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Abstract

We derive a local index theorem in Quillen’s form for families of Cauchy—Riemann
operators on orbifold Riemann surfaces (or Riemann orbisurfaces) that are quotients
of the hyperbolic plane by the action of cofinite finitely generated Fuchsian groups.
Each conical point (or a conjugacy class of primitive elliptic elements in the Fuchsian
group) gives rise to an extra term in the local index theorem that is proportional to the
symplectic form of a new Kéhler metric on the moduli space of Riemann orbisurfaces.
We find a simple formula for a local Kihler potential of the elliptic metric and show
that when the order of elliptic element becomes large, the elliptic metric converges to
the cuspidal one corresponding to a puncture on the orbisurface (or a conjugacy class
of primitive parabolic elements). We also give a simple example of a relation between
the elliptic metric and special values of Selberg’s zeta function.

Keywords Fuchsian groups - Determinant line bundles - Quillen’s metric - Local
index theorems

Mathematics Subject Classification 14H10 - 58J20 - 58J52

1 Introduction

Quillen’s local index theorem for families of Cauchy—Riemann operators [11] explic-
itly computes the first Chern form of the corresponding determinant line bundles
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equipped with Quillen’s metric. The advantage of local formulas becomes apparent
when the families parameter spaces are non-compact. In the language of alge-
braic geometry, Quillen’s local index theorem is a manifestation of the “strong”
Grothendieck—Riemann—Roch theorem that claims an isomorphism between metrized
holomorphic line bundles.

The literature on Quillen’s local index theorem is abundant, but mostly deals with
families of smooth compact varieties (see, e.g., [2,4,5,18] and many others). In this
paper, we derive a general local index theorem for families of Cauchy—Riemann
operators on Riemann orbisurfaces, both compact and with punctures, that appear
as quotients X = I'\H of the hyperbolic plane H by the action of finitely generated
cofinite Fuchsian groups I". The main result (cf. Theorem 2) is the following formula
on the moduli space associated with the group I':
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Here ¢ (A, || - ] kQ ) is the first Chern form of the determinant line bundle A; of the

vector bundle of square integrable meromorphic k-differentials on X = I"'\H equipped
with Quillen’s metric, wwp is a symplectic form of the Weil-Petersson metric on
the moduli space, weysp is a symplectic form of the cuspidal metric (also known as
Takhtajan—Zograf metric), w?” is the symplectic form of a Kéhler metric associated
with elliptic fixpoints, B>(x) = x> — x + % is the second Bernoulli polynomial, and
{x} is the fractional part of x € Q. We refer the reader to Sects. 2.1-2.3 and 3.2 for
the definitions and precise statements. Note that the above formula is equivalent to
formula (3.13) for k < 0 because the Hermitian line bundles A; and A{_; on the
moduli space are isometrically isomorphic (see Remark 3).

Note that the case of smooth punctured Riemann surfaces was treated by us much
earlier in [14], and now we add conical points into consideration. The motivation
to study families of Riemann orbisurfaces comes from various areas of mathematics
and theoretical physics—from Arakelov geometry [9] to the theory of quantum Hall
effect [6]. In particular, the paper [9] that establishes the Riemann—Roch-type isometry
for non-compact orbisurfaces as Deligne isomorphism of metrized Q-line bundles
stimulated us to extend the results of [14] to the orbisurface setting.

The paper is organized as follows. Section 2 contains the necessary background
material. In Sect. 3, we prove the local index theorem for families of d-operators on
Riemann orbisurfaces that are factors of the hyperbolic plane by the action of finitely
generated cofinite Fuchsian groups. Specifically, we show that the contribution to
the local index formula from elliptic elements of Fuchsian groups is given by the
symplectic form of a Kéhler metric on the moduli space of orbisurfaces. Since the cases
of smooth (both compact and punctured) Riemann surfaces have been well understood
by us quite a while ago [14,18], in Sect. 3.2 we mainly emphasize the computation of
the contribution from conical points corresponding to elliptic elements. In Sect. 4.1,

@ Springer



Local index theorem for orbifold Riemann surfaces

we find a simple formula for a local Kihler potential of the elliptic metric, and in
Sect. 4.2, we show that in the limit when the order of the elliptic element tends to co
the elliptic metric converges to the corresponding cusp metric. Finally, in Sect. 4.3 we
give a simple example of a relation between the elliptic metric and special values of
Selberg zeta function for Fuchsian groups of signature (0;1;2,2,2).

2 Preliminaries
2.1 Hyperbolic plane and Fuchsian groups

We will use two models of the Lobachevsky (hyperbolic) plane: the upper half-plane
2

H={zeC ] Imz > 0} with the metric and the Poincaré unit disk D =
|du?
(1 — |ul?)?

the two models is given by the linear fractional transformation u =

(Imz)2’

{fueC | |u| < 1} with the metric . The biholomorphic isometry between
Z—20

Z—20

for any

20 € H.

A Fuchsian group I' of the first kind is a finitely generated cofinite discrete
subgroup of PSL(2, R) acting on H (it can also be considered as a subgroup of
PSU(1, 1) acting on D). Such I" has a standard presentation with 2g hyperbolic gener-
ators Ay, By, ..., Ag, Bg, n parabolic generators Sy, ..., S, and [ elliptic generators
Ti, ..., T; of orders my, ..., m satisfying the relations

AIBIAT' BT AgBy A B S LS, T T =1,
T" =1, i=1,...,1,

where [ is the identity element. The set (g; n; my, ..., m;),where2 <mj < --- <my,
is called the signature of I', and we will always assume that

l
1
2g—2+n+Z<1——) >0.

m
i=1 !

