular, let f be
a g.c. mapping such that f|p [CD, and let p be a Beltrami dilerkntial

supported on the quasi-disk Q== f(DY Let vy, be the solution on C of
the Beltrami equation

R(z,u) =

(Utu)i = t:“‘(vtp)Za
satisfying vy, (0) = 0,vg,(0) = 1 and vg,(0) = 0. Then

=
VT At | ™
is a holomorphic function on Q = f(D) and
_ p(u) 2
(226) () = - / | 2

3. T'(1) as a Hilbert manifold

In this section we are going to endow T'(1) with a structure of a complex
manifold modeled on the separable Hilbert space

A,(D) = {¢ holomorphic on D : [gI3= // |62 p™ 1 (2)d?= < oo}
D

of holomorphic functions on D. In the corresponding topology, the universal
Teichmiiller space T'(1) is a disjoint union of uncountably many components
on which the right translations act transitively.

3.1. Hilbert space structure on tangent spaces. Let

A,(OYH'= {(b holomorphic on D™ [GI21= //|¢|2p_1(z)d2z < oo}
Dt

be the Hilbert space of holomorphic functions on D~?

Lemma 3.1. The vector spaces A,(D) and A,(DY are subspaces of Ac (D)
and Ao (DY respectively. The natural inclusion maps A,(D) <~ Ao (D) and
A>(DY Ao (DY are bounded linear mappings of Banach spaces.

Proof. It is su [cieht to consider only the spaces of holomorphic functions
on D. For every ¢ [Ap(D), let ¢ = 377, (n®—n)anz""2 be the power series
expansion. Then

G131 4 [ 168072 = 530 = el
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and by Cauchy-Schwarz inequality,

i(n?’ — n)anz""? '

n=2

o 1/2 /oo
=< (Z(n3 - n)|an|2> (Z(n3 - n)|z|2”—4>
n=2 n=2

for every z Dl Since

> 6
D= =
n=2

lo(2)] =

172

A =1
we have
(6L = sup (1 — |*)*6(:)| < \E FIEY
L1
Let

H (D) = {M = pL$, ¢ holomorphic on D : [al3k= // |l p(2)d?z < oo}
D

and

H YDYH= {u = p~1¢, ¢ holomorphic on D™ (L5 // |l p(2)d?z < oo}
]D)CI

be the Hilbert spaces of harmonic Beltrami di[erentials on D and D™te-
spectively. It follows from Lemma B that the natural inclusion maps
H YD) - QYD) and F~11(DYH -~ O 1Y(DY are bounded and un-
der the linear mapping Do, H~11(DY < 4,(D).

Remark 3.2. It follows from the proof of LemmaB D that every . CH~11(D)
(respectively in H~11(DD) satisfies

lim =0.
|z|61“(z)

Indeed, for given € > 0 let N be such that

[e o]
Z (n® —n)|an)? < e.

n=N
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Then
¢ —| 7 [N~
] == | 3 (0 = man
A= P2 [ & 12 /oo 1/2
e (Z (n® = n)|an|2> (Z(rﬁ = n)lzlz”“‘)
=2
— 2\2 A=
_—lePy? |z|) Z<n R faj
so that
\/6_
limsup [u(2)] = —~.
2] -1 4

Since ¢ is arbitrary this proves the assertion.

For every [u] [CTI(1) let DRy (H~1*(D5) be the subspace of the tan-
gent space Tjy7(1) = DoRpy (Q~1(DY) with a Hilbert space structure

isomorphic to H~1Y(DY! Let Dt be the distribution on 7'(1), defined by
the assignment

T(1) CA1 B DoRyy (H~HH(DY) CLyT Q).
Similarly, let Da be the distribution on Ao (D), defined by
As(D) [@lE Ay(D) [T§Ax(D) AL (D).

The next statement asserts that under the Bers embedding 5 : T'(1) -
Ao (D) the distribution Dt is isomorphic to the restriction of the distribu-
tion Da to G(T'(2)).

Theorem 3.3. For every [p] [ZI(1) the linear mapping
Dqg (B° Ryy) : H (DY~ Az(D)
is a topological isomorphism.

Proof. Let v CH (DY Set wy = wiygn= wey © wy and let we = ggt o ft
be the conformal welding associated with the g.c. mapping w; by ZI).
Let vy = f' = f~1, where w, = g~! = f is the factorization for wy, and set
Q =f(D) = g(D), Q= f(DY'= g(DY! Since

B([tv TH]) = S(f*) = S(vy) = F 2 + S(f),

we have

d ] d
Do (8> Fy) @) = 5| _ S0 = sz T2, where o= 2| o
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The g.c. mapping v is holomorphic on Q and satisfies vt g = gt wyy. Since
gt and g are holomorphic on D% the Beltrami di [Cerkntial of v is given by

0, z QI
t =
@) = t(v e 1)(z)gz_ Ezi, z Q-

It follows from (ZZE) that
(3.1)

Do (8= Ryg) @) (F742)) (1,1))” = ba(2) = / / ( V(uz)“ =

Let p1(2) = (p o I )P and pa(2) = (0o g l)(Z)IQle(zr)I2 be the
hyperbolic metric densities on the domains Q and Q™tespectively. Classical
inequalities (see e.g., [Leh87, [Nag88])

P = kOnE) <4 =12

where n1(z) and n(z) stand, respectively, for the distances of z [Q and
z Qo the quasi-circle f(S'), yield the following estimates (cf. [Nag88],
Sect. 3.4.5))

// |“_Z|4 // u—z|4 nz(u)z < 4mpa(u), u QY

[z—ul|=n2(u)

and

From here it follows

Do (3 Ry) ()= / 10 (5> Ryn) )72 / [ izl
<_// P l// s / lﬁiullzjiu
// / lﬁullzji 2 <67 4 ZDW(u)Isz(u)dzu

=62 . 42 //|V|2p(u)d2u = 576 w151
Dl

To prove that the mapping Do (5 © Ryy) is onto, we adapt to our case
Bers’ arguments, as presented in [Nag88, Sect. 3.5]. For ¢ [A4,(D) set
q = (¢poF1)(f;1)?, and choose 1 in the equivalence class of [] [CT(1) to be
the conformally natural extension of (g~*<f)|sz, constructed by Douady and
Earle [DE86]. Let h be the corresponding quasiconformal reflection [ENSS]
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on C which fixes the quasi-circle f(S1). According to the Bers reproducing
formula [Ber&g],

3 q(h(u))(u — h(u))*hg (U)
(3.2) q(z) = —=
Ik

(u—2)*

Analogous to L= (DH5'and Q~11(DY! consider the Banach spaces L*(Q5Y’
and

o @Y= {p CIr @Y = p3q, ¢ is holomorphic on Q5.
Denote by P the corresponding projection P : L=(QY —» Q- 14(QY! The
mapping

T~y
$B @Y ) = peg 8_155

establishes the isomorphisms L= (D" CL¥*(QY'and Q~11(DY Cart+(QY,
and P = (g5 o P - g™ Define v COr+4(DH by

@910 = P (Ga0E)E = 1P ) carti@y
The comparison between 82) and @) shows that

Do (B° Ryy) ) = ¢
To prove that » CH™1(DHwe use the Earle-Nag [EN88] estimate,
1 _ 4 -
(3.3) o= |z = h()I" p1(h(2))p2(2) = C, = )
where the constant C depends only on [ulcd. Since the operator P gives
the orthogonal projection of L2(Q5)p»(2) d?z) onto H~11(Q5! we get by the
Earle-Nag inequality

/ WP p(2)d2z = / 105 () ()P p2(2) =
]D)El
/ 4(h() G — h())hz(2)Poa(z)d2=

© / / la(h()hz() s (h(2)) 2.

Since h is sense reversing, for

_ht
hyt
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we have [kI.d < 1. Now

/ / la(h()hz )P pr (=)~
oy

= // lg()12p1(2) 2 (hz e K1) ()AL R)P A — |5(2)?)d? 2
Q

_ lg(2)I? —1 72
= T apP1(R) Tz
é/l (2]

<C1 [ [ lg(2)IPp1(z) " d?z = C1 [BI5K oo,
I

so that 1>k C; [@l,] This also proves that the inverse map to Do (5 © Ryy))
is bounded, so that Dq (3 ° Ryyy) is a topological isomorphism. 1

Remark 3.4. It follows from the proof of the first part of Theorem that
Do (B> Ryy) = Do (8= ® > Ry,) extends to be a bounded linear operator on

L?(D5h(2)d?z) and the estimate
[ (B = ® = Ry) (v) = LD, (B = ®) (DoRyu(v)) k= 24115 ]
holds for all v CIF(D5h(2)d?z) and p CIF°(DB].

3.2. The L?-estimates. The lemmas below are needed for the rigorous
definition of a complex Hilbert manifold structure on T'(1).

Lemma 3.5. For every ¢ > 0 there exists 0 < § < 1 such that for all
p COrbi (DY with [ < 6,

|(wu)z(z)|2 _ 1 < €
A= lwpP)? A= 1=P)?] A= [2P)?

for all z DI~ The same inequality holds for wy— = w;;*.

Proof. Using the isomorphism Q~11(DY S—Q~14(D) given by reflection
&) and property (Z3), it is su [cieht to prove the estimate for > [CD.
Since vy = o ° wy, Where o« [CBSU(1, 1), the estimate holds for w,, if and
only if it holds for +,. By Lemma [Z3 ~,, fixes 0 and oo, and by the result
of Ahlfors and Bers in [AB6&0] (see also the remark of Bers in [Ber73]) the
functional

L= CAB ().(0) £a

is real-analytic at © = 0. In particular, for every ¢ > 0 there exists 0 < § < 1
such that for all x COrHY(DYHY with [aId < 6,

10 @F = 1] <=
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) ~ — — W+z _—
For z LD, let i = 1 © 07, where o,(w) = 145w Then yg =6z © yy © oz for

some 5, [PBU(1,1). Since i COr-4(DY, it follows from Lemma [Z8 that
71(0) = 0. Therefore from &, (yu(2)) = 0, one obtains

|(’Yu)z(z)| 2\2 —

— 1|z = 0

Since [iled = [uld, the assertion follows. On the other hand, if x [
Q~11(DYHY, then =1 CIP°(DH} and [t [d = [uId. Hence the assertion
also holds for wy-1. 1

Corollary 3.6. Let p COrH4(DY! [uld < 6, where 6 corresponds to ¢ = 1
in the previous lemma. Then for every A [C°°(DYH] the linear mapping
D)R,, extends to an invertible bounded linear operator on the Hilbert space
L?(D5h(2)d?z). Moreover,

\/_

m:ei)z el

for all v CIA(D5Sh(2)d?2) and A CZF°(DY1. The same inequality holds for
DiRy—1.

v, =

Proof. Since
—1u12) o o).
bary ) = A e G
o (Wp)z p)z
(1 +EA e w (wﬁ)z)
and
1—|p? 1
M(w 2| S @ Gy
for all A\ CZFP(DYH1, we have by using Lemma B8 and [zlo] = IITlIIQI
/ [|oarui o= = (@ = gy / [ e wgs ”iz o)
z

(1 _ —4 2 4|(wu—l)2| =12y 2
=(1 — [pld) // || W(l |7 9)d 2
]D)El

<2(1 — [T=d)~ / / WPo(z)d2= = 2(1 — o)~ (2121
]D)I:l

Replacing everywhere ;. by 1~ we get the same estimate for DaRy—. L[

Denote by O(D B} the subgroup of L=>(DY} generated by . COrt1(DY! [ald <
0, where ¢ is as in Corollary B8
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Lemma 3.7. For every ; CQ(DY] there exists C' > 0 such that

(R (A\1) — Ru(h2) bk CIA — Ao 2]
for all A, \, CIF°(DY satisfying A1 — X\, CZR(DSh(2)d?2).

