Class notes for Thursday, 10/1

Note taker: Caitlin Madden

MAE 301/501

Notes Structure:

1) Review of homework # 3

2) What you can expect on the Regents

3) Review of what we did last class

4) Prime numbers

5) Unique factorization

6) Euclidean algorithm

7) Euclidean domain

1)  Review of homework # 3
# 2.  Part (b) asks for an equivalence relation that makes each angle equivalent to its reference angle.

Definition: A reference angle of θ is an acute angle whose trigonometric value is equal to the value of θ when the appropriate trigonometric function is applied.

(Someone’s response to the question:

Let α, β be 2 arbitrary angles, and let ~ be an equivalence relation.

Set α ~ β if sin(α) = sin(β)

- To prove this equivalence relation, we need to show that ~ satisfies the following properties:
a) Reflexivity:
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 α  X, α ~ α
a) Symmetry:
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 β ~ α
b) Transitivity:
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 α, β, γ [image: image6.png]


 X, α ~ β, β ~ γ [image: image7.png]


 α ~ γ
- A “nice” proof would be:

Reflexivity:  Since sin(α) = sin(α), then α ~ α, so the relation ~ is reflexive (remember: we already know that the equal sign is reflexive)
Symmetric:  Suppose α ~ β.  Then sin(α) = sin(β).




          Therefore, sin(β) = sin(α).


        So we have β ~ α.

        [image: image8.png]


  ~ is symmetric.

Transitivity: Suppose α ~ β, β ~ γ.  Then sin(α) = sin(β) AND sin(β) = sin(γ).

Since we already know that “=” satisfies transitivity, we have

sin(α) = sin(γ), [image: image9.png]


 α = γ.  [image: image10.png]


  ~ is transitive.

**NOTE: This does not answer part (b); it does not satisfy the question, which asks you to define an equivalence relation which makes each angle equivalent to its reference angle.  It is more an answer to part (c), which asks for a proof of the equivalence relation.
(Looking at someone’s homework:
Question: Why is the following not a sufficient proof of the equivalence relation?




| sin(a) | ~ | sin(a) | [image: image11.png]


 a ~ a (reflexive)




| sin(a) | ~ | sin(b) | [image: image12.png]


 a ~ b (symmetric)


| sin(a) | ~ | sin(b) |, | sin(b) | ~ | sin(c) | [image: image13.png]


 | sin(a) | ~ | sin(c) |

so a ~ b, b ~ c [image: image14.png]


 a ~ c (transitivity)



Answers:

(1) It doesn’t say why the relation holds for transitivity, but instead assumes it to be true.

(2) We want to say that the angles are equal, so we should be using equal signs to verbalize it correctly.

(3) For symmetry, we need to show that | sin(a) | ~ | sin(b) |
[image: image15.png]


| sin(b) | ~ | sin(a) |
Question:  Is the following an equivalence relation: α ~ β if sin-1(α) = β.

What to think about: which, if any properties of an equivalence relation, are violated?

* Is α ~ α (is reflexivity satisfied)?

   If α ~ α , then sin-1(α) = α.
Answer: No, this is not an equivalence relation, because it does not satisfy reflexivity.  For example, sin-1(√2 /2) = (π/4), where π/4 is the radian measure for 45°.  Since a property of equivalence relations is already not satisfied, it is not necessary to continue checking whether symmetry and transitivity are satisfied.

Question:  What relation would make every angle equivalent to its reference angle?

Answer:  Define α ~ β such that α, β are arbitrary angles.

   If | sin(α) | = | sin(β) |, then all of the following angles (4) are equivalent:
[image: image16.png]



Question: Why does the equivalence relation make each angle equivalent to its reference angle?
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What are the other angles that give the same value of ½?



| sin(30°) | = | sin(150°) | = | sin(210°) | = | sin(330°) | = ……..


This keeps going indefinitely.  30° is the reference angle of 150°, 210°,…..
# 3.  a) Take the set of all polynomials.  Give an equivalence relation on this set, and prove that it is an equivalence relation.
- This question was not graded.  It is meant to check if you are able to write down and explain the relations.