We will be interested in orbifolds X = I'\H (or X = TI'\D, if we treat " as

acting on ) for Fuchsian groups I' of the first kind. Such an orbifold is a Riemann

2 2
surface of genus g with n punctures and / conical points of angles —, ..., —.Bya
m mj

(p, g)-differential on the orbifold Riemann surface X = I'\H], we undlerstand asmooth
function ¢ on H that transforms according to the rule ¢ (yz)y’(z)"y’ (z)q = ¢(z). The
space of harmonic (p, q)-differentials, square integrable with respect to the hyperbolic
metric on X = ['\H, is denoted by Q27-9(X). The dimension of the space of square
integrable meromorphic (with poles at punctures and conical points) k-differentials
on X, or cusp forms of weight 2k for I', is given by the Riemann—Roch formula for
orbifolds:
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1
(2k—1)(g—1)+(k—1)n+z[k(l—i_)] k> 1,

dmQ0x)=1g k=1,
1, k=0,
0, k<O,

Il
—_

where [r] denotes the integer part of r € Q (see [13, Theorem 2.24]). In particular,
dim Q*°(X) =3¢ —3+n+1.

The elements of the space 21! (X) are called harmonic Beltrami differentials and
play an important role in the deformation theory of Fuchsian groups (see Sect. 2.3).
To study the behavior of harmonic Beltrami differentials at the elliptic fixpoints, we
use the unit disk model. Take € Q7 !(X) and let T € T be an elliptic element
of order m with fixpoint zo € H. The pushforward of T to D by means of the map

Z—20 . . T / S
u = 0 is just the multiplication by @ = ¢?*¥~1/" the mth primitive root of

Z—20
unity. The pushforward of u to D (that, slightly abusing notation, we will denote by
the same symbol) develops into a power series of the form

1232 ©
w(u) = MZ@Q"*?

4 n=2

Moreover, since u(wu) = ,u(u)a)_z, we have a;, = 0 unless n = 0 mod m, so that

o]

_112)2 ]
w(u) = % Za,»mﬁ-""—z. (2.1
j=1

0
In particular, ©(0) = 0 for m > 2 and a—'u(O) =0form = 2.
u
Asin [14], for u, v € Q~H1(X) we put fup = (Ao + %)_I(MD), where

Ag=—y"——, y=Imz,

is the Laplace operator (or rather 1/4 of the Laplacian) in the hyperbolic metric acting
on ©%9(X). The function Sfuw(u) is regular on ID and satisfies

fm’)(a)u) = fuﬁ(”)-

The following result is analogous to Lemma 2 in [14] and describes the behavior
of fu5(u) at u = 0. We will use polar coordinates on ID such that u = reV=10.
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Lemma 1 Let

Fun() = Z Fim(ryey=1ime 22)

j—*OO

be the Fourier series of the function f;(u) on ID. Then,

(i) fo(r) =co+car>+ O™ asr — 0, where
2 2
P b o= (2.3)
2co — 4 (0)v(0), m = 2.

(ii) fu(r) =0@")asr — 0;
(iii) For the constant term co = fo(0), we have

co = / GO, wpu)vw)dp ),

X

where G(u, v) is the integral kernel of (A + %)_1 on X =T'\D, and dp(u) =
24/—1
(1 — |uf?)?

du A du.

Proof Since f,;(u) is a regular solution of the equation (Ag + %)f =pvatu =0,
we have in polar coordinates

A—=r»2 (3%F 1af 1 3%f
‘T(mﬂaﬁ—zT)( )+ 3.0 =

_a=r —r2)4 i

Z Z Gimb jmr(i+j)m74e\/jl(j7i)m(~)7

i=1 j=1

where we used (2.1) for («) and the analogous expansion

122 @ )
= U S5 o

j=1

for v(u). Then, for the term fj(r) of the Fourier series (2.2), we have the differential
equation

_ 22 2 24 @
~da 167) <dfo(r) 1dfo(r))+%f0(r)=(1 r) ,

a2 T dr 16 L
j=1

2jm—4
bjmr Jm=s
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From here, we get that fy(r) = co + cor? + O(r4) as r — 0, where

2c¢o, m > 2,
Chr =
27 ) 2c0 — 42(0)50), m = 2.

For the coefficients f;, () with n # 0, we have

_ A=) () 1dfa)  nfa() NP
16 dr? r dr r2 27N
(1=rH & ——_—

= e 2 Aimbjmenr ",
j=l1

so that f,(r) = O(r) as r — 0. This proves parts (i) and (ii) of the lemma, from
where it follows that co = f,5(0). To prove part (iii), it is sufficient to observe that

Fun(0) = / G0, )W @ dp w)

X

2.2 Laplacians on Riemann orbisurfaces

Let us now switch to the properties of the Laplace operators on the hyperbolic orbifold
X = I'\H, where I' is a Fuchsian group of the first kind. Here we give only a brief
sketch, and the details can be found in [14,18]. Denote by -9 the Hilbert space of
(p, g)-differentials on X, and let 5k s HKO 5 1K1 pe the Cauchy—Riemann operator
acting on (k, 0)-differentials (in terms of the coordinate z on Hl, we have =0 /02).
Denote by 5,2‘ : H*1 — HK0 the formal adjoint to 9, and define the Laplace operator
acting on (k, 0)-differentials on X by the formula Ay = 5,2“ .

