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Functions
Definition:  Given a relation  on X and Y, y is ‘a function of x’, if for every element x in the domain, there corresponds exactly one y in the codomain.

A more explicit definition:  Let X and Y be sets.  A function f is a mapping from the set X to the set Y, denoted by f: X→Y such that this mapping assigns a unique element of Y to each element of X.  The element of Y assigned to an element x of X is denoted by f(x).  The element f(x) is called the value of f at x of X, or the image of x under f.  The set X is called the domain of the function f and the set Y is called the codomain.  All the elements f(x) of Y make up a subset of Y called the range of f.

 The word unique in this definition means that for any x of X, that x points to a distinct y of Y, meaning any time x is mapped to an element in Y, the value of f(x) is always the same.  This is not to say that two distinct elements of X cannot point to the same element of Y, it just means that any x of X always produces the same f(x).
Does the Vertical Line Test determine if the graph of a relation is the graph of a function?  Yes.  Let (x,y) be a set of points in the rectangular coordinate system.  The graph defines y as a function of x if no vertical lines intersect the graph in more than one point.  Ex.  The equation x= -5 is not a function.  x= -5 is a vertical line in the rectangular coordinate system and x= -5 points to an infinite number of y values.

Consider the relation  [image: image2.png]fx)





If we construct the graph of this relation we can see that it passes the vertical line test; a vertical line drawn hits the graph of the relation at exactly one point.  Therefore [image: image4.png]fx)




 is a function.
Consider the relation  [image: image6.png]flx) = +y/x




If we construct the graph of this relation we notice that if a vertical line is drawn through the graph it hits more than one point.  For example,  when [image: image8.png]


, [image: image10.png]flx) = £2



.  Hence [image: image12.png]flx) = +y/x



 is not a function.
A relation is a function if for every x of X, there is exactly one y of Y.  In order to prove that a relation is not a function, we only have to find one x of X that produces more than one y of Y.
*Based on the discussion of well defined functions, this definition is offered to help clarify.
What is a ‘well- defined function’?   A function f from a set X to a set Y is well defined if it has the following properties:  1. f should be defined for all elements of X.  Ex. [image: image14.png]flx) =



 is not a well-defined function from R→R, because [image: image16.png]f(0)



 is not defined. (In other words, every element of X,  is mapped to exactly one element Y. In the example , the value of f at x=0 in undefined)  2.  [image: image18.png]f(x)



  must be an element of Y for all x of X, meaning all values [image: image20.png]f(x)



 must be in the codomain.  Ex.  The function [image: image22.png]fx)




 is not well defined from R→[image: image24.png]R0



because   [image: image26.png]f(0)



 is not positive. If we expand the codomain to be R→R,  [image: image28.png]fx)




  is well defined because every value [image: image30.png]f(x)



 takes on is in the codomain. 

Properties of functions

Injective:  A function f: X→Y is injective if for any [image: image32.png]


 ,[image: image34.png]


  in X if [image: image36.png]f(xy)



=[image: image38.png]f(x,)



   then [image: image40.png]


   In other words, two distinct elements in X cannot have the same image in Y.

Ex.  For f: R→R,     [image: image42.png]fx)




 is not injective because [image: image44.png]f(2)=f(-2)=4



 but [image: image46.png]2% -2



.
Surjective:  A function f: X→Y is surjective if for each y in Y, there is at least one x in X such that [image: image48.png]fx)




.  In other words, every element in Y is the image of an element in X ( the range = the codomain).

Ex. .  For f: n→n ,  [image: image50.png]flx) = 2x



  is not surjective because an odd Natural numbers is never the image of an element from the domain of Natural numbers.  However, if we restrict the codomain to be the even Natural numbers then [image: image52.png]flx) = 2x



  is surjective.

Bijective:  A function f: X→Y is bijective if it is both injective and surjective.

To prove a function is bijective we must show that it is both injective and surjective.

Ex.  f: R→R  be defined by  [image: image54.png]f(x) =4x+3



.  We must show injectivity.  From the definition we know that  if [image: image56.png]fxy)



=[image: image58.png]f(x,)



   then [image: image60.png]


.  Filling in from the definition we get if [image: image62.png]4x; +3=14x,+3



 then [image: image64.png]


.   This is true, therefore f is injective.  For surjectivity we must show that for every y in R, there is at least one x in R such that [image: image66.png]flo)=




.    [image: image68.png]fx)




 implies [image: image70.png]y=4x+3



 which implies that [image: image72.png]by-3)



, which tells us that given any y in R, then [image: image74.png]fx)




 if [image: image76.png]by-3)



,  so [image: image78.png]y



 does have a pre-image under f, therefore f is surjective.  Hence since f is both injective and surjective, it is bijective. 
NOTE:  We can restrict the domain and the codomain of a function to change its injectivity or surjectivity.  Ex. If we let f: R→R,  be defined by  [image: image80.png]fx)




, then f is not surjective because the negative values in the codomain are never in the image of f.  However if we let       f: R→R[image: image81.png]


 be defined by [image: image83.png]fx)




, then f is surjective.

 What about Trig functions?  If we have f:  ?→ R 




Domain

Injective
Surjective

[image: image84.png]flx) =sinx






All reals

no

no, range ( -1,1)

[image: image85.png]flx) =tanx






R/(π/2, 3π/2…)
no

yes

[image: image87.png]flx) = e*



  


All Reals

Yes

no, does not hit any negatives

Note:  Periodic functions are not injective.
Homomorphisms
A Homomorphism is a structure-preserving map between two algebraic structures such as groups or rings.
If we have a function f from a group ([image: image89.png]G1



, *) to a group ([image: image91.png]


, .)  such that [image: image93.png]fiG1—



 [image: image95.png]


 then[image: image97.png]


[image: image99.png]flaxb)= fla).f(b)



.  In other words If I take two elements, operate and apply the function, it is the same thing as applying the function to the elements and then operating.

Ex.   (R, +) →(R, +)   and [image: image101.png]flx) =3x



   is       [image: image103.png]flx+y) = fl)+ fly)



 always true?  
 If we apply the function we get   [image: image104.png]flx+y) =3x+y) = 3x+3y=Ffl)+ f(y)



, so yes, this is a homomorphism.

Ex. ( R, ∙) →(R,∙)   (only Non zero reals), and [image: image106.png]flx) =3x



,   is  [image: image107.png]fla-b)= fla)-f(b)



 true for all a,b?     [image: image108.png]fla-b)=3la-b)



   but   [image: image109.png]fla) - flb) = 3a-3b = 9ab



                                                                           And if   [image: image111.png]2,b =1then 3ab = 6 but 9ab = 18



.  So this is not a homomorphism.
Sources:       Wikipedia, textbooks from courses taken at StonyBrook
�  Definition modified from Wikipedia