Proof. Suppose first that [uld < §. Set A(t) = A1 +tv, where v = Ay — Aq,
so that \(¢t) CIF°(DDY, 0 < ¢ < 1. By fundamental theorem of calculus,

1
Ru(A1) — Ru(X2) =/0 %Ru()\(t))dt

1
= /0 D)\(t)Ru(V)dt.

Using Corollary B8,

2
p(2)d%z

B0 - RO 3= [ ‘ /0 " Da Ba)()
/1

< /0 1 ( / / |D)\(t)Ru(y)(z)|2p(z)d2z) dt
b

<C?wizlE C?[A] — M\, 2]
The same estimate also holds for R;l.

Since every p CO(DYH} can be written as pér 1+ CAT, where g 1
Q LIDY md<d, andei==+1, i =1,...,n, we have

Ru:RﬁiooRlﬁrA7

and the assertion of the lemma follows. —1

Remark 3.8. Applying the same argument, we get from Corollary that
for every . CQ(DY] there exists C' > 0, depending only on [zId such that

HDAR,J(V)HZ < Ol
for all v CIA(D5h(2)d?2) and A CIF°(DD.
Lemma 3.9. For every ; CO(DYY there exists C' > 0 such that
(B = ®)(A L) — (B~ ) (1) = C AL
for all A CZA(DSp(2)d?2) n L (DY].
Proof. Set ¢(t) = (8 » ®)(tA Cd). By fundamental theorem of calculus,

d¢

—(t
0L

1
(5= D) TA) — (B = D) (1) = /O

where

L) = Do (30 R) () = Don = 9) = Do) ()
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by chain rule. Since (DORH)‘1 = Dy R, it follows from Remarks .4 and
that

O (B © @) (v) k= 2400 R qp—1 (v) = C1 2]
Using Remark Z8l again, we get

‘ d)(t) = Dol ° D) ° DunRy) (V) 2k C (M) 0<t<1.

Therefore,

Ldg P
00 ) =@ 00 = [ | [ ] sy
18- ) T = (3= ) 4//0 22| ()

/(//| (t,2)|*p()” 1d2)dt

<C3|A5-
which concludes the proof. 1

3.3. The Hilbert manifold structure of T/(1). For every y CQ(DY} let
Vu LU} [T71) be the image under the map h;l = ®- R, >/ of the open ball

of radius /7 /3 about the origin in A2(D), which by Lemma Bl is contained
in the ball of radius 2 in Aw (D). Here (Uy, hy) is the coordinate chart Uy,
of the complex-analytic atlas for T°(1) as a complex Banach manifold (see
Section ZT.Z)). Let

The main result of this subsection is the following.

Theorem 3.10. For every u, v CQ(DDY] the sets Ay, (Vi n 14) and hy (Vi n
V4) are open in A,(D) and the map

%uv = Tl“ °7L\71 %V(VH n %) - %H(VH n ‘/\)) m(D)
is a biholomorphic function on the Hilbert space A,(D).

Proof. First we prove that the sets iNLH(Vu nV,) and T (VunW) are open in
AZ(D) Since Vyn W, 8B I:(btherW|se there is nothing to prove), there exist

¢1 IZZL(VH nVy) and ¢p CAL(Vy n Vy), [l 2] (@ 1< /7/3, such that
hit(or) = 7yt (62), e,

(@ = Ry = N)(o1) = (P = Ry > N)(¢2).
Setting A1 = A(¢1), A2 = A(¢2) and x = v [ 1, we get
(M) = O(\; CH).

The sets hy,(Uy n Uy) and hy(Uy n Uy) are open in A (D), so that there
exists 91 > 0 such that hy(Uy n Uy) contains a ball of radius 4, about ¢;
in Ae(D). The mapping Ay : Ay(Up n Uy) - hu(Uy n Uy) CAL(D) is a
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continuous function in the Banach space A« (D), so that there exists d» > 0
such that the inverse image by hy,, of the ball of radius é; about ¢1 in As(D)
contains the ball of radius 4, about ¢, in A (D). According to Lemma B,
the latter ball contains any ball of radius d3 < \/7/12 §, about ¢, in A2(D).
Now for every ¢, [CAL(D) satisfying [pb — ¢ [2 1< d3 set

01 = hpy(p2) = (B ° @ ° Rx © N)(¥2)-
We claim that 63 > 0 can be chosen such that ¢1 [CA4,(D) and [} 1<
\/7/3, which implies that EV(VH n V) contains the ball of radius d3 about

¢2 in Az(D). Indeed, set A = A(p2), so that o1 = (8 o ®)(\ [H). Since
A — o CIP(D5h(2)d?z), we have by Lemmas B3 and B7,

b — @1 3= [(B ° ®)(A [LH) — (B ° P)(A2 [H) [2]
< O 'k C? - A\ ]
= 2C?[ph — o [k 20253,
where the constant C' > 0 (chosen to be the same for both Lemmas 31
and B3) depends only on X\, and . Choosing 43 small enough we have
Lo Lk /7/3. B B B

The same argument applied to the map hy, = h;\,l proves that Ay, (VunVy)
is open in A,(D).

It remains to prove that the map 71”\, is a holomorphic function in the
Hilbert space A,(D). It is bounded, so according to [Bou67] it is su Lcieht
to prove that for every ¢ DNi{,(VM n W) and every n [—A4,(D) the mapping
C 7B o) = Tluv(gp + tn) [CA,(D) is a holomorphic function in some
neighborhood of 0 in C. For this purpose we use the standard argument
based on the fact that the map hy, is already a holomorphic function in
the Banach space Ao(D) and the mapping C [CZ5 ¢(t) [A-(D) is a
holomorphic function in some neighborhood of 0 in C. Thus there exists
0 > 0 such that for every |to| < 9,

¢

50 = 9(0) — (1 = 1) L 0)| = ot —tol) s ¢~ to

Moreover, § can be chosen such that p+tn Ijﬂ,(vum%) for |t| < 4. Then for
every z the complex-valued function ¢(¢)(z) is holomorphic on [t| < §
and

8(t,2) = 0lt,2) = (¢ = 10) 2 (1, )

1 1 1 t—1to >
= — w, z - - dw
27 [w—to| =51 (ZS( ) <UJ -1 w —to (UJ - 75'0)2
— (t - tO)Z % (b(wa Z) dw
210 Jyw—to|=, (w —to)?(w —1t) "’

where 61 > 0 is such that the disk of radius d; about g is inside the disk of
radius ¢ about the origin, and ¢ satisfies [t—tg| < d1. Since ¢(t) L) (VunVy),
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[é{t) [31< = /3 for all |t| < &, and we have

p(t) — ¢(to) d¢
t— 1o

It—tolzj{ |dw| 7{ ,
= w + to)||5]dw
477 Jyw=sy [wl*lw — (¢ — to)2 |W|=51H‘f’( o)[[5ldwl
=0(lt —to|?) as t - to.

According to [Bou67]], Theorem I justifies the following definition.

Definition 3.11. The covering
W= J W
uOmH
with the coordinate maps 71” : Vu — A2(D) and the transition maps
Ty = e hyt i hy (Vi 0 Vo) = AV n 14)

is a complex-analytic atlas which endows 7'(1) with the structure of a com-
plex Hilbert manifold modeled on the Hilbert space A,(D).

Corollary 3.12. The right translations are biholomorphic mappings on the
Hilbert manifold 7°(1).

Proof. Representlng a pomt in 7'(1) by . CA(DY we have Ryg(W) = Vamo

so that hMﬂ] Ry h)\ is the identity mapping on h)\(V;\) A4} (D). 1
We will continue to use the name Bers coordinates for the complex co-

ordinates (Vu,hu) on the Hilbert manifold 7°(1). As in Section ZT4, the

vector field 52- corresponding to v CH™1(D%at a point [] [ in terms
of the Bers coordmates on V, has the same form ([Z53), i.e.,

0 — v (wu)z> . —1)
(1] P<<1_|M|2 @z) M)

ey

where P : L2(D5h(2)d?z) -~ H~11(DY'is the orthogonal projector given
by 2.

3.4. Integral manifolds of the distribution Dt. Finally, we introduce a
Hilbert manifold structure on the Banach space A (D) by defining the coor-
dinate chart at every ¢ [Al.(D) to be ¢ + A>(D). By LemmaRIl the Hilbert
manifold topology on A (D) is stronger than the Banach space topology.
The Hilbert manifold Ao (D) is not connected. Rather A« (D) is the union
of uncountably many components ¢ + A,(D) with ¢ [4l(D)/A>(D), which
are integral manifolds of the distribution Da.

Theorem 3.13. The Bers embedding 5 : T'(1) - £(T'(1)) [CA(D) is a
biholomorphic mapping of Hilbert manifolds.
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Proof. To prove that the Bers embedding is holomorphic it is su [cieht to
show that for every ; CQ(DY] the image of the ball of radius /7 /3 about
0 in A,(D) by the mapping ( 71;1 =B ®< R, Ais inside a translate by
(B > ®©)(u) of some ball about 0 in A>(D). This immediately follows from
Lemma 39,

[(3-7) = -0 )|, = W0\ = (3> ) (12
< CAI)

where A = A(p) CD?(D5h(2)d?z) n L=°(DY] and the constant C' > 0
depends only on [ul.d. Since the Bers embedding is a holomorphic mapping
of Banach manifolds, the standard argument used in_the proof of Theorem
BI0 works for this case, so that the mapping (5 ° h;l — (B °®d)(u) is a
holomorphic function on the Hilbert space A,(D).

