Class Notes MAE 301 10/8/09


Greatest Common Divisor (GCD):

NEW Definition: d is the greatest common divisor of a and b if 

· d|a     and     d|b

· if c also divides a and b then c|d 

Euclidean Domain:


The exisits a notion of size (value) such that:

· v(a) ≤ v(ab)
· a, b b≠0 there exists q, r such that a = bq + r    r = 0 or v(r) < v(b)
Where v(a) is the size of a, such as the degree of a polynomial, absolute value of a integer, etc.

In the following examples each of the integers, or polynomials, in parenthesis are the terms that require calculation (By division.)
Ex. (36, 48) Meaning find the GCD of 36 and 48
· [image: image2.png]48 = 36(1) + (12)




· [image: image4.png]36 = 12(3) + (0)






Hence the GCD is 12.

Ex. (144, 80)

· [image: image6.png]144 =80(1) + (64)




· [image: image8.png]80 = 61(1) + (16)




· [image: image10.png]64 = 16(4) + (0)






GCD equals 16

Note when using the Euclidian algorithm the GCD will always be the remainder in the second to last step (the step prior to the remainder becoming zero.)

The Euclidian algorithm also works on polynomials.

Ex. (x3 -6x2 -13x +42, x2-4)

· x3 -6x2 -13x +42 = x2-4 (x-6) + (-9x + 18)

In this case (x-6) was found by use of polynomial division on

[x3- 6x2 - 13x + 42] ÷ [x2 – 4]

· x2 -4 = [-9x+18] (-[image: image12.png]


x-[image: image14.png]


) + 0 *
To calculate (-[image: image16.png]


x-[image: image18.png]


) polynomial division was utilized on
[x2 – 4] ÷ [-9x + 18]
Since we reached zero remainder in this step the GCD is (-9x+18)

However, it should be noted that when using polynomial division we can factor out constants from the divisor (denominator) and still arrive at the same results.

With this in mind we can simplify the second step (*) of the above calculations to the following.

· x2 -4 = [x -2] (x+2) + 0 
The term [x-2] was arrived at by factoring -9 from -9x+19

To prove the Euclidean algorithm two conditions must be shown to hold:
1. The final nonzero remainder, rn-1, is able to divide both a and b. 
2. Any common divisor of a and b, call it d, must divide rn-1.
Where the remainder is represented by r1 (the first remainder) up to rn (the zero remainder) and q1 . . . qn represents the corresponding quotient.
Proof Step 1


To show that rn-1 divides a and b, divide its predecessor remainder rn-2


rn-2 = qn rn-1 + rn
since rn is the zero remainder rn-2  is simply a product of qn rn-1  so therefore rn-1 divides rn-2. It can then also be shown that rn-1 divides the remainder prior, rn-3, 

rn-3 = qn-1 rn-2 + rn-1 

because rn-1 divides both terms of the right hand side of the equation. Now continuing this argument we can show that rn-1 divides all the previous remainders, as well as a and b. Note that none of the remainders before rn-1 could divide a and b, since they all left a nonzero remainder. This impliesthat rn-1 ≤ GCD. 
Proof Step 2


To show that any common divisor of a and b, d, it must also divide the remainders. Since a and b can be rewritten as multiples of d, a = xd and b = yd where x and y are positive integers. This will imply that d divides the first remainder, as represented by a reordering of the original Euclidean algorithm formula,

r0 = a – q0b = xd - q0yd = (x- q0y)d.

By the same process it can be shown that d will divide the following remainders (r1, r2, . . .) Hence the greatest common divisor must divide rn-1, which then implies that the GCD ≤ rn-1.
Since part one showed that rn-1 ≤ GCD, while the second part showed that GCD ≤ rn-1,  that then implies that rn-1 is the GCD.

New York State Regents

(1) Building a triangle: How many triangles can be made using the following?
Given information:

· One angle is 60 degrees and the side opposite to it is 40 units long

· One other side is 15 units long

By use of the law of cosine (c2 = a2 +b2 -2ab cos(c)), to calculate possible lengths of the unknown side b, we get 


402 = 152 + b2 – 2(15)b cos(60) = 1600 = 225 + b2 (.5)


1375 = b2 – 15b

To find b we utilize the quadratic formula b = (-(-15)[image: image20.png]+/((—15)* —4



* 1*-1375)) ÷ 2*1
From this we get b to equal to (15[image: image22.png]+1/5725)



/2, which means that we have two possible lengths for the remaining side of the triangle. However, since distance cannot be negative that will leave us with only one usable result, therefore only one triangle can be made under these conditions.