- Taking the set of polynomials, let us say that f(x) ~ g(x) if f and g have the same roots.

Question: Is this an equivalence relation?  If so, how can we prove it is one?

- If it is an equivalence relation, we need to check that the following 3 properties are satisfied: f ~ f


(reflexivity)



  f ~ g [image: image18.png]


 g ~ f

(symmetry)



  f ~ g, g ~ h [image: image19.png]


 f ~ h
(transitivity)


* Clearly, f has the same roots as itself, so reflexivity is satisfied.
* Say f has the same roots as g.  Then g has the same roots as f, therefore symmetry is satisfied.

* If f has the same roots as g, and g has the same roots as h, then f has the same roots as h.  Therefore, transitivity is satisfied.
Answer: Yes, this is an equivalence relation.  The proof consists of checking that the three properties of an equivalence relation are satisfied, as shown above.
b) What are the equivalence classes (what is another way to describe the sets) using our relation?
- Definition: Given a set X and the equivalence relation ~ on X, the equivalence class of an element a in X is the subset of all elements in X that are equivalent to a.



- Side example:  
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This can go on forever.  It is simply multiplying the same function by any constant other than zero.
- Each equivalence class consists of the set of polynomials that vary by a constant multiple (the constant is not equal to zero).




- Example: f ~ g if constant terms are equal.



Picture this graphically.  Something is true of these polynomials when

you think of their graphs:
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On this graph, all of the functions go through the point y=0.




The class is therefore the set of all polynomials with the same

y-intercept.

Example: Consider the functions x2 – x – 2 and x + 2.  Multiplying x + 2 by a polynomial gives you a new class, but x2 – x – 2 and x + 2 are not in the same class according to the definition of our equivalence relation because they do not have similar roots.

2)  What you can expect on the Regents

- Probability


- Calculus analysis


- Algebra


- Geometry


- Problems that are interesting to look at in a more advanced context

- There will be multiple choice and short response.  The Regents will include Math A and Math B, as well as some of the new topics: integrated algebra and integrated geometry.

3)  Review of what we did last class

- Updating our definition of what it means to be “irreducible”:


A non-unit p in a ring is called irreducible if, whenever p = ab, either a or b is a unit.


Question: Should we include “non-zero” in the definition?

Answer: We do not need to specifically state “non-zero” because based on our definition, zero is never present.
4)  Prime numbers
- In general, irreducible and primes mean different things in terms of divisibility.

- Definition: A non-unit p in a ring is prime if whenever p | ab (read “p divides ab”), we have p | a or p | b.




Note: “|” means that p goes evenly into ab.



Examples: 

5 | (1)(5)

and 5 | 5




     

5 | (-1)(-5)

and 5 | -5
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 5 is prime.


Counterexamples:     35 | (5)(7)

but 35[image: image23.png]


 5 and 35[image: image24.png]


7




      
          35 | (-5)(-7)

but 35[image: image25.png]


 -5 and 35[image: image26.png]


-7
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 35 is not prime.




             6| (3)(4)

but 6[image: image28.png]


 3 and 6[image: image29.png]


4
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 6 is not prime.

5)  Unique factorization of integers
Someone brought up the unique factorization of integers.  This means that every integer can be factored into prime numbers.

Example:  Factor 48.



Question: How would you have your students do this?



Answer:
48




=3(16)





=3(2)(8)





=3(2)(2)(4)





=3(2)(2)(2)(2)



Question: How do we know when to stop?

Answer: Because no other integer divides these numbers evenly except for itself and one, which is the definition of a prime number.
Question: Will we get the same answer if we start with 48=(2)(24)?

Answer: Yes.  It is true in the integers that every integer can be factored into prime numbers uniquely (up to multiplication by a unit).

**Remember, we said that ones are not prime, but negatives are.
Therefore, we could also have 48=(-3)(-2)(2)(2)(2).
This is also true for irreducible polynomials.

- A nice property of the ring of integrals is the integral domain: in a ring, whenever (a)(b) = 0, where a and b are numbers, it must be that either a or b is zero.  This is true in any field, but particularly in the rationals or reals.