We denote by Qy(z, 7'; s) the integral kernel of (Ak + (571)5‘;2")] ) : on the
entire upper half-plane H (where [ is the identity operator in the Hilbert space of k-
differentials on H). The kernel Q(z, z'; s) is smooth for z # z’ and has an important
property that Qx(z,z';s) = Qi(0z,07'; 5)0'(2)¥0" () for any o € PSL(2,R).
For k > 0 and s = 1, we have the explicit formula

9y 0 / 1 1 7 —7\*
— —O0_i(z,725 1) =——- - ) 2.5
0z Bz’Q €z 23 1) T (z—27)? (Z—z’ (&)

where y = Im z.
Furthermore, denote by Gy(z,z';s) the integral kernel of the resolvent

-1
(Ak + (S_l)g;y‘)l ) of Ay on X = T'\H (where I is the identity operator in
the Hilbert space HK0). For k < 0 and s = 1, the Green’s function G¢(z, 7’5 s) is a
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smooth function on X x X away from the diagonal (i.e., for z # z'). For k = 0, we
have the following Laurent expansion near s = 1:

4 1 ,
Go(z,7';8) = |X| m +Go(z,2)+ O — 1) (2.6)

as s — 1, where | X| =27 (Zg —24n+ Zﬁzl(l - 1/m1-)) is the hyperbolic area
of X = I'\H. Then, for any integer kK > 0, we have

iy i G_i(z, Z = —— Z ( yz/>2k )//(Z/)J//(f/)_k
9z 97 (z - )/z/)2 z—y7 '

Q.7

This series converges absolutely and uniformly on compact sets for z # yz', y € I.
We now recall the definition of the Selberg zeta function. Let I be a Fuchsian group
of the first kind, and let x : ' — U(1) be a unitary character. Put

2610 =[TTT(1 = xmNe ™), 28)

{r} i=0

where {y } runs over the set of classes of conjugate hyperbolic elements of I" and N (y)
is the norm of y defined by the conditions N(y) + 1/N(y) = |try|, N(y) > 1 (in
other words, log N (y) is the length of the closed geodesic in the free homotopy class
associated with y). Product (2.8) converges absolutely for Res > 1 and admits a
meromorphic continuation to the complex s-plane.

Except for the last section, in what follows we will always assume that x = 1
and will denote Z(s, I', 1) simply by Z(s). The Selberg trace formula relates Z(s)
to the spectrum of the Laplacians on I'\H, and it is natural (cf. [7,12]) to define the
regularized determinants of the operators A_j by the formula

Z'(1 k=
det Ay = . % (2.9)
Z(k+1), k>1,

(note that Z(s) has a simple zero at s = 1).

2.3 Deformation theory

We proceed with the basics of the deformation theory of Fuchsian groups. Let I’
be a Fuchsian group of the first kind of signature (g; n; mq, ..., m;). Consider the
space of quasiconformal mappings of the upper half-plane H that fix 0, 1 and oco.
Two quasiconformal mappings are equivalent if they coincide on the real axis. A
mapping f is compatible with T" if f~' oy o f € PSL(2,R) forall y € I'. The
space of equivalence classes of I'-compatible mappings is called the Teichmiiller
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space of I' and is denoted by T (I"). The space T(I') is isomorphic to a bounded
complex domain in C3¢ 3"+ The Teichmiiller modular group Mod(T") acts on 7' (I")
by complex isomorphisms. Denote by Modg(I") the subgroup of Mod(I") consisting
of pure mapping classes (i.e., those fixing the punctures and elliptic points on X
pointwise). The factor 7' (I') /Modo(I") is isomorphic to the moduli space My ,, ; of
smooth complex algebraic curves of genus g with n + [/ labeled points.

Remark 1 Note that T(T"), as well as the quotient space 7 (I")/Mod(I"), actually
depends not on the signature of I", but rather on its signature type, the unordered
set r = {ry,ra, ...}, where ri = n and r; is the number of elliptic points of order
i, 1=2,3,...(see[3]).

The holomorphic tangent and cotangent spaces to T (I") at the origin are isomorphic
to Q~11(X) and Q29(X), respectively (where, as before, X = ['\H). Let B~ L1 (X)be
the unit ball in Q=1 (X) with respect to the L> norm and let 8 : B~11(X) — T(I")
be the Bers map. It defines complex coordinates in the neighborhood of the origin in
T (I") by the assignment

(81,...,€d)+—>F”:f”oro(f“)_l,

where © = &1 + -+ + &4Md, U1, - .-, g 1S a basis for QLX) and fH*is a
quasiconformal mapping of H that fixes 0, 1, co and satisfies the Beltrami equation

lel = vazﬂ

0 d
For i € Q11 (X), denote by FY and Y the partial derivatives along the holomor-
e £

phic curve B(gw) in T (I"), where ¢ € C is a small parameter.

The Cauchy—Riemann operators d; form a holomorphic Mod(I")-invariant family
of operators on 7' (I"). The determinant bundle A; associated with O isa holomorphic
Mod(I")-invariant line bundle on 7'(I') whose fibers are given by the determinant
lines A™ ker 9, ® (A™*coker dx) L. Since the kernel and cokernel of d; are the
spaces of harmonic differentials Qk0(X) and QK1 (X), respectively, the line bundle
A is Hermitian with the metric induced by the Hodge scalar products in the spaces
QP9(X) (note that each orbifold Riemann surface X = I'\H inherits a natural metric
of constant negative curvature —1). The corresponding norm in A, will be denoted
by || - ||x. Note that by duality between Qk’O(X ) and Ql-k1 (X) the determinant line
bundles Ax and Aj_ are isometrically isomorphic.