Finally, the image S(7°(1)) is open in the Hilbert manifold Ao (D) since
it is open in a weaker Banach manifold topology. Using Theorem and
the inverse function theorem for Hilbert manifolds [Lan95] we see that the
Bers embedding is biholomorphic. —1

Theorem allows us to conclude that the distribution Dt on T'(1) is
equivalent to the restriction of the distribution Da on 3(T(1)) [AL.(D),
and therefore is integrable. Its integral manifolds are inverse images by
the Bers embedding  of the integral manifolds of the distribution Da
on 5(T'(1)), i.e., of the components (¢ + A>(D)) n G(T'(1)). For every
[] C°TI(1) denote by Tj;(1) the component of the Hilbert manifold 7'(1)
containing [p]. It follows from Theorems B3 and B13 that the Hilbert man-
ifold Tj,3(1) is the integral manifold of the distribution Dt passing through
[] TTIN1). The right translations act transitively on the set of components,
i.e. Ryj(Th (1) = Tium() for all [u], [v] [IN1).

We will denote the component of 0 [1I(1) by To(1). We will prove in
Appendix A that Tp(1) is the inverse image of G(7°(1)) n A2(D) under the
Bers embedding. Moreover, we will show that Ty(1) is a topological group
which is the closure of Mob(SH)\ Di [5(S?Y) in T'(1) in the Hilbert manifold
topology.

4. Velling-Kirillov and Weil-Petersson metrics

4.1. Velling-Kirillov metric on the universal Teichmiiller curve. The
Velling-Kirillov metric is a right-invariant Hermitian metric on T (1), defined
at the origin of T (1) by

(4.1) WISk = > nlenl’,
n=1
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where
v= u—iJu
2

o d
— 8
and u= § cne' = CTH S™\Homeogs (S1).
n [ZN{0}

The convergence of the series is guaranteed by the property TS4 (with s =
1/2) in Section The Velling-Kirillov metric is a smooth right-invariant
Kahler metric on the complex Banach manifold T (1). Its symplectic form
wy k at the origin of T (1) is given by

_ {
wyi (v, V) = 5 VTG,

In the following section we prove that the Velling-Kirillov metric is real-
analytic on T (1) by presenting its real-analytic Kahler potential.

Remark 4.1. For the homogeneous space S\ Di[L{S') the metric was in-
troduced in this form by A.A. Kirillov [Kir87] and it has been studied by
A.A. Kirillov and D. Yuriev. In particular, in [KY87] it was shown to be
Kahler. In [\Vel], J. Velling has introduced a Hermitian metric for the
space T (1) using arguments from geometric function theory. In [Tea02],
Kirillov’s definition was extended to T (1) and it was shown that the result-
ing metric coincides with the metric introduced by Velling. The Velling-
Kirillov metric is the unique right-invariant Kahler metric on the universal
Teichmiiller curve T (1) [Tea02].

4.2. Weil-Petersson metric on the universal Teichmiiller space. In
this section we consider 7'(1) as a Hilbert manifold. The Weil-Petersson met-
ric on T'(1) is a Hermitian metric defined by the Hilbert space inner product
on tangent spaces, which are identified with the Hilbert space H~**(DY
by right translations (see Section B33)). Thus the Weil-Petersson metric is a
right-invariant metric on 7'(1) defined at the origin of 7°(1) by

42) e = / / 1p(2)dz, v CHSYDY'= ToT(1).
]D)El

To every . CH™YY(DY'there corresponds a vector field 5‘%” over Vp, given
by @3)-@1). We set for every x [13),

@3) 0000 = (& %] ), = [ PG PR
Dt

K’ e

This formula explicitly defines the Weil-Petersson metric on the coordinate
chart 5. The Weil-Petersson metric extends to other charts V|, by right
translations.

The following statement is an easy consequence of Lemma B4l

Lemma 4.2. The Weil-Petersson metric is continuous on 7°(1).



36 LEON A. TAKHTAJAN AND LEE-PENG TEO

Proof. As it follows from Corollary BI2, it is su [cieht to prove that for
every . CH~11(DY the function g, is continuous on V5 at 0. Since the
embedding Vp < Up is continuous by Lemmal31], it is su [cieht to prove that
the function g,; is defined on a neighborhood of 0 in Up and is continuous
at 0.

Since the projector P is nhorm-decreasing,

() = / P(R(u, 1)) PQRGL ) p(2) =

/ | RO RG e

_4// |ﬂ|2 (wK)z|2 2z
1—]sl% (1 — |w]?)?

According to Lemma B8, for every ¢ > 0 there exists 0 < § < 1 such that
for all x [ satisfying [kld < § we have
(wK)zl2 1

|l
gua(k) — guu(o)‘ = 4// — R |G = wd®? (1= 222

|1]? 1 2
+ —11d
A — 122 \1— s :

1 52 //Iul pd?z.

Thus, for § small enough ‘gug(ﬁ) - gug(O)‘ < 2:[ul3] 1

Remark 4.3. Using the basic properties of the g.c. mappings, it can be shown
that the Weil-Petersson metric is real-analytic on 7°(1). In fact, it is su [cieht
to prove that for every p, v CH~11(DB'the mapping Vo C&lB guy(x) [T
is real-analytic on V4. Since this result will not be used later, we omit
the proof. Explicit curvature computations in Section 7 will show that the
Weil-Petersson metric on 7'(1) is twice di Lerkntiable.

We will prove in Section 7 that the Weil-Petersson metric is Kahler . Its
symplectic form wwp is a right-invariant (1, 1) form on the Hilbert manifold
T(1). At the origin of T'(1),

WWP(N717) = %Iﬂaympa wn, v m_]ﬂl(DI%

Remark 4.4. The Weil-Petersson metric on the distribution Dy (without
defining the Hilbert manifold structure) was introduced by S. Nag and A.
Verjovsky [NV90] as a direct generalization of the Weil-Petersson metric on
the finite-dimensional Teichmdiiller spaces. It was proved in [NV90] that the
embedding Mdb(S1)\ Di [LSt) < T'(1) is holomorphic and the pull-back of
the Weil-Petersson metric on the distribution Dt coincides, up to a constant,
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with the right invariant Kahler metric introduced by Kirillov [Kir87] by the
orbit method. At the tangent space of the origin the latter metric is defined

by (cf. @)
W= Y (0% = n)lenl?,

n=2
where

V= U_ZZJU and u= > Cneined% CTH Mob(S1)\ Di L(S%).
N [Z3{0,+1}

5. Characteristic forms of the universal Teichmuller curve
Let V =1,T (1) be the vertical tangent bundle of the fibration

T () - TQ).

It is a holomorphic line bundle over the complex Banach manifold T (1), the
fiber over a point ([u], z) CTI(1) is the holomorphic tangent bundle to the
quasi-disk w*(DY! The hyperbolic metric on wH*(DY defines a Hermitian
metric on V, and we denote by ¢; (1) the first Chern form of V' corresponding
to this metric.

The Hilbert manifold structure on 7°(1) naturally induces a Hilbert man-
ifold structure on T (1), such that the projection = : T(1) - T(1) is a
holomorphic mapping of Hilbert manifolds. Similar to the Hilbert manifold
T(1), the Hilbert manifold T (1) is also a disjoint union of uncountably many
components. We will prove in Appendix A that the component containing
the identity To(1) is a topological group.

The vertical tangent bundle is also a holomorphic line bundle over the
Hilbert manifold T (1). We will continue to denote corresponding line bundle
by V, and by ¢1 (V) — the first Chern form corresponding to the hyperbolic
metric on the fibers, specifying explicitly which topology we are using. Since
the Hilbert manifold topology is stronger than the Banach manifold topol-
ogy, the form c1(V) for the Banach manifold structure on T (1) naturally
restricts onto T (1) considered as a Hilbert manifold.

Similar to Wolpert’s work [\A0I86] on finite dimensional Teichmiiller spaces,
we define the analogs of Mumford-Morita-Miller characteristic forms as the
following (n, n)-forms on the Hilbert manifold 7°(1),

(5.1) kin = (=1)" 1l (V)M,

where 7= QT (1)) - Q=2(T°(1)) is the operation of “integration over the
fibers” of the fibration = : T (1) - T'(1). As we will see in Section B33, it
is the passage from the Banach manifold structure to the Hilbert manifold
structure that makes the operation 7 —yell-defined (i.e., the integrals over
non-compact fibers become convergent).
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5.1. The form c¢;(V) as Velling-Kirillov symplectic form. In this sec-
tion we work with the Banach manifold structure on T (1). Let z be the
complex coordinate on C\ {0}. The assignment T (1) [C(Qu],2) B —2z20,
defines a holomorphic section of the line bundle V over T (1) ®. The hyper-
bolic metric on w*(DYis the pull-back of the hyperbolic metric on Dby
the conformal map g;l, so that

_ A2 HR)P

2
o= Guztcyp - 7
The first Chern form of the line bundle V is

ca(V)=

szaz

2

)

where 9 and 0 are, respectively, the (1,0) and (0,1) components of the de
Rham diCerkential on T (1).

Let

K =log ||2%0, — log 2.

H([u],Z)

Lemma 5.1. The function K : T (1) - R is real-analytic. Under the corre-

spondence T (1) [([l], 2) B ~ CSM\Homeogs(S?), where v = (97 © f)|sa.
K(y) = log |g'(e0)|.

Proof. Using the formulas g = Ay © g, © o' and w = g;*(z) from Section
EZZ7 it is straightforward to compute

ooy = 2O~ )
(v =1DA —w)
Now it easily follows from the general properties of g.c. mappings that for

z [Dthe functional T(1) 4] B ¢;'(z) [Q is real-analytic so that
|g¥oo)| is a real-analytic function on T (1). 1

Remark 5.2. The quantity [gi{oo)| is the capacity of the quasi-circle g(S%)
corresponding to IZEIIomeoqs(Sl).

Theorem 5.3. The first Chern form of the vertical tangent bundle to the
universal Teichmiiller curve T (1) is proportional to the symplectic form of
the Velling-Kirillov metric,

a(V)=—2wyk.

Equivalently, the function K is a Kahler potential for the Velling-Kirillov
metric on T (1).

Proof. It is based on the following lemmas.

Lemma 5.4. The (1,1)-form ¢ (V) on T (1) is right-invariant.