Example: x2 – 4 = 0




(x – 2)(x + 2) = 0
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 x – 2 = 0 or x + 2 = 0




so x = 2      or    x = - 2

This is a special property.  We are assuming that whenever the multiplication of two things is equal to zero, one of them must be zero.



Question:  Can you think of something where this is not true?



Answer:  Take the set of integers modulo 3, written [image: image32.png]&l



 or [image: image33.png]


3.


Question:  What does this mean? What are the integers of this set?



Answer:  The solution set is {0,1,2}.



Question:  Are there two numbers in this set, not equal to zero, that when

multiplied equal zero?



Answer:  There are no zero divisors in this example.



Question:  What about [image: image34.png]


?



Answer:  The solution set here is {0,1,2,3,4,5,6,7,8}.  3 is a zero divisor since

three does not equal zero, but (3)(3)=9 mod 3=0.
*Note: if you are working with non-prime numbers, you get zero divisors.  However, if you are working with a prime number, there are no zero divisors.




Example: Take [image: image35.png]


.  6 is a non-prime number, and (2)(3)=6 mod 6=0.

6)  Euclidean algorithm
- The Euclidean algorithm is used to find the greatest common divisor (factor) of two numbers.


Question:  Has anyone tried to do this for two polynomials?


Answer:  You do it when you teach long division.

Question:  How do we define the greatest common divisor?

Answer:  The greatest common divisor, or gcd, of x & y is the largest integer z that divides both x and y evenly.

Writing this definition to include polynomials instead of just integers:

The greatest common divisor of h(x) and g(x) is the polynomial f(x) with the largest degree that divides h(x) and g(x) evenly.
***These definitions are not quite enough.  Let’s look at some examples.  First, take notice that when it comes to the size in a ring, the absolute value of integers is somewhat analogous to the degree for polynomials.


Now, think of a polynomial that would be easy to test this definition:



Examples:

(1)  What is the gcd of the polynomials {x2 + x + 1, x3 – 1}?

 x2 + x + 1 is irreducible.  We can factor x3 – 1 = (x – 1)(x2 + x + 1),

[image: image36.png]


 the gcd is x2 + x + 1.

Question: What about 2x2 + 2x + 2?

Answer:  By our definition, this has the same degree as x2 + x + 1, therefore they are both gcd’s.  Therefore, 2x2 + 2x + 2 is just as good of an answer as x2 + x + 1.
(2) What is the gcd of {-6, 8}?

Here, most students would assume that only 2 is the gcd because it is the largest number that divides evenly into both numbers.  However,

-2 is just as good of an answer for the gcd because they are both the same size.

- Let’s redefine the greatest common divisor for [image: image37.png]


.  In high school, the gcd is talked about with respect to[image: image38.png]


.  We want a more general definition that will work in [image: image39.png]


 as well with negative numbers.

- When we talk about “size”, we are talking about divisibility, not magnitude.  Therefore, reformulating our definition in terms of divisibility (instead of size):

The integer (or polynomial) z is a greatest common divisor of x and y if:

a) z | x   and   z | y

b) z is the largest number satisfying part (a)

To have this definition work with polynomials as well, suppose we have something else such that whenever w | x  and  w | y, then w | z (where z is the largest).

7)  Euclidean Domain
Definition A Euclidean domain is a ring that provides a generalization of the Euclidean algorithm (a method to find the gcd) AND it has a notion of sizes (valuation) such that there is a mapping S: R*([image: image40.png]
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0, where R* is the set of nonzero elements in a ring R, and [image: image42.png]
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0 is the set of nonnegative integers.
* S(a) [image: image44.png]


 S(ab)



* [image: image45.png]


a,b [image: image46.png]


 R, b[image: image47.png]


0, we have q, r [image: image48.png]


 R such that a = bq + r, r[image: image49.png]


0 or S(r)<S(b).


This says that we’re allowed to do long division; we can divide by b with a

remainder.

- Every Euclidean domain is a unique factorization domain (Euclidean domain [image: image50.png]


 Unique factorization [image: image51.png]


 Integral domain).
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