Class Notes:   9/1/09                                                                                                                                MAE    501     Distributed by:   James Lynch         

                                          Structure of Number Systems      
Q: What numbers systems come up in High School math?

N - Natural Numbers
{1, 2, 3, ……}

“Counting Numbers”

Some sources include zero, some do not. 
Z – Integers

{….,-2,-1, 0, 1, 2….}


“Whole numbers”


Set of all Natural numbers and their negatives including zero.
Q – Rational Numbers

  The set:
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 |a,b Є Z , b≠0} 
             Taken with the relation:
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                  if and only if         ad = bc        a,b,c,d Є Z

“Any number that can be expressed as a ratio of two integers.”
R – Real Numbers  

The set of all Rational numbers together with all limits of Cauchy sequences of Rational numbers.

The interval:          (-∞,∞ )   
“The Set that is in one to one correspondence with the points on the real            number line.”  (*Good Definition for High School Students*)

Side note:  Irrational Numbers are numbers that are not rational and therefore not contained in Q.  They are however included in R.  Thus we can define the Irrational Numbers as the numbers contained in R and not contained in Q.                 Denoted: R\Q,   R-Q,    [image: image8.png]Q°



    ~Q  
C – Complex Numbers

{ a+bi |a,b Є R, i = [image: image10.png]


 }


The Real numbers taken together with all possible sums and multiples of i. 

*We usually learn these numbers in the order given from top to bottom.  One exception is that children usually learn fractions before negatives; Q before Z.

Q: Why do we have the need for progressively larger number systems?

Q: How do we make the transition between these sets both formally and informally?

Obviously we first learn the Natural numbers because we are first taught to count.

                      Natural numbers to Integers

Why?

  We want to do addition and subtraction:

We need the concept of zero, the additive identity (depending on the definition of N).


We need additive inverses.

How:  Add zero, and negative numbers to the natural numbers .
Related Concepts:

     Applied:  Digging holes, Degrees below zero, borrowing money

     Advanced:  
Abelian Groups:  The integers are the first set of numbers that have some algebraic structure.   They form a commutative group under addition.  The numbers we add to N to obtain Z correlate with the definition of a Group:  A set of elements taken with an operation, which is associative, has an identity and inverses.

  Integers to Rationals

Why?

      We want to do multiplication and division:

      We want to work in a set that these operations make sense.  
Therefore we need a set that allows us to do multiplication and division of integers without obtaining some strange number that is not in the set.   IE: we need a set that is closed under these operations.  

How:

Problem:  Z is closed under multiplication but not Division.

(We can multiply any two integers and get an integer but the same is not true for division)

In order to obtain a closed set that allows us to multiply and divide all integers:

           We need the concept of a multiplicative identity.


We need multiplicative inverses.

Need to add all possible quotients of Integers (except zero on the denominator). We also need a way of telling when these quotients are equal. This is called an equivalence relation over Q and is defined as the usual cross multiplication.
   *See the definition above for the rigorous definition of Q and its equivalence relation.

Side note: An equivalence relation is an important relation for high school math.   It is a relation of two objects in a set that is reflexive, symmetric and transitive.  If ~ is a relation between elements {[image: image12.png]Xy



,….,[image: image14.png]


} of a set  then ~ is:  Reflexive: X~X, Symmetric: X~Y implies Y~X, and Transitive: X~Y and Y~Z then X~Z. 
Related Concepts:


Beginner: Solving equations involving new operations, Fractions, Order of operations

            Advanced:  Non-Abelian Groups, Rings, Fields
      The rational numbers form an algebraic structure called a Ring.  This is an algebraic structure R of two operations (+, x) such that (R,+) is an abelian group, and multiplication is associative.  There is also the usual distributive law to relate these two operations.  It is important to note that Rings need not have a multiplicative identity (a unit, or a “1”), have multiplicative inverses, or be commutative.  When we have a ring which does in fact have these three additional properties we call it a Field.