6Under the conformal map z B % the vector field —z°d, B 0.
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Proof. We need to prove that for every 7o [—9'\Homeo(S') £F(1) the
di Lerence 5,‘%'}( — K, where Ry, : T(1) - T (1) is the right translation by
Y0 and (Ry;K)(v) = K (v ° 7o), is @ harmonic function on T (1).

For every v = g o f CO(1) let 5 = yoq =G Lo f. Since § =
Feongte fLoyg, we have

(RyoK = K) (7) = log [§{e0)| — log [g'{e0)] = log |(f > 75 * = £ 1) o).
In [Ber73|, Bers has proved that the function

(1B (Fera= /™) () =h(r.2)

~ O
depends holomorphically on v and z, which implies that (f ° fyo_l ° f‘l) (o0)
depends holomorphically on v and our assertion follows. —1

Lemma 5.5. Let y = g 1o f [CTI(1), where f|p(2) = > neo anz"1 ag =1,
and glp€z) = > pr o bnzt™". Then

(5.2) lbol? =Y (n+ Danf? + Y (n = 1)bal?.
n=0 n=1

Proof. Evaluate the Euclidean area of the domain Q = f(D) = ¢(D) in two
di Lerknt ways. First,

Ag(Q) = lim // a2z = lim. // |F Pd?z = ﬂi(n + 1)|anl?,
- n=0

r-1-
f(Dr) Dy

where D, = {z [A: |z| < r}. On the other hand, the classical area theorem
gives

Ae(Q) =7 (1 —n)lbal?,
n=0

and we obtain (&2). 1

Now we complete the proof of the theorem. Let

n [Z3¥{0}

and let v = gt_l o ft, 4o = id, be the corresponding smooth curve in T (1).
Using notations from the previous lemma, dilerkntiate the relation (&2)
with respect to ¢ and set ¢t = 0, and using b9(0) = 1, an(0) = b,(0) = 0 for
n=1, we get

(5.3) bo + b = 0.

Here we denote

. . d - b
an(U) = an = %(O) and  bn(u) = by = d—t”(O).
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Di [erkntiating (&2) twice with respect to ¢ and setting ¢ = 0 we get

d2b0 d bo dbo

(0)‘ =2) (n+Dlanl +2> (0 = 1)[bn[?
n=1 n=1

[ee)
=4 nlanl*,
n=1

where we have also used the property TS1 in Section ZZ3 Since gi{co) =
bo(t), using (&3] we get

2 oo
572100 l9c(00)l (=g = 2> _ nlan|?.
n=1

Let v = %(u — iJ u) be the holomorphic tangent vector to T (1). Since
an(J u) = ian(u), using ZIH) we finally get

oo

Z (lan(@)P? + lan(TW)?) = nlan(u).

n=1

(5.4)  (99K)(V,V)

I\JII—‘

This proves that © = 4iwy k at the origin of T (1). Since both these (1,1)-
forms on T (1) are right-invariant, the assertion follows. 1

Remark 5.6. In [KY87], A.A. Kirillov and D. Yuriev have stated that the
function K, restricted to the space S™\DilL(SY), is a Kahler potential
of the Velling-Kirillov metric. Theorem extends this result to T (1) [
SM™\Homeogs(S1) and gives its geometric interpretation.

5.2. The Chern form ¢;(V) and the resolvent kernel. Lety COriY(DY
be a horizontal holomorphic tangent vector to T (1) at the origin. According
to the property TV1 in Section ZZ2 the vector field 7, — the horizontal
lift of the vector field aaTu on Uy [TX1) to the point (0,z) A %(0), is
identified with (o;1)% CQrti(DY!

Proposition 5.7. (i) On the fiber 771(0) [CTX1) the Velling-Kirillov
metric is given by

_ 1
(&, 0, @K ©0,2) = ma

HZ»TH@K (07 Z) =0
Tk 0.9 = 5 [ [ GG P i
D
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(i) On the fiber 7=1(0) [CTX1) the (1,1)-form O is given by
2

©(9z,07) (0, 2) = _ma

O (9 m) (0,2) = 0,
O (10 7) (0,2) = — / / G ) ()P o),
DI:I

(iif) The vertical holomorphic tangent bundle V' — T (1) of the fibration
7 :T (1) - T(1) is a negative line bundle.

Proof. It follows from the property TV2 in Section that the vector
field 9, at (0,z) [z "%(0) corresponds to the tangent vector

ing d
u= Z cneme@ I:Zf)RSl\Homeoqs(Sl)
n [ZN{0}

with ¢; = #ﬁilﬂz) and ¢, = 0 for n = 2. This proves the first formula
in part (i). The second formula follows from the fact that, according to the
property TS1 in Section the tangent vector u TR S \Homeogs(S?)
which corresponds to the horizontal lift 7, of the vector field a‘%u to (0,2) 1

771(0), has ¢; = 0. The last formula follows from the following lemma.

Lemma 5.8. Let ; COrt1(DH'and

#(2) = Dof()(z) = > _(n® —n)anz""? [Ake(D).
n=2

Then
[ eGP =2 ndl
D n=2

where -
(7)) (w) =D (0 —n)afu"?
n=2
is the power series expansion of (o52) %) = ¢ = 032 ((0;1)? ko (D).
Proof. Since G(z,u) is a point-pair invariant, it is su [cieht to prove the

formula for z = oo. In this case, using the relation G(co,u) = G(0,1/u)
between the resolvent kernels on D~and D and the formula 1. = A(¢) we get

/ / G(oo, u)lji(u) plu)dZu = / / GO, w)(L — [uPYIé(w)P .
1= D

It follows from the explicit formula @I9) that

1142 1
21— 12 grz

(A= P60 = 1) = “Ha- =
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Since h is an integrable function on [0, 1), we have
b 1
/ / GO0, )L — [uPYI¢(w)Pd?u = 2r 3" (n® = n)?|an|? / (Y2 rdr
D n=2 0

A straightforward computation gives

1 1
7 —n)(n2—1)

1
/ h(r)r?" " Ardr =
0

which proves the lemma. —1

Using this Lemma, the property TV1 in Section and the property
TS2 in Section ZZ3], we get the third formula in part (i). Now part (ii) fol-
lows from Theorem B3, and part (iii) follows from part (ii) and the property
RK2 in Section Z41 1

Remark 5.9. Parts (ii) and (iii) of Proposition Bl generalize Wolpert’s com-
putation of the (1, 1)-form © for finite-dimensional Teichmiiller spaces (see
Theorem 5.5 and formula (5.3) in [WolI86]).

5.3. Mumford-Morita-Miller characteristic forms. In this section we
consider = : T (1) - T'(1) as a holomorphic fibration of Hilbert manifolds
and evaluate the Mumford-Morita-Miller forms s, on T'(1).

Theorem 5.10. The characteristic forms k, are right-invariant on the
Hilbert manifold 7°(1) and for pa, ..., un,v1,...,vn CH-YYDOY CPTQ)

Kn(#l, --,/Lna’jb . ;n)

(é:-)-:jl)l Z sgn(o) //G /“-Vo(l) .G (:“I’l;o(n)) p(z)dz,z’

where the sum goes over the permutation group S, on n elements and sgn(o)
is the sign of the permutation o.

Proof. It is straightforward computation of the integral

K/n(/.lzl,...,/,,tn,ljl,... ,Ijn)

_ o\ h+1
= <2_7:> //G)n+1 (8278277_H1>7V1>"-vTumﬁn)dZ di
D=

using Part (ii) of Proposition B4 We need only to verify that the integral
is convergent. This follows from the properties of the resolvent kernel in
Section [ZZ1 Indeed, the property RK3 assures that G(uv) is bounded on
D for u,v CQHY(DY! and properties RK2 and RK4 imply that for
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p,v CH™LY(DY!

/ Gumyp(2)P=| < / / / Gz ) () () () p(2) P u?=
D D pi

- / / / G, ) ) (W) p()p(u) P2

D DX

- / / () ()| o) P < oo,
]D)CI

1
Corollary 5.11. On the Hilbert manifold 7°(1)
R1 = ﬁlz WWP -
Proof. We have, using again the property RK4 in Section 24,
_ i _ i —
k(i) =5 [ [ G = 51 [ [ uer@eeid:
2T 2T
Dl D
1 _
=— wwp (i, V).
T
1

Remark 5.12. Combining Corollary Part (ii) of Proposition and
Theorem we get another proof of Theorem 4.3 in [Teo02].

Remark 5.13. Theorem B I0 generalizes Wolpert’s result for finite-dimensional
Teichmiiller spaces (see Lemma 5.9 and Lemma 5.10 in [WWoI86]) to the uni-
versal Teichmdiller space.

6. First and second variations of the hyperbolic metric

Here we present a concise formula for the second variation of the hy-
perbolic metric in terms of the resolvent kernel. We are using the model
H? [0l so that the density of the hyperbolic metric is the (1,1) — tensor
p(z) =y~ 2 on U.

6.1. The first variation. It is a classical result of Ahlfors [Ahl61] that the
first variation of the hyperbolic metric at the origin of 7°(1) is identically
zero.

Lemma 6.1. For every p CQrbi(v),
Lyp=0.

Proof. Since

2
U wslitp) - _ 4 [(wep)z(2)I

(wsu(z) - wsu(z))z 7
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we have

Lyp(z) = % M) =l ((ZZ)_““SBZ) NYIORLIO)

(z—=z
where F' = F[u], ® = ®[u], and the result follows from Lemma [ZT13 —1

Remark 6.2. For the case ; CQ~%Y(U,I), where I is a cofinite Fuchsian
group, another proof of the Ahlfors result was given by Wolpert [WoI86].

6.2. The second variation. Set
2

LyLgp = %@E o peH.
We have
Proposition 6.3. For every p CQOr11(U),
LuLip = pG(|pl).
Proof. Using the representation
(6.1) pH(2) = —4Kep(z, 2)
and the first formula in @Z28) we get

(62 S =2 [ [ i) K ) K, Do,
U

where the integral is understood in the principal value sense. Setting e =0
in €&2) and using Lemma B.1], we obtain

p(u) 2 —
(6.3) //(u_z)z(u_zzdu—Oforallz.
U

Using formulas (ZZ4)) and (ZZ5), we get from (&2) the following integral
representation for the second variation of the hyperbolic metric

LuLan) = =25 [[ [[ nwi@ <(u—5)2(z—1@ Y
U U

1 2. 12
(6.4) + (u—z)z(u—az(g—v2>dUd .

