REVIEW FOR MAT 203 FINAL EXAM

(1) Set f(z,y) = yln(y) +zy%, u=2"Y2i4+271/2jand v = 27 13V/2i + 271j.
(a) Compute the directional derivatives Dy f(1,2) and Dy f(1,2).
Solution: using 13.10 on page 934 we get that

Duf(1,2) =< 4,5+ In(2) > e < 2712 271/2 5— (In(2) 4 9)/2'/?

Dof(1,2) =< 4,5+ In(2) > < 3Y/2/2,1/2 >= (4(3'/%) + 5 + In(2)) /2
(b) For which unit vector w is the directional derivative Dy, f(1,2) max-
imal?
Solution: w = grad(f)(1,2)/ || grad(f)(1,2) || (see 13.11 on page
935).

(2) Find an equation for the tangent plane to the surface given by 22+ 32 —
y? = 3 at the point (0, 1,2).
Solution: Set f(z,y,2z) = 2% + 322 — y?; the vector grad(f)(0,1,2) =
—2j + 4k is the normal direction to the tangent plane. Thus an equation for
the tangent plane is

—2(y—1)4+4(x—2)=0

(3) Set f(z,y) = —y® +2° —zy — L.

(a) Find all the critical points of f(z,y).
Solution: grad(f)(z,y) =< 2z —y, —3y% — = >; the critical points
are the solutions to grad(f)(z,y) =< 0,0 >; thus the critical points
are (0,0),(—1/12,-1/6).

(b) Use the second derivative test to determine the nature of these crit-
ical points (local max., local min., saddle point).
Solution: f,;(0,0) fyy(0,0)—(fzy(0,0))? = 0—1 < 0; s0 (0,0, £(0,0))
is a saddle point. fz,(—1/12,—1/6) =2 > 0 and
Faa(=1/12,—1/6) Fpy(—1/12,<1/6) = (fu, (~1/12.~1/6)) = 2—1 =
1> 0;s0 f(—1/12,—1/6) is a relative minimum value.

(c¢) Find the maximum and minimum values for f(z,y) on the region
described by the following inequalities:

—1<z<1

-1<y<l1

Hint: The region is a square. To find the maximum value M that
f takes on this square let m1, mo, ms3, my denote the maximum val-
ues that f takes on each of the four edges of the square; then M is the

maximum of all the numbers m1, mg, ms, my, f(0,0), f(—1/12,—-1/6).
1



2 REVIEW FOR MAT 203 FINAL EXAM

(d) Does f(x,y) take on an absolute maximum value or an absolute
minimum value on the whole plane?
Solution: Note that f(0,y) = —y3—1 which has neither a maximum
nor a minimum value. So f does not take on an absolute maximum
value or an absolute minimum value on the plane.

(4) problem#19 page 965
Solution: Find the critical points of the profit function P(z1,x2); that is,
find the solutions to the equation

grad(P)(z1,x2) =< 0,0 >
The first and second coordinates of this equation are
11— .0421 =0
11— .1z =0

respectively; these two coordinate equations have solutions 1 = 275 and
xo = 110 respectively.

(5) problem #6 page 974

Solution: Set f(x,y) = 22 — y? and g(z,y) = 2y — 2. We must first solve
the equations grad(f)(z,y) = Agrad(g)(x,y) and g(x,y) = 0 for x,y. The
first and second coordinates of the first of these equations are

2 = —2)\x
—2y =2\
respectively, and from g(z,y) = 0 we get that
=2?/2
One set of solutions to these equations is
x =0,y =0,\ =anything ;
if  # 0 then from the first of the above three equations we deduce that
A=-—1
which allows to deduce from the second and third of these equations that
y=1
z =22 _9l/2

Finally the desired maximum value for f(z,y) — subject to the constraint
g(z,y) = 0 — is the maximum of the 3 values

£(0,0) =0, f(2/%,1) =1, f(—2"%,1) =1

(6) problem #35 page 975
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(7) Evaluate the following integrals.

(a) fol Jo @ = 2?)Y2dydz.
Solution: fo“”(l — x)2)1/2dy = y(1 — 332)1/2 &= z(1 — $2)1/2; and
Jy a(1 = a?)V2da = (=1/3)(1 — 22)*2 |{= 0 — (~1/3) = 1/3.
®) [ g e~*~¥"dA, where R is the region in the plane described by
0< 2+ y2 < 25

0<uz,y

Solution: Using polar coordintes we have that

5 o 27 5 5
// e VTV dA :/ / e " rdrdf
R o Jo

Note that
5

/ e " rdr = (—1/2)€_T2 ng (—1/2625) +1/2
0

and

/%(—1/2625) +1/2d0 = (—n/e®®) + =
0

(8) Let @ denote the region in 3-space desribed by
0<y<9

0<z<y/3

Let p(z,y, z) = z denote a given density function for the region Q.

(a) Sketch the region Q.
(b) Find the mass of Q.

Solution: mass = fog
z. Note that

(y2—9:v2)1/2
/ adz = 22/2 | = (4 - 0) 2
0

u/3 [(y=92%)!/2

o Jo p(x,y, z)dzdxdy, where p(z,y, 2) =

and

y/3
/ (y* — 922) /2dz = 1/2(y%c — 32° ||}/%) = 4% /9
0
and
9
/0 y®/9dy = y*/36 ||g=9"/36

(c¢) Find the y-coordinate of the center of mass for Q.
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Solution: The y-coordinate of the center of mass is equal to the quotient
M, ./mass, where M, , is the “first moment” of the region @ about the z, z
plane defined to be the triple integral

9 ry/3 p(y2—9a2)l/2
/ / / yp(x,y, z)dzdxdy
0 0 0

where p(x,y,z) = z. This triple integral can be evaluated as in part (b)
above.

(9) Determine whether each of the following vector fields is conservative or
not. If it is conservative then find a potential function for the vector field.
(a) 3(x? +y?)%? (21 + yj).
Solution: Let M, N denote the first and second components respec-
tively of this vector field. Then

M, = 9zy(a” +y*)'/?

N, = 9zy(2? + y?)"/?
Hence M, = N, holds on the whole plane, so the force field is con-
servative. A potential function is (3/5)(z2 4 y2)>/2.
(b) sin(x)i+ 32
Solution: If M, N denote the first and second components of this
vector field then
M, =0
N, =0
Hence M, = N, on the whole plane, so this vector field is conserva-
tive. A potential function is —cos(z) + y3/3.
(c) %+ ).
Solution: We have that
M, =2y
N, = 42®
Thus M, # N, so the vector field is not conservative.
(@) (zy* —y)i+ (a%y — 2)j.
Solution: We have that
My =2xy—1
Ny =2zy—1
Thus M, = N, on the whole plane, so this vector field is conservative.
A potential function is z2y?/2 — zy.
(e) y2231 + 22y23j + 3wy?2%k.
Solution: Let M, N, P denote the first,second and third compo-
nents respectively of this vector field. Then we have that the equal-
ities
M, =2yz* = N,
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M, = 3y2z2 =P,
N, = 6ayz? = P,
hold on the entire plane, so this vector field is conservative. A po-
tential func tion is zy?23.
(f) e*yi+ e*zj + e*zyk.
Solution: Let M, N, P denote the 3 components of this vector field.
Note that the equalities

M, =¢* =N,
M, =¢*y=P,
N, =€’z =P,

holds on the entire plane, so the vector field is conservative. A
potential function is e*zy.

(10) Find the total mass of the wire
r(t) =t3i—3tj+tk, 1<t<4

with density given by p(x,y,2z) = x. (Note: I have changed the density
function and the vector valued function r(t).)
Solution: mass = [ p(z,y,z)ds = fflp(r(t)) | ©'(t) || dt = f14t3(9t4 +
10)'/2dt = (9t* +10)3/2 /54 ||4.
(11) Find the amount of work done by the force field F(z,y) = 2% — zyj
on a particle moving along the path r(t) = 2ti — t%j, 0 < t < 7. (Note: I
have changed the equation of the path.)
Solution: Work=[,F edr = [[F(r(t)) er/(t)dt = [; < 4t*,2t> > e <
2, -2t > dt = [ 8t* — 4t*dt = (8% /3 — 4t°/5) |7
(12) Consider the force field F(x, y) = sin(zy)i+((z/y)sin(zy)+cos(xy)/y?)].
Using the fact that F is a conservative vector field, compute the work done
by F as a particle moves along the path

r(t) =ti+2, 0<t<2.

Solution: A potential function is f(z,y) = —cos(zy)/y. so the work done
is equal to

f(x(2)) = f(x(0)) = £(2,4) = f(0,1) = —cos(8)/4 — (—cos(0))
(13) Use Green’s Theorem to aid in the computation of [, Fdr, where C is
the curve traced out by the vector valued function
r(t) = cos(t)i+ sin(t)j, —-n/2<t<7/2,
and where
F(z,y) = zyi+ (y° + 2)j
Solution: Another curve C* is traced out by the vector valued function

s(t)y=(1—1)j, 0<t<2
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Let R be the region in the plane whose boundary is the union of the two
curves C, C*. By Greens Theorem we have

//Nx—MydA:/Fodr—f—/ Feds
R C C*

Since N, — M, = 1—x the double integral on the right in the above equality
is equal (in polar coordinates) to fw/2 fol(l—rcos(é?))rdrdﬁ = fﬂ/Z ((r?/2—

—7/2 —7/2
ricos)/3) |§)d0 = [77,1/2 — cos(0)/3d0 = (0/2 — sin(0)/3) "/} y=7/2 — 2/3.

We also have the computation [,. F e ds = f02 F(s(t)) e s'(t)dt =
[2<0,(1-1)?3>e<0,-1>dt = [ —(1—t)3dt = (1—1)*/4 3= 0. Thus
fCFodr = ffRNm — MydA =m/2—2/3.



