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Sarah Pollack & Danielle Rovello

Class Notes 11/20/08
Remember this question from our first days of probability?

Question: You have a bag containing 1 green tile and 3 blue tiles. The game master draws 2 tiles.  If the colors are the same, then Player 1 wins.  If the colors are different then Player 2 wins. Which player would you rather be?

There are a total of 6 combinations

Player 2 Possible Outcomes: (G, B1), (G, B2), (G, B3)

Player 1 Possible Outcomes: (B1, B2), (B1, B3), (B2, B3)

We concluded that they each had an equal chance of winning.

Now let us look at another example: If you roll a die twice, what are the possible ways to get a sum of 7?

Possible Ways:

1, 6

3, 4

2, 5





6, 1 

4, 3

5, 2

Let’s look at the homework question 8 (c): Suppose you pick 4 cards from a standard deck of 52. What is the probability that you draw exactly 2 red cards and exactly 2 kings?

There are three cases we must consider. NOTE: NKred = Any red card except a King (Not a Red King); NKblack = Any black card except a King (Not a Black King)

Case 1: Kred, Kblack, NKred , NKblack


This combination can happen 4! ways.  This is because, you have four spots to shuffle them around, and each card is different (no repetition). 



The probability of this occurring is as follows: 

Kred= 2/52 because there are only 2 Red Kings in the whole deck, and you have 52 cards total.

Kblack= 2/51 because there are only 2 Black Kings in the whole deck, and you now only have 51 cards.

NKred= 24/50 because you have 24 Not Red Kings, and you only have 50 cards left to choose from.

NKblack=24/49 because you have 24 Not Black King cards in a deck, and you only have 49 cards left.

Since you have 4! ways of arranging these four cards, you must multiple the probably by 4!. 

Our final answer is: 4! (2/52 * 2/51 * 24/50 * 24/49) = 55296/6497400


Case 2: Kred, Kred, NKblack, NKblack


This can happen in 4! ways, however we must account for repetition this time, so it becomes 4!/2!*2! 


The probability of this occurring is as follows:

Kred=2/52 because there are 2 Red Kings in the deck, out of the 52 total cards.

Kred=1/51 because you have only 1 Red King left, and only 51 total cards left.

NKblack= 24/50 because you have 24 Not Black Kings in the deck, out of the 50 cards left.

NKblack= 23/49 because you have 23 Not Black Kings left in the deck, out of 49 cards left.

Since you have 4!/2!*2! Ways of arranging these four cards, you multiply the probability by this.

Our final answer is: 4!/2!*2! ( 2/52* 1/51 * 24/50 * 23/49) = 6624/ 6497400


Case 3: Kblack, Kblack, NKred, NKred



This can happen in 4! ways, however we must account for repetition this time, so it becomes 4!/2!*2! 



The probability of this occurring is as follows:

Kblack=2/52 because there are 2 Black Kings in the deck, out of the 52 total cards.

Kblack=1/51 because you have only 1 Black King left, and only 51 total cards left.

NKred= 24/50 because you have 24 Not Red Kings in the deck, out of the 50 cards left.

NKred= 23/49 because you have 23 Not Red Kings left in the deck, out of 49 cards left.

Since you have 4!/2!*2! Ways of arranging these four cards, you multiply the probability by this.

Our final answer is: 4!/2!*2! ( 2/52* 1/51 * 24/50 * 23/49) = 6624/ 6497400

Adding these three cases together we get: P(exactly 2 Red cards and 2 Kings) = 68544/6497400

**If this way does not make sense, see Rob’s tree diagram in the previous day’s notes (11/18).
Homework Problem 8 (b): Suppose you pick 4 cards from a standard deck of 52.  What is the probability that you draw 2 aces in a row?

For our class, when not specified, it is implied that this means exactly 2 aces in a row. 

You can have: A       A      Nace   Nace

           Nace   A      A       Nace
                        Nace   Nace  A       A

Therefore there are 3 different ways to get 2 aces in a row.  The probability of this occurring is:
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(4/52 * 3/51 * 48/50 * 47/49) ( 
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So multiplying this by 3 gets us:  (4/52 * 3/51 * 48/50 * 47/49) * 3 =     81216








           6497400
**In class we tried to figure this out changing the problem to picking exactly two Aces in a row out, if we pick 3 cards out of a deck of 52.