The diLerkentiation under the integral sign is justified by the same argument
as in [AhI62]. We transform the principal value integrals in &4) into the
ordinary integrals by using the identity

1 _ z2—z " (v—2)(z —w)
u—v  (u=2)(—v) (uw—2)(z—v)(u—"0v)

(6.5)
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which gives
1
(u — 2)%(u — v)2(z — v)?
_ 1 " 2(z — 2)
(uw—2)2(z—v)2(u—2)2 (u—2)3C—0)3w—"1)
(z — 2)? 2(z — 2)?

=2 u— 202G —02G 02 | w—)u-2G -G —1)

Using ®&33) and Corollary ZTH we see that last two terms in this formula do
not contribute into the representation (&4 and we obtain

LyLpp(z) = —% // // () () <(u—17)2(z _1U 2(u— 2)?
U U

(=) ) d?ud?v.

(u—2)3(u—0)(z —v)3

Now we apply the operator 2(Ag + %) to the bounded function p_lL“Lgp
on U. Using &%) it is straightforward to compute that

(z —2)? (z = 2)°
(2A0+1)<(u—v T O L 3(u—@(z—®3>
9 (z—2)*

T 2w =2 —0)*
which, together with (ZZ3)), gives
(00 +1) (p LyLip) (2)

—3 — (z—2)* 2 o _ ,
= 4/4/M(U)M(v)(u_g)4(z_a)4d ud?v = |u(2)|?.

Using the property RK3 in Section [Z4] completes the proof. 1

Corollary 6.4. For every pu,v COrt1(DDH!

660 = [[ [ w6 (e X
U U

(z—2)° 2, 2
* =G =) P

Remark 6.5. It follows from Proposition by polarization that
2

861852

LyLyp = pIHTEY = pGi(uv).

€1=€2=0
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Remark 6.6. For the case ; @ 11(U,IN), where I is a cofinite Fuch-
sian group, the formula for the second variation of the hyperbolic metric in
Proposition 633 was first proved by Wolpert [\WWoI86]. However, the method
in [VWoI86] does not work for the universal Teichmiiller space T'(1). The
proof of Proposition shows that the original singular integral represen-
tation (&4) of Ahlfors can be easily transformed to a closed form using the
resolvent kernel.

7. Riemann curvature tensor

In this section we consider 7°(1) as a Hilbert manifold equipped with the
Weil-Petersson metric. We prove that the Weil-Petersson metric is Kahler ,
compute its Riemann and Ricci tensors, and show that the Ricci, holomor-
phic, and sectional curvatures are all negative. Since the Weil-Petersson
metric is right-invariant, it is su Lcieht to compute these tensors at the ori-
gin of T'(1).

7.1. The first variation of the Weil-Petersson metric. For pu,v [
Q L1(DY'set
(wv)z

(wy) '

Qu,v) = P(R(u,v)) ° wy
Proposition 7.1. For p,v COrti(DYH]

0

—Qu.ev)| _ =0,

0 0 0 _

— = _2—_ _l—_ .

=Quev)| = =20=pT = Gui)
Proof. We will be using canonical complex anti-linear isomorphism Q~t1(DY' 1
Q~11(D), given by the reflection 1), and the model H2 [CUlof the hyper-
bolic plane. From &) we get

(7.0) P QU NG = / / () Koy (u, 72
U

It follows from equations (Z2Z9) that
(7.2)

o _ 6(z—2)? pu)r(v) 2. 2
%‘e:OQ(M’gy)(Z) T 2 // // (u—2)2(u—v)2(v—=z g4 ud"v
U U

and
(7.3)
0

s

62y B () 2 o
Qe =2 [ [ e e
U U

The integrals are understood in the principal value sense and di Lerkentiation
under the integral sign in (1) is justified as in JAhI62].
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To prove that the integral (Z2) is zero, we use the identity

1 1 11
(u—v)(u—?)(v—?)_(u—v)2<v—2 u—Z)’

and rewrite the integral (Z2) as follows

(74 / / / [ ==

_“m //// <(u—v)4(v—_)2 (U_U)E(U_Z)

IU><IU\{|u—v|<s}
a9 " i ey ) MO
=L+ 1+ 13+ 1.

Applying Lemma (ZI2) to the principal value integrals over « in the terms
11, I and I4, we conclude that these terms vanish. Changing the order of
integrations in I3 (which is legitimate since domain of integration is invariant
under the involution (u,v) B (v,u)) and applying Lemma [ZIZ) to the
integral over v we conclude that the term I3 also vanishes. This proves that
the holomorphic variation of Q(u, v) vanishes.

To prove the formula for the antiholomorphic variation, we again use the
identity @&X%), which gives

1 (u— 2)?
(u—zz(u—vz(v—z2 (u—2)*(v — 2)%(u — v)?
(z — 2)? . 2(z — 2)%(z — u)

T -2 (=2~ 0P - 2)
2(z — 2)(z — u)?
(u—2)%(z —v)3(u—7)’
Using formula ®&3) and Corollary we see that the second and third
terms do not contribute to (Z3), and we get
(7.5) —

Qe =252 4 / 4 [ e

Oe
(u— z)? 2(z — 2)(z — u)? 2 2
+ )
((u—z G Oy M T S e S TR Y A
Now applying dzp~ 10z to the integral representation in Corollary (the

di Lerentiation under the integral sign being trivially justified) we get the
formula for the antiholomorphic variation. 1

Set 5
QUM = 52| QQu.ev).
€

e=0
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Proposition 7.2. Let y CAYY(DYand v CO4(DY! Then Q(,u)[y] 1
L?(D5h(2)d?z) and

. 2 _ _ _
|QUotv|, = T (uir, GG,
where ( , ) stands for the inner product in the Hilbert space L?(D5p(2)d?z).

Proof. As in the proof of Proposition [ZT], it is convenient to use the iso-
morphism Q~t1(DY Cart4(D). For p CRC*(D) n L?*(D, p(z)d?z) with
compact support and v [CBC*(D) we set

Q) = 2 G ).

We will prove that [Q, (1) 3= [l B3 (uv, G(uv)), so that Q, extends to a
bounded linear operator on L?(D, p(z)d?z). Since, according to Proposition

1 Qu(w) = —Q(w)[v] for p CH LY (DY and v CHY(DY! the assertion
follows from this fact.
From the explicit formula (ZI9) we get the following estimates

(76)  G(z,w) =O0((L—|2%),  (8p 10,)G(z,w) = O((1 — |2%)),
9,G(z,w) =0(1), (07 (9,p7%0;)) G(z,w) =0O(1) as |z] - 1,

uniformly as w varies on compact subsets of D. Using Stokes’ theorem and
the identity

p 0, p10, pOz pr0z = Do(Do + 3)

we get
[ 10ur sz = 4 [ [ o0 (57 0uGGw)) 0 (57 06 7) pede
D D

— 4 4 / Do(Bo + 1GUYG () p(=) 2

— — — 2
=2 4 / Do(ui)G (i) p(2) 2=,

where in the last line we have used property RK3 from Section Z4. Due
to the estimates (ZH) the boundary terms arising in the Stokes’ formula
vanish. Using Stokes’ theorem once again we finally get

100t sz =2 [ [ insacper:
D

D = [[ vtz = [ [ unGGmnere:
D D

= Wl 5+ (uv, G(uv)).
The boundary terms again vanish due to (Z8) and Remark 3.2. 1
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Corollary 7.3. For u,v CH™Y(DY'and x COr4(DY!
(QUALKL QNI ) = s, Vi) = (s, i)
Theorem 7.4. For p,v CHAYY(DY'and x COr (DY

=0.

e=0

0
(o)

Proof. Since P2 = P, we get from &3),
7.7)

() = / / Q. KR, R A= IwP)uo) (=)= = / / QW R w0 ()P,
Dl D=

so that

= (QUtL ) + (11, QW) = (1 QW) -

Di [Cerkntiation under the integral sign is justified as in [AhI62]. Thus for all
w,v CAYY(DOYand « COrHY(DY

(et v) =0,
and the theorem follows. —1

0
pICD

e=0

Let {un}>, be an orthonormal basis for the Hilbert space H~14(DY!

nd—n
87
and let {en} 2, be the corresponding Bers coordinates on the chart V4.
Since [ulp = 2o 3(w) 2} it follows from Section B3 that "5, |en|? < 4.
Denote by % the corresponding directional derivatives — the vector field
58"”” on Vo, and set gma = Gumin- Since the basis {un}n=, is orthonormal,

gmi = Omn at the origin of 7'(1).

A—121%)%2""2 n=2.3,...,

pn(z) = —

Corollary 7.5. The Weil-Petersson metric is a Kahler metric on the Hilbert
manifold 7°(1), and the Bers coordinates are geodesic coordinates at the ori-
gin of T'(1).

Proof. It follows from Theorem [Z4 that
8gmﬁ
ey

) = 0.
1

Remark 7.6. Propositions [Tland [L2Z and Theorem [ZZ] generalize Wolpert’s
results for finite-dimensional Teichmiiller spaces (see Lemma 2.7 and The-
orem 2.9 in [\oI86]) to the universal Teichmiiller space. In particular, our
proof of Theorem [ZZ] (after Proposition has been established) is the same
as in [VWol86].
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7.2. The second variation of the Weil-Petersson metric. Due to Corol-
lary [£3, the Riemann tensor of the Weil-Petersson metric at the origin of
T(1) is given by
L PPy
Rklmn - (%m(%_n (0)7
where we are using conventions of Yano and Bochner [YB53] in Hermitian
geometry.

Theorem 7.7. For u,v Iﬂ_l'l(DL—)'and K IZII’l'l(DSI

2
?&;Qu\? (ex)

_ =GR GER) + (w7, GsP))

Proof. Dilerkentiating the representation (ZZ) for g.v(ex) with respect to ¢
and ¢ we get

2
a—a—gw(af) o
= -1 62 EK
(856 Q(u, er) _0,1/> + </~w,p 50 820)
=< Q) ,u>+<fl Q. er). 2L Q@@@)
£=0 9% |e=o 92 le=0

Quaa—Q@Ew

_ 0? _
+ (v, pt = ™ ) — (v, |51%) .
£= 0> < Oede e=0 ( )
The di [Cerentiation under the integral sign is justified as in [AhI62], provided
that all integrals above are absolutely convergent. This follows from Propo-

sition property RK3 in Section [Z4, Proposition and the following
Lemma 7.8. For ¢ CH YY(DYand v COrti(DYH!

CLP (D5 )(2)d?2).

e=0

02

We relegate the proof of this lemma to Appendix B. Now comparing the
two expressions for the second variation of g,y and using Corollary we

get
0
= a- Q(,U, 5’“‘3)7 a—
e= 0> _((95 s_=0 0

= (ur, G(vK)) .