It is easy to see that the elements we add to the set Z to obtain Q are precisely the elements that we need to add to give us a field.  This is because the usual applications of addition, multiplication, and solving equations in general, are more simple in a Field.  The rules we memorize as a child that make us able to add, subtract, multiply and divide are exactly the axioms of a field.  These are not necessarily true in groups or rings.
                                  Rationals to Reals:
Why?


In general because we want the ability to solve even more equations.


Even simple Geometry problems cannot be solved in Q.
Examples of problems we cannot solve in Q:
1) Consider a triangle with side a=1 and side b=1 with a 90 degree angle between them.  What is the length of the hypotenuse, c, of this triangle?

Use Pythagorean Theorem to find c = [image: image16.png]



Theorem: The square root of two is not a rational number.

Proof:

    Suppose [image: image18.png]


 is a Rational number
    This implies that:
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   for some a,b Є Z b≠0     and gcd(a,b)=1
    Square both sides:    2[image: image24.png]


    or [image: image26.png]


=2[image: image28.png]b2




This implies that a is an even number (a squared is even because 2 times anything is even, and an even number squared is even; thus a must be even)

Let a = 2k             (general form of an even number)

Plug into original formula to find:         [image: image30.png]b2
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We now have the b must be even.
This contradicts that our fraction was in lowest form (by definition).  

Therefore [image: image34.png]V2 cannot be rational.




                                                               •    

2) What is the ratio of the circumference of a circle to its diameter?
We all know the answer to that question is [image: image36.png]


 because we have the formula C=[image: image38.png]


memorized.
We need a larger set of numbers to solve problems like these and many others.  We need to add the irrational numbers to our rational numbers.
How:
Consider [image: image40.png]


for example.
([image: image42.png]


 was first proved to be Irrational in 1770 by J.H. Lambert.)

We can approximate this number with many representations:

{3, 3.1, 3.14, 3.141, 3.14159, …..}   

Consider this sequence of approximations.

The distance between successive numbers gets smaller and smaller as the sequence goes on.   This type of sequence is called a Cauchy sequence.
Cauchy Sequence:  A sequence of numbers that become arbitrarily close.
Side Note: The limit of the above sequence appears to be pi.  It is important to know that this limit of the sequence does not need to be in the set of numbers that make it up.  Remember it is a set of rational numbers that get arbitrarily close to some limit; in this case the irrational number pi.
Real numbers are Rational numbers taken together with Irrational numbers.  It can be shown that each irrational number can be expressed as the limit of some Cauchy sequence. We therefore need only to add these limits to Q in order to obtain R.
In order to add all irrational numbers to Q we need to add all possible limits of all Cauchy sequences of Rational numbers.

Applications:

Geometry that requires irrationals, Calculus, Field Extensions…

Reals to Complex

Why?

We want to solving even more equations.

Problem we cannot solve in R:

       Find Roots of the following equation
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+1=0

  The Fundamental Theorem of Algebra states that a polynomial of degree n has n roots (counting multiplicity).    This is not true in general unless we consider the complex numbers

How?                                                                                                                              Simply take the real numbers and add i and all multiples/combinations of i.  (See the above definition for a more rigorous method of adding i.)
Applications:

Polynomials, Complex Analysis, Galois Theory

Advanced:  Everiste Galois used permutation groups to describe how various roots of a given polynomial are related to one another.   This type of thought led to the first proof that there can be no general formula for the roots of a polynomial of degree 5 or more.  We all remember the quadratic formula, there are similar formulas for polynomials of degree 3 and 4, but there can never be such a formula for degree five or more.

Q: What about transcendental and algebraic numbers?!

An algebraic number is any number in C that is the root of a non-zero polynomial with rational coefficients.
For example:

Theorem: All Rational numbers are algebraic.

Proof:   XЄQ implies that X = [image: image46.png]



                 Obviously this X is algebraic because it is the root of the equation:

                                                               bx –[image: image48.png]


a

                                                                     .
A transcendental number is any number that is not algebraic.  Ie: Any number that cannot be expressed as a root of a non-zero polynomial with rational coefficients. 

There are only a few known transcendental numbers.
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 and e are both examples of transcendental numbers, these are direct corollaries of the Lindemann–Weierstrass theorem.
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