The Quillen norm in A is defined by the formula

-k
118 = ———— (2.10)

Jdet Ay

for k < 0 and is extended for all k by the isometry Ay = Aj_k. The determinant det Ay
defined via the Selberg zeta function is a smooth Mod(I")-invariant function on 7' (I").
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3 Main results
Our objective is to compute the canonical connection and the curvature (or the first

Chern form) of the Hermitian holomorphic line bundle A; on 7'(I"). By Remark 1, A
can be thought of as holomorphic Q-line bundle on the moduli space T (I") /Mod(I").

3.1 Connection form on the determinant bundle
We start with computing the connection form on the determinant line bundle A_; for

k > 0 relative to the Quillen metric. The following result generalizes Lemma 3 in [14,
Sect. 3]:

Theorem 1 For any integer k > 0 and n € Q~11(X), we have

logdet A_
38M ep=
= —/ 3y %9 (Gi(z,2i 1) — Qx(z. 25 1) ) | @ d’z, (3.0
X 7'=z
ad 0 dz A
where d = —, 8 = —, and d*z = LAtk dz ————— is the Euclidean area form on H.
9z 07/ —2—

Remark 2 The integral in (3.1) is absolutely convergentif m; > 2 foralli =1, ...,1[.

If m; = 2forsomei, then this integral should be understood in the principal value sense

as follows. Let z; be the fixpoint of the elliptic generator 7; € I' of order 2 and consider

£~ Denote by Bs = {u € D [u| < 8} the

Z—Z

disk of radius § in D with center at 0. SincelF is discrete, for § small enough we have
_1(35) N yh;l(B(g) =@ unlessi = j and y is either I or T;. The subset

the mapping 4; : H — D, h;(z) =

= H\( Ui 1mi=2y Uyernr J/hi_l (Bs))

is ["-invariant, where I'; denotes the cyclic group of order 2 generated by 7;. The factor
Xs = I'\Hj is an orbifold Riemann surface with holes obtained by cutting off cones
covered by small half disks with centers at the elliptic fixpoints of order 2 in H. The
integral in the right-hand side of (3.1) is then defined as

lim [0y (Goie. 2 D)= 0@ 2 D) | prd’z,
§—0 Xs '=z
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Proof We will use the results of [14] profoundly. Repeating verbatim the proof of
Lemma 3 in [14], we get for k > 0

logdet A_; = —/ 83’(Go(z, Zik4+1) = Qoz, 75 k+1)—

88M e, =0
X
— Y Qyik+ D= Y QoG yZik+D)| _p@dz. (2)
yerl, yerl, =
y parabolic y elliptic

Note that by Lemma 3 in [14] the contribution from parabolic elements to the right-
hand side of (3.2) vanishes, i.e.,

Z 30’ Qo(z, yz's k + 1)‘ | w@dz=0.
=z

yel,
y parabolic

By Lemma 4 in [14], we can further rewrite (3.2) as follows:

dey

logdet A_j; = — / 8y*2k8/(G_k(z, i) — 01z, 7 1)

e, =0

X
- Y Oy i @) n@d.
er 7'=z
y elliptic

The integrand in the right-hand side is smooth, and the integral is absolutely convergent
(cf. (2.7)). We need to show that

/ (> o ys @) _wodz=0 (33
el 7'=z
y elliptic

(if there is m; = 2, we understand this integral as the principal value, see Remark 2).
Without loss of generality, we may assume that [ = 1 and I" has one elliptic
generator T of order m with fixpoint zg € HL. Then by (2.5), we have

= Y (v oy ny' @)

el 7'=z
y elliptic
=\ 2k
1 1 YZ—YZ o
==y 5 ( - ) Y@y @7
b3 e (z—y2) Z—vyz
y elliptic
_ =% v @
- _ 205 _ 2k
ST (z—y2)*(z—-v2)
y elliptic
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(Z _Z)Zk Z Z (O'_lTiO’)/(Z)k+l

B (Z—GflTiUZ)z(z—OflT"GZ)Zk

_ (Z _ Z)Zk Z ’S o_/(Z)O_/(Z)k(TiO,)/(Z)k+1

(6z—Tioz)%(cz — Tioz)

oelp\I' i=1
_ 1 )3 mil (0z =02 (T (62)* o’ (2)
S L= (0r-Tlon oz —Tlon*
1
=— ) 909@7,
ero\l

where ['g = Z/mZ is the cyclic group generated by 7 (the stabilizer of zg in I') and

m—1 _ 2%k (T iy )kt
¢(Z):Z((Z (T ") (2)

P _ TiZ)Z(z_ TiZ)Zk

Since ¢ (Tz)T'(z)> = ¢(2), it is easy to check that the last expression in the above
formula is a (meromorphic) quadratic differential on X. Using the standard substitution

Z— 20
u = —, We get
Z—20
C=*T @ W% =) du? G
(Z_TiZ)Z(Z_TiZ)Zk - (l_wi)zuz (l—wi|u|2)2k ’

Since ©(0) = 0 for m > 2 (see (2.1)), the integral in the left-hand side of (3.3) is
absolutely convergent, and we have

(X ooy iny'@™*)|,_ned:

yel,
y elliptic

1 2k
m— l(k+1) /‘ 1 — |M|2 w(u) d2
= — T u
Z (1 —wi)? 1 —oiul? u?