Using Proposition B3, we finally obtain
82
00k |¢—

(m;}Q@ao

0. m) + (a7, 15P?)

e=0

9w (er) = (ur, GWR)) + (uv, G(Ix[?)) -



CURVATURE PROPERTIES OF THE WEIL-PETERSSON METRIC ON T (1) 51

Corollary 7.9. At the origin of T'(1),
Ry = — (i, G(pmpn)) — (apm, G(ukpn)) -
Proof. It follows from Theorem [Z17] by polarization that
62

R__:_i_ _61/4/+€2/\
KAV De102, e1merm0 guv( )

= —(k\, G(av)) — Ovs, G(R)).
1

Remark 7.10. For finite-dimensional Teichmiiller spaces this result was proved
by Wolpert [\WoI86]. Except Lemma our derivation is the same as in
[\WoIgg].

7.3. Ricci and sectional curvatures. The Ricci tensor at the origin of
T(1) for the orthonormal basis {un}e>, of H~11(DY'is defined by the fol-
lowing series

R =Y Riant.
n=2

Theorem 7.11. The Ricci tensor at the origin of T'(1) is well-defined and
is given by

Proof. Set = p,v =, and Ry = Ry;. We have

v —Z(n —n) (/// Gz, w)u(2)2"?v(w)w" 2 d>wd? 2

D pH

n—2_n— — (11— |2)2
/// G(z,w)z""2%z 2u(w)u(w)(l_ljjlz)zdzwdzz)

D pl
/// Gl u(z)z(u;idzwdzz

D D

—f—//’azwmwwwmmmw%w
D pio
=11+ I

For the second integral, we use property RK4 in Section [Z4] and get

——%//mmﬁ@ﬂwfw=—%wv
D
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For the first integral, we use projection formula (Z7) and get

DY D pH

Let
(1 — |w]?)?

B(z,v) = // Gl w) = wﬁ)“q(ﬂl _ Z@)le?w.

Dt

The kernel B(z,v) satisfies
(7.8) B(z,v) = B(Jz, 021)0’%,2)20%1)2 for all o [CPBU(1,1),

11+, 1 1\ (@-|wP? , 1

B(0 = — | - — — dw = —.

©.0) //(%ﬂerZO%wP w)(l—mw4 Y=g
Dl

Hence

and

1
B(z,v) = m
and
__4 — 1 2 2
I = = ///,u(z)y(v)(l_za)“d zd“w
D p
=5 | [ 1@ = 5 s
=3 w(z)v(z)p(z)az = 3779”\)'
]D)El
Therefore.

L1

Since the Weil-Petersson metric on 7'(1) is right-invariant, it follows from
Theorem [ZTT] that the Ricci tensor is well-defined everywhere on 7'(1). De-
note by Ricwp corresponding Ricci (1,1)-form on 7(1). In terms of Bers
coordinates {en}=, on the coordinate chart V|, the Ricci form is given by

, i — _
Ricwe = > > Rygdey T
k,1=2

Corollary 7.12. The universal Teichmiiller space 7'(1) is a Kahler-Einstein

manifold with negative constant Ricci curvature,

) 13
RZCWP = _E WWP -

Proof. Since (1,1)- forms wwp and Ric are right-invariant, the result im-

mediately follows from Theorem [Tl

L1
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Remark 7.13. For the dense submanifold Mob(S1)\ Di[L{S!) of Tp(1) the
statement of Theorem [ZTT] was established by di Lerkent methods in [KY87]
and [BR87al, BR87b]. The “magic ratio” % is omnipresent in mathematics
related to string theory.

Let %, 2 CTRT(1) be real tangent vectors. According to [YB53], the

sectional curvature of the section spanned by these vectors is given by R/g,
where

(7.9) R = Rygvip + Rvppy — Ry — Rupvi,
9 = 4guiigvs — 2lgual” — 2 Re(g,w)°.
Similarly, the holomorphic sectional curvature of the section spanned by the
holomorphic tangent vector 52—, where g = 1, is given by Ryyg.
As in the finite-dimensional case [VWolI86], we have

Theorem 7.14. The sectional and holomorphic sectional curvatures of T'(1)
are negative.

Proof. For a section spanned by %, the holomorphic sectional curvature is

obviously negative: ;& 0 so that G(|u|?) > 0, and (|u|?, G(Ju|?)) > O.
For a section spanned by the real tangent vectors % and 32, using

Cauchy-Schwarz inequality, it is easy to see that ¢ is positive. Using Corol-
lary [L9 the properties RK1 and RK2, we get

R = 4Re (uv, G(uv)) — 2(uv, G(u)) — 2(|1pul?, G(Iv ).
From the property RK2 and Cauchy-Schwarz inequality we have

G ()| < / / G (2 )2 u(w)|G (2, w) 2| (w)] plaw) P
[D)Cl

172 1/2
- (!Z. G(Z’w)m(w)lzp(w)d%) ( { é G(z,w)lV(w)lzp(w)dzw)

so that
(G, G| < / / | GUuP) Y2 G0 PY 2 0(2)d22
]D)I:l

1/2 172
= ( ! é IMIZG(Ivlz)p(z)dzz) ( ! é |V|2G(|,u|2)p(z)d2z>

= (Iul?, G(vP)).
On the other hand, if we let uv = o + i3, where o and [ are real-valued
functions, then Re (uv, G(uv)) = (o, G(o)) — (6, G(B)) and (uv, G(uv)) =
(o, G(a)) + (8, G(B)). Since for a bounded real-valued smooth function ,
we can deduce from the property RK3 and the positivity of the operator
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Ny + % that (h, G(h)) = 0, it follows that Re (uv, G(uv)) < (uv, G(uv)).
Hence R is negative by Cauchy-Schwarz inequality. 1

8. Finite-dimensional Teichmuller spaces

Curvature properties of finite-dimensional Teichmiiller spaces were exten-
sively studied by Ahlfors [Ahl62], Royden [Roy75], and especially by Wolpert
[WolI86]. Here, for the Teichmiiller space T'(I") of a cofinite Fuchsian group I
we show how to get Wolpert’s explicit formulas from the curvature formulas
of the Hilbert manifold T'(1), derived in Section [

First note that the canonical embedding of the finite-dimensional complex
manifold 7°(I") into 7°(1) is holomorphic with respect to the Banach manifold
structure on 7'(1) but not with respect to the Hilbert manifold structure on
T'(1). Indeed, for a cofinite Fuchsian group I' the finite-dimensional vector
space Q~Y(DET) is not a subspace of the Hilbert space H~11(DY, but
rather

Q (5T n HTH(DY'= {03

Thus the Weil-Petersson metric on T'(I"), defined in Section 3, is not a
pull-back of the Weil-Petersson metric on 7°(1). However, due to Lemma
[Z9 we can represent the Petersson inner product on the tangent space at the
origin of 7T'(I") as an *“average” of the inner products in 7°(1). Namely, using
the canonical complex anti-linear isomorphisms Q~t1(D5T) Carti(p, )
and H~*Y(DY Car+1(D), we have

[, vigp = / / pop(2)d?z = lim A(TAD) / / pop(2)d?z

r-1— A(Dy)
MD
_ A(r\D)
= ral— A(Dy) //ﬂryrp(z)d z.

Here p,v COXrY4(D, ) and pr = xrp, vr = xrv, Where x, is the character-
istic function of D, = {z [ : |z| = r}. In what follows we will denote by
(, )r the Petersson inner product [] [wp in Q~%(D, "), as well as the inner
product for the Hilbert space L?(IN\D, p(z)d?z). Since they are given by the
same formula, there would be no confusion. Moreover, for  CO (D, ),

|lul CLF(P\D, p(2)d?z).

Lemma 8.1. Let x COr+Y(D) and v CZF°(D) n LY(D, p(2)d?z). Then
(i) For 0 < r < 1,

P(ur) CH YD) and P(ur)(z) = O (1 —|217)?) as 2] - L.

(il
lim / | PGz o) / [ 1 e
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Proof. Since
1wt oz = [[ Pucic oz = [ [ Paoiic pes < o,
D D Dy

P(ur) CH™HY(D). Using pu(z) = —SZD s (33 — pya 202 and @),
we get

P = =S S = gan (L - 2 )

4 n+1 n n—1
n=2

so that (1 — |2|2)™2P(ur)(2) is continuous on |z| = 1.
To prove part (ii), consider the estimate

_ . 3(1 — |2]%)? d?u
G = Pl ()] <> m@é} | o=

oo

=30l — |21%)? D nla" (A =)

n=1

_ 21— )
=3l <1 a- r2|z|2)2> |

For fixed r the right hand side of this estimate is an increasing function of
|z], so that

7‘2 — 2\2
sup |(u — P(ur)) ()| < 30213 <1 - %) :

|z|=s
and for fixed s,

lim sup [(x — P(ur)) ()] = 0.

r-17 |z|=s
Also for fixed r we have the estimate
Cud— P(ur) [ed = 3Luled.

Now since v [CII(D, p(z)d?z), for every € > 0 there exists 0 < s < 1 such
that

/ Wl ()= < e,

D\Ds
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and we obtain,

/ (= Pur)) 7p(2) 2

D

< ! / (= PGue))| o] p(2)d?= + / I = Pue))| ] p(2) 22

D\Ds

< sup |(u = P(un)) ()| / / V] p(2)d2 = + 3= AT,
D

|z|=s

Passing to the limit » —» 17, we get

IiT // (u— P(ur)) v p(2)d?z| < 3¢ [l
i
D
Since ¢ is arbitrary, the result follows. 1
Lemma 8.2. For u,v COr+4(D,I),
o . A("'\D) — 2
Gy = Jim_lim S0 [ PG PO,
D

Proof. Since p COri(D, N CQrti(D),

/ / prvep(2)d?z = / / pvep(z)d?z = / / 1P r)p(z)dz.
D D D

According to part (i) of Lemma B, P(v,) CIF(D, p(2)d?z) for 0 < r < 1,
so that the result follows from part (ii) of Lemma Bl 1

Remark 8.3. The limits in Lemma B2 can not be interchanged. Indeed, it
follows from part (ii) of Lemma Bl that for fixed s < 1 the limit + - 1is
always zero.

In a neighborhood of the origin in T'(I") the Weil-Petersson metric is given
by
) = [ [ PG )P ()
M \D
where x COr4Y(D,IM), [kld is su [Ciehtly small, and e = wy o I = wit.

