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I-  Properties of Rings

1) An element (in 

) is irreducible if p≠1, ≠ -1 and if p=ab, then either a or b is ± 1.
2) A unit in a ring is an invertible element.  In 

, ±1 are the only units.  In 

[x], the non-zero constants (

*) are the only units.  
3) A non-unit element p in a ring is called irreducible if whenever p=ab either a or b is a unit. 
4) A non-zero, non-unit element p in a ring, R, is prime if whenever p|ab it follows that p|a or p|b.

II- Reducibility and Irreducibility in 

 and in 

[x]
Let 

[x] be polynomials in x with coefficients in

.  
Let 

* be the set of non-zero rational numbers.
1) A non-constant polynomial in 

[x] is irreducible if whenever f(x)= g(x) h(x) then  either g(x)=a [image: image12.png]


 

* or h(x) = a[image: image14.png]


 

*.  By definition of unit above, then either g(x) or h(x) is a unit in 

[x] 
Ex: a is the bold 2 in 2(x +4)=2x+8
2x+8 is irreducible because it cannot be expressed as the product of two or more polynomials, neither of which is a unit.  
2) We said in a previous class that ±1 are special because |1| = 1 = |-1|
So 35= 7(5) is a legitimate factorization because |7|<|35| and |5|<|35|.  Also 35= (-7)(-5) makes sense because |-7|<|35| and |-5|<|35|

But, 35=1(35) and 35=(-1)(-35), with |35|=|35| and |35|=|-35|.These do not count as being reducible because we haven’t reduced the size of anything.
Now we have an analogous notion of size for polynomials in 

[x].
3) Reducible Polynomials in 

[x]
a) Let’s look at the degrees of x in different functions.
i)x³ -1 = (x-1)(x²+x+1)

  
 x³ has a degree of 3, x has a degree of 1 and x² has a degree of 2.  
ii)x² -1 = (x-1)(x+1)

   x² has a degree of 2 and x has a degree of 1.

Both of these examples are considered reducible since the degree of x is greater on the left hand side of the equation.  

b) Now, let’s look at an example that is irreducible by our previous definition.
i)(2x+4) = 2(x+2)
The variable X has a degree of 1 on both sides of the equation.  Since the degree on both sides is 1, it makes sense that this is irreducible.

c) Hence, when polynomials in 

[x] are reducible, the degrees of the factors are less than the degree of the original.  
III- Integral Domains
1) A commutative ring with 1 is called an integral domain if there are no zero divisors.  

We say that a and b are “zero divisors” if ab=0 but a≠ 0 and b≠ 0.

a)For example, x² - 4x +3= 0

                                     (x-3)(x-1) = 0

                         Then x –3=0   or    x-1=0


                    So x=3               x=1

     So either 3 or 1 must be 0.  

*Note that this is an example of how integral domains are used at the high school level.  

b) non-examples:  

i) In 

/8

 ={0,1,2,3,4,5,6,7}


2(4)=0.  But 2 ≠0 and 4≠0.  8mod8 = 0
ii) In 

/6

 ={0,1,2,3,4,5}
2(3)=0. But 2 ≠0 and 3≠0.  6mod6 = 0

iii) In 

/9

 ={0,1,2,3,4,5,6,7,8}
3(3)=0. But 3 ≠0.  9mod9 = 0
c) How about In 

/7

?

There are no zero divisors.  If any two non-zero equivalence classes mod7, {0,1,2,3,4,5,6}, are multiplied together we will not get 0.


i) ex: 1(6) ≠0
d) A student’s conjecture:


/n

 is an integral domain iff n is prime

IV- Euclidean Domain
1) An integral domain (

or 

[x]) R is called a Euclidean Domain if it has a notion of size.  The notion of size is called a valuation.  Let v denote the valuation.  v: R*( 

≥0 such that A) for all a,b [image: image33.png]


 R, a,b ≠0 we have v(a) ≤ v(ab).

a) Ex:  |5|<|35| because |35|=|5||7|.  
B) for all a,b b≠0, there exist q and r[image: image34.png]


 R such that a=bq+r where either   r=0 or  v(r)<v(b). (This just tells us how to divide with remainders.)
a) In 

, our valuation is the absolute value. In 

[x], our valuation is the degree of a polynomial.

b)Some examples

1) let a=7 and b=5

    7=5(1) +2

2) let a=5 and b=7

  
    5=7(0) +5

  
    5=7(1) +-2

                *Note that 5 and -2 are in the same equivalence class in 

/7


3) let a=-5 and b=4

  
    -5=4(-1)+-1

  
    -5=4(-2)+ 3

                *Note that 3 and -1 are in the same equivalence class in 

/4


4) let a=--4 and b=5

  
     -4=5(-1)+1

                 -4=5(0) +-4

                *Note that 1 and -4 are in the same equivalence class in 

/5


C) In all of these examples, |r| is less than |b|.
V- Greatest Common Divisor
1) “Division with remainder” gives us a nice way to find the greatest common divisor of two numbers.  