To\D
| Mzl it 1= \* o -jm_2d2”
ZEZ(l—wiﬂ 1—a)i|u|2 (1_|u| ) Zajmu 7
i=1 ) j=1

m—1 (k+1) ©© 72)2k+2
1 l Z . ) jm—3e\/—71jm9drd9
— (1 - w)? 4 “ 0 (1—wlr2>2k

=0,
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which proves the theorem for m > 2 (in the last line, we used polar coordinates
u=reY=1% on D).

We have to be more careful in the case m = 2, since the contribution from elliptic
elements is no longer absolutely convergent and should be considered as the principal
value (see Remark 2). From now on, we assume that I" acts on the unit disk ID, so that I'
is generated by w = —1. Since I is discrete, there exists miny er 1}, y2+1 Y (0)] >
0. Therefore, we can choose a small § such that Bs N y Bs = (J unless y = £1. The
set Ds = D\(Uyery(+1) vy Bs) is I'-invariant, and the factor X5 = I'\D5 is a Riemann
surface with a hole obtained by cutting off a small cone with vertex at the conical point
of angle . In this case, we have

(X o 0oy iy @) neds

7'=

r,
Xs y}éleliptic
2k
_ = / L= uP\™ p@ o
4 1+ [ul? u?
Ds/{£1}
k 2k 00
_ﬂ 1= luf? (1—|u|2)22é- l;jm—Zdz_u
T 16w 1+ |ul? L u?
(D\By)/{£1) =t
2k
O o I (=
2 2
4 el e )7 Bs 1+ |ul u
y#+£l

For the first integral in the last line, we have

1 — |uf? d?
/ <1+:Z:2) (1= ul )22“ W =0

D\Bs)/{£1}

by the same reason as in the case m > 2 (in polar coordinates u = rev=T ? the integral
over 6 vanishes). As for the sum of integrals, since the integrand is uniformly bounded
on D\Bs and the (Euclidean) area of the union Uy cr/(+1), y£+1 ¥ Bs tends to O as
§ — 0, we have

2

1— 2\ *
/ ( Iulz) M(Z) 2u 0,
yBs \ 1+ |u| u §—0

which proves the theorem. O

yel'/{£1}
y#F*l

Later we will need to know the behavior of the quadratic differential

Rou(@) = =0y ™49 (Gr@. 25 1) = Qx@. 23 D) |
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near the elliptic fixpoints of I". Let T be an elliptic generator of I" of order m with
fixpoint zg. The standard isomorphism H — D given by u = % maps zo € H

to 0 € D, so that T becomes the multiplication by & = €7 v=1/m, Slightly abusing
notation, we put R_; (u)du®> = R_i(z)dz>. Then, we have

Lemma 2 The quadratic differential R_y on D has the following asymptotics near 0:

m? k 1 1

where By(x) = x* — x + é is the second Bernoulli polynomial, and {x} denotes the

fractional part of x € Q.

Proof Using (3.4), we easily see that

b ikt (1 — |u?)?
R—k(”):_z N2 2 1122k
e (1 —w)?u” (1 —aot|ul?)

1=l ik
:;;m'u—z‘FO(l) asu — 0.

+0()

We are going to show now that

=— + , (3.6)

where k is the least nonnegative residue of k modulo m. We start with the simple
identity

m—1
> log(x — ') =log(l+x + - +x"7").

i=1

Differentiating it once with respect to x and putting x = 1, we get

(. m—1
Y= 3.7
4 1 — ot 2
i=1
Differentiating it twice, putting x = 1 and applying (3.7) we get
Y B m? — 1 38)
(1—w)? 12 '

i=1

@ Springer



L. A. Takhtajan, P. Zograf

To prove (3.6), we use the identity

k+1 k=1
X X k _ .
= + k— j)x/
— 'E_O( J)x

1-x2 (1-x2 1

together with (3.7) and (3.8) to obtain

m—1 i(k+1) 2 - k—1 m—1
) m-—1 k(m—1) - iy
- = — — k — 7 Ly
Z(l—w’)z 12 2 +_Z( J)_Zw
i=1 j=0 i=1
2 = k—1
m-—1 km—-1) - -
=— — k(m —1) — k—j
> s Fkm=D =) k=)
j=1
5 _ _
m-—1 k(m—k
- ko —hy
12 2
_ (e (]F 1
) “\m 6m? )’
which proves the lemma.
3.2 The first Chern form
Our next objective is to compute the curvature, or the first Chern form ¢y (A, ||-| |9k),

of the determinant line bundle A_; endowed with Quillen’s metric (see (2.10)). To

formulate the theorem, we introduce three kinds of metrics:

o Weil-Petersson metric. For pu, v € Q~11(X) understood as tangent vectors to
the Teichmiiller space T (I'); the Weil-Petersson scalar product is defined by the
formula

<8i i> :f w(2)v(z)dp(z) , (3.9)
e 0&y [ywp X

where dp is the hyperbolic area form on X = I'\H. This metric is K&hler, and its
symplectic form will be denoted by wwp.

Cuspidal metric (also known as Takhtajan—Zograf metric). For the parabolic gen-
erator S; of I', this metric is defined as

9 9 \cusp -
< _» :Aa@mmm@@@, (3.10)

a’ de
where E;(z, s) is the ith Eisenstein series for I'. By definition,

Eiz.s)= Y Im(o'y2)'. i=1....n, (3.11)
ye(Sp\I'
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where (S;) denotes the cyclic subgroup of I' generated by S; and (ai_lSia)z =
z & 1. The series is absolutely convergent for Re s > 1, is positive for s = 2 and
satisfies the equation

A0E;(z,5) = 3s(1 — $)Ei(z, s).