Lemma 8.4. Let p,v COrHY(D, ). For x COrH4(D,IN), [kIJ su Lciehtly
small,

o AMM\D)
guo (k) = lim_fim ==

/ / P(R(P(us), 1)) PCREPr), m) pl2) 2.
D



CURVATURE PROPERTIES OF THE WEIL-PETERSSON METRIC ON T (1) 57

Proof. First, we have

/ / P(R(P(us), ©)) P(R(P(vr), 1)) p(2)d* 2
D

— 1_2 P(us) () (wi)u(u)? P(ve) (2) (wi)z (2)? 2, 2
T // / / (1 — w(@)w(2))’ et
Since pP(vy) is bounded on D, and for [kl su [ciehtly small (1/2)p <

wip < (3/2)p, we conclude that pR(P(vy), x) is also bounded on D. As a
result,

2| d?u

(1 — we(Wwi(2))*

/ i / | R(g(iri BIGHS
< 0// // (|11:|7j§|2‘2 dzd?u = 7°C < oo.
D D

It follows from part (ii) of Lemma B that

lim / / P(R(P(1s). 1)) PCR(P(or), m)) pl2) a2

_12 (1) (wi)u(W)? P(r) (2) (wi)2(2)? 5
L[] [ HADITIECE .,

/// (wK)u(U)ZP(Vr)(Z)(wK)Z(Z)Zd2

d?u
1—|k(u)l?

- / / P(R(u. 1)) PGP Gr), i) pl=)d2
D

Now
/ / P(R(u. 1)) PP Gr), m)p(=)d2=
:i (U)(wK)u(U)ZV(U)(wK)z(2)2 1 20d?vd?
2 D///// (1= o (oL — pyd &) udd
=4 / @) (o) P,
Dy
where

_ -1 M(U)(wx)u(u)z(wx)z(Z)ZP(Z)_l
Aw) = o) 4/ // (1 — we () we () (L — z0) fudz.
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Since p CA YD, M) and wg o I = wt = M [CPBU(L, 1), it is easy to see
that A\ COr44(D, M. Using Lemma [Z9, we get

. AN
Jlim 2022 / | PR PG )

_1 72 [ @

MD

= 1 P @u@ V@GP a2 2 o
////4/ (1_wK(u)m)4(l—Z’U4p() d“udvd

D M\D

= 14 ) (WYu (@)W G
// // // (1 — wK(u)m)4(1 — D) P(Z) ldzudzvdZZ

MNDp D

= [[ PG PG Do)
MD
where we have used the fact that the integrals above do not change if we let
any one of the integration variables to range over N\D while others range

over D (cf. [AnI62]). The latter property follows from the fact that ., and
r are (—1,1) tensors for I', and the representation D = Uy Y (M\D). 1

Theorem 8.5. For pu,v,x COr4(D, ),

0

e o guv(Eﬁ) =0,
> guo(er) = (ur, Gr(vr))r + (1w, Gr(|51%))
Deoe o iy ) r ) r

Proof. We will use Lemma B4 and Theorems [Z.4] and [Z{, provided one can
interchange %, %gg with the limits. This can be done as in [Ahl62] by
showing that limits of corresponding derivatives converge uniformly on ¢ in
a neighborhood of 0. We omit these standard arguments and concentrate
on actual computations.

For the first variation of the Weil-Petersson metric we get

Q (ek) = lim lim A(TA\D) Q
Oe |, M re1-s-1- A(Dy) ¢ |

I (ue)p (o) (1)

Since P(us), P(vy) CH™LY(D), we conclude from Theorem [Z4 that this is
identically zero.
Similarly, for the second variation we have

6—2 (ek) = lim lim A(TA\D) 6—2
020k | o M T D1 TA(Dy) 9207 |,

9 (ueyp ry (54)-
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Since P(vy), P(us) CH™HY(D) and x COr+4(D, ") CQrti(D), we get from
Theorem 1,

82
00k | g

(PR, GP@OR)) + (PP, G ) ) -

guv (k)

— lim lim A(M\D)
B r-1-s-1— A(Dr)

By properties RK2 and RK4 in Section [Z4],
/ / IG(P ) [wlp(2)d2= <TET2) / / / / Gz w) | P(e) ()] p(2)plw)dPwd?-
D D D

— Uy 2 oo,
(1] 4 / |P(ve)(w)] plw)dPw <

and by property RK3 G(|x|?) is bounded on D, so that it follows from
Lemma B that

2 ) = im o (4.6 Em) + (1PE0. 6(xRY))
We have
(7. 6Pe0R) = [ [ e
(kP63 60uD) = [ [ rei@pwe
’
where

/\1(v)——p(v) 1//// (z)%(z)GZ(Lz_)ZL)%(U) (2)dPud?=,

2
Aa(0) _p() / / / / M(Z)Gl(Z_ Zlfz(u)l o(u)dPud?=,

"1t is for this case that we need the condition K I:er’l(D) in Theorem [Z7
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and \g, A, COrHY(D,IN). It follows from Lemma 29 that
62
0e0¢€ | g

g (er) = / / A (o)) p(v)dPo + / Ao (o)) p(v) P

MD MD

// // //#(Z)H(Z)G(z u)m(u)( (U)_)4 (2)dPud?vd?=

D N\bp D

+% / / / / / / ,u(z)G(z,u)|m(u)|2%p(u)d2ud2vd2z

D rNp D
= Il+[2.

As before, the integrals above do not change if we let any one of the integra-
tion variables to range over N\D while others range over D. We have, using

property RK1 , 1) and (Z20),

// // // WK )G U)H(u) ()_)4P(Z)d2ucl2vdzz

D \D

= [] [] non@6 imwntptnd

D D

= / | || w36 wstar@ptupt)d i

MND MD
= (uk, Gr(vE))r -

Similarly,
1= [ [ rorere. 0 W ot
D D
- // // (R ()Gr(z,u) || p(u)p(2)d*ud
MD MND
= (uv, Gr(Ix?)) -
and the assertion follows. -

Remark 8.6. Theorem 85 was proved by Wolpert [\WoI86], and all results on
Ricci, sectional, and scalar curvatures for finite-dimensional Teichmtiller spaces
follow from it.

We conclude this section by deriving a formula for Ricci tensor di[erent
from [WolI86], and indicating its application. Let ug, ..., uq be an orthonor-
mal basis of Q~11(D, "), which is a subspace of the Hilbert space L?(D,I")
of Beltrami dilefentials p for T such that |u| [CA%(MN\D, p(2)d?z). Let
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P:L3D,IN - QLY(D, ) be the orthogonal projector. It follows from the
definition and representation (Z7) that P is an integral operator with kernel

, & 12, 7 {w)?
(z,w) = nszl,un(?«’),un(w) - ?p(z) pw) ;::Dm

The Ricci tensor at the origin of T°(I") is given by

d d
8.1 Rw= Z Ryfnpnv = — Z ((N’ja GI’('Nn|2))|— + (ppin, GI’(V/_in))r)
n=1 n=1
d
- (v (2)Gr(z, w)|pun (W) p(w) p(2)d>wd? =
>\ J] [] rocrce

MD MD

+ / / / / W GE)Cr (2, w)in (W)@ p(w)p(2) Pwd?=

MD MD
{w)
-2 [ [ mea@ac 03 Gy ot
D b
712
// // )v(w)G(z, w)z (1_w7(z))4d2wd2z,
MND D

where nothing is changed if we let any of the integration variables to range
over MN\D while other range over D.

It is instructive to compare the Ricci curvatures of the finite-dimensional
Teichmiiller space T'(I") and that of the universal Teichmiiller space T'(1).

First, T'(I") is no longer a Kahler -Einstein manifold. Second, the sum over
I in @) can be transformed into a sum over the conjugacy classes of I".
As is in [TZ91], using variational formulas for the Selberg zeta-function, we
find that the contribution of the hyperbolic conjugacy classes is the second
variation of the Selberg zeta-function at s = 2. The contribution of parabolic
conjugacy classes (if they are present) yields a new Kahler metric on T'(I"),
introduced in [TZ91]. The contribution of the identity element, as it follows
from Theorem [ L], is

o [] [ ner@ce wpwpee e

D \D
// // pw(2)v(w)G(z, w)( o) d2 d?z = S;T(,u, r.
ND D

As a result, we obtain a local index theorem for families of 5—0perators
acting on quadratic dilerkentials on Riemann surfaces, proved in [TZ91].
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The above arguments interpret it as an “averaged form” of Theorem [Tl
Detailed derivation of the local index theorem for families from @) will be
presented elsewhere.

Appendix A.

Here we prove that the connected component Tp(1) of 0 [1I(1) in the
Hilbert manifold topology is the inverse image of G(7'(1)) n A2(D) under
the Bers embedding, and that 7p(1) and To(1) = 7~ 1(75(1)) are topological
groups.

It follows from Theorem BI3 that to prove Tp(1) = 5~ 1(B(T(1)) n A2(D)),
it is su Lcieht to show that 5(7°(1)) n A>(D) is connected.

Theorem A.1. The submanifold 5(7°(1)) n A2(D) of 5(T'(1)) is connected
in the Hilbert manifold topology of 3(7'(1)).

Proof. First, in the Hilbert manifold topology the set 3(Mob(S*)\ Di [LS1))
is dense in G(T'(1)) n A>(D). Indeed, since S(T°(1)) n A>(D) is open in A, (D),
for every ¢ LBI(T (1)) n A2(D) there exists § such that 5 CB(T(1)) n A>(D)
for all ¢ satisfying [gH ¢ [ 8. Since ¢(z) = Y g, (k3 — k)axz¥"2 [AL(D),
for every n [Nl there exists N [NIsuch that 3 >"22 1 (k> — k)lak|* < 2,
so that for ¢n(z) = S ke, (k° — k)akzK"2 we have [gh — ¢1< . Thus
for L < § there exists yn = g;! ° fn CIMOb(S*)\Homeogs(St) such that
S(fn) = ¢n. Since ¢n, is analytic on an open domain containing D [S1, so is
the function f,, and, consequently, f,(S') is an analytic curve. Hence nlg1
is smooth and ¢n, CB(MEb(S1)\ Di [L1S1)).
Secondly, the inclusion
Mob(SH\ Di (SY) < T(1)

is a continuous mapping between the Frechet and Hilbert manifolds. Since
the Frechet manifold Mob(SY)\ Di[5(S?) is connected, its image in the
Hilbert manifold T'(1) is also connected. Finally, since Bers embedding
is a continuous mapping (actually biholomorphic) and the closure of a con-
nected set is connected, we conclude that 3(17°(1)) n A>(D) is connected in
B(T(1)). L1

Corollary A.2. The Hilbert submanifold Tp(1) of T'(1) is characterized by
To(1) = {lp] TIX1) : 5([p]) CAR(D)}.
Next we prove that the Hilbert manifold 75(1) is a topological group.