Alternatively, to using the law of cosine to calculate the possibilities for the length of side b, we could set up a proportion sin(60o)/40 = sin(b)/15 to find possible angle measurement of the angle opposite to the 15 side. From this we get that 

b = sin-1(15*sin(60)/40), so b is about 19o or π-b = 161o.  However, 161o plus the given angle is 221o which is > 180o therefore an angle of 161o cannot exist in this triangle. Since there is only one possibility, under the given conditions, for the angle b, and one other angle is given, the third angle is directly available as only one possibility therefore, like above, there is only one triangle possible under the given conditions. 
(2) Properties of sin-1 
sin-1 (x) = arcsin(x) while (sin(x))-1 = 1/sin(x) [the multipliable inverse of sin]
sin-1 (x) ≠ (sin(x))-1
The graph of f(x) = sin(x) is not injective


Injective implies that sin(x1) ≠ sin(x2) unless x1 = x2 

Choose x1 = 0 and x2 = 2π (2π ≠ 0), but 


sin(0) = 0 = sin(2π) = 0

therefore sin(x) is not injective.
To properly define sin-1 we must first restrict the domain of f(x) to -π/2 < x < π/2 so that sin(x) is injective, and therefore invertible, over that segment.
In layman terms if sin(some x) = .8 then sin-1 would equal the angle x whose sin is .8. It must be noted, however, since sin is a periodic function you can add or subtract, in multiples of π, to the angle x and not affect the sine value but the domain of sin-1 needs to be considered before any such operation.

(3) Find the number of combinations of license plates:

a. 3 letters followed by 4 numbers with repeating allowed

b. 4 letters followed by 3 numbers with repeating disallowed

a) Each letter has 26 possibilities and each number has 10 so,
26*26*26*10*10*10*10 = the possible combinations

b) The first letter has 26 possibilities, reducing by 1 for each letter used, and each number has 10 possibilities, decreasing by 1 for each number used.
26*25*24*23*10*9*8 = the number of combinations

(4) Probability that any given child these two parents have will have a disease is ¼. They are having a total of 3 kids, what is the probability of 2 kids having a disease?

Let D = child with disease

       N = child without disease 
Ex. so (DDN) means the first two kids are sick but the third is fine.

To find this probability we need to consider every possibility where two, and only two, children are sick. There are two methods for calculating this probability: first we could consider the individual probability of each possibly combination of sick and healthy children and add those together or we can calculate directly.

Method 1 Individual consideration:

P(DDN) = [image: image24.png]


 * [image: image26.png]


 *[image: image28.png]


 = [image: image30.png]bW





P(DND) = [image: image32.png]
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 * [image: image36.png]


 = [image: image38.png]bW





P(NDD) =[image: image40.png]


 * [image: image42.png]


 * [image: image44.png]


 = [image: image46.png]bW






Which totals to 9/64 chance that 2 children will be sick

Method 2 Binomial distribution formula:


P(two sick) = nCr * Pr *(1-P)n-r


n = number of children had in total = 3


r = number wanted to see sick (yes it’s a horrible way to put it, but I didn’t write    
            the problem.) = 2


P = probability that any given child is sick.


 nCr will give us the total number of possible combinations of sick and healthy kids by the following formula n!/[r!(n-r)!].

Pr will give us the probability of two sick kids, but that only considers a total of two kids.

(1-P)n-r will discount the Pr probability by adding in the consideration for the third, not sick, kid.
All together we get 3C2 * ([image: image48.png]


)2 *(1-P)3-2 = P(two sick) = 3 * ([image: image50.png]


) * ([image: image52.png]


) = 9/64
Additional Question:

In the previous problem if instead they asked for the probability that two or more children would be born with a disease how would that alter the problem? Also, as a separate case, consider two or less sick children.
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