Foranyi =1, ..., n, this metric is Kéhler, its symplectic form we denote by a)l.cuSp

n cusp
and put weusp = ) i @;

e Llliptic metric. For the elliptic generator 7 of I" define

9 9 ell _
< > :/XG(Z.,',Z)IL(Z)U(Z)dp(Z), (3.12)

de, dey j

where z; is the fixpoint of 7; and G(z, z') = Go(z, z’; 2) is the integral kernel of

(Ao + %)_1. As we will see later, the metrics ( , )3“

a)‘;“ the (1, 1)-form

af 0 9 L [0 @ el
w; | —, =—= —, ) .
I\ de, dey 2 dey ey

The main result of this paper is

are also Kihler. Denote by

Theorem 2 For integer k > 0, we have

6k? + 6k + 1 1
TwWP - §wcusp

1 k 1
11
L @GED‘@) “j G139
J=1 J

where, as above, By(x) = x* — x + % is the second Bernoulli polynomial and {x}
denotes the fractional part of x.

1O 11 - 112 =

Remark 3 This result holds for k < 0 as well, because the Hermitian line bundles
(Ao 11 ||kQ) and (A—x, || - ||1Q_k) are isometrically isomorphic.

Proof As before, without loss of generality we assume that/ = 1 and I" has one elliptic
generator T of order m with fixpoint zo € H. We start with (3.1), where for m = 2
we understand the integral in the right-hand side as the principal value as described
above. We have
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82
— logdet A_g
88M38V &u=6y=0
a
- 8—2k8/ &V "/;1_ B ’/;1 ‘ sv'd2
R 8:0/ y (G2 i) = 0z 25 D) | pn (@) d
XE\)
:£L=o / R () (2) d*z. (3.14)

XSV

Here we use the following notation:

e 'Y = f ol o (f*)~!, where f®" : H — H is the Fuchsian deformation
satisfying the Beltrami equation

figv = Svfz‘,gv

and fixing 0, 1 and oo,

e G%(z,7/; 1) is the Green’s function of A_; on X*¥ = I'*"\H], k > 0, whereas
for k = 0 the Green’s function is understood as the constant term in the Laurent
expansion of Go(z, z’; s) at s = 1, see (2.6),

o 1t e Q L1(X*®) is the parallel transport of 1 € Q~11(X) along the trajectory
of the tangent vector v, and

e R® is a quadratic differential on X*"\{ f*"(z0)} given by the formula

R (z) = =3y 0" (G (2. 25 1) — Q—x(z, 2 1)

7=z

For ¢®¥ € CP9(X"\{f*"(z0)}), we define its pullback ( f¢")*¢®” to X\{zo} by the
formula

(f) @™ = @™ o [P (fENT € CPI(X\{z0])

where C?9(X\{zo}) denotes the space of smooth (p, ¢g)-differentials on the punctured
at the elliptic point zo orbisurface X\{zop}. Let Iy denote the stabilizer of z¢ in H
generated by T and put X5 = X®\h_!(Bs), where hyy : H — D, hey(2) =
z— f*"(z0)

z = [ (z0)
the unit disk D. Using Ahlfors’ lemma

3 |stv|2 _o
98 le=0 (Im f&v)2

, and Bs unfolds to a sector of small radius § and central angle 277 /m in

forv e Q11 (X) (see [1]), we continue (3.14) as follows:

82
logdet A_
06,08, leyme,=0 k
== [ im f R ()p () &z

£V
X(Y
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9 .
= 38 leo | 2% / (S REG @) 1 (@) d*2
(fsv)—](X§V)

d
= lim (5) (fE) R (z)>u(z)d2
Xs

0
+§i_%/R_k(z) <£L:0(f”)*u”(z)> d*z
Xs

V=1 d J—
— li R_i(z 4 ‘ fevdz — — ey
7 lm / (@) ( dz 'R s:Of dz)
9Xs
=h+bL+1, (3.15)

where the integral /3 is due to the variation of the domain of integration ( £”)~ (X 50
in (3.14).

The first integral in the right-hand side of (3.15) was computed in [14], Theorem
1, Formulas (4.7) and (4.8):

1
=Tr((—pv I+ (9, d_ k)A_k(B a*k))P_k 1)+ ——{u, v)wp, (3.16)

127

where [ is the identity operator in the Hilbert space HR1(X), P j1: HEN(X) —
Q~k1(X) is the orthogonal projector, Tr is the trace, and

Y _ 0 T epyky—1
0udok = 5| _ P B
_ A% _i EV\* % gvyHky—1
005 = 5| _ (P EIT

We proceed with the integral I, in the right-hand side of (3.15). We will use
Wolpert’s formula [16]

i) ( 81))* 81)() _i 8 _
98 S Z y azfﬂv,

where, as before, f,; = (Ao + %)_1 (uv). Then, by Stokes’ theorem

: ; /R()8 28f()d2

= — lim - — — Juv

SRS e A G FR e
Xs

0
- / R4 f,w<z>y2d2
X
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=1 0 2
li R_4(2) — fup d
+ > Yme / k(2) oz Suv(2)y“dz

axy
lim / R—k(Z)ifuﬁ(Z)yde
§—0 0z
0Xs
=i+ Is+Is, (.17

+—1
+ 2

where X¥ denotes the Riemann surface I'\H with cusps cut off along horocycles at
level Y (see [14] for details). The first two integrals in the right-hand side of (3.17)
were computed in [14], Theorem 1. Namely,