Lemma A.3. Every [i] [TH(1) has a representative i CIF(D5h(2)d?2) n
o(DHi.

Proof. First observe that L?(D5)(2)d?2)nO(D Y is a subgroup of L=(DH1.
Indeed, let \,» CI?(D5p(2)d?z) n O(DDL. Setting p = v~ 1 and A\, =
A A2 = v in Lemma B, we get

DA ok C- v K co.
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Denote by By the ball of radius « about the origin in A»(D), where
a < \/%ré and ¢ is defined in Corollary B8, and let Wy = (®-A)(B(Vo) n By).
By definition, Wy [CTh(1) and every [] Wy has a representative p [
L2(D5Sh(z)d?z) n O(DH. For every v CIF° (DY set Wy, = Ry (Wo).

For every [p] [Cp(1) let [0,1] CA B [u(t)] (1) be a path in
To(1) joining O to [p]. By definition of the Hilbert manifold structure
on T'(1) (see Section B3)), there exist 0 = ¢ < t;1 < ... < tn = 1 and
Wi = W,y [I3(1), which cover the path and such that Wi—y n W; 8 [
i=1,...,n. We will prove by induction that each [u(¢j)] has a representa-
tive pi CIF(D5Sh(2)d?2) n O(DHY. For 1 < i <n, choose [1;] [MWi—y n Wj.
Since [1n] Wy, it has a representative 11 [D?(D5h(2)d?2) n O(DDHI.
On the other hand, since [v1] [W7, [tn] = [N Cd(£1)] for some A [
L?(D5h(2)d?2) nO(DHY. Hence [1(t1)] has a representative g = A1 4 [
L?(D5h(2)d?z) n O(DDL. Now suppose that [u(ti—1)] has a representa-
tive pui—1 CITR(DSh(2)d?2) n O(DDL. Since [1i] CWi—1 n Wj, there exist
[A1], [A2] W such that [vi] = [A LAGEi-1)] = [A2 TA(E)]. From the
first equality it follows that [1;] has a representative v; CIF(D5p(2)d?z) n
O(DYHY, and the second equality implies that [x(ti)] has a representative
ui CIF(DSp(2)d?z) n O(DYHL. The assertion follows.

L1

Lemma A.4. Tp(1) is a subgroup of T'(1).

Proof. Every [\] [CTH(1) has a representative A [IF(D5)(2)d?z) n O(DH.
Using Lemma Bd with 1 = A1 we get by Corollary B2 that [A\™1] CTh(1).
Now let [v] [Th(1) with a representative v [1?(D5p(2)d?z) n O(DH.
Using again Lemma B3 with p = v we get that [\ [d] [7hH(1).

1

The following lemmas and corollary are needed for the proof that 7p(1)
is a topological group. For every [p] (1) let

Lyg:TQ) - TQA), [¥]B [T,
be the left translation by [u].

Lemma A.5. Left translations are continuous on Tp(1).

Proof. Let [u],[x] [dp(1) with representatives u,x [ N?(D5h(2)d?z) n
O(DYH, and let Vi and Vuma be coordinate charts introduced in Section B3
In terms of corresponding Bers coordinates the mapping Ly, takes the form

Bo®e° Rymg-1 ° Ly Re o N\ B(Vo) LAR(D) - Ax(D).
Since left translations commute with right translations, it simplifies to
Bo®e Ry—1°LyeN: (Vo) LAR(D) - A2(D),

which does not depend on [x]. Thus to show that Ly, is continuous at
[«] CZIh(1) it is su Lcieht to show that the above mapping is continuous at
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0 AL (D). From Lemma 1 it follows that the mapping
Ry-1: L*(D5p(2)d?2) n L°(DHY - LA(DSp(2)d?*z) n L= (D
is continuous at yu, and from Lemma B9 it follows that the mapping
Beo®: L3(D5p(2)d?z) n L°(DHL ~ Az(D)
is continuous at 0. What remains to show is that the mapping
Ly: H MO L2001 - L2(D5h(2)d?2),

(Wv )z

(ue ’LUV)(W )2

vB pld=

1+ (1= w,)7 e

(Wy)z

is continuous at 0.
For v CH 11(DY'n L*°(DY] we have

v)z

o ) Gade = 1ot v = (o
L+ (o w)v e

(Wy)z

Ly(v) — Lyu(0) =

Since u CIP(DSh(z)d?z), for every £ > 0 there exists 0 < r < 1 such that

[ woerizz < =

D\D¢

It follows from Mori’s theorem (see, e.g., [AhI87]) that for every 0 < 61 < 1
there exists 0 < rg < 1 such that for all I d < §1 and rg <7 < 1,

1+r
2

Hence if [wled < min{d, 1}, where § is as in Corollary B8, we have

wy(D\Dy) CDND,, forall rt=

2 — 2

V)Z _ p(z)dzz =2 // Lo wy (wV)Z p(z)dZZ

(wy) (wy)
D\D, o

2
+2/ |ul? p(2)d?z + e wy V;Z — | p(x)d*z
D\D, o e
3e2 wy, I
< ? ° w\, vz —pn| p(z)d?=.

(wy)z

Since wy(2) - z, (wy)z(2) - 1 as wilad — 0 uniformly for all z [D,5 we
can choose §, such that for all [wIcd < 2, the second integral is less than
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%. Finally, let §3 < %” min{4, 01, 62}, then for all [wI>k d3, we have

1
24 = u@), < — = (V5 + 25 ).,
1—/2 8
which is less than e for §3 su [ciehtly small. 1
Notice that what we actually prove is the following

Corollary A.6. For every [u] [CI}(1) the adjoint mapping
To(1) CH] B [ A Cg '] CTh(1)
is continuous at the origin.

Lemma A.7. The following statements hold.

(i) The inverse mapping To(1) Cg] B [p~!] CIh(1) is continuous at
the origin.

(if) The group multiplication Tp(1) > To(1) k], [v]) B [ T CTH(1)
is continuous at the origin.

Proof. In coordinate chart V4 the inverse mapping takes the form
A2(D) [B1Vo) [HIB 3o d((Ag)™) [Ap(D).

By Lemma B9 it is continuous at 0. This proves (i). In coordinate chart
Vo the group multiplication takes the form

B(Vo) x 5(Vo) Ld1,2) B 5o ®(N(¢1) LB(¢2)) [LAL(D).

Its continuity at (0,0) [CA,(D) x< Ay(D) follows from Lemma B™ and the
proof of Lemma AT
1

Theorem A.8. The Hilbert manifold Tp(1) is a topological group.
Proof. We need to prove that the map
To(1) x To(L) T, [V]) B [u CF 1] CTh(1)

is continuous at every point ([u], [v]) [Tbh(1) > Tp(1) with representatives
p, v CIF(D5Sp(2)d?2) n O(DBI. In coordinate charts Vj, V;, and Vi, where
x = p 472, this map takes the form

B(Vo) x B(Vo) [(d1, ¢2) B 3= ®(N(¢p1) [H [A(¢2) ™t L) CAL(D).

Its continuity at (0,0) 4L (D) % A,(D) follows from Corollary [A6, Lemma
A7 and Lemma 1

Finally, we show that Tp(1) is also a topological group.

Proposition A.9. The Hilbert manifold To(1) is a topological group.
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Proof. We have to prove that the multiplication map

To(1) % To(1) [C@1,72) B 11 55 CTd(1)

is continuous. Setting v1 = ([v],¢) and v2 = ([u], w), we get from ZI3)
that 41 [35 1 = ([\], 2), where

A= () T, 2= @ eqne ()T,
and

Y2 =oyewy =gyt M u=git(w).

It easily follows from the proof of Lemma A.5 that the mapping

Mob(S) x T(1) [, [1]) B [(e~ )" (0] CI(L)

is continuous. Now the map T (1) [([u],w) B g '(w) [D™depends
continuously on [u] (uniformly when w varies on compact subsets), so using
that 7p(1) is a topological group, we conclude that [A\] [Th(1) depends
continuously on ~v1,v2 CT§(1). Finally, by the result of Bers [Ber73] (which
we already have used in the proof of Lemma B4) we get that z C™Also
depends continuously on 1 and ~s. 1

Appendix B.

Here we prove Lemmal[Z8 Using the model H [CUland (Z25)), we get for
the second variation of @,

82
5eom|_, QU

S

SN

B s
U U U

P (2) = I1(2) + L(2) + I3(2) + 14(2).

0?
— -1
H@p () Oede

Using Proposition and property RK3, we immediately get that 7, [
L?(U, p(2)d?z). Now using the Cauchy-Schwarz inequality, the identity

d?w 7r
U
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and the property that the Hilbert transform is an isometry on L?(C, d%z),
we get

2

a2 ][] ] )] 2t e
<] (// Ne )

(Il 255 3%)

2

-

e
Similarly, denoting by U the lower half-plane,
e 2% [ ] ] ety o

2

<=2 ] “%“’i???i | Fo

2

S /R
122IIIE;I////|V( NG //(w /L%)(ti -

= 122?3//// Kf’l—'wdz ¢ = S0l
U U

d2 d?z
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For the term I, we use the same identity as in the proof of Proposition B3

1 _ (v—2)? . 2(v —2)%(z — 2)
(w—u)2@w—22 @—22G—-u)2w—-u)? @-—230w—u(—u)d
(z — 2)? 2(z — 2)*(v — 2)

MR e L e M G N e TR o

As in the proof of Proposition the last two terms do not contribute to
I,, and we obtain

_ 24 _ p(w)v@)vw) (v — 2)2d2vd?ud?w
=570 [ [ [] 2502 e =~ =
U U U

48 _ p(w)r)r(w)( — 2)2(z — 2)d*vd?ud?w
+270 [[ ][] @55 e e o
U U U

= Is(2) + Is(2).

The L?-norm of Is is estimated exactly as before and we get [Id[31<

36 (1% (121 Finally,
S ]I ] ] 65RO
s =1l U e e
200 ) (//l// e ] )
s H |L”92;'aiifrzd2vd2u)

p(z) td*z

2

d>ud?z

Making a change of variables =% B v and {== 3 u, we obtain
|z =2 // lv@)Plo—z* 5 5 //// 2, 2
I 5= it s wd ][] gt
U U
372
= = .

8We could estimate l2 in the same way as 11 If v I:El_l'l(U). However, for Theorem
B3 we only have v LI *(U).
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Hence
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[Bou67]
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[BRST]
[DES6]
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[Hej76]
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[KYS87]
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