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Probability

What is probability?   

Probability can be defined as the likelihood that an event will occur.  A probability is a number between 0 and 1, inclusive.  If we determine the probability of an event is 0, this means the event will never occur.  Similiarly, if we determine the probability of an event is 1, this indicates that the event will always occur.   If we determine an event has a probability of .5, then  the chance that the event will occur and  the chance that an event will not occur are equal.
Let S= some set, and let P be a function from the set to R.  
1.  P(S) = 1
2. For any subset E contained in S    [image: image2.png]0=PE)=1




3. The [image: image4.png]P(l
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Exercise 1.  Prove that [image: image6.png]P(0)




Proof:  We know that any set S can be rewritten as [image: image8.png]S=5+0



.  We now apply the function P.

[image: image9.png]P(S) = P(S) + P(0)




From our definition we know that [image: image11.png]P(S)

1



 and we know that [image: image13.png]


 is a subset of S. ([image: image15.png]


 is a subset of every set).  So since the [image: image17.png]P(S)

1



, the only thing we can add to 1 to get 1 is 0, so [image: image19.png]P(0)



 as required.

Exercise 2.   Prove that [image: image21.png]P{A°)= 1—P(A) For any set A.




Proof:  We know that the set S can be rewritten [image: image23.png]S=AUA



 for any set A where  [image: image25.png]AcCS



.  We now apply the function P to get [image: image27.png]P(S) = P(A°)+ P(A).



  By substitution from our definition this means   [image: image29.png]1= P(A%)+ P(4)



  which is equivalent to  [image: image31.png]P(A°)= 1-P(4)



 .  So we have shown that [image: image33.png]P(A°)= 1-P(4)



 as required.

Exercise 3.  For any sets A and B, Let [image: image35.png]A C B. Prove that P(A) = P(B).



  
Proof:  We know that [image: image37.png]P(S) =P(A)+ P(B)— P(AUB)



.  Also [image: image39.png]B=AU(A°NB)



.  If we apply function P we get [image: image41.png]P(B) = P(A)UP(A°NB)



.  Since our definition states that Probabilities are always positive ([image: image43.png]P(E)z0



) it follows that [image: image45.png]P(A) = P(B)



as required.

Exercise 4.  Prove in general that   [image: image47.png]P(AUB)



=[image: image49.png]P(A)+ P(B)



– [image: image51.png]P(ANB).




Why do we add probabilities?  Lets consider an example.  If we have a toy box with 12 balls, 10 Blocks and 2 dolls.  What is the likelihood we will choose a ball if we randomly select one toy?  What is the likelihood we will choose a doll? A block?
[image: image53.png]P(Ball) = 2



= .50

[image: image55.png]P(Block) = -



=.417

[image: image57.png]=
P(Doll) =



=.083

If we add the three probabilities together we get 1.  In other words if we are allowed to select one toy from the box, there is a 100% chance we will pick some toy.   Now consider the possibility of selecting a block or a doll?  These events are mutually exclusive, meaning the two events are independent of each other. In this case we need to ADD the probabilities.

[image: image58.png]2 12

P(Block Dll)’lu‘*
ockorDoll) = 53453 =22




When do we multiply probabilities?  If we are considering a multiple stage event we multiply the probabities.  Consider [image: image60.png]-
P(Block then Doll with replacement) = (;)(3)



=[image: image62.png]



[image: image63.png]P(Block then Doll without repls £ (10)(2) 2o
ock then Doll without replacement) = (33) (53) = 525 = 13




Exercise 5.  Using a standard deck of cards, find the probability of getting a spade or a black 3.

Rules of probability:  If we have an ‘or’ event we add the probabilities.  If we have a ‘not’ event we consider the complement of the event occurring.  When we have a multiple stage event, such as            (A and B), or (A then B) we multiply the probabilities but we must consider if the event is with replacement or without replacement.
Counting Principles:

We use Factorial , [image: image65.png]


, where n is a natural number.  An example of a problem using factorial would be, if I have 9 different sweaters- how many different ways can I pack them in my suitcase? 

Answer:  Start with [image: image67.png]


. There are 9 different sweaters that I can pack first. There are 8 different sweaters that I can pack second( [image: image69.png]52).



 There are  7 different sweaters that I can pack third… ect. So the solution is[image: image71.png]Combinations of packing 9 sweaters =9-8-7-6-5-4-3-2-1 =9!




There are other counting principles to consider- such as combination problems and permutation problems.  When evaluating a counting problem, you must consider whether the order of the events matters.  For example, how many different combinations for a 7 digit phone number can we have if the first digit can not be 0 , and we can not have any repeated numbers?
Solution: [image: image73.png]9:9-8-7-6-5-4 = 544320 dif ferent phone numbers can be created.




How many different7 digit  phone numbers can be created if 0 can not be the first number and we must have at least 3 different  pairs of consecutive repeated numbers, but the first number is not repeated?

Solution: [image: image75.png]9:9-1-8-1-7-1=4536 different phone numbers can be created.
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