This means: A  A  Nace

We used a tree diagram to show the possibilities.  Note: the Probability of the whole tree must be equal to 1. (Meaning adding each “branch” together should total 1
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The blue branch gives you one possible way of getting two Aces in a row picking 3 cards out of a deck. The purple branch is the only other one that will also give you two Aces in a row.  Therefore, when calculating this probability, you must add the two branches together or just multiply one branch by 2. 

So we get: P (2 Aces in a row) = (4/52 * 3/51 * 48/50) + (48/52 * 4/51 * 3/50) = 1152 / 132600

***Let’s think about permutations in a new way.  We first thought of permutations as the ways to arrange a set of letters, for example {A, B, C}. How many ordered arrangements are there? We know there are 3! = 6 ways of arranging three letters, so there must be 6 different bijective functions.  A permutation of a set may also be viewed as a bijective function. 


f:    S  

             S 



**Mapping a set onto itself**

{A,B,C} 
       {A,B,C}


Then,


f1:  A 
         A

f2: A
          B
f3: A
           C  

     B
         B

     B
          C
     B 
           A


     C 
         C

     C 
          A
     C   
           B


f4: A
         C

f5: A             B

f6: A 
          A


     B
         B

     B
        A
                 B              C 


     C   
         A

     C 
        C

     C  
          B

Consider a permutation on a set of 3 letters by thinking about the numbers. Let’s change {A, B, C} to {1, 2, 3}. The same 6 functions exist; however let’s write them in a different but equivalent way. 

σ1=  
1    2    3
σ2 = 
1    2    3
σ3 = 
1    2    3


1    2    3

2    3    1

1    3    2

σ4= 
1    2    3
σ5 =
1    2    3
σ6 =  
1    2    3



3    2    1
 
3    1    2

2    1    3
Now let’s compose σ3 ° σ2: In order to do this we must map σ2 to σ3.   For example, the first term in σ2 is 1
   2 now look at σ3, 2
         3. Therefore the first term in σ3 ° σ2 = 1           3. The second term in σ2 is 2            3 now look at σ3, 3 
    2. Therefore the second term in σ3 ° σ2 = 
2  
   2.  The last term in σ2 is 3            1, now look at σ3, 1
   1.  Therefore the last term in σ3 ° σ2 = 3            1.
σ3 ° σ2 =
   1    2    3 

   3    2    1

Looking at this, we see that σ3 ° σ2 is σ4.  If we compose any two of these permutations together, we get another permutation.  Therefore the set of permutations is closed under composition.
Group: a group is a set G closed under an operation * satisfying the following properties:

·  For all elements g, h, k which exist in G, (g*h)*k = g*(h*k) (associative)

·  There exists an e which exists in G called the identity or unit: For all g which exists in G, e*g = g*e = g (identity)

·  For all g which exists in G , an element g-1 exists in G called the inverse: g*g-1= g-1*g = e. (inverses)

If all elements g, h exists in G the operation * of a group G satisfies the commutative law h*g = g*h, then the group is called Abelian or equivalently commutative.
· In our example, σ1 works as our identity with respect to composition.

σ1 ° σn = σn ° σ1 =  σn 
· The inverses for most of the functions are themselves. The exceptions are σ2 and   σ6.  It turns out that these two functions are inverses of each other.  
· σ1 ° σ1-1 = σ1-1 °  σ1 = e
· σ3 ° σ3-1 = σ3-1 °  σ3 = e

· σ4 ° σ4-1 = σ4-1 °  σ4 = e

· σ5 ° σ5-1 = σ5-1 °  σ5 = e

· If σ2  =  σ6-1  then, σ6 ° σ6-1 = σ6-1 °  σ6 = e
       
        then, σ6 ° σ2 = σ2 °  σ6 = e
       Then, σ6 = σ2-1 

· f(g(h))= (f ° g) (h), therefore satisfying the associativity property.  
Earlier in the semester, Ramón had a thought that if you look at the symmetries of triangle, then you get a group.  So you can do whatever you want to the triangle and you will get the triangle back.       
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Suppose the triangle to the left is an equilateral triangle.  What     different types of symmetries can be done?      