— _ kTr y2 92 (fgﬂﬂ+8vv)* (y—2> Py
38”,35,, eu=6,=0 o

k(2k + 1
LAt D 4+ )(M, V)wp (3.18)
T

and

g

Is = _§<M, V)cusp . (3.19)

To compute the integral I, we will use the coordinate u in the unit disk . Put
Cs={u= SeV—10 |0<0 < 27”} and denote for brevity

o — m*—1  km—k _ m? 5 k 1
b= = () ae)

Then, by Lemma 2, we have

I — IRV c(m k) (1— |ul®)? 0us g,
2 3—>0 4 ou
k) 1 - «/ 3
— M hm/ (—r fui(r,6)do
167 r—0Jy r 8r r
21
L lim/m 103 44
16 r—0Jy r or

c(m, k) 1 8fo
lim —
8m  r—0r or

c(m, k)
= (6]
4m

k 1 - N
—- 4 (a({5]) - o) | [ c0.0m@ii@asw - 2005@ )
m 6m

X
(3.20)
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where we used the Fourier expansion for f,; and Lemma 1. (Note that the term
—2,u(0)m is present only when m = 2.)

The only integral that is left to compute is /3 in (3.15). As in the case of the integral
I, we evaluate I3 using the coordinate # in the unit disk D. We have

Fevgd
s=0f u)

J 5 9
L= lim [ R —’ v — —
3T ai%/ "(”)“(”)<aé =’ 5
Cs

V=1 —_—
=3 giHb/Rfk(u)u(u)(CP(u)dﬁ — F(u)du),
Cs
where we put
d d
q) — EV d F — 61).
PR 3¢ le—o”

Since for m > 2 we have ©(0) = 0 (cf. (2.1)) this yields I3 = 0. When m = 2, we
use Lemma 2, the fact that ® is holomorphic [1], and the formulas

a0y =0, F(u) = F(0) +v(0)ii + F,0)u + Ou?)

and (3.5) to obtain

T V=16 -
Iz = @b lim / M(e_3ﬁ9 <I>(reﬁ9) 4oV F(i’é’me))dg
0

27 r—=0 r
c(2,k) _
= n(0)v(0),

where we put u = revV=19. Thus, forall m > 2

k 1 _
I+ I = —% <Bz ({;}) - W) f G0, W) (u)v(@dp(u).
X

To complete the proof, we recall Lemma 1 in [18] (or Lemma 5 in [14]) that
computes the curvature (or the first Chern form) of the determinant line bundle A_
relative to the standard L2-metric || - ||—g:

et |1+ [l=) (5 v)

o a (GRl e (7))

— OB ATL @07 Pi1) 3.21)

2

38M3§v e =6,=0
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Here we use the same notation as in formulas (3.16) and (3.18), and u, v € Q~1(X)
are understood as tangent vectors to 7 (I") at the origin. Then, for the first Chern form
of L_j relative to the Quillen metric, we have

1O 11 120 (s v) = €1 G 1]+ 1-1) (18, )

J=1 9?2

2 86‘“35‘) ep=ey=0

logdet A_g . (3.22)

Substituting formulas (3.15)—(3.21) into (3.22), we arrive at the assertion of the theo-
rem. O
4 Concluding remarks

4.1 Local potential for elliptic metric

Let I" be a cofinite Fuchsian group, and let 7' be an elliptic generator of I" of order m

with the fixpoint 0 € D. Following [10], we are going to show that positive definite
Hermitian product (3.12)

9 9 ell -
< _> :/XG(O, wyp(u)v@)do (u) ,

E’ de

where X = I'\D and has a local potential in a neighborhood of the origin in the
Teichmiiller space T (I").
For the sake of simplicity, let us assume that the group I" has genus 0. Let

J:D— I'\D > C\{wy, ..., w,4+;-3,0,1}

be the corresponding Hauptmodul with ramification index m over 0 = J(0) € C,
where n and / are the numbers of parabolic and elliptic generators of I, respectively.
The function J has a power series expansion in # € D of the form

o0
Ty =Y Jou",
k=1

where J; # 0. For the density of the hyperbolic metric ¢*™)|dw|?> on X =
C\{wy, ..., wy4—3,0, 1}, we have

B A ol
A= T w)»)?
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and

2
4|J1|"m . _2
ANl |2 = lim ™ |w|?>~m .
m w—0

Take 1 € Q~1!(X) and denote by F** : C — C the quasiconformal map satisfying
the Beltrami equation F;" = e F, that fixes 0, 1 and co. Let T®# = F®* oT o
(Fe*)~1 be the deformation of the group I' in 7'(I") in the direction of . Then, we can
think of F¢* as a map C\{wy, ..., wy4;-3,0,1} — (C\{w‘lg“, cel, wiil—& 0,1} €
X¢#, where X = I'**\D and F**(w;) = w;". Let us now put

Kt = —log |J" | = 2logm — 2log2 + lim (go‘m(w) + (1 - m*l) log |w|2> .
w—0

Then, using Wolpert’s formula [16] for the second variation of the hyperbolic area
form and the fact that F**(w) is holomorphic in &, we get

82
dede

1
Wt =2 (Ao + H7rH0)

= % / / G (0, u)| () *dp (u)
X
1 9 9 ell
~ 2l an)

In other words, h°* is a potential of the elliptic metric ( , )°!! that is defined globally
on My ,4; for any elliptic generator 771, ..., T; of I'.