a) Let’s find the greatest common divisor of 48 and 36.  It turns out that 12=gcd(48,36).  There is an algorithm to follow to do this.  Follow the example to come to learn why.
48=36(1) +12

36=12(3) + 0 

To perform this trick, the first thing to do is to write an equation in the form written above with the larger of the numbers on the left of the equal sign and the smaller number to the right.  Then you need to figure out what is the largest number you can multiply 36 by without going over 48.  Then add the remainder.  Next, write a new equation by sliding over the numbers and performing the same operation.  The number that lands directly above the zero is the gcd.  

b)Lets take another example.  Find the gcd(126,15)

        So 126=15(8) +6

      



   15 = 6(2) +3

      



     6 = 3(2) +0

So 3=gcd(126,15)
c)What if you want to find the gcd of one positive number and one negative number?  Lets see what happens if we follow the same rule. Find the gcd(126,-15)

126=-15(-8)+6
 -15=6(-2)+-3

   6=-3(-2) +0

So -3= gcd(126,-15).  This presents a problem in [image: image43.png]


.  How can we make the gcd work in [image: image44.png]


? Try the problem by multiplying by a different number.
126=-15(-9)+-9
 -15= -9(2) + 3

 



    -9= 3(-3) +0
So 3=(126,-15).  Notice how -9 and 6 are in the same equivalence class mod 15.  
d)We can say that a,b[image: image45.png]




 such that a=bq+r where 0≤r<b.  
   *Note that we are not restricted to this definition.  
e) Notice that we got two different answers to the same problem.  This leads to a  new definition of greatest common divisor in [image: image47.png]


, 

, and 

[x].  

i)Def for [image: image50.png]


.  The GCD of a and b is the number d such that d is the largest number that divides both. 
ii)Def for 

.  The GCD of a and b is the number d such that d|a and d|b and if c is any integer with c|a and c|b then c|d.  

iii)Def for 

[x].  The GCD of a(x) and b(x) is a polynomial d(x) such that d(x)|a(x) and d(x)|b(x) and if c(x) is any other polynomial with c(x)|a(x) and c(x)|b(x) than c(x)|d(x).

f) We can see that the definition of 

[x] overlaps 

 which overlaps [image: image55.png]


.  Definition ii, and iii are for any integral domain.  
VI- Chinese Remainder Theorem

Reference: Beachy, John A, Blair, William D. (2006). Abstract Algebra (3rd ed.). USA: Northern IL University.  
1) Let n and m be positive integers, with (n,m)=1.  Then the system of congruences

                                x ≡ a (modn)                  x ≡ b(mod m)

has a solution.  More over, any two solutions are congruent modulo mn.  
2) Proof of Chinese remainder theorem

Since (n,m)=1, there exist integers r and s such that rm+sn=1.  Then rm ≡1 (modn) and sn ≡1 (modm).  Let x=arm+bsn.  Then a direct computation verifies that 

x ≡arm ≡ a (modn) and x ≡ bsn b ≡ (modm).  If x is a solution than adding any multiple of mn is obviously still a solution.  Conversely, if x1 and x2 are two solutions of the given system of congruences, then they myst be congruent modulo n and modulo m.  Thus x1 – x2 is divisible by both n and m, so it is divisible by mn since by assumption (n,m)=1.  Therefore x1 ≡ x2(modmn)
3) To solve the congruences, you rewrite the first equation in the form x=a+qn for some q[image: image56.png]




.  Substitute this expression in for x in the second congruence, giving a+qn≡ b(mod m).  So qn ≡b-a(modm).  Since (n,m)=1 we can solve the congruence nz ≡1(modm).  Using this solution, we can solve for q in the congruence 

qn ≡b-a(modm).  

a) ex: solve the system x ≡7(mod8)   and x ≡3(mod 5)

The first congruence gives us the equation x=7 +8q.  By substituting into the second congruence, we get 7+8q ≡3 (mod5).  So 3q=-4 (mod5).  Multiplying both sides by 2 since 2(3) ≡1(mod5), gives q ≡-8(mod5) or q ≡2(mod 5).  This yields the particular solution x=7+2(8)=23.  
How does the Chinese remainder theorem connect to the concepts of greatest common divisor and irreducibility?

VII- HW # 3 problems
1) Equivalence relation in set of all polynomials for high school student

a)p(x)~q(x) if q(x)=n(p(x), for some non-zero integer n.


i) ex: 2x+4 = 2(x+2)

ii) this is relevant to a high school students because they solve polynomial equations.
2) Equivalence relation in set of all polynomials for calculus student


b)q(x)~p(x) if q’(x)=p’(x)



i) ex: let q(x)=2x+4 and p(x)=2x+2.  

                                     q’(x)=2 and p’(x)=2.  So they are related



ii) This is related to calculus because derivatives are taught there.  
VIII- Sources 
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