· Rotation symmetry

1 2

· Reflection Symmetry


This is a geometric representation of permutations. There is also another way to represent these mappings.  

120º:      1      2      3

              3      1      2 

 240º:   1     2      3     ***Note that 240º symmetry is the same as -120º symmetry.  

             2     3      1

360º:    1      2      3

            1      2      3

Reflection symmetries:      

            Flip (1

2):      1      2      3          

           2      1      3           




Flip (2

3):
1      2      3          





3      2      1          



Flip (3 
          1):
1      2      3





1      3      2

Is this group Abelian?
This group is not Abelian because σ3 ° σ2 is different than σ2 ° σ3
σ3 ° σ2 =
   1    2    3              

   3    2    1


σ2 ° σ3 =
   1    2    3 

   2    1    3


Suppose the set {1,2,3,4}.  Is this set an abelian group?
e ° σ1 = σ1       So the group has an identity.

σ1 ° e = σ1
Consider the group mentioned above with the set {1,2,3}.  We already proved that this group is not abelian.  We will use this to help us determine if the new set is abelian.  
This group is also not Abelian because σ3 ° σ2 is different than σ2 ° σ3.
σ3 ° σ2 =
   1    2    3     4           

   3    2    1     4


σ2 ° σ3 =
   1    2    3       4

   2    1    3     4

Can we find a similar geometric representation of S4?
Consider a square.  
1                                 2

     3                                 4
What different symmetries does a square have?

· Rotation                                                                Reflection

	· 90º
	· 1       4

	· 180º
	· 2       3

	· 270º
	· 2       4

1 3



	· 360º
	· 1       2

3       4


So there are a total of 4 rotations and 4 reflections.  There are 8 possible symmetries in S4
Why can we not consider     1    2    3       4      to be a possible symmetry?
          2    1    3    4
In the square above, 1 is connected to 4.  If we use reflection symmetry to switch 1 and 2, then 1 will no longer be connected to 4.  Therefore, we cannot get any other permutations on S4.    

In class, David made a conjecture that since:


6 is the number of rigid motions of an equilateral triangle and


8 is the number of rigid motions of a square, then


2n is the number of rigid motions of a regular n-gon.

A dihedral group is the group of symmetries of a regular polygon, including both rotations and reflections for n>1.  Dihedral groups are non-Abelian permutation groups for n>2.  

As with any geometric object, the composition of two symmetries of a regular polygon is again a symmetry. This operation gives the symmetries of a polygon the algebraic structure of a finite group.
The following chart shows the composition of two symmetries in the group S3.  R0 denotes the identity (or a rotation of 360°), R1 denotes a rotation of 120°, and R2 denotes a rotation of 240°.  S0, S1, S2 denote the three different line reflections.  
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For example, S2S1=R1 because the reflection S1 followed by the reflection S2 results in a 120° rotation.  Note that this composition operation is not commutative (i.e. non-Abelian).  
 Now that we discussed all the possible rigid motions (permutations) of an equilateral triangle and a square, let’s see if it possible to find 2 rigid motions (permutations) that generate a whole group?
Reconsider a permutation on a set of three letters.  Let’s use σ2 and σ3.  Then there are 4 possible different compositions.  σ2 ° σ3; σ3 ° σ;, σ2 ° σ2; σ3 ° σ3.  
	σ2 ° σ3 =      1    2    3
   = σ4

       3   2     1

	σ3 ° σ2 =     1    2    3       = σ5


      2    1    3     



	σ2 ° σ2  =    1    2    3       = σ1      

      1    2    3     


	σ3 ° σ3  =     1    2    3     = σ6              
                   3    1    2     

      

	
	


 Since σ1, σ2, σ3, σ4, σ5, and σ6 were all taken into account, it is possible to find 2 rigid motions (permutations) that generate a whole group.  
The chances of picking an Ace are 4 out of 52 cards. Now you have only 51 cards left to choose from, with only 3 Aces left. So the probability of picking another Ace is only 3/51. Now you can pick any card but an Ace, out of the 50 cards left, which is 48/50.  On the last turn you have 49 cards and you still cannot pick an Ace, so you have 47 cards left. 





3/50





48/50
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