If the group I" has genus g > 0, one can use the Schottky uniformization to construct
local potentials for the elliptic metrics in exactly the same way (see [10] for details).
Thus, we have the following

e=0

Theorem3 Let T be a finitely generated cofinite Fuchsian group of signature
(g;n;my, ...,my). Then, each Hermitian metric {_ , )?ll, o d )lell defined by (3.12)
is Kdhler on the Teichmiiller space T (I') (or on the moduli space T (I') /Mod(I") in
the orbifold sense).

As in the case of punctured Riemann surfaces [10,17], for each conical point z;
we consider the tautological line bundle £; on T(I'), or rather a Q-line bundle on
T(I')/Mod(I"). Its fibers are holomorphic cotangent lines at conical points. Then, as
in [10] (cf. also [9]), one can show that & determines a Hermitian metric in the line
bundle £ and

1
c1(Lj,h) = ——afl.
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4.2 Cuspidal and elliptic metrics

Here we will show that when the order of the elliptic generator tends to co, the
corresponding Hermitian product converges to the cuspidal one. Consider the family
of elliptic transformations 7}, of order m of the form

Tm = Cm Om Cy;1 s
where
2 . 27
cos —  sin — 0 m
m m )
Om = k) Cm = T k)
.2 2 _[2m 0
—sin — cos —
m m m
andm = 2,3, .... Then,
27 m . 2
cos — — sin —
m 2 m 1 1
Tn = — o 1
2 . 27w 21
——sin — cos —
m m m

V=1
n (the fixpoint of T, in Hl) tends to /—1 co.

14
To compute the limit of the elliptic scalar product as m — oo, we use Fay’s formula
[8, Theorem 3.1]

asm — oo, and ¢, =

1—s
E@,s)+ 0@ ™)
2s — 1

Go(z,7;5) =

as y — oo and y > y'. Here Gy(z, z’; s) stands, as before, for the integral kernel

D\ !
of <A0 + s(s 1 )> on X = I'\H, and E(z, s) is the Eisenstein series associated

with the parabolic subgroup generated by () 1). Putting s = 2, we get for m large
that

8
Gm.2) = Go(tm 2:2) = %E(z, 2)+ 0(e™).

Thus, we see that

3m < 3 9 >"“ < 3 9 >°“SP
— as m — 00,

8 \dey, de ], e, dew [ o

where ( , )3? is the Hermitian product associated with the elliptic generator 7,, and

(. Yoo P is the Hermitian product associated with the parabolic generator (}1).
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4.3 Elliptic metric and Selberg zeta values

Here we give a simple example of a relation between the elliptic metric and Selberg
zeta values considered as functions on the Teichmiiller space T (I"). As I we take a
Fuchsian group of the first kind of signature (0; 1; 2, 2, 2), i.e.,

L={S0.T. T 3| SN a3 =T =T; = T3 = 1}.

Let x : I' — Z/27Z be the character defined on the generators by x (So) = x(T1) =
x(T2) = x(T3) = —1, and let " = ker x. Then, I'’ is a torsion-free subgroup of T’
of index 2 and signature (1;1) given by

I'={A|, B, Si | A\BiA] B 'S = I},

where Ay = T1T>», Ay = 13715 and §1 = Sg. The group I'’ uniformizes a once-
punctured elliptic curve given by the lattice A =Z -1+ 7Z -1t C C with Imt > 0, so
that I'"\H ~ A\C—{0}. The Teichmiiller spaces of I" and I"" are naturally isomorphic:
T(T') =TT = {r € C|Imt > 0}. Formula (3.13) applied to the determinant line
bundles A and )L;c on T(T") and T (I'’), respectively, yields

0. 6k*—6k+1 1 (= D)k
c1(Ae, |- ||k ) = Twwp - §wcusp + Wwen s 4.1)
6k> — 6k + 1 1
1O 11 11E) = =5l = 5% 4.2)

(here we assume that k > 1 and o, = w?“ + a)gu + a)gn).

Since the fundamental domain of I is twice the fundamental domain of I", and
the Beltrami differential corresponding to 9/dt is the same for both I' and I/, we
have wyp = 2wyp. Moreover, since (S1)\I'" = (So)\I', the Eisenstein series for
I and I are equal, i.e., E(z,s; ) = E(z,s;T"), see (3.11). Therefore, we have

a)éusp = 2wcusp, and comparing (4.1) and (4.2), we see that
0 P N Gt O
21, |- 1) — et - H10) = Ty el (4.3)
For k = 1, we have
0 V=1= 1
Al - = ——0;0; 1 ],
111 - 11P) = 5~ e Og(zm,r, 1))

0 _\/—_1— Imt
aGy -7 = 7 a,a,log(m>’

where 9; and 9, are the (1,0)- and (0,1)-components of the exterior derivative operator
on the upper half-plane {r € C|Imt > 0} and Z(s, ', x) is defined by (2.8). By [15,
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Theorem 3.1], we have
Z(S, F/a 1) = Z(S, F? 1) : Z(S7 F7 X)

and hence Z'(1,T/,1) = Z'(1,T, 1) - Z(1, T, x) (note that Z(1, T, x) # 0). Substi-
tuting this expression for Z’(1, T, 1) into (4.3), we finally obtain that for a group I'
of signature (0; 1; 2, 2, 2)

df/\df = Z(lv FT»X)
Vlwgy=——— +40;0; log | =—— 2= 4.4
el = mn °g<Z’<1,FT,1)) o

onT(I') = {r € C|Imt > 0}. Here I'; = f* ol o (f*)~!, where f* : H — H
is the Fuchsian deformation satisfying the Beltrami equation fZ“ = nff with u €
Q~L1(I"\H) corresponding to the tangent vector 9